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In this paper, we introduce fuzzy multiplicative metric space and prove some best proximity point theorems for single-valued and
multivalued proximal contractions on the newly introduced space. As corollaries of our results, we prove some fixed-point
theorems. Also, we present best proximity point theorems for Feng-Liu-type multivalued proximal contraction in fuzzy metric

space. Moreover, we illustrate our results with some interesting examples.

1. Introduction and Preliminaries

Best proximity point is the generalization of fixed point and
is useful when contraction map is not a self-map that is T
:A— B where ANB=¢. A point u € A is known as best
proximity point if d(u, Tu) = d(A, B). Fan [1] presented best
approximation theorem which is stated as follows: “If K is a
nonempty compact convex subset of a Hausdorft locally
convex topological vector space Eand T : K — E is a con-
tinuous non-self-mapping, then there exists an element g in
K such a way that d(u, Tu) =d(Tu, K).” A best proximity
point theorem is more applicable than best approximation
theorem, as it provides optimal approximate solution.
Therefore, best proximity point theory seeks attention of
authors such as [2-7]. Many research works done on multi-
valued non-self-maps use Nadler’s approach [8]. Nadler’s
theorem is stated as follows: “Let (M, d) be a complete met-
ric space and T be a mapping from M into CB(M), where
CB(M) is the collection of all closed and bounded subsets
of M, such that for all u, v e M, H(Ty, Tv) < Ad(u, v) where
0 <A< 1. Then, T has a fixed point.” Another way of defin-
ing multivalued contraction is approached by Feng and Liu
[9]. They proved a fixed-point theorem for newly defined
multivalued contraction which is stated as follows: “Let (M
,d) be a complete metric space, T : M — C(M), where C(

M) is the collection of all closed subsets of M, be a multiva-
lued mapping. If there exists a constant c € (0, 1) such that
for any y € M, there is v € I}, (where It = {v € Ty | bd(u,v)
<d(u, Tu)} ¢ M for some b € (0, 1)) satisfying d(v, Tv) <c
d(p,v). Then, T has a fixed point in M provided that c< b
and f(u)=d(u, Tu) is lower semicontinuous”. With the
help of example, in the same article, they also have shown
that Feng-Liu-type multivalued contraction is more general
than Nadler’s multivalued contraction. Recently, Sahin
et al. [10] proved best proximity point theorem for Feng-
Liu-type multivalued map.

On the other hand, fuzzy metric space was firstly defined
by Kramosil and Michalek [11] and then modified by
George and Veeramani [12]. The modified definition is
given as follows.

Definition 1 (see [12]). A 3-tuple (M, F,;,*) is called fuzzy
metric space if M is an arbitrary set, x is continuous f
-norm, and F,; is a fuzzy set on M x M x (0,00) satisfying
the following conditions for all y,v,peM and t,s>0:

EM1: Fy,(p, v, t) >

EM2: F),(p, v, t) = 1 if and only if p=v

EM3: Fy (i, v, £) = Fpy (v, i, 1)

EM4: Fy (s p, £ +5) 2 Fy (1, v, 1) % Fpy (v, p, 5)

EM5: F (@, v,.): (0,00) — [0, 1] is continuous
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The t — norm is defined as follows.

Definition 2 (see [12]). A continuous f-norm is a binary
operation * : [0, 1]* — [0, 1] if the pair ([0, 1],%) is a topo-
logical monoid, that is,

(1) * satisfies associative and commutative laws
(2) * is continuous
(3) axl=a,Vae|0,1]

(4) for every a,b,c,d €[0,1], axb < cxd whenever a<c
and b<d

Some known examples of a continuous t-norm are ax,
b=min {a, b}, ax,b = (ab/max {a,b,A}) for0 < A < 1, ax;b
=ab,ax,b=max{a+b-1,0}.

Many researches have been produced on fixed-point the-
ory in fuzzy metric spaces [4, 13-19]. Vetro and Salimi [20]
proved best proximity point theorem in fuzzy metric spaces.
Due to the development of new calculus by Grossman and
Katz [21], known as multiplicative calculus, a metric was
introduced by Bashirov et al. [22] called multiplicative met-
ric defined as follows.

