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Recently, the notions of right and left covering rough sets were constructed by right and left neighborhoods to propose four types of
multigranulation covering rough set (MGCRS) models. These models were constructed using the granulations as equivalence
relations. In this paper, we introduce four types of multigranulation covering rough set models under arbitrary relations using
the g-minimal and g-maximal descriptors of objects in a given universe. We also study the properties of these new models.
Thus, we explore the relationships between these models. Then, we put forward an algorithm to illustrate the method of
reduction based on the presented model. Finally, we give an illustrative example to show its efficiency and importance.

1. Introduction

The notion of rough set theory originated by Pawlak in 1982
[1, 2] to deal with uncertain information and knowledge. It is
a tool concerned with the approximation of sets described by
a single binary relation. In the view of granular computing
suggested by Zadeh [3], a general concept described by a set
is characterized via the upper and lower approximations
under a single granulation (always equivalence relation) on
the universe. This tool has been widely used in many subjects
including machine learning, data mining, decision support,
and analysis. In the past 20 years, many authors have pro-
posed several extensions of the rough set model [4-19]. In
some cases, it is important to use multiequivalence relations
on the universe to describe precisely a target concept.
Recently, more attention is given to multigranulation rough
set (MGRS) models and, also, to multigranulation covering
rough set (MGCRS) models in which a target concept is
approximated by employing the maximal or minimal
descriptors of objects in the given universe. In [20, 21], Qian
et al. developed a multigranulation rough set (MGRS) model
by using equivalence relations. Several scholars worked on
MGRS such as the MGRS model through multiple tolerance

relations in incomplete information systems, MGRS via the
fuzzy approximation space, the hierarchical structures of
MGRS, the topological and lattice-theoretic properties of
MGRS, and the efficient rough feature selection algorithm
with MGRS [22-30]. Moreover, Liu and Miao and Liu and
Wang [31, 32] introduced the multigranulation covering via
rough set (MGCRS) and fuzzy rough set (MGCERS). Lin
et al. studied two types of the neighborhood via MGRS [33]
and three new types of MGCRS [34]. Also, three types of
MGRS via the tolerance, ordered, and generalized relations
are investigated and developed the multigranulation
decision-theoretic rough set [35-38]. In addition, Liu et al.
[39] proposed four new types of MGCRS using the minimal
and maximal descriptions and discussed relevant characteris-
tics. For more details about MGRS, see, for instance, [40-44].

The notions of left and right covering rough sets pro-
posed by Abd El-Monsef et al. [45] are important tool to
make an extension of Liu et al. [39]. The objective of this
paper is to develop new models of MGCRS using the notions
of left and right covering using the concepts of g-minimal
and g-maximal descriptions. Also, we discuss the properties
of these models. The relationships between these models
are studied. Then, we present the reduction method over
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our proposed work and establish a numerical example to
show its performance. The paper consists of six sections
and is organized as follows: Section 1 deals with a brief
history to the subject. Section 2 includes the preliminary con-
cepts. Section 3 is the main core of the paper and consists of
the new models. In Section 4, the properties and differences
between the proposed models are introduced. Section 5
explores new criteria to make a reduction with a test example.
We end up with conclusion in the last section.

2. Basic Terminologies and Results

This section provides a short survey of some notions used
throughout the article.

Definition 1 [26]. Let Q be an universal set and @# E = {E,
E,-+E,,} Q. We call E as a covering of Q, if |J/", E;(w)
=Q for anyw € Q. Also, (Q, E) is called a covering approx-
imation space (briefly, CAS).

Definition 2 [46]. Let & be a binary relation on an universe
set Q, and for every w € Q, we have the following two classes.
Define the after and fore sets as follows:

wx={veQ: wRv},

Rw={veQ: vRw}. W)

Definition 3 [45]. Let & be a binary relation on an universe
set Q. For each w € Q, define the right covering &, (resp.,
the left covering ) as follows:

s‘gf{w@:«g: U w%},

weQ

%,:{gzw:Qz U %w}.

weQ

Definition 4 [45]. Let & be a binary relation on an universe
set Q and E, be a g-cover of Q, where q € {r,1}. Then, (Q,

R, E,) is said to be E, covering approximation space (briefly,
E, -CAS).

Definition 5 [45]. Let (Q, %, E,) be E, -CAS. For every w € Q
, define the right neighborhood IN,, the left neighborhood N,
the intersection neighborhood IN;, and the union neighbor-
hood IN,,, respectively, as follows:

N,(w)={C€c%E,: weC}
N (w)={Ce€ :weC},
3)
N;(w) = N,(w) N Ny(w),
N, (w) = Ny (w) U N, (w)

Definition 6 [45]. Let (Q, &, E,) be E, -CAS and Vp € {r,1,i
,u} and Z € Q. Define the p-lower approximation, p-upper
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approximation, p-boundary, p-positive, p-negative, and p-
accuracy of Z, respectively, as follows:

L,( {wei‘Z’ IN,,( Ci‘Z’}

U, (%)= {weiZ’ ‘N(w)NZ # @},

[Lp(Z)]
A(ZF)= ,  where |U #0
P( ) |Up(z)’ | ’

Pawlak’s [1, 2] rough set properties are given as follows

(L)L(Z) < Z,(H,)Z cU(Z)

(L) L(Q) = Q (H,)U(2) = &.

