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We establish the boundedness of the fractional integral operators on the Hardy-amalgam spaces.

1. Introduction

In this paper, we establish the boundedness of the fractional
integral operators on Hardy-amalgam spaces.

The amalgam spaces were introduced by Wiener [1].
The amalgam spaces are important function spaces for the
Fourier analysis and the mapping properties of operators
[2–8]. The amalgam spaces also provide the foundation for
the time-frequency analysis [9], especially, the introduction
of the Wiener amalgam space and the modulation spaces.

The study of the amalgam spaces has been further
extended to the Hardy-amalgam space [10, 11] and the slice
spaces [12–14]. The reader is referred to [6, 12] for the
boundedness of the Riesz transform, the Calderón-
Zygmund operators and the intrinsic square function on
the Hardy-amalgam spaces.

The above results on Hardy-amalgam spaces motivate us
to investigate the mapping properties of the fractional inte-
gral operators on the Hardy-amalgam spaces.

The studies of the mapping properties of the fractional
integral operators on Hardy type spaces begun from the clas-
sical Hardy spaces introduced by Stein and Weiss [15]. The
mapping properties of the fractional type integrals on Hardy
spaces and the weighted norm inequalities of the fractional
integral operators on Hardy spaces were established in [16,
17], respectively.

In this paper, we use the extrapolation theory for amal-
gam spaces developed in [6] to obtain our main result. The
extrapolation theory was introduced by Rubio de Francia
in [18–20]. By using the extrapolation theory, we do not
need to develop the atomic decomposition of the Hardy-
amalgam spaces. In addition, we use the idea from [21] to
refine the extrapolation theory so that we do not need to
use the density argument in [6].

This paper is organized as follows. Section 2 presents the
definitions of the amalgam spaces and the Hardy-amalgam
spaces. It also includes the mapping properties of the frac-
tional integral operators on weighted Hardy spaces which
is an essential component for applying the extrapolation the-
ory. The mapping properties of the fractional integral oper-
ators on the Hardy-amalgam spaces are established in
Section 3.

2. Preliminaries and Definitions

In this section, we present the definitions and the prelimi-
nary results used to obtain the main result. In particular, this
section contains the duality of the amalgam spaces, the
boundedness of the Hardy-Littlewood maximal operator
on the amalgam spaces, and the mapping properties of the
fractional integral operators on the weighted Hardy spaces.
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Let I denote the class of open connected intervals in ℝ.
Let jIj be the Lebesgue measure of I ∈ I.

Let 0 < α < 1. The fractional integral operator on ℝ is
defined by

Iα f xð Þ =
ð
ℝ

f yð Þ
x − yj j1−α dy: ð1Þ

If 0 < α < 1, 1 < p < 1/α, and 1/p = 1/q + α, then Iα : Lp
⟶ Lq is bounded.

Definition 1. Let 0 < p, q <∞. The amalgam space ðLp, lqÞ
consists of all Lebesgue measurable functions f satisfying

fk k Lp ,lqð Þ = 〠
n∈ℤ

ðn+1
n

f xð Þj jpdx
� �q/p !1/q

<∞: ð2Þ

Obviously, when 1 ≤ p = q <∞, then ðLp, lqÞ = Lp. More-
over, when 1 ≤ p, q <∞, ðLp, lqÞ is a Banach space ([7], The-
orem 1). It is easy to see that if p ∈ ð0,∞Þ and
0 < q1 ≤ q2 <∞, we have

Lp, lq1ð Þ ⊂ Lp, lq2ð Þ: ð3Þ

In addition, when 0 < p1 ≤ p2 <∞ and q ∈ ð0,∞Þ, we
have

Lp2 , lqð Þ ⊂ Lp1 , lqð Þ: ð4Þ

The amalgam spaces had been extended to the slice
spaces introduced and studied in [13, 22] and Orlicz slice
spaces in [14]. For the mapping properties of operators on
slice spaces and Orlicz-slice spaces, the reader is referred to
[14, 23].

The following result present the dual space of ðLp, lqÞ.

Proposition 2. Let 1 < p, q <∞. The dual space of ðLp, lqÞ is
ðLp′, lq′Þ.

The reader is referred to [7] for the proof of the above
result. Particularly, we have the Hölder inequality for the
amalgam space

ð
ℝ
f xð Þg xð Þj jdx ≤ fk k Lp ,lqð Þ gk k Lp′ ,lq′ð Þ: ð5Þ

We now study the boundedness of the Hardy-Littlewood
maximal operator on ðLp, lqÞ. For any locally integrable
function f , the Hardy-Littlewood maximal operator is
defined as

M fð Þ xð Þ = sup
I∋x

1
Ij j
ð
I
f yð Þj jdy, ð6Þ

where the supremum is taken over all interval I ∈ I
containing x.

We now recall the boundedness of the Hardy-Littlewood
maximal operator on the amalgam spaces from [2].

