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This paper presents an analysis based on a mixture of the Laplace transform and the new iteration method to obtain new
approximate results of the fractional-order Klein-Gordon equations in the Caputo-Fabrizio sense. So, a general system to
investigate the approximate results of the fractional-order Klein-Gordon equations is obtained. This technique’s effectiveness is
demonstrated by comparing the actual results of the fractional-order equations suggested with the results achieved.

1. Introduction

Fractional partial differential equations (FPDEs) are critical
tools for analyzing and simulating numerous narrative
models in physics and mathematical models, such as electri-
cal circuits, fluid dynamics, damping, induction, mathemati-
cal biology, ad relaxation, (Klimek, 2005; Baleanu et al., 2009;
Kilbas et al., 2010; Jumarie, 2009; Mainardi, 2010; Ortigueira,
2010). Fractional derivatives provide more precise represen-
tations of real-world problems than integer-order derivatives;
they are regarded as an effective technique for describing
such physical problems. The subject of fractional calculus is
an important and valuable branch of mathematics that plays
a critical and severe role in explaining complex dynamic
behavior in a wide range of application areas, helps to under-
stand the essence of the matter as well as simplify the control
design without any lack of inherited behavior, and describes
even more complex structures [1, 2].

The Klein-Gordon equations (KGEs) play an important
role in physics, nonlinear optics, quantum field theory and
solid state physics, plasma physics, kinematics, mathematical
biology, and the recurrence of the initial state. The modeling
of many phenomena, including the behavior of elementary
particles and dislocation of crystals propagation, is the
important applications of KGEs. To study solitons [3], exam-

ining nonlinear wave equations [4] and condensed matter
physics equations gained the attention of scholars. In the
previous few years, mathematicians have made many consid-
erable efforts to find the solutions to these equations. There
are many methods introduced to find the solution of these
equations such as the radial basis functions [5], B-spline
collocation method [5], auxiliary approach [6], and
exponential-type potential, and there are some more methods
mentioned in [7-11] for the solution of these equations. To
solve the KGEs of a nonlinear type got tremendous attention
of scholar, and a verity of methods were developed as men-
tioned in [12-14]. Some other methods are the stationary
solution [15], the Homotopy perturbation technique [16],
the tanh technique [17], the variation iteration technique
[18], the traveling wave solutions, and so on.

In the recent paper, we are applying new iterative trans-
form method to KGEs of both linear and nonlinear orders
of the following form:

®u  u
ﬁ_a_zz+¥/:g(€),l<p£2, (1)

with the boundary conditions
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p(8,0) = 044,(, 0) = k(C). (2)

Daftardar-Gejji and Jafari developed a new iterative
approach for solving nonlinear equations in 2006 [19, 20]. Jafari
et al. first applied the Laplace transformation in the iterative
technique. They proposed a new straightforward technique
called the iterative Laplace transform method (ILTM) [21] to
look for the numerical solution of the FPDE system. The itera-
tive Laplace transform method was used to solve linear and non-
linear partial differential equations such as the time-fractional
Fokker-Planck equation [22], Zakharov-Kuznetsov equation
[23], and Fornberg-Whitham equation [24]. The Elzaki trans-
form was used to modify the iterative technique, known as the
new iterative transform method.

The new iterative transform method is implemented to
investigate the fractional-order of the Klein-Gordon equa-
tions. The solution of the fractional-order problems and
integral-order models is calculated applying the current tech-
niques. The proposed approach is also helpful for dealing
with other fractional-orders of linear and nonlinear PDEs.

2. Fractional Calculus

This section provides some fundamental concepts of
fractional calculus.

Definition 1. The Liouville-Caputo operator (C) is given as [25]

3

(S-0)""u"((,0)d0,n-1<p<n,

(3)

where 1" ({, 0) is the derivative of integer nth order of u({, I),
n=1,2,---€e Nandn—1<<n.If0 << 1; then, we defined
the Laplace transformation for the Caputo fractional derivative
as follows:

E[D%u(c, 3)] (s) =s2Zu(¢, I)](s) - st [u(¢,0)]. (4)

Definition 2. The Caputo-Fabrizio operator (CF) is define as
given [25]:

Dgu((, ) = %J; exp (—Q S —Q@)) u"((,0)d0,n<q<n+1.
(5)

M(Q) is a normalization form, and M(0) = M(1) = 1. The
exponential law is used as the nonsingular kernel in this
fractional operator.