(Ly) L(@) =2, (H;)U(Q) = Q.

(L) U Z,cZ, thenL(Z,) CL(Z,), (H)U(Z,) cU(Z,

(Ly) L(Z,nZ,)=L(Z,)NL(Z,).(H5)U(Z,UZ,) =
U(Z,)uU(Z,).

(L) L(Z,0Z,)2L(Z,)VL(Z,).(H))U(Z,nZ)) <
U(Z,)nU(Z,)

(L) L(Z°) = (U(2Z))", (H,)U(Z") = (L(Z))".

(Lg) L( =U(Z)

Definition 7 [47]. Let (Q, E) be a CAS and Z < Q. For any
w € Q, define the minimal and maximal descriptions of w,
respectively, as follows:

He={CecE:weCA(NVSecEAweSAScC=S5=0C)},
Dp={Ccb:weGCAN(VSEEAWESAS2E=>5=96)}.
(5)

Definition 8 [39]. Let (Q, E) be MGCAS and Z < Q. For any
w € Q, define four types of the lower and upper approxima-
tions, respectively, as follows:

L, ={weQ: NHg (w)SZornHg (w) < Z
=
=1
or---orNHg (w) < Z},
U Z):{weQ: [ﬂHEl(w)]ﬂZq&@

U
Il
—_

and [N Hg (w)|NZ+ D
and ---and [NHg (w)|NZ# 3},

Léd(Z):{weQ tUHg (w) € ZorUHg (w) € Z

or---orUHg (w) < Z},
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Ut (2)={weQ: [UHg (w)|NnZ+D

and [UHg, (w)| N2+ @

and --- and [UH[En(w)] OZ#:@},
L%d(.fZ“)z{we(Q: nD[E( )SZorNDg (W) S Z
cz}
U?Ed(:Z“)—{we(Q.[nD[El( NNZ+a

and [N D, (w)|NZ #

and ---and [N Dg (w)| NZ # T},
L (%)= {wEQ :UDg (w) S ZorUDg (w) S Z
C:Z"}
Uﬁéd(z)—{weQ. [UDg (w)| N Z + @

and [UDg (w)|NZ #+ D (6)

and -+ and [UDg (w)| NZ # T},

or---orNDg

or---orUDg (w

If L[lEd(Z) (resp., Léd(i’?f), L%d (Z), and Lﬁéd(i’?j’)) #
Ut (Z) (resp., Ut (Z), U (Z), and Ug (Z)), then Z is
called the first kind of a multigranulation covering rough
set (briefly, type 1-MGCRS) (resp., type 2-MGCRS, type 3-
MGCRS, and type 4-MGCRS), else it is definable.

Definition 9 [48]. Let (Q,E) be a covering information

system. For any Z € Q and w € Q, define the first type of

optimistic multigranulation covering lower approximation

(briefly, 1-OMGCLA) IL%?H d[E(Z) and the first type of

optimistic multigranulation covering upper approximation

(briefly, 1-OMGCUA) IUOZ:1 £(2) as follows:
L% (2)={weQ: (w); < ZV(w); CZV--V(w

Y. i

d=1

L% (Z)={weQ:(

ESZ}

w)ENZ # DA(w);

NZ+ON-Nw)iNZ+D}.
(7)

Definition 10 [48]. Let (Q,E) be a covering information
system. For any Z € Q and w € Q, define the first type of
pessimistic multigranulation covering lower approximation
(briefly, 1-PMGCLA) L% " d[Eq(Z' ) and the first type of

pessimistic multigranulation covering upper approximation
(briefly, 1-PMGCUA) .Uy, . (Z) as follows:
-1 q

L (2)={weQ: (W) S ZA (W) < ZN-ANw)LcZ},
E
U ={weQ: (W)L NZ #DV(w)}
> iE
d=1

NZ#+DV-V(Ww)ENZ+D}.

Next, we have the following definitions using the notion
of E,-CAS.

Definition 11. Let (Q, %, E,) be E,-CAS and Z € Q. For any

w € Q, define the g -minimal and g-maximal descriptions of
w, respectively, as follows:

He ={CeE, :weCA(VSeEAweSASC=8=C)},
SZ[E‘]:{‘%GIEq:we%/\(v&eEquecS’/\oS’Q%:mS’:%)}‘
(9)

We give the following example to illustrate the above
definition.