Theorem 3. Let 1 < p, q <∞. The Hardy-Littlewood maxi-
mal operator M is bounded on ðLp, lqÞ.

The reader is referred to [2], Theorems 4.2 and 4.5 for
the proof of the above result when p ≠ q. When p = q, it fol-
lows from the well-known result that M is bounded on the
Lebesgue space Lp.

We now recall the definition of the Muckenhoupt weight
functions Ap.

Definition 4. For 1 < p <∞, a locally integrable function ω
: ℝ⟶ ½0,∞Þ is said to be an Ap weight if

ω½ �Ap
= sup

I∈I

1
Ij j
ð
I
ω xð Þdx

� � 1
Ij j
ð
I
ω xð Þ−p′/pdx

� �p/p′
<∞,

ð7Þ

where p′ = p/ðp − 1Þ. A locally integrable function ω : ℝ
⟶ ½0,∞Þ is said to be an A1 weight if

1
Ij j
ð
I
ω yð Þdy ≤ Cω xð Þ, a:e:x ∈ I, ð8Þ

for some constants C > 0. The infimum of all such C is
denoted by ½ω�A1

. We define A∞ = ∪p≥1Ap.

For any p ∈ ð0,∞Þ and u : ℝ⟶ ½0,∞Þ, the weighted
Lebesgue space Lpu consists of all Lebesgue measurable func-
tions f satisfying

fk kLpu =
ð
ℝ
f xð Þj jpu xð Þdx

� �1/p
<∞: ð9Þ

Let p ∈ ð1,∞Þ. It is well known that M is bounded on
LpðuÞ if and only if u ∈ Ap.

Let F = fk·kαi ,βi
g be any finite collection of semi-norms

on S and

S F = ψ ∈ S : ψk kαi ,βi
≤ 1, for all ·k kαi ,βi

∈F
n o

: ð10Þ

For any f ∈ S ′, write

MF f xð Þ = sup
ψ∈sF

sup
t>0

f ∗ ψtð Þ xð Þj j, ð11Þ

where for any t > 0, write ψtðxÞ = t−1ψðx/tÞ.

Definition 5. Let p, q ∈ ð0,∞Þ. The Hardy-amalgam space ð
Hp, lqÞ consists of all f ∈ S ′ satisfying

fk k Hp ,lqð Þ = MF fk k Lp ,lqð Þ <∞: ð12Þ

We use the grand maximal function to define the Hardy-
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amalgam spaces while in [6], we use the Littlewood-Paley
function. In view of the definition of ðLp, lqÞ and [6], Propo-
sition 2, ðLp, lqÞ is a ball quasi-Banach function space. Thus,
[24], Section 5 shows that they are equivalent definition for
the Hardy-amalgam spaces. For simplicity, we refer the
reader to [25, 26] for the definitions of ball quasi-Banach
function spaces and the Hardy spaces built on the ball
quasi-Banach function spaces. In particular, the Orlicz-slice
Hardy spaces were introduced in [14]. The intrinsic square
function characterization of the Orlicz slice Hardy spaces
was established in [27]. The mapping properties of the max-
imal Bochner-Riesz means, the parametric Marcinkiewicz
integrals, and the multiplier operators on the Orlicz-slice
Hardy spaces were given in [23].

For the atomic decomposition and the dual space of the
Hardy-amalgam spaces, see [10, 11].

We need to use the weighted Hardy spaces to establish
our main result. Thus, we also recall the definition of the
weighted Hardy spaces.

Let p ∈ ð0,∞Þ. For any weighted function ω : ℝ⟶ ð0,
∞Þ, the weighted Hardy space HpðωÞ consists of all f ∈ S ′
satisfying

fk kHp ωð Þ = MF fk kLp ωð Þ <∞: ð13Þ

For the studies of the weighted Hardy spaces, the reader
is referred to [28, 29].

We now present the boundedness of the fractional inte-
gral operators on weighted Hardy spaces.

Theorem 6. Let 0 < p < 1/α and 1/q = ð1/pÞ − α. Then, ω ∈
A∞ if and only if

Iα fk kHq ωð Þ ≤ C fk kHp ωp/qð Þ, ð14Þ

for some C > 0.

For the proof of the above theorem, see [17], Corollary
6.2 and Theorem 8.1.

3. Main Result

The main result of this paper, the boundedness of the frac-
tional integral operators on the Hardy-amalgam spaces is
established in this section.

Theorem 7. Let 0 < α < 1 and 0 < p, q < 1/α. Suppose that

1
p
−
1
r
= 1
q
−
1
s
= α: ð15Þ

We have a constant C > 0 such that for any f ∈ ðHp, lqÞ,

Iα fk k Hr ,lsð Þ ≤ C fk k Hp ,lqð Þ: ð16Þ

Proof. Let β ∈ ð0, min ðp, qÞÞ. Define θ by

1
β
−
1
θ
= α: ð17Þ

As 0 < β <min ðp, qÞ < 1/α, θ is well defined.
In view of (15), we have ð1/βÞ − ð1/θÞ = α = ð1/pÞ − ð1/rÞ.