Definition 3 (see [22]). Assume a nonempty set M. Regard
multiplicative metric as a mapping d : M x M — R obey-
ing the following assertions:

M1: d(u,v)>1 for all y,veM and d(u,v)=1 if and
onlyif u=v

M2: d(p,v) =d(v, u)

M3: d(u, p) <d(u,v) -d(v

Getting inspiration from all the work mentioned above,
we firstly introduce fuzzy multiplicative metric space and
prove some of its topological properties. Moreover, we
obtain some best proximity point theorems for Feng-Liu-
type multivalued non-self-maps on fuzzy multiplicative met-
ric space.

,u) for all y,v,pe M

2. Fuzzy Multiplicative Metric Spaces

This section introduces a new type of metric space which is
fuzzy analogy of multiplicative metric space. We give an
example to show the existence of such space.

Definition 4. A triplet (M, Fy;,,*) is termed as fuzzy multi-
plicative metric space if x is continuous ¢ -norm, M is arbi-
trary set, and F,,,, is fuzzy set on M x M x (1,00) fulfilling
the accompanying conditions for all y, v, p € M and t,s> 1.

FMM1: Fy (g v, £) >0

FMM2: Fy (g, v, t)=1if and only if py=v

EMM3: Fyp(p V5 £) = Fpppg (v phs 1)

EMM4: Fy (s s £.5) 2 Fpppg (s v5 1) % F (v, p5 5)

FMMS5: Fy (s v5.): (1,00) — [0, 1] is continuous

Here, we have an example of fuzzy multiplicative metric
which cannot be fuzzy metric.
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Example 5. Let M=R* and F,,(p,v,t)=((t+1)/(t+
|p/v]™)), consider a continuous t-norm =* : [0, 1] x [0, 1]
—> [0, 1] as pxv = yv. Then, M is fuzzy multiplicative met-
ric space.

Remark 6.

(1) Let (M, Fy;0x) be a fuzzy multiplicative metric
space. Whenever F, (4, v,t)>1—¢ for y,veM
andt>1,0<e<1,wecanfind ¢y, 1 < t; < t such that

Fpp(phs vo £g) > 1 - ¢

(2) Let €, ¢,, €5, 64,65 € (0,1). For any ¢, >¢,, we can
find &; such that e, xe; > ¢,, and for any ¢,, we can
find &5 such that e;xe; > ¢,

We now discuss some topological properties of fuzzy
multiplicative metric space.

Definition 7. Let (M, F,;,,,*) be a fuzzy multiplicative metric
space and 0 < & < 1, t > 1; then, an open ball having center y
and radius ¢ is defined as

B(p, &, t)={veM: Fyp(p,v,t)>1—¢}. (1)
Proposition 8. Every open ball is an open set in fuzzy multi-
plicative metric space.

Proof. Consider an open ball By, ¢, t) and let v € B(y, ¢, ).
This implies that F,, (¢, v, t) > 1 —e. Since Fy (4, v, t) >
1 — ¢, using Remark 6, we can find ¢, 1 <t, <t, such that
Fom(psv,ty) >1 —e. Let &5 = Fppp (v, 1) > 1 — . Since ¢,
> 1 — ¢, therefore by using Remark 6, we can find ¢;, 0 < ¢,
<1, such that ¢y >1—-¢, >1—-¢ Now, for a given ¢, and
&, such that g, >1-¢,, we can find ¢,,0 < ¢, <1 such that
g*&, =1 —¢,. Now, consider the ball B(v,1-¢,, t/t,). We
claim that B(v, 1 —¢€,, t/t,) C B(y, &, ).

Now, pe€B(v,1—¢,,t/t,) implies that F;, (v, p,t/t,)
> ¢&,. Therefore,

t
Fying (1 > 1) 2 Fppag (1 V5 1) * gy ("» ps g) 2grg21-g>1-e
(2)

Therefore, p € B(y, ¢, t), and hence,

B <v, 1-¢,, ;) CB(u, & t). (3)
0

| O

Proposition 9. Let (M, Fy;,*) be a fuzzy multiplicative
metric space. Define T={ACM : pe Aif and only if there
existt>1lande, 0<e < 1suchthat B(u,e,t) CA}.

Then, T is a topology on M.