Example 1. Let (Q, &, E,) be E,-CAS, Q= {ky, ky, ks, k,}
and R ={(ky, ky), (ky, ky)s (kpo k3), (K3, key)s (ks Ky )s (Koo ks) -

Then, we have the following results:

H[E,(kl) = {kp, ks}s H[E,(kz) ={k}
H[E,(k3) = {{kp> ks}> {k ks } ) H[Er(k4) ={ki}>
He, (k) = {ki} He, (ko) = {{ko, ks }> {kao i}
He,(ks) = {{ks ks } } He, (ky) = {ka}
(10)
D, (k) = {ki kst D (ky) = (ko ks b
D, (ks) = {{kv ks 1k ks } }> D (ky) = {ka}s
D, (k1) = {ki }> D, (k) = {{kp ks }> {ea Ky} )
D, (k3) = {has ks 1 D, (ky) = {ksy ey -

Definition 12. Let (Q, %, E,) be E, -CAS and Z < Q. For any
w € Q, define the lower and upper approximations, respec-
tively, as follows:

L (2)={wez: (M (w) < 2},

U[Eq(fi"):{weQ: (n@Eq(w))nz¢®}. -

To explain the above definition, we give the following
example.

Example 2. Consider Example 1, if Z = {k;, k,, k, }, then we
have the following results.

L[E, (Z) =
U[E,(z) = {ky, ky, ks }
Le (Z) = {ki k. Ky}

Ug (2)=Q.

{ks Ky}



3. Multi-E ,~Covering Approximation Space

Presume that Q is an universal set, R is a family of binary
relations on Q, and E, is g-cover of Q depending on R,
where g € {Lr}. Thus, (Q, R, E,) is called a multi-E-cov-
ering approximation space (briefly, ME,CAS).

Definition 13. Assume that (Q, R, E,) isa ME,CASand R =
{R, Ry, -+, R}, VS €, for any Z €Q and w € Q. Then,
we have four novel kinds of lower and upper approximations
written as follows:

Style 1

The 1-MCLA |Ly» d[Eq(Z" ) and the 1-MCUA | Ly» .,

(Z) are shown as follows:

(Z)={weQ: NHE (w) € ZorNHE (w) € 2

L
> dE

d=1
or~-~orﬂHE"(w)§Z},
U (Z)z{weQ: [nHE(w)}nZ;ﬁ@

and {ﬂ HEZ (w)} NZ+J
and --- and [ﬂ H%‘(w)] nzZ+ @}.
(13)

If | Ly d[Eq(Z) # Uygn_ d[Eq(z), then Z is said to be the
first kind of g-covering multigranulation rough set (briefly,
1-gMGCRS), else it is definable.

Style 2

The 2-MCLA ,Ly.

d=1 d

(Z) are seen as follows:

[Eq(fz?f) and the 2-MCUA ,Ly» .,

oL (Z):{weQ;uH@(w)gzoruHEZ(w)gz
Z d[Eq q q
d=1
or--- orUHE”(w) QZ},
,U (2)={weQ: [VHE ()| n2+2

Z aEq
and [UHEZ (w)] NZ+2
and --- and {UHE"(w)} nNZ+ @}.
If )Lyn (Z) # ,Usn iE, (Z), then Z is said to be the

second kind of g-covering multigranulation rough set
(briefly, 2-gMGCRS), else it is definable.
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Style 3

The 3-MCLA ;Ly» qu(Z ) and the 3-MCUA Uy ¢

(Z) are seen as follows:

(#)={weQ: nF W) Zorn I (w) < Z

3L
Z aEq

d=1
r .-om,ozﬁﬂ(w)g:z’},

;U

n
Z qu
d=1

(z)={weQ: [m@ﬁl(w)} NZ+0

and [n 93?;(10)} NZ+0
and --- and [ﬂ@}é"(w)} ﬂf?f#@}.
(15)

If 3Lyn K, (Z) # 3Usn_ d[Eq(Z’), then Z is said to be the
third kind of g-covering multigranulation rough set (briefly,
3-gMGCRS), else it is definable.

Style 4

The 4-MCLA ,Ly ¢ (Z)and the 4-MCUA ,Uys o

(Z) are seen as follows:

(%)= {weQ UL (W) € Zor U DL (w) € F

noy
Z d[Eq

d=1
or - orU@g"(w) < z},
%,
U,  (2)= {weQ: [u@h (w)} NZ+o
Z aEq
d=1
and [u@% (w)} NT+o
and -+ and [U@E”(w)} NZ+ @}.
(16)
If JLyn d[Eq(Z) # 4Uyn_ d[Eq(Z“), then Z is said to be the

fourth kind of g-covering multigranulation rough set (briefly,
4-gMGCRS), else it is definable.

Example 3. Consider (Q, R, E,) is a ME,CAS, Q= {kj, k,,
ky, k,} and R={%,, %,}, where &, ={(k,k,), (k,,k;),
(kp k3), (ks ky), (kys ky)s (Kyo k) } and Ry = {(ky, ky), (kg
ky)s (ks ke3)s (ys ky ), (K3, ky)s (ks ky) b Take  Z = {ky, ks s
then, we have the presented outcomes:

(1,) 1LZ§:1 d[E,(Z) ={kp, ks}, 1Uz§:1 d[E,(Z) ={ky, ks }
(11)1Lz§:1 d[El(Z) ={k}, 1Uz§:] d[E](Z) ={kp, ks }.