If 0 < p<1, then we define the Caputo-Fabrizio of the
Laplace transformation for the fractional derivative is
given as

e ) NN

s+o(1-5s)
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3. The Iterative Transform Method
Basic Procedure

Consider a particular type of a FPDE.

D2(C, 1)+ Mu(l, 1)+ Nv({,7)=h({,7),neN,n-1<Q<n,

(7)

where the functions of linear and nonlinear are M and N,
respectively.
With the initial condition

(0,0) = g0, k=0,1,2--n -1, (8)

implementing the Laplace transformation of Equation (7),
we have

L[D%(C, )] + LIMv({, 7) + Nv({, )] = L[h({, T)].  (9)
Applying the Laplace differentiation is given to
s+Q(1-5)

v((,0) + 3z

s+Q(1-5s)
- 2

Lp(& 7)) =

: L)

(10)
L[Mv({,7) + Nv({, 7)),

using the inverse Laplace transformation of Equation (10) into

o= [ (oo + iy )]

[ {5+Q(1—5)

(11)
5 LIMv({, ) + Nu(¢, T)]:|

As through the iterative technique, we have

18

(1) = v,,(¢, 7). (12)

0

3
I

Further, the operator M is linear; therefore

M(OZO: v, (¢, T)> =

m=0

Mg

Mv,,(C, 7)), (13)

3
I

and the operator N is nonlinear; we have the following

m=0 k=0

—N(i v ((, T))

k=0

N(OZO: v, (¢, T)) =0y((, 1) +M<i (e T))
(14)
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Putting Equations (12)-(14) in Equation (11), we obtain

1 {(év(f, 0)+ Q=) e ﬂ])]

s2

020: v, (¢, T)=L"

m=0

-L! {WB[M(% (e r)) —N(i v(¢, r))”.
§ k=0 k=0

(15)
The new iterative transform method is defined as
=1 (fuco + U g0 ).
T e S PR
Uyt (§7) =L [HQE+S)L [—M (kio (e r)) -N (kig v(¢, T)> } ] ,m>1.
7 7 (16)

Finally, Equations (7) and (8) provide the m-terms
solution in a series form given as

v((, 1) =vy(¢, 7) + 0, (§,T) + 0, (8 1)+ 0, (T), m=1,2, -
(17)

4. Applications of the Proposed Method

4.1. Example. Consider the fractional-order Klein-Gordon
equation [18]

o) Pu(l)

+u(C,1)=0 0<{ 7<0 0<q@<l,

7o+l ol
(18)
with the initial conditions
#(8,0) =0, 4,(3,0) = . (19)
Applying the Laplace transform to Equation (18), we have
SLIH(E )] = iy (6 0)5™ +p (0)52 4 Fg(f Dz, r)} .
(20)

L@, 1) =™ (G 0) 57 (60) + G F m - r)} -
(21)

Applying the inverse Laplace transform of Equation (21),
we have

uGr) =L [ (8, 0) 457w G 0)]

+ 17! l” e(1 =) L(az;;(é, i -u(@ r))] .

(22)

H(Er) = gr - o

Now, by using the suggested analytical method, we get

#o(C, 1) = {7,

Y e I A (S
- [0 P

{r
— (tp+3-3p),

_ o |ste(l-s) azl/‘l (¢,7)
(“2((’ T) =L [ 52 L< 8(2 _Ml(() T>>‘|
C 3

T 120
— 02
us (G, 1) = L [H- QEZI ) ( ”;éc ) —t,(G, T))] >
¢t
5040
+217°Q% - 217%¢Q°

)

(107Q - 107Q* — 40Q + 20 + 200 + 7°Q%),

Yy (6, 7) = (630Q” - 630Q + 210 - 210¢° + 7°¢’

- 2527Q” + 1267Q + 1267¢°),

uaar>=r*r+g“") (af§?T> uxaﬂ>],

2
{r°
262880 (TQ+6 - 6Q) * (1393

+2527Q° — 504710% + 2527Q,~5040°
+1512Q% — 1512 + 504),

py(C7) = -307%Q” + 307%¢

Ft+1@J72L1[@+«1—$VL<¥yxcr>_M(aﬂ>]‘

o¢

The series form result is

#(G 1) = (G 1) + py (8 1) + o (8 7) + 5 (6 1)+, (6 7),

2 {T"’