Theorem 10. Every fuzzy multiplicative metric space is
Hausdorff.
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Proof. Assume that (M, F,;,,,*) is a given fuzzy multiplica-
tive metric space. Let g, v be two distinct points of M, and
then, 0< Fy, (4, v, t)<1. Let Fyp (v, t)=¢ 0<e<l.
For each ¢, € < ¢, < 1, using Remark 6, we can find &, such
that & &, >¢,. Now, consider the open balls B(y, 1 -¢,,
t'2) and B(v, 1 — ¢, t'?). Clearly,

B(u1-¢, ") nB(v,1-¢, ') = ¢. (4)
For if there exists

peB(u1-¢,t?)NB(v,1-¢,t"?). (5)
Then,

€= Fypa(thvs 1) = Fopy (1, po ') 5 Fpppg (0 v £172) 2 6%, 2 8 > &,

(6)

which is a contradiction. Therefore, (M, F;p%) is
Hausdorff.0J

Definition 11. In a fuzzy multiplicative metric space (M,
Fyox)s @ sequence {y,} is a convergent sequence which
converges to u if and only if there exist a; € N with F,,,(
Yy rt) >1—¢, for all a>a; and for each £>0,1> 1.

Theorem 12. Let (M, Fy;,,%) be a fuzzy multiplicative met-
ric space, u€ M and {u,} be a sequence in M. Then, {u,}
converges to w if and only if Fyp (g, pot) — 1 as a—
oo for each t > 1.

Proof. Suppose that g, — p. Then, for each t>1 and € € (
0, 1), there exists a natural number a, such that F,;(¢,, 4
,t)>1—¢ for all a>a,. We have 1-Fy (4, u.t)<e.
Hence, F (¢, 4 t) — 1 as a — co.

Conversely, suppose that Fy (4, u,t) — 1 as a —
00. Then, for each t>1 and €€ (0, 1), there exist a natural
number a; such that 1—Fy,(y,, 4. t) <e for all a>a,. In
that case, Fy (¢, > t) >1—e. Hence, y, — u as a —
c0.(d |

Definition 13. Consider a sequence {y,} in a fuzzy multipli-
cative metric space (M, Fy;,,*). If for each € > 0, ¢ > 1, there
exist a, € N such that Fy, (u,, 4, t) >1—¢eforalla,b>a,
and then, {y,} is termed as Cauchy sequence in M.

Theorem 14. Let (M, Fy;yp.%) be a fuzzy multiplicative met-
ric space, € M and {u,} be a sequence in M. Then, {u,} is
Cauchy if and only if Fy; (4,5 iy t) — 1 as a, b — oo for
each t > 1.

Proof. Suppose that y1, is a Cauchy sequence in M. Then, for
each t>1 and €€ (0, 1), there exists a natural number a,
such that Fy, (., 1) > 1 —€ for all a,b>a,. We have 1
- Fyu (U iy t) <e. Hence, Fyp(u,,pyt) —1 as a, b

— OQ.

Conversely, suppose that Fy (i, py,t) — 1 as a, b
—> 00. Then, for each ¢ > 1 and ¢ € (0, 1), there exists a nat-
ural number a, such that 1 - Fy,, (4., y;, t) <e for all a,b
> a,. In that case, Fy;(u4,, 4, t) > 1 — €. Hence, y, is a Cau-
chy sequence.J O

Proposition 15. In a fuzzy multiplicative metric space (M,
Fyeox)s if a sequence {u,} converges in M, then {u,} is
Cauchy.

Proof. Let € and t be real numbers with € € (0, 1), t > 1. Since
€€ (0,1), there is some ¢, € (0,1) such that (1 —¢,)*(1—¢,
) >1—e&. Also, suppose that {y,} converges in M, say it con-

verges to y € M. Then, there exists a, € N such that for each
a=a,

Fapug (por 1 11%) > 1 = . (7)
Thus, for a > b > a,, we have

Frina(#g> 5 £) = Frgyg (oo th 172) % Fypny (¢ o tm) >(1-g)*(l-g)>1-e
(8)
O O
That is {4, } is a Cauchy sequence.
Definition 16. A fuzzy multiplicative metric space (M, F,,
,%) is termed as complete if and only if every sequence in
M which is Cauchy must converge in M.
Definition 17. Let (M, F,;,%) be a fuzzy multiplicative met-
ric space. A subset A of M is closed if for each sequence {y,}
in A which is convergent with y, — y, we have y € A.
Remark 18. Let (M, F,;,,%) be a complete fuzzy multiplica-
tive metric space. A subset A of M is closed if and only if (

A, Fypo%) is complete.

The following lemma is the analogue of Kiany’s lemma
[16] in the setting of newly defined space.