2 )2LZ ( )={k}, 2Uz§=1 dE,(Z) ={ky k3}
(2),Ly2 ( ) {ki} Uy g, (2) = {kp s}

€ )3LZZ JE, (Z) ={ky ks } 3U22 ( ) ={kp ky ks }t
(31)sLyz d[gl( ) =1k} 3Up g (2)= {k1>k3}-
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(49 4Ly2 e (Z2)={k}, JUyz ¢ (Z) ={kp ko ks } Proof. Here, we want to set (1) only.
4,),L 2)=A{k}, ,U Z) =1k, ks }.
(41), Vi d[El( )={ki} 4 Yin d[El( ) ={ky, ks } (1) It is obvious that Ly d[Eq( Ly d[Eq(z)) c
Theorem 14. Suppose that (Q, R, E,) is a ME,CAS. For any Ly, d[Eq(z)' On the other hand, we have
Z < Q, we get the following properties: Ly, g, ()= 1L (Z)U L g () U UL g (Z).

Thus, we get that
1 ILZL dIEq(zC

[iLg, &, (D)
@ oLy, g, (Z°

)= Uy, e (2)F Uyy | e ()=
)
)=
Ly e (2
)
)
)=
)

c c L Lax F
[Ust, e (D)5 Uy (9= ! (£)

3) 3LZ§:1 By (Z

[3 Yi-r dEq (z)]c’ 3UZ§:1 d[Eq(zC) =
[sLy e (

I = Lg | Ln (Z) [ VUil | 1L

M

q
4) 4Lz;‘:, d[Eq(zc [4 i1 aEy (z)]cr 4UZ;:1 d[Eq(zC) = ! “
[iLyy, e, (D)

u---ulL"[Eq 1Loa (Z)
2 JE

q
Proof. Here, we want to set (1) only. a1
= Le, (\Le(Z)U e (Z)0-U L (2)())
(1) c
1 i E (£ U 1L2[Eq(1L‘[Eq(Z°)U 1L2[E¢I(3G)U"'U1Ln[Eq(g)(z))
d—q
d_l{ . . U"'Uan[Eq(lLllEq(z)U 1L2[Eq(z)u"'u1Ln[Eq(z)(Z))
={weQ: nHEq‘(w) QZ”orﬂH[E:(w) cz*
- . 2 lLl[Eq(lLlﬂEq(z)) U 1L2[Eq(1Lqu(Z))
or---ormHEq”(w)QZ}
. . Unl e (1L E (L‘Z))
={weQ:nHlEq‘(w)nZ:QornHE;(w)ﬂZ:Q A
- =1L (Z)U L (Z)U-U L g (Z)=La (Z)
or --orﬂH[Eq”(w)ﬂZ:Q} Z aEq
: =1
:{we(Q: NHE (w)NZ#BandNHe (w)NZ# D (18)
and -+ and N HE (w) N 2} o
. Also, it is clear that Ugr dIEq( Us» dIEq(Z)) <,
) 2 Us» d[Eq(Z)' Consequently, we have ;Uy» dIEq(Z) =1 Up,
- 1Ui E (2)| - (2)N,U g (2)n N U ¢ (2). So, we have
q
a1
(17)
U n U x (2)
1 1
2 g\ D aE
d=q d=q
Also, it is easy to see | Uyr d[Eq(Z‘) =[iLy d[Eq(Z)]C. 0 d=1 d=1
iti . R, j : =1
Proposition 15. Suppose that (Q, R, E,) is a ME,CAS. For Ug | U (2) | NUg, | \Uan (2)
any £ < Q, we get the following properties: Z Eq Z dEq
=1 d=1

(D Lyr e Clyn e (Z)= Ly e (Z) Usy, g,
(Uys. e ()= 1Ugs, e (F)

nlq
E
() 2LZ§=: dlEq(ZLz;ﬂ d[Eq(:Zc» = 2LZ;=I d[Eq(z)’ 2U22=1 aEq ; T
(Ui e (Z))= Uy o (T)

3) 3Lz; 4E (3L2” e (Z))= 3LZ” E (:?f), 3U2” E
=1 dq d=1 d'oq d=1 d"oq d=1 d"-q n.U U 2Yn .U 2Yn---Nn,U Z
(3UZZ:1 qu(z)) — 3UZZ:1 d[Eq (:Za) 1 zIEq (1 I[Eq( ) 1 zIEq( ) 1 [Eq( ))
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A---N lU,,[Eq(lUl[Eq(Z) N Ug (2)n--n 1Un[Eq(Z))
2 lUlIEq<1UlIEq(Z)) n 1U2rEq(1U2[Eq(Z)) n-
n lUn[Eq(lUn[Eq(Z)>
=1Ug ()N Ug (2)n--n,U g (2)
Z aEq
=1
Hence, |Lyn d[Eq( Ly qu(Z)) = Ly qu(Z) and
1Uz;:1 d[Eq( 1UZ§:1 d[Eq(Z)) = 1Uz;=1 d[Eq(Z)' O

The above Proposition 15 is not true for 4-gMGCRS as in
the following example.

