Hindawi

Journal of Function Spaces

Volume 2021, Article ID 1399764, 7 pages
https://doi.org/10.1155/2021/1399764

Research Article

Hindawi

Applications of Fixed Point Theory to Investigate a System of
Fractional Order Differential Equations

Zareen A. Khan (), Israr Ahmad,” and Kamal Shah ©?*?

ICollege of Science, Mathematical Sciences, Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia
Department of Mathematics, University of Malakand, Chakdara Dir (Lower), Khyber Pakhtunkhawa, Pakistan
*Department of Mathematics and General Sciences, Prince Sultan University, P.O. Box 66833, Riyadh 11586, Saudi Arabia

Correspondence should be addressed to Zareen A. Khan; zakhan@pnu.edu.sa

Received 6 June 2021; Accepted 3 September 2021; Published 29 September 2021

Academic Editor: Nawab Hussain

Copyright © 2021 Zareen A. Khan et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

We investigate a nonlinear system of pantograph-type fractional differential equations (FDEs) via Caputo-Hadamard derivative
(CHD). We establish the conditions for existence theory and Ulam-Hyers-type stability for the underlying boundary value
system (BVS) of FDE. We use Krasnoselskii’s and Banach’s fixed point theorems to obtain the desired results for the existence
of solution. Stability is an important aspect from a numerical point of view we investigate here. To justify the main work,

relevant examples are provided.

1. Introduction

The generalized form of ordinary calculus is called fractional
calculus. This newly developed branch of mathematics has
numerous applications in many scientific fields including
the study of nonlinear oscillations of earthquakes, nanotech-
nology, and other engineering disciplines. Also, fractional
derivatives and integrals have the ability to explore the
dynamics of many real-world problems more comprehen-
sively and extensively. To these characteristics of the said
area, researchers in the past several decades have taken great
interest to investigate FDEs for a different kind of analysis.
For applications and usefulness, see [1-5]. The concerned
study includes optimization, stability and numerical results,
and theoretical analysis. In this regard, existence theory for
different kinds of problems of FDEs has been investigated
and plenty of research work has been done (see [6-8]).
One of the new emerging classes of FDEs is known as
pantograph differential equations (PDEs). The work related
to this new research field has been published in large
numbers. Initially, pantograph differential equations (PDEs)
were studied with delay terms [9, 10], material modeling
[11], and modeling lasers, especially quantum dot lasers

[12]. Basically, PDEs give change in terms of a dependent
variable at a previous time [13]. Some beneficial research
has been performed in this area [14-16]. Further, these types
of FDEs occur in traffic models, control systems, population
dynamics, and many natural phenomena.

In the last few decades, the stability analysis for FDEs has
been established very well. Therefore. different kinds of sta-
bility notions have been constructed in literature including
exponential, Mittag-Leffler, and Lyapunov. The mentioned
stability concepts have been very well investigated for FDEs.
Among these, UH stability analysis is an important tool that
has gained the attention of researchers [17, 18]. The afore-
said UH stability has extended to other forms in large
many articles [19, 20]. The UH stability analysis method
has been developed for ordinary and FDEs over the last
twenty years [21-23].

It is remarkable that great interest has been observed to
derive various kinds of results including qualitative and
numerical for higher-order problems under BCs [24-26].
Since fractional derivative has various definitions, each and
every definition has its own uncharacteristic features. One
of the well-known definitions is called the Caputo-
Hadamard derivative. The said area has been initiated in
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the last few years (for detail, see [27-29]). After that, the said
definition has been used in large numbers of articles. Moti-
vated from aforesaid work, the qualitative study of a coupled
system of FDEs under BCs with fractional CHD has not
been investigated properly involving proportional delay
term. Therefore, using the results from fixed point theory,
we studied the qualitative aspects of the system of FDEs
under BCs with CHD given as

V() (VA Z (1) =0,
)+

CD51+2/<t 9(6, (1), 7 06) =0, "
v(1)=v'(1)=0=v"(e), v(e) =p(v),
y(1)= ?'(1) Y' (e ¥ ()=¥(¥)

with t € [1,e] = 9,0 € (3,4],1€ (0, 1) also the functions f, g

: H xRxR— Rand @, ¥ : Y — R are continuous func-
tions. The complete norm space is defined by V, ||,|| under
the norm ||y|| = mg}(|y|.

te

Consequently, P is a Banach space such that P=Y x Y

with norms [|(v, Z)|| = [[v]| + || 7| or [|(v, &) || = max {]|v[|,

|Z||}. We established sufficient conditions under which
the problem under our investigation has at least one solu-
tion. Further, some adequate results are studied to check
the stability of the UH type for the corresponding solution.
These results are derived by using fixed point theory and
nonlinear analysis. The analysis is justified by pertinent
examples.