Lemma 19. Let (M, F,,,*) be a fuzzy multiplicative metric
space such that for y,ve M, t>1 and h > 1

lim,_ *® Fyu (y, v, thi) =1 9)
Suppose {u,} is a sequence in M such that for all a € N

FMM(”a’MaH’t“) = FMM(Ma—]’AMu’t)’ (10>

where 0 < a < 1. Then, {u,} is a Cauchy sequence.



Proof. For each a € N and ¢ > 1, we have

Faing (o> a1 1) 2 Fagg (Hoop> b tl/a)
2
2 Fuym (lblu—Z’ pap ) =

\
\
1
~
~
—
<
(=]
=
B

Thus, for each a € N, we get

Fring(Mas Bas1o 1) = Fap (Ho’ Hp> £ ) (12)

Choosing constants 4 > 1 and [ € N such that ha < 1 and
YO1/h = (1/h))/(1 = (1/h)) < 1. Therefore, for b > a,

Fanna (#0110 1) = Fopag (i‘u’P’b» t((l/h’)+(l/h’+|)+-A,+(1/hl+h)))

i 1/h*
2 Fyy (P‘wl"uﬂ’t )*FMM (Maﬂ’.“mz’t )no number,

I+b
*ex Fyy (#b—v pp 1" ) (13)
Using (12) in above inequality, we have

/ (lflhl
Frnint (o i 1) 2 Fapy <!40’ py £ )*FMM

Vet 1/(ab-2pib-a-2
'(.”on“pt ¢ )*“'*FMM(.“wM’t ( ))

(14)
That is
F >F tl/ Lxh) «F
vt (U B £) = Fpng ( pos 5 MM

(P‘o#*v £/ >* *FMM<.”0’I"1’ (e >

(15)

The above expression can be simplified as

Frng (g thy ) = %2, F (!"o’ Uy (e’ ) : (16)
Then, from the above, we have

m  Fypp(pg o ) 2 Tim G5
a,b—00 a—00

—aFnm (.”on”p e ) =1
(17)

for each t > 1. Hence, for each t > 1,

bliE}OOFMM(P‘a)!‘br t)=1, (18)

a,

which shows that {y,} is a Cauchy sequence.
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Definition 20. Consider a fuzzy multiplicative metric space
(M, Fy;y-*) and A, B C M; then, for all ¢ > 1,

Ag={neA: Fyy(wv,t)=
By={veB: Fyy(v,t)=

Fyi(A, B, t) for some v € B},
F

v (A, B, t) forsome p € A},

(19)
where

Fum(A, B, t) = Sup{ Fyp (s v, t), u€ A,ve B},  (20)

forall t>1.

Definition 21. Let (M, F,,,*) be a fuzzy multiplicative met-
ric space and A, B ¢ M. If every sequence {4, } of A, fulfilling
the condition that Fy, (v, . t) — Fy,(v, A, t) for some
v in B and for all > 1, has a convergent subsequence, then
A is termed as approximatively compact with respect to B.

3. Best Proximity Point Theorems in Fuzzy
Multiplicative Metric Spaces

In the present section, we prove some best proximity point
theorems for single-valued and multivalued proximal con-
tractions. First, we define the analogous of proximal contrac-
tions in the setting of fuzzy multiplicative metric space and
then proceed to the main results.

Definition 22. Let (M, F,;,*) be a fuzzy multiplicative met-
ric space and A, BC M. A mapping T : A — B is named as
multiplicative contraction of first kind if there exists « € [0,
1), such that for all u,v,y,veA

Fp (4 T t) = Fyp (A, B, 1), (21)

Font(v, Tv, t) = Fy (A, By t) = Foppg (4, v, t%) 2 Fope(ps v, 1).

(22)

Theorem 23. Let (M, F ;%) be a complete fuzzy multiplica-
tive metric space and A, B C M such that B is approximatively
compact with respect to A. Assume that lim,__, F (4, v,
t)=1, T : A —> B be multiplicative contraction of first kind
and T(A,) C B,. Then, T possesses best proximity point.