Example 4. Consider that (Q, R, E,) is a ME,CAS, Q= {k;,
ky, ks, ky kst and R ={%,, R, }, where &, = {(k, k,), (k;,

ks), (ki ks )s (Ky, k), (s Ks), (kgs Ko )y (Kgs k), (g ks), (s, Ks) }
and R, = {(ky, k), (ky, k3), (ky, ky)s (ys ks ), (ks ks), (kg K3),

(ky> Ky ), (s, ky), (ks ks) -
Take &, = {k,,k;} and Z, = {k,, ks }; then, we have the
presented outcomes.

(1,) 4Lyz d[E,(Zl) ={k}and aLyz d[Er( 4Us2 | d[Er(Zl))
=@. Then, ,Ly2 4 (4Ly: ¢ (21))# Ly2 ¢ (Z)).

(2, 4Us2 | d[Er(ZZ) ={ky, k3, ky, ks}  and AUsz g,
(4Uz§:1 d[Er(ZZ)) =Q. Then, 4Us2 d[Er( 4Us2 | d[Er(ZZ)) #
4Uz§:1 d[Er(ZZ)'

(1) 4Lyz 451(21) ={k;} and aLyz d[El(4Lz§:l d[El(Zl))
= . Then, aly2 | <1[E1(4sz,:l dE, (Z21))# alyz d[El(Zl)'

(2) 4Uyz d[El(ZZ) ={ky, ky, ks, ks and JUs2 E
(4Uz§:] d[El(ZZ)) =Q. Then, 4Uzj:] d[E1(4Uz§=1 dml(Zz)) #
4UZ?{:1 B (22)-

Next, we will establish new properties in Proposition 16.
These characteristics are done for 1-gMGCRS, 2-gMGCRS,
3-gMGCRS, and 4-gMGCRS, though we demonstrate it in
the case of 1-gMGCRS and others are similar.

Proposition 16. Suppose that (Q, R, E,) is a ME,CAS. For
any Z,, Z, € Q, we get the following properties:

(D) If Z,C Z,, then Ly d[Eq(ZI) < Ly d[Eq(Zz)
(2) If Z,< Z,, then Usn_ d[Eq(Zl) < Uy, d[Eq(Zz)
Lyn d[Eq(ZI> n Ly d[Eq(ZZ)
Lyn dIEq(ZI> U Ly qu(Zz)
2,Uysn d[Eq(ZI) U, Usn E (Z,)
(Z,)

(3) Ly d[Eq(Zl NnZ,c
(4) Lyn d[Eq(Zl UZ,)2

q

(3) Uy, £, (Z2,UZ))
( )

(6) Uy, g(Z2:02;) < Usr g (2,)0,Usy | g (2,
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Proof. Now, we just need to show (1) and (2).

(1) From Definition 13 and since Z, < Z,, then, we
obtain the following:

La (2
Z dEq
d=1
:{weQ: NHg' (W) € 2 orNHE () € 2,

R,
or:- orr‘l'H[Eq”(w) gzl}
g{weQ: NHL () € 2,0t N HE (w)

CZ,or--or ﬁHE"(w) cZ,}

1L n (22)
Z d[Eq
d=1
(20)

(2) From Definition 13 and since Z, € Z),, then, we have
the following:

1UZ d[Eq(zl) = {w €Q: [n He! (w)] nz,
# Jand [ﬂ HE}Z (w)} Nz,

#@and - and [nﬁﬁn(w)} nz, ;e@}
Q{weQ: [ﬂHE(w)} nZz,

# @ and [ﬂ H[E]Z(w)} nZz,

#@and - and [nﬁﬁn(w)} 0229&@}
=1Uan (Z,)

(21)
O

Example 5. Consider Example 4. Then, we have the following:

(1,) Take &, = {ky, k3, k,} and Z, = {k,, ky, ks }, then we
have 1Ly d[Er(zl) ={ky. k3, ks 1Ly d[Er(zz) ={ky, ks>
ks} and |Ly: ¢ (Z,NZ,)={k}. Thus, |Ly: ¢ (Z;N
Zy)# Ly e (Z1)0 Ly e (Z))

(1) Take Z,={ky, k,} and Z,={k,,ks}, then we
have 1Ly2 d[El(zl) ={ky, s} 1Ly d[El(zz) = {ky, ks}
and |Ly: £ (Z,NZ,)=0. Thus, \Ly: ¢ (Z,nNZ,)#
Ly g (Z0)0 Ly e (Z))