2. Preliminaries

Here, we recall some needful preliminary results.

Definition 1. For a function v: (f)=(1l,e)— R, the
fractional Hadamard integral is expressed as [30]:

noo- [ (ng) 05 o

if the above integral exists.

Definition 2. For a function v : (,f) — R, the fractional
Hadamard derivative is denoted as [30]:

Kk 1 d k ot t k—0d-1 de
oI, —mc‘% Jl lné v(@)g,

[0] + 1 and o = t(d/dt).

Cyd
D1+V(t) =

where k =

Lemma 3 (see [30]). Let v(t) € ACX[1, ¢], then for fractional
differential equation (FDE)

Dl v(t)=0,0€ (k- 1,k (4)
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the solution is given as follows:

k-1

v(t)= ) a;(Int),

j=0

j=1,2,3,---,k—1,wherea; eR. (5)

Lemma 4 (see [30]). The FDE holds the result in the follow-
ing:

, [Cpaiv(t)} =v(t)+ Y aInty,

where k= [0] + .

Definition 5 (see [31]). Let for operators V,,V,3V,,
V, : P—Y, denoted by

v(t)=V,(v,Y)(t),
{(f) (v Y)(1) )

Y(t)=V,(», Y)(t)

is called UH stable if for real positive constants ai(i=1, 2,
3,4),0i(i=1,2) and for each solution (vA, YA) € P, we have

[vA=V (vA, YA)|| <6, ®)
8
|[YA=V,(vA, YA)|| £8,,
there exist a solution (v, Y) € P of (7),>
{ Vi Y) = Vi(vA YA) | < by[|v = vA| + by |Y = YA,
IVa2(v: Y) = Vo (WA YA)| < bs[v = vA|| + by[|Y = YA
©)

Furthermore, if the matrix

b, b
M=|"' 7 (10)
by b,
converges to zero, then the solution of (7) is UH stable.

Theorem 6 (see [32-34]). Let E + & be closed convex subset
of the Banach space P, and there exist two operators F, N
such that (a) Fx + Ry € E whenever x,y € E, (b)F is contin-
uous and compact, and (c) R is contraction. So one has
z=Y)€E such that Fz+ Nz=z.

(M,) For all v, Y € C(H,R),3R4, R, > 0>

(V)

D) <Ry = v, [y (Y) - y (V)| < Ry |Y - ]

(11)
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(M,) For all v,v,Y,Y € C(H,R)Vt € HL; > 0>

IF(:v(3t), Y(£)) = f(v(3t), Y(£)| S L [lv = v +]Y = Y | ].
(12)

(M;) For allv,v,Y,Y € C(H,R)Vt € H3L" ;> 0>

IN(t, (1), Y(3t)) = R(t, (1), Y(at))| < L [|v = v] + |V = Y]].
(13)

(M,) There exist positive real numbers Cy, D}, and M,
Mg >

[f(tv(at), Y (1)) < Cf|v| + Dy |Y | + My,

. . . (14)
IN(t, v(t), Y (3t))] < C}|v] + D} |Y | + M.

(M) There exist positive real numbers i;(i= 1, 2), By,

By >

|D(V)| <&, |V| + B |F (V)| %5 Y | + Py (15)
(M) For simplicity, we introduce the notation as follows:

A(t)=3(Int)’> - 2(In t)’. (16)

3. Main Results

Theorem 7. Let v € C[1, ] and x € ACX[1, e, the solution for
linear problem

DI v(t)=x(t),t e H,d € (3,4, (17)

v(1)=v'(1)=v(e) = 0,v(e) =0(v) (18)
converts to the following form:
t -1
v(t) = D(V)h(t) + r(la)J] (ln ;) x(@)%. (19)

Proof. Thanks to Lemma (4), Equation (18) obtained the
form

v(t) =10, x(t) +ay +a,(In t) + ay(In £)* + ay(In t)*,  (20)
by making use of the considered boundary conditions v(1) =

v/ (1) =0, we get @, = a, = 0 also by

(21)

D(v) =a, +as, 0=2a, + 3as,

from this, we can say that a, =3®(v) and a, = -20(v). By
making use of a, a,, a,, and a5 in (20), we obtain the solution
as follows:

t 0-1
V(1) = D(V)A(t) + %J (ln g) x(@)%. (22)

1

Also, for Y € C[1,¢],and z € AC(};[I, e], the solution of
DI Y(t)=z2(t), teH,d € (3,4],

Y(1)=Y'(1)=Y'(e)=0,Y(e) = ¥(Y)

Corollary 8. The solution of the concerned problem (1) is
expressed as follows:

t 0-1
V(t) = D(v)i(t) + %JI (ln g) £(6,v(:6), Y (6)), %,

t 0-1
J(t) = P)h(1) + %J (ln g) 9(6.v(6), Y(:6)), %.