Consequently,

1
r
−
1
θ
= 1
p
−
1
β
< 0: ð18Þ

Since β < p, we have r > θ. Similarly, we have s > θ. Thus,
ðr/θÞ′ and ðs/θÞ′ are well defined.

For any nonnegative function h ∈ ðLðr/θÞ′, lðs/θÞ′Þ, define

Rh xð Þ = 〠
∞

k=0

Mkh xð Þ
2k Mk kkL r/θð Þ′ ,l s/θð Þ′ð Þ

: ð19Þ

The Rubio de Francia operator R possesses the follow-
ing properties:

h xð Þ ≤Rh xð Þ, ð20Þ

Rhk k L r/θð Þ′ ,l s/θð Þ′ð Þ ≤ 2 hk k L r/θð Þ′ ,l s/θð Þ′ð Þ, ð21Þ

Rh½ �A1
≤ 2 Mk k L r/θð Þ′ ,l s/θð Þ′ð Þ: ð22Þ

The above properties are valid because ðr/θÞ′, ðs/θÞ′ > 1,
and Theorem 3 assures that M is bounded on ðLðr/θÞ′, lðs/θÞ′Þ.

The identity in (18) shows that

β

θ
p/βð Þ′ = β

θ

p
p − β

= r
r − θ

= r/θð Þ′: ð23Þ

Similarly, the identity ð1/sÞ − ð1/θÞ = ð1/qÞ − ð1/βÞ shows
that

β

θ
q/βð Þ′ = β

θ

q
q − β

= s
s − θ

= s
θ

� �
′: ð24Þ

Therefore,

gk kβ/θ
L r/θð Þ′ ,l s/θð Þ′ð Þ = gj jβ/θ

��� ���
L p/βð Þ′ ,l q/βð Þ′ð Þ: ð25Þ

For any f ∈ ðHp, lqÞ and h ∈ ðLðr/θÞ′, lðs/θÞ′Þ, (5), (20), and
(25) assert that

ð
ℝ
MF f xð Þð Þβ Rh xð Þð Þβ/θdx

≤ MF fð Þβ
��� ���

Lp/β ,lq/βð Þ Rhð Þβ/θ
��� ���

L p/βð Þ′ ,l q/βð Þ′ð Þ
= MF fð Þk kβLp ,lqð Þ Rhk kβ/θ

L r/θð Þ′ ,l s/θð Þ′ð Þ = fk kβHp ,lqð Þ hk kβ/θ
L r/θð Þ′,l s/θð Þ′ð Þ:

ð26Þ
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Consequently, for any h ∈ ðLðr/θÞ′, lðs/θÞ′Þ, we find that

Hp, lqð Þ↪Hβ Rhð Þβ/θ
� �

: ð27Þ

Moreover, (22) yields that Rh ∈ A1. By applying Theo-
rem 6 with ω =Rh, (20) and (27) yield

ð
ℝ
MFIα f xð Þð Þθ∣h xð Þ∣dx ≤

ð
ℝ
MFIα f xð Þð ÞθRh xð Þdx

= Iα fk kθHθ Rhð Þ ≤ C fk kθHβ Rhð Þð Þβ/θ

= C
ð
ℝ
MF f xð Þð Þβ Rh xð Þð Þβ/θdx

� �θ/β
,

ð28Þ

for some C > 0.
Consequently, (26) gives

ð
ℝ
MFIα f xð Þð Þθ h xð Þj jdx ≤ C fk kθHp ,lqð Þ hk k L r/θð Þ′ ,l s/θð Þ′ð Þ: ð29Þ

Proposition 2 guarantees that

sup
ð
ℝ
MFIα f xð Þð Þθ h xð Þj jdx : hk k L r/θð Þ′ ,l s/θð Þ′ð Þ ≤ 1

� �

= MFIα fð Þθ
��� ���

Lr/θ ,ls/θð Þ = MFIα fk kθLr ,lsð Þ = Iα fk kθHr ,lsð Þ:

ð30Þ

Therefore, by taking the supremum over khkðLðr/θÞ′ ,lðs/θÞ′Þ
≤ 1 on both sides of (29), we have a constant C > 0 such that
for any f ∈ ðHp, lqÞ

Iα fk k Hr ,lsð Þ ≤ C fk k Hp ,lqð Þ: ð31Þ

By using the idea from [21], we can get rid of the density
argument used in [6]. Moreover, the above method have
been applied in [23, 30–32] to study the mapping properties
of the Calderón-Zygmund operators and some sublinear
operators on the Hardy local Morrey spaces with variable
exponents, the Orlicz-slice Hardy spaces, the Herz-Hardy
spaces with variable exponents, and the Hardy-Morrey
spaces with variable exponents, respectively.

Particularly, when p = q and r = s, the above result
becomes the well-known result of the boundedness of the
fractional integral operators on Hardy spaces established
in [15].
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