Proof. Let p, € A, then for Ty, € TA, C B, there exist y, €
A, such that

Fyin(#y> o> t) = Fi (A, B ). (23)

Further, since Ty, € TA, C By, there exist u, € A, such
that

Frin(pgs Tys t) = Fpppg (A, B 1), (24)

Similarly, for Tu, € TA, C By, there exist u, € A, such
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that

Frin(p3s Tys t) = Fpppg (A, B, 1), (25)

By continuing the similar steps, we get
Frini(Parr> Tty t) = Fpi(A, B, t) foralla € N. (26)

By successive application of fuzzy multiplicative contrac-
tion, we have for all a e NuU {0}

Foint(Bos oo 1) 2 Frng (a1 ar 1) 2 Fopg (B Moo tw)
2 Fyy (!44%3’ Ha—p> tl/a2> 22 Fyy (/‘0’ Hy tl/aml)’
(27)

For any g € IN,

Frm (!‘m Horg t> 2 Fyy (tuu’ Hasro tl/q)*FMM
) (nuu+1’ Haioo tl/q) xe '*FMM (/”lm-q—I’ M(H—q’ tl/q> :

(28)

Using (27) in above inequality, we obtain

Fymm (lua’ Harg t) 2 Fym <.“0) Ui 19 )*FMM

. (#O,yl’tllqaﬂ+1>*”,*FMM (If‘o,[«ll,t”q"‘m")
(29)

By assumption, lim, . Fy,, (4, v, t) = 1, we get that
akanMM(#a>Ma+q) f) =lelsxl =1 (30)

Hence, {y,} is a Cauchy sequence. The completeness of
fuzzy multiplicative metric space (M, F,,,*) implies that
{p,} converges to u* € A, that is,

ali_{noopMM([’la’[’l*’t): 1 (31)

for all ¢ > 1. Notice that
Fana (¢ B 1) 2 Fagpg (¢ Tito £) 2 Faga (#5 g5t ¥ Fagng (#g,10 T 1'2)
= Fagag (s hoys 1) ¥ Fag (A, B, )
> Py (¢ s %) % Fappg (1 B ).
(32)

O O
Therefore, Fy (¢ Tptys t) — Fypn (4, B, t) as a — oo.

Since B is approximatively compact with respect to A, so {
Ty,} has a convergent subsequence {Ty, } converging to

5
some p € B. Further, for each k € N, we have
Fpn (A B, t) 2 Fp (1, p 1) 2 Fpyy (//" Ha,,> tm) *Fary
: (mm, TH,,» t”) *Fypy (TMW P t”)
= Fyy (H» Moy, tm) * Py (A B, 1P ) % Fyppg (T!‘ak) P> tus) :
(33)

Letting k — 0o, we get Fy(p, pot) =Fy (A, B 1),
which implies that g€ A, and T(A,) € B, implies that Ty
€ By, there exist u* € A, such that F,;,,(u*, Ty, t) = Fp (A
, B, t). From this and equation (26) implies that

Fuisg(Hasn #751) 2 Fgpy (pt o 7). (34)

Applying limit a — oo to above inequality gives Fj;,,(
u, p*,t) =1 which implies that = u*. Hence, Fy (¢, T,
t) = Fy(A, B, t), which shows that T possesses best prox-
imity point y.

Example 24. Let M =R* xR* and F (4, v, t) = (£ +1)/(¢
+d(unv)) where d(iv) = iy |yl for = (i)
and v = (v, v,). Then, (M, F,;,;,*) is complete fuzzy multi-
plicative metric space with « : [0,1]> — [0, 1] defined as a
xb=ab. Let A={(1,u): pueR*} and B={(2,v): veR"}
then A and B are closed subsets of M and F,;,,(A, B, t) = (
t+1)/(t+2), Ay=A,By=B. Define T: A— B as

2

T(1, p) = <2, %) (35)

Let u=(1,u),v=(1,v) €A and then u=(1,4*/2) and
v=(1,v*/2) € A such that F,(u, Ty, t)=Fy (A B t)=
Fa(v, Tv, t). Tt can be easily checked that T is proximal
contraction in fuzzy multiplicative metric space M with «
=2/3. Also, the condition lim, , F,;,(¢#,v,t) =1 holds.

Since all statements of Theorem 23 hold, therefore T
possesses best proximity point. We can see that (1, 2) is best
proximity point of T.

If A=B=M in Theorem 23, then we obtain the follow-
ing corollary which is the fixed-point theorem for fuzzy mul-
tiplicative contraction in fuzzy multiplicative metric space.

Corollary 25. Let (M, Fy;.%) be a complete fuzzy multipli-
cative metric space. A mapping T : M — M satisfying
Foo(ps v, t%) = Fopp(ps v, t) has fixed point provided that
lim, Fu(psvit) =1

Now, we prove a best proximity theorem for Feng-Liu-
type multivalued contraction in fuzzy multiplicative metric
space.