(25)

Theorem 9. Consider two functions f, g possesses continuity
and then the solution of (25) is (v,Y) €P, if f (v,Y) is the
solution of (1).

Proof. If (v, Y) is the solution of (25), then by the differenti-
ation of both sides of (25), we have (1). However, if (v, Y) is
a solution of (1), then (v, Y) is the solution of (25). O

Let F,E, : P— P>

t 0-1
F, (v, Y) = D(v)h(t) + %J <ln é) F6.v(0),¥(6)) 5

1

¢ 3-1
E,(v, Y) =¥ (y)h(t) + %J (ln é) 9(6,v(6), Y(Je))%’

| (26)

F
and F(v,Y) = <

point of F.

) ) Hence, solution of (25) is a fixed
Theorem 10. If A < 1, with the help of assumptions (M) —

(M3;), system (1) has at most one solution, where

Aemax{me+ gy Lo 2
‘max{ * TG+ 1) W*r(au)}' (27)



Proof. Let (v, Y), (v, Y) € P and for all t € H, we have

[F, (v, Y) - F (v, Y)|
< I}IG%XFD(V) - O(v)lA(t) + max —

t J-1
| (mg) 1@ 0. Y- 10,000 YD)

L
* _ J f _ _
< rg%xmdv vIh(t) + %a}{x(ln t) (lv=v|+|Y-Y))

I(o+1)
R L}: L; Y-Y
< - J _ . J _
< (%ot gy 1o+ e 1Y -
<A (Y =Y+ Y- ¥]),
(28)
where
5
A =Ry + L (29)

ro+1)
In a similar way, we obtain
B Y) =B YY) <4(lv-v|+|Y-Y]), (30)

where
¥

A, =RE Ly 31
2 = w"’m- (31)

Hence, from (28) and (30), one has

[E(v, Y) = E(v, Y)| <max (A, Ay)([[v = v|| +[|Y - Y]))
=A(ly = + 1Y = Y)),
(32)

where A =max,.;{A,,4,}. Hence, it is obvious that F is
contraction; therefore, (1) has a unique result. O

Theorem 11. In the light of hypotheses (M), (M,), and (M)
together with condition max {Y,,Y,} <1, system (1) has a
minimum of one solution.

Proof. Let

(c; +D +C) +D;)
r@+1)

(M;; +M;)
r@+1)

Ji =K +x, +

>

(33)
J2 =B+ Py +

We define a subset B of P which is closed. That is,

B={(v,Y)eP:||(v,Y)| <p},forp>max {1{2]1}. (34)
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Let us define the following operators as

t -1
N, (1Y) = %Jl <ln g) F(6,v(:6), Y(e))g,
; -1
R, (v, Y) = r%ﬁ)Jl (ln é) (6, v(0), Y(Jf’))%)’ (35)

(
S, v(t) = D(v)h(t),
(

S, Y (£) = W(Y)h(t).

It is obvious that T, = R, + S, T, = X, + S,. Further, we
prove that

Tv,Y)=R(»Y)+S(v,Y)eB,forall(v,Y)eB. (36)

For any (v, Y ) € B, we have

T (v, V)| =

+ % K (ln é) " 6v00), Y(0)) %

1
< Iﬁ?{x +|D(V)h(t)| + r}lgz;lxm

, J ' (ln é) o £ (6, v(26), Y (8))] %

1

< rg;}{xh(t) (1]v] + By)

. . R £\’
+nt1ezll~1x(Cf\v| +Df|Y| +Mf) m (ln E)

SKp+ Pyt (C;P+D;p+M}) <P
=fpPPo rG+1 2
(37)
In a similar way, we obtain
(C*p+D*p+M*)
5 g g g P
IT,(v, ¥)| <x,p+ By + TG+1) <3 (38)

The preceding calculations imply that || T(v, %) < ps
which clarify that T(B) <B. For (v,Y), (v, Y) € B, we can
write it as

181() = ,(v)]| < max([[@(v) - D)
<maxRoh()[v-v]  (39)

<Y |lv=v].
We can also prove that

18:(7) =D <717 -7 (40)
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where

Y, =R, )
Y, =R}

Clearly, (39) and (40) assure the contraction of S. Now,
we need to show the relative compactness of N. Now, as
f and g are continuous, hence X is continuous too. For
(v,Y) €B, we have

t -1
N Y <[ (1ng) Ve o, o))

3 (C}p+D}p+M})
B ro+1)
(42)
In the same way, one can get
< P +Dyp+ M*)
|N2(V’ ?)'S (5+1) (43)
Therefore, from (42) and (43), it implies
P2 [IR»Z)|- (44)

Hence, from (44), the boundedness of N can also be
deduced on B. Take any (v, % ) € B. Subsequently, for ¢,
t, € Z with t; <t, €1, ¢], one has

IRy (v(ty), (1)) = Ry (v(ty), Z (1)
t 0-1 0-1
ol (636

t, 0-1
10,960, 70 g + 15[ (1n)
do 1 (45)
@0, 7))
1

F@+1) (Gjlv1+ DIz + )

x ((m £)° +2 <ln %)a ~(In t1)5> .