(te+3-30) + 20 (107Q - 107Q” - 40¢Q
C 4
5040
-210Q* + °@° + 217%Q* - 217%Q’ — 2521¢*

5
+6-6

362880 "° Q)
- (@ - 3077Q” + 307%Q” + 2527¢” - 5047¢”
+2527Q — 504Q” + 1512Q” — 15120 + 504) —--.
(24)

+20 +20Q” + 7°Q%) - (630Q” - 630Q + 210

+1267Q + 1267Q°) +

The problem has the exact solution at @ = 1:
p(¢,7)={ sin (7). (25)

In Figure 1, the exact and the approximate solutions of
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F1GURE 1: (a) Exact and an approximate graph of problem 1 and (b) different fractional-order graphs of problem 1.

example 1 at @ = 1 are shown, and the second graph shows the
3D graph of different fractional-order p, respectively. From
the given graphs, it can be shown that both the approximate
and exact solutions are in close relation with each other. Also,
in Figure 2, the 2D figure of the approximate solutions of
problem 1 is analysis at different fractional-order p for { and
7. It is demonstrated that the outcomes of time-fractional
problems converge to an integer-order effect as the time-
fractional evaluation to integer-order.

4.2. Example. Consider the fractional-order Klein-Gordon
equation [18]:

A (S (%))

+u(l,t)=2sin({) 0<{ 7<0 0<@<l,

oretl o
(26)

with the initial conditions
u(2,0) = sin (0), 4, (£,0) = 1. (27

We apply the Laplace transformation to Equation (26),
and we get

52

L{p(C, 7)] = pr0) (G 0)s™" + Hir (6 0)s~?

s+Q(l-s) o
+L[azya(§2’1) - u(¢,7)+2sin (C)] ,
- b s+Q(l-s)
Llp(G 7)) = 0(60) + 57 (§,0) + —5—L
(29)

. LM(C’T) - T sin
[ w2 @ﬂ-

Now, using the inverse Laplace transformation of Equa-
tion (29), we have

UG =L [, 0) +5 2 4, 0)]

el amn)]

(30)
Now, by using the suggested analytical method, we get
Yo(¢, T) =sin ({) + 7,
w () =L" {S rell=9)) (az“"((’ D po(lo7) + 2 sin (())]

s2 b} CZ

T2
=—E(TQ+3—3Q),

MZ(C,T)=L_1 |:S+Q(1—S)L<a w6, 7) —u,({,7) +2 sin (()>:|,

52 8(2
_[2
120
+60Q + 107°Q - 107°¢%),

uxaﬂ=LIF+QS_”L<aﬁ§‘°—MACﬂ+2ﬂn@Q],

#,(8,7) = —— (207 - 607 + 207 + T°Q* — 60

2
__ T 2 32
Yy (¢, 1) =~ 010 (42007Q — 16807 — 16807Q” — 3367°Q
+12607° + 1267°0° + @*7° + 2520 — 25200
+ 14707%0% — 14707%0 + 21072 - 2107%Q°

+21Q%t* - 217%Q%),
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FIGURE 2: The different fractional-orders with respect to { and 7 of problem 1.

ﬂd£ﬂ=L4r+QS_$L<aggﬁ)—udéﬂ+2ﬂn@0}’

362880
+816487°0 — 39312770 — 3931207 + 30247°
+30247°0* + 360°1° - 360*7° — 10800°7°
+4320%7° +4327°Q" + 770" — 181440 + 11440Q
+ 226800770 + 45360720 — 2268007%¢?

— 4536077 — 105840 7* + 1058471*¢°
-20167"¢" + 201607"),

uy(G.7) =

(1814407Q” + 1814407 — 42336070

| Gre-9)" (9%,@ 1)
Hn(C’T)_L |: §2n+2 L( a{l

(31)
The series form result is

#(G 1) = o (6 7) + g (6 7) +11,(C5 7) + 3 (G )+, (8, T),

p(C, 1) ==sin ({) +7—- — (10 +3 - 3Q)

T2

6
T2

* T30 (207 - 607Q +207Q” + T°¢” — 60

2

T
+60Q + 10720 — 107%Q?) +—
@ +107°Q ~107°Q")+- 75

- (42007Q - 16807 — 16807¢” - 3367°¢”

+12607° + 1267°0% + @ 1° + 2520 — 25200

+ 147072 — 14707%Q + 21072 — 2107%¢° (32)
2

362880

- (18144070 + 1814407 — 42336070 + 816487°Q°

—393127°0% — 3931207° + 30247° + 302471°¢*

+36Q°7° — 360*7® — 10800°7° + 4320 1° + 4327°¢*

+77Q" - 181440 + 11440p + 2268007%Q + 453607°Q°

— 226800720 — 453607 — 105840%7* + 1058410’

-20167°Q* +201607")+---.