Theorem 26. Let (M, F,;,,*) be complete fuzzy multiplica-
tive metric space. A,BC M be two nonempty closed subsets
of M having P-property and A,+ ¢. Let T : A—> C(B) be
a mapping such that T(A,) € B, and for all ue€ A, and v €



Tu, there exist p € A, satisfying

Fpa(vs po t) = Frpg (A, B, t) and Fopg (v, Tp, 1) 2 Fpyp (1 p5 1)
(36)

for some c€ (0,1) and t> 1. Assume that (M, F %)
satisfy

hl,llm*?:aFMM (/’ta v, thi) = 1) (37)

for every u,ve M, t>1and h > 1. Then, T has best prox-

imity point in A provided that f(u,v)=Fyu(v, Ty, t) is
upper semicontinuous.

Proof. Let p, € A, be arbitrary point. Choose v, € Ty,. Then,
by assumption, there exist y, € A, such that

Fym(Vos thy> 1) = Fape (A, B, 1),

C (39)
Frma(vo, Ty 1) 2 Fpppg (Moo iy 1)-

Presently, let b€ (¢, 1), and then, we can discover v, €
Ty, such that

b
Fpna (Vo vis £) 2 Fapy (VO’ Tyt ) (39)
Again by assumption, there exist y, € A; such that

FMM(Vla [42) t) = FMM(A’ B, t),

C (40)
Fping(Vis Ty, 1) 2 Frppg (15 > £).
Also, we can find v, € Ty, such that
Fym(Vi>vas £) 2 Fapy (Vl’ Tu,, tb)- (41)
] O

Proceeding in similar manner, we develop two sequences
{u,} and {v,} in A and B, respectively, with y, € A, v, €
Ty, and

Frii(Vas thgi1s t) = Fapp (As By t), (42)
Frint(Var Tha1> 1) 2 Fapg (B Mgy £)s (43)
Fynt(Var Vario 1) 2 Fy (Voo Ty £)s (44)

for all @ € N and ¢ > 1. Then again, since A and B have P
-property, so from inequality (43), we get

Fyini (U taer> t) = Fapg(Vao1> Voo £)- (45)

Therefore, from inequality (44), we have

Fynt (B Bav1>t) = Fay (Voo Var £) 2 Fppy (Vu71> Tu, th)-
(46)
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From inequality (44), we have

Frnt(Varrs Tt 1) 2 Fypng (iaops s t“”). (47)

Combining inequalities (46) and (47), we get

Frin(Mas Basr> 1) = Fopy (//‘a—l’ Ho> tblc) > (48)

foralla>1and t>1.
Let k= ¢/b and then 0 < k < 1. The inequality (48) gives

Fym (P‘a’ Har1> tk) 2 Fy(Ma-1> oo 1), (49)

for 0<k<1 and t>1. By our assumption (37) and
Lemma 19, {u,} is Cauchy sequence.
Now, from inequalities (44) and (46), we have

Fat (Vo> Tha10 t) 2 Fanag (B B £) 2 Farr (Vufl’ Tu, tb)
= Fapg(Var Tthgi £) 2 Fop (va—l’ Ty, tb/c>~
(50)

Also, from inequalities (44) and (56), we have

b b
Fym (Va> Vorrr 1 ) 2 Fying (Vo> Thai15t) 2 Far (Va—I’ Tyt /C)

= Faint (Vo Vst 1) 2 Fapg (Va1 Thgs 1)
(51)
for 0 <c<1and t>1. Hence, {v,} is Cauchy sequence.
As subsets A and B are closed in M, therefore {u,},{v,}
converges to points of A and B, respectively. Thus, there
exist u* € A and v* € B such that y, — p* and v, — v*

as a — 0o0.
Letting a — oo in inequality (43), we have

Fyu (75" 1) = Fq (A, B, 1), (52)

for t > 1. The inequality (56) shows that the sequence f
(pg>va) = Fap(vy, T, t) s increasing and it converges to
1. Since f(pu,v) is upper semicontinuous, so

1=limsup, , f(4,Vv,) <f(p',v*)<1 (53)

implies to the fact that f(u*, v*) =1, that is, Fy;,(v*, Tu*,
t) =1, and hence, v* € Ty*. Therefore,

(FM1)

Fya (A, B, t) = Fappg (7, T £) 2 Fagpg (7, V7 1)
= Fan (4, B, 1),

(54)

that is, Fy, (4", Ty, t) = Fp(A, B, t). This shows that
T possesses best proximity point y*.
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If A=B=M in Theorem 26, then we obtain the follow-
ing corollary which is the fixed-point theorem for Feng-
Liu-type contraction in fuzzy multiplicative metric space.