(2,) Take ZF,={k,;} and Z,={k;}, then we have

1sz:l dEr(zl) =4, ILZL dmr(zz) ={k;} and 1sz,:l JE,
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(Z1VZ,) ={kp, k3}. Thus, |Ly: o (Z,UZ,)# Ly ¢
(Z)u 1Lz§:1 d[Er(zz)

(2) Take Z,={k,} and Z,={k,}, then we have
1Ly dEl(zl) =9, Ly2 d[El(zz) ={k,} and 1Ly2 | d[l(zl
UZ,)={ky, k,}. Thus, 1Ly2 d[E|(zl UZ,)# 1Ly2 d[E,(Zl)
ULy g (Z3)

(3,) Take Z,={k,} and Z,={k;}, then we have
1Us2 d[Er(Zl) ={k}, 1Us2 d[Er(ZZ) ={k;,k;} and 1Us2 |k,
(21U Z,) ={ky, ky, ks, k). Thus, 1Uy2 dIEr(Zl UZ,)+
1Uz§:1 d[Er(Zl) U 1Uz§:1 d[Er(ZZ)

(3)) Take Z,={k;}and Z,={k,}, then we have
1Us2 d[El(zl) ={ky, k3}, 1Us2 dIEl(zZ) ={k,} and 1Uz§:1 JE
(Z10Z,) ={kp, ky, k3, ks}. Thus, \Ug2 e (Z,0Z,) #
Uy g (Z1) U, Us2 g (Z))

(4,) Take Z,| ={ky, k;} and Z, = {k,, k,}, then we have
1Uz§:1 d[Er(Zl) ={ky, ky, ks, ky } 1Uz§:1 d[Er(Zz) ={ky. ks }
and Uy ¢ (Z,N0Z,)={k}. Thus, \Uy: ¢ (Z,nZ))
#,Usp2 e (Z1)0,Us2 g (Z))

(4)) Take Z, = {k,, k,} and Z, = {k,, k5 }, then we have
1Us2 | d[El(zl) ={ky, ky> ks }» 1Us2 | d[El(zz) ={ky, ks} and
Uy e (Z10Z,) ={ky}. Thus, Uy . (Z,0nZ,)#
1UZ§:1 dIEl(zl) n 1UZ§:1 B

4. Relationships among Different
Proposed Models

Next, we present the relationships between the proposed
ME,CAS models.

By using Definition 13, we obtain the following
properties.

Proposition 17. Let (Q R, E,) be a ME,CAS and Z< Q.
Then, we have the following results:

(1) 4LZZ:1 dIEq (Z) = ZLZZ:I d[Eq (Z) = ILZZ:I dIEq (Z) = Z
) neYn d[Eq(Z) < 3Usn d[Eq(Z) < Ly d[Eq(Z) cz
(3) Z¢ 1Usn qu(Z) < ,Uysn d[Eq(Z) < Uy d[Eq(Z)

(4) z< Ugn d[Eq(Z) € 3Uyn d[Eq(Z) < Uy d[Eq(Z)

Remark 18. Let (Q, Re, E,) be a ME,CAS and Z € Q. Then,
we have the following results:

(1) 2Lz;=1 d[Eq(Z) ¢ 3de JE (2)and 3Lz; ) qu(Z) ¢
oLy g, (2)

) Uy g (2) ¢ 5Usn | g (Z2)and Usn e (2) &
2Usr e, (2)

This means that 2-gMGCRS and 3-gMGCRS are
independent.

Proposition 19. Let (Q, Re, E,) be a ME,CAS and Z Q.
Then, we have the following results:

(1) Lyn d[Eq(Z) = ,Lyn qu(Z) U 3Lyn d[Eq(Z)

2) Uy, £(2)=:Usn g (Z2)0 5Usn | g (2)

To illustrate the above characteristic, we give the follow-
ing example.

Example 6. Consider Example 4 and let Z = {k;, k,}. Then,
we have the following outcomes:

(1) For g =r, we have

Lo (2)=1L> (2)
Z d[Eq Z d[Eq
d=1 d=1
={k}, 5L > (2)
dIEq
d=1
=,L, (2)=9,
d|Eq
=1
U (2)=,U, (2)=5U, (2)
Z d[Eq Z d[Eq Z d[Eq
d=1 d=1 d=1
={ki. ky} 4U 5 (Z) = {ky> ky, k3, ks}
d[Eq
d=1

(2) For g =1, we have

Lo (Z2)=,L, (Z2)=5L> (2)
Z =d|Eq Z dIEq Z dIEq
d=1 d=1 d=1

={k;}, 4L, (2)=2,
Z d[Eq
d=1
U (Z) =,U, (Z) =3U (Z)

d=1 d=1 d=1
= {kp kys ks, k5}> 4U

d=1

So, you can find the following:

(1) 4LZ;:1 dEr (Z) g szszl dIEr (Z) g 1Lz;:1 dIEr (Z) g Z
2) Ly e (2)Cslyy g (Z)C Ly g(2)C2
() 2¢ 1UZ;=1 aEr (Z) = 2UZZ=1 dlEr(Z) = 4UZ;=1 d[Er(Z)
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TaBLE 1: Table for the lower approximations.
Ly £ (2) oly g (2) slyn g (2) by g (2) by 5(2) Llyn g(2) sly g(2) uly 5(2)
L, % % v v v v Vv %
L, N v N N N N N N
Ly % % v v v v Vv %
L, X X X X X X X X
L, N Y N N N N Y y
L, N N N N N N N N
L, N v N N N N N N
Ly v y N x N N y x
Ly X X X X X X X X
TaBLE 2: Table for the upper approximations.
Uy 5 (8) U 5 (2) 5Usn g(2) WUsr g (2) 1Up g(2) 2Up g(8) 5Up g(8)  4Usr g(2)
H, N N N v v N v N
H v v v v v v v
H, v v v v v v v v
H, X X X X X X X X
H, v J v N N N v N
Hg v % % % % v % v
H, N N N N N N N N
H, N N N x N N N x
H, X X X X X X X X

(4) 2< Uy e (2)C3Usn g (2)< Uy g (2)
(5) Ly g(2)C Ly g (2)C Ly g(2)CZ
©) 4Ly g(Z2)Cslyr g(2)< Ly g(Z)CZ
(7) 2€ \Ugs £(2)€,Usr o (2)€,Upn ¢ (2)(2)

®) 2¢ 1UZ§:1 dlEl(Z> S 3UZ§:1 dlEl(Z> S 4UZS:1 dlEl(Z>

Tables 1 and 2 show the Pawlak characteristics for the
lower and upper approximations which are given in Defini-
tion 13.

5. Relative Reduction of a ME qCAS

This section is aimed at discussing a relative reduction
of a pessimistic multigranulation g-covering rough sets
(briefly, PME,CRS). First, we give the following couple

of definitions.

Definition 20. Let (Q, R, E,) be a ME,CAS and R = {Z,,
Ry, -+, Rg}, VS el For any £ € Q and w € Q, define the
pessimistic multigranulation g-covering lower approxima-
tion (briefly, PMGE,CLA) ngzﬂ d[Eq(Z ) and pessimistic

multigranulation g-covering lower approximation (briefly,
PMGE,CLA) U;Z E (Z) as follows:
-1 aEy

¥,  (2)= {w €Q: (w)' € Zand (w)’ € Z

and --- and (w)ﬁz" c Z"},

1048 (z)z{weQ;(w)ﬁlnz;e@or(w)ﬁmz;e@

or --- or (w)ﬁ" NZ + @}.
(24)
Definition 21. Let (Q, R, E,) be a ME,CAS and R = {Z,,

Ry, -+, Rg}, VS € I. Suppose that D={D,,D,, -+, D,} is a
decision partition of Q. Then,

R
PL[Eqk(g): Lpn (91)>Lpn (92)"”’1‘})" (2]
Z d[Eq Z d[Eq z d[Eq
d=1 d=1 d=1
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Input: (Q, R, E,) with information system.
Output: Reduction of PME,CLA.

1: Calculate ? Lﬁék (2).

K R % R Ri R
2: Remove [E?k, Bk = [E;ff - [Eq‘])k and PL%,k(@) = PL% (2).
3: Remove a covering in ngk again and get 95’/\;?'*. Ifr Lg’,(: @) +?* Lﬁ; (9), return (%_3272"; else, go to Step 2.

4: : Repeat the Steps 2 and 3 for each covering in [Eq‘%t to get all the relative reduce of the covering family.

ArcoriTHM 1: Algorithm for reduction of PME,CLA.

TaBLE 3: Table for house assessment problem.

Equally shared area Color Price Surrounding Purchase options
k, {Large} {Good} {High} {Very noisy} Oppose
k, {Small, large} {Excellent} {Middle, low} {Quiet, noisy} Support
ky {Small, large} {Excellent, good} {Middle, low} {Noisy} Support
k, {Small, ordinary} {Bad} {High, middle} {Noisy, very noisy} Oppose
ks {Small, ordinary} {Bad} {High, middle} {Very noisy} Oppose
kg {Ordinary, large} {Excellent, good} {High, low} {Quiet, noisy} Support
As for the attribute set Z, the binary relation is obtained
— . . . as follows Vk € Z:
U @)=V (20U, () Us (D)
d; JEq le aEq le aEq Ry = [(nw): Fy(v) € F(w)}. (26)

(i) By cEf*and PLG (D) = L (D), but *Lg, (D)
# PLIY(D), for BAT: < B then, B is a D
1
reduction of PME,CLA

(ii) B CES and PUﬁ:(.@) = PU@(@), but Pug;q
(D) + PUE?(QZ), for BAJ* < B, then, B is a
D reduction of PME,CUA

We can illustrate the method of reduction as the follow-
ing Algorithm 1.