From the previous inequality, we can claim that (45)
approaches to zero on t; — t,. As N, possesses the prop-
erties of continuity and boundedness, it clearly means that
R, possesses uniform boundedness. Therefore, ||N;(v(t,),
Y(t,)) - R, (v(t), #(t,))|| — 0 as ¢, tends to t,. Simi-
larly, [[Ry(v(ty), (1)) = Ry(v(t,), Z(t,))[ — 0 as #
tends to f,. Hence, all the assumptions of at least one solu-
tion for system (1) are achieved. O

4. Stability Results

Theorem 12. Under the hypothesis (M;) - (M;) together
with condition A< 1, the considered system has UH stable
solution.

Proof. Let for arbitrary solutions (v, %), (
all t € Z, we have

v, %) €P, and for

I (v %) -E (v Z)l

t J-1
<masio(s) -0 s i [ (n )
|(F(0,v(20), Z (1) — £(0,v(20), Z (1)) %

*

< maxh(t)Ry|v —v| + max(In 1)’ Ly
teH @ eH F(5+ 1)

L
< (% gy ) Il s 1791
<b % |+ b7 |

(lv=v|+

|7 -%1)

(46)

where

b=+ T
1=t T Ery
(47)
Ly

b, = r@+1)

Similarly, one has

B0 %) —EM ) <b:Y - Y| +b,l7 -7, (48)

where
L*
SR 49
bs =R * 1)
(49)
b, = L*
4 (5+ 1)
So, from (46) and (48), we get
IF,(v: %) -E (v X
<H|Y -ZN+b|7 -, B0 Y) -EW )|
SO 7 - Y|+ 0|7 - Y-
(50)
Using (50), we have
b, b
M= l ! 2] . (51)
by b,
Since ./ converges to zero, hence the result of (1) is UH
stable. O



5. Applications

Example 13. Taking a coupled system as.

Cp38y(t sin | v(0.3t)|+ cos | (¥t)|+e' +4 o e
A (2 +10)° =0 ted
DIy (1) + CHVOIHYO30] _ o
" (e +50) : ’
V(l) _ V/(l) —0= V’(e), v(e) _ sin3|0V| ,
Y= 1)=0=9"(0) %)= =)
(52)

From above, 0 =3.8, 1=0.3 after calculation, we have
L} =0.0001, L; =0.02, ERZ;, =0.033, ER;L =0.034,

A, =0.0331,
(53)
A, =0.0351.

It is obvious that max {A,, A,} =0.0351 < 1. So (52) has
a unique solution by Theorem 10. Moreover, from the values
of b, (i=1,2,3,4), we have

(54)

0.0351

0.0331
0.0011

0.00011

after calculation, the eigenvalues are d, = 0.0332, J, = 0.0010
. Therefore A(.#)=0.0332 < 1. Thus, the given system is
HU stable by using Theorem 12.

Example 14. Consider the following problem:

arctan (¢
D} v(t) + _arctan (1) 0,
10 + [v(0.4t)]
Int

T 8|7 (040)]

te#,

“DIY(t) =0, tex,

(55)
v(1)=v'(1)=0=v"(e), v(e) =

From above, d=3.7,2=0.4 after calculation, we have
L} =0.1218, L} =0.125, R}, = 0.016, R}, = 0.04,

A, =0.0239,
(56)
A, =0.0481.
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It is obvious that max {A;, A, } =0.0481 < 1. So (55) has
a unique solution by Theorem 10. Moreover, from the values
of b, (i=1,2,3,4), we have

(57)

0.0481

0.0239 0.0079
0.0081 |

after calculation, the eigenvalues are d, = 0.0351, d, = —0.0102.
Therefore, A(.#) =0.0351 < 1. Thus, the given system is HU
stable by using Theorem 12.

6. Conclusion

In this research work, nonlinear BVPs of FDEs containing
proportional delay with CHD operator have been success-
fully investigated. We have utilized the techniques of fixed
point theory and nonlinear analysis, to develop the existence
and stability results for the proposed system. Through some
examples, the main results have been justified. In the future,
one can investigate the aforementioned system of FDEs for
more complicated boundary conditions.
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