Corollary 27. Let (M, Fy;,*) be complete fuzzy multiplica-
tive metric space. Let T : M — C(M) be a mapping, for all
peM and v el (where It = {v € Tu| Fy (1, v, £) = Fppp(
, T, t°)} € M for some b € (0, 1)) satisfying

Fying (v TV, £) 2 Fppyy (05 v 1), (55)

for some c€ (0,1) and t > 1. Then, T possesses fixed point
provided that c<b and f(u)=Fyp(u, Tu,t) is upper
semicontinuous.

4. Best Proximity Point Theorems of Feng-Liu-
Type Mappings in Fuzzy Metric Space

Getting motivation from the work of Sahin et al. [10], we
prove the following result.

Theorem 28. Let (M, F,;,x) be complete fuzzy metric space.
A, B< M be closed and nonempty having P-property and A,
#¢. Let T: A—> C(B) be a mapping such that T(A,) €
B, and for all y € A, and v € Ty there exist p € A, satisfying

Fu(v, pr 1) = Fy (4, B, 1)

(56)
Fy (v, Tp, ct) > Fyy(phs p> £)s

for some c€(0,1) and t > 0. Assume that (M, F,;,x) sat-
isfy

a—00

lim =° F), ([,t, v, th’) =1, (57)

for every t >0,h> 1 and y,v € M. Then, T possesses best
proximity point in A provided that f(u,v)=Fy (v, Ty, t) is
upper semicontinuous.

Proof. Let y, € A, be arbitrary point. Choose v, € Ty,. Then,
by assumption, there exist y; € A, such that Fy (v, y;,t)
= Fy (A, B, 1) and Fy(vo, Tpy, ct) 2 Fyy (g, iy, ).

Presently, let be (¢, 1), then we can discover v, € Ty,
such that

Fri(vo» vis t) = Fpp(vg, Ty, bt). (58)
Again by assumption, there exist y, € A, such that F,(
Vis iy 1) = Frg(A, B, 1) and Fy (v, Tpy, ct) 2 Fpy(py, py, 1)
Also, we can find v, € Ty, such that
Fyi(Vis vy t) 2 Fyp(vy, Ty, bt). (59)

d O

Proceeding in a similar manner, we develop two
sequences {u,} and {v,} in A and B, respectively, with

7
€Ay, v, €Ty, and
Frnt(Vas thay t) = Fir(A; B, 1), (60)
Frr(Va» Thhgyys €8) 2 Fpy(pgs gy 1) (61)
FM(Va’ Vat+1> t) 2 FM(va’ TnuaJrl’ t)’ (62)

for all a € N and ¢ > 0. Then again, since A and B have P
-property, so from inequality (61), we get

FM(AMa’ Harr t) = FM(va—l’ Vo t)' (63)
Therefore, from inequality (62), we have

FM(AMu’ Harro t) = FM(va—l’ Vo> t) = FM(vu—l’ Tu"la’ bt) (64>

From inequality (62), we have

1
FM<Va71’ Tlua’ t) Z FM (”a—l’ Ma’ E t) . (65)

Combining inequalities (64) and (65), we get

b
Frp(Bar asrs t) 2 Far | Hamys o zt > (66)

foralla>1and t>0.
Let k =¢/b and then 0 < k < 1. The inequality (66) gives

Frr(Mg> Basrs kE) = Frp(Uy s i 1) (67)

for 0<k<1 and t>0. By our assumption (57) and
Lemma 19, {u,} is Cauchy sequence.
Now, from inequalities (62) and (64), we have

FM(vu’ Tnua+1’ Ct) = FM(A“a’ Havr> t) > FM(va—l’ Tn“a’ bt)
b
= FM(va’ TA"la+1’ t) = FM <va—1’ Tnua’ _t) .
C
(68)

Also, from inequalities (62) and (68), we have

1 b
FM (Va’ Vai1> E t) 2 FM(Vu’ T[’lu+1’ t) > FM (Va—l’ Tl’lu’ E t)

= FM(va’ Vas1> Ct) 2 FM(va—l’ TMu’ t)’
(69)

for 0 <c<1and t>0. Hence, {v,} is Cauchy sequence.