Example 7. Presume that Q = {kj, k,, -, k¢} is a set of six
houses, Z = {equally shared area, color, price, surroundings}
is a set of attributes, and D = {purchase opinions} is a set of
decisions. The values of equally shared area could be {large,
ordinary, small}. The values of color could be {excellent, good,
bad}. The values of price could be {high, middle, low}. The
values of surroundings could be {quiet, noisy, very noisy}.
The decision values of purchase opinions could be {support,
oppose}, which is randomly chosen from experts. The evalua-
tion results are shown in Table 3.

It is easy to see that the %, is reflexive and transitive but
not symmetric.

If 9 is the decision set, then the nonequivalence relation
is defined as follows:

gy = (v, w): F(v) € Fp(w) . 27)
Then, we can construct the following two covers:
(i) Right covering (r-cover for short)
E, = {w%% VH {Z, 2}, weQQ=| w%%}
weQ

(28)

(ii) Left covering (I-cover for short)

%lz{ﬂzw:vze{z,@}, weQ Q= %%w}

weQ
(29)

So, we have the following results:

G = {{ki, Ky ks b {kys Kby {kygs s s {Ke b
G = {{ky ks, ke }s {kys ks g} {kss K b {kyr ks } ),
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TaBLE 4: Table for house assessment problem.

k, k, ky k, ks ke
kg {ky> Ky, ks } {ky, ky} {kyo ks} {ky ks} {ky ks )} {ks}
kg™ {kys ks, g} {ky, ks, kg } {ks, k¢ } {ky> ks} {ky> ks} {ks, kg}
ke {ky, kg ks, g} {ky ks } {ky» ks } (kg ks} (kg ks} {ks}
k&M {ky, kg ks} {ky, kg} {ky, k3, kg} {ks} {kp> kg ks } {ky k¢}

TaBLE 5: Table for house assessment problem.
k, k, ky k, ks ke
kg {k;} {kys ks K} {ky ey ks } {ky» ks } {ky ks } {ke}
k%?‘z {k;} {ky} {ky, ky, ks, kg } {ky s} {ky> s} {ky, ky, ks, kg }
kg {k\} {ky, k3} {ky, ks} {ky, Ky ks } {ky, kg ks} {ky, kg}
k%?“' {ky> ks} {ky, ks, kg } {ks} {ky> ks kg s} {ky> ks} {ky, k3, kg }
G = ({kys ks ksy kg o Tk ks ¥, kg ks by {K ) 1 Coveﬁlsl(;,: we can get the following outcomes of the left

G = {{ky, kg ks by {ky ko b {Ky s ks kg o {ky} 3
€7 = {{ky ky ks b {Kyo Ksn kg ) )

G = {{ku b {ko ko ks (ke ks b {1

& = {ki} kb Tk koo ks kb (s st

6" = {{ka} (ko ks (R ki ks (ks kg,

B = {{ky, ks by {Kyy ks ke s {ks by (ks ks Ky Ks )

@ = {{ky kp s} {ky ks K} ). (30)

Thus, we can establish Tables 4 and 5 for the neighbor-
hood of k as follows.
Now, we can apply Algorithm 1 as follows.

Step 1. LN (D)=L, .
r d=1 d*-r
{ky» ks, ke .

Step 2. P15 (D) = ({kys ks (koo ks k), PLE(D) = (ks
ks}, {ky, ks, k¢}). Therefore, B7 = {€%, €7} is a reduc-
tion of the PME,CRS.

(D1), L§4d=1 d[Er(gz)] = [{ks ks}’

LP4 (91>’ LP4
Z 4B Z i
“~ =1
PLRQ?i (D) = ({ky, ks}, {k;})s
"L P) = (ki ks }.9)
PLg;l (D) = ({ky, ks}, {kg})s

"L5(9) = ({ks ki ks 12).

(2,) | =l{ky ks }.9]s

(31)

Therefore, (%’i%" = {%IQI , %1%3, %i%"} is a reduction of the
PME,CRS.

6. Conclusion

In this article, we present a notion called multi-E_-covering
approximation space (ME,CAS) by using the concept of g-
minimal and g-maximal descriptions. Based on these
notions, we establish four new types of multigranulation
covering rough sets, denoted ME_,CAS. We also study the
properties of these new models. Further, we put forward a
new methodology to make a reduction by the presented
work. Then, we demonstrate the reduction method with the
help of an illustrative example which shows its effectiveness
and reliability. The main differences between our proposed
work and the previous one in [39] are that the authors in
[39] introduced four types of MGCRSs using the minimal
and maximal description based on equivalence relations
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and here we used the notions of right (resp., left) covering
rough sets to investigate four kinds of multigranulation right
(resp., left) covering rough sets using the right (resp., left)
minimal and right (resp., left) maximal description induced
by binary relations. In further research, we hope to use this
approach in fuzzy rough covering-based fuzzy neighbor-
hoods [49], fuzzy soft covering-based rough sets [50], and
soft fuzzy covering-based rough sets [51].
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