As subsets A and B are closed in M, so {u,}, {v,} con-
verges to points of A and B, respectively. Thus, there is some
pu* €A and v* € B such that y, — p* and v, —v* as a
— 00.

Letting a — o0 in equation (61), we have

Fy(u™, v, 1) = Fy (A, B 1), (70)

for t > 0. The inequality (68) shows that the sequence f(u,



s Vy) = Fyp(v,, Ty, t) is increasing sequence, so it converges
to 1. Since f(p, v) is upper semicontinuous, so

1=limsup, ,  f(4,v,) <f(p*,v*)<1 (71)

implies to the fact that f(u*,v*) =1, that is, F;,;(v*, Tu*, )
=1, and hence, v* € Tyu*.
Therefore,

Fy(A, B, t) = Fy(p*, Tu™, t) = Fp(u*, v, t) = Fy (A, B t),
(72)

that is, Fy(pu*, Tu*,t) = F);(A, B, t). This shows that T
possesses best proximity point p*.

Example 29. Let J={0,1}U{1/2° :ae N} and M =] x],
Fuglpt v ) =1t + d(as,v) and d(anv) =y — v, + ot -
v,| for pu=(u,,p,) and v=(v;,v,) € M. Then, (M, Fy;,*)
is complete fuzzy metric space where * : [0,1]* — [0, 1]
defined by axb=ab. Let A={(0,1/2%): ac N} U {(0,0), (0
,1)} and B={(1,1/2%): ae N} U{(1,0), (1,1)}. Then, A,
=A, By=B and Fy(A,B,t)=t/(t+1). Define T: A—C

(B) as
1 1
{(0;2{”1>,(0,1)}1f‘u: ?, a=0,1,2,-~-,

{00, (0.2) ru-o.

For all uveM,lim,  +® F, (4, v,th')=1 which

implies that M satisfies 16. Let y = (1, 1/2%) € A, and v = (0

,1/2%) € Tu=(1,1/2%); then, for p= (1, 1/2") € A,, we have

Fy (v, p,t) = Fy (A, B, t) and Fy (v, Tp,t) =12 Fp(p, v, t).
Also,

T(Lp)=

(73)

t 1
t a+ fOI“u= (1’ _u)
f(M,V)=FM(v,Ty,t):m: t+ (1/27) 2
1foru=(1,0),(1,1)
(74)

is continuous. Since all conditions of Theorem 28 are
satisfied, so best proximity point for T exists. Furthermore,
for u=(1,1/2%),v=(1,0) € 4,
Hp (T(1,1/2%), T(1,0), ct) = ct/(ct + (1/2)) and Fy((1,1/
2%),(1,0),t) =t/(t + (1/2%)).

Assume that for c€(0,1), Hp (T(1,1/2), T(1,0),ct)
> F,,((1,1/29), (1,0), £). That is

ct S t
ct+(1/2) 7+ (1/2%)°

(75)

which implies that ¢>2%"! for a € N which is a contra-
diction. This shows that T does not satisfy the contraction
condition of Nadler’s multivalued mapping.
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As corollary of Theorem 28, we obtain a result which
was proved in [23]. We get the corollary by taking A=B =
M.

Corollary 30. Let (M, F,;,x) be complete fuzzy metric space.
Let T : M —> C(M) be a mapping, for all ye€ M and v el
(where Ty ={veTul|Fy(uv,t)>Fy(u Ty, bt)} M for
some b € (0, 1)) satisfying

Fp (v, T, ct) > Fp (1, v, ), (76)

for some c€(0,1) and t> 1. Then, T possesses fixed point
provided that c<b and f(u)=Fy(u, Tu,t) is upper

semicontinuous.

5. Conclusion

Zadeh [24] introduced the notion of fuzzy logic to cope with
the problem of uncertainty that occurs essentially while
studying real-life problem. Many researchers found easiness
to study the phenomenon of different fields that were too
complex to be analyzed by conventional techniques. Fuzzy
metric introduced by Kaleva and Seikkala [25] measures
the imprecision of distance between elements. Fuzzy metric
has been applied in variety of applications like color image
filtering [26] and in engineering methods [15]. Multiplica-
tive calculus has its great applications in various fields, few
of which are in biomedical image analysis [27] and contour
detection in images [28]. In this paper, we introduced fuzzy
multiplicative metric space and proved some best proximity
point and fixed-point results in this new framework. The
above discussion shows the possible applications in this
framework in the future.
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