+21Q°t" - 217%Q") +

—u,(¢,7) +2sin (C))}

5
0 05 1 15 2 25 3 35 4 45 4 5
The problem has the exact solution at ¢ = I:
p(¢, ) =sin ({) +sin (7). (33)

In Figure 3, the exact and the approximate solutions of
example 2 at @ = 1 are shown. From the given figures, it can
be seen that both the approximate and exact solutions are
in close contact with each other. Also, in Figure 4, the 2D
graph of the approximate results of problem 2 is investigated
at different fractional-order p for { and 7. It is demonstrated
that the outcomes of time-fractional problems converge to an
integer-order effect as the time-fractional evaluation to
integer-order.

4.3. Example. Consider the fractional-order nonlinear
Klein-Gordon equation [18]:

AN S ()

+@ () =01 0<{ 1<0 0<@<l,

ot acz
(34)

with the initial conditions
#(6,0) =0, (¢, 0) =¢. (35)

Using the Laplace transform to Equation (34), we get

2

;;%fgumcm=mﬂcm¢+m4cmﬁ
aZ C T) (36)
+L lig((z’ - (¢ T) +5212],
-1 -2 s+o(l-s)
LG 1)) =57 p(5,0) +57p (6, 0) + ——L
) (37)
|9 (S ) + 22
[ acz ‘Ll (C’ ) +C ‘| :
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Applying the inverse Laplace transform of Equation The series form result is

(37), we have

Now, by using the suggested an approximate method, we get

#(G 1) = o (6 7) + 1y (6 7) + (6 7) + ps (G 7)1, (6, 7),

U@ r)="L" [5_1!4((: 0) +5 24 (€, 0)} +17! U, 1) =L+ 0+,
. [s+g(l —s)L<aZH2((, 7) e +CZT2>} (40)
2 2 > .
’ 9% The problem has the exact solution at @ = 2:
(38)

w7 =1r. (41)

Figure 5 compares the exact solution and approximate solu-
tion of example 3 for the nonlinear fractional-order Klein-

Ho(67) =7, Gordon equation at @ = 1. The figure shows the close relation-
- 2 ship between the exact and an approximate solution.
.ul(C) T):L—l |:S+Q£21 S)L<a AuO(E’ T) _Hg(C’T) +(2T2>:| :0, p pp
% 4.4. Example. Consider the fractional-order nonlinear Klein-
Gordon equation [18]:
_alste-s) (9, @) 2 cr 01
#,(G7) =L ' { 2 L( ol —Hﬁ(CT)HT . Faarii(fﬂ) _azl;(;’T) R T) =20 22 4+ P 0<{ 1<0 0<qs<l,

(39) (42)
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with the initial conditions

w8, 0)=p, (6, 0)=0. (43)
Using the Laplace transform to Equation (42), we get

32

ml’[#((’ T)] = [’4(0) ((, O)S_1 + M(T) (C, 0)5—2

+L 432#(5, 7 _ ()20 207 +

o

(44)

s+o(1-5)

s2 L

L{p(G 7)) =57 p(8, 0) + 572 (8, 0) +

o’u(¢,
THOT) 2 )+ 20— 22 + !
o¢
(45)
Applying the inverse Laplace transform of Equation (45),
we have

u(Er) =L [ (6, 0) +5 7 (G,0)] + L7

. |:S+Q£21 _S)L<azﬂ;§§’ ?) — W (1) + 207 - 27 +C4T4):| .

(46)
Now, by using the suggested analytical method, we get

(6, 7) =0,

w(Gr)=1" [S+Q§21 —S)L<azuaog, 7) SR+ 20 27 +(4r4)],

() = 3—T0 (—5913 +207200 % + 6007 — 600C2 + 30¢27 + 67°C — 6‘[4(49),

p(61) =

s2

_ i (
162116200

w(G =L { Iy <az"1 (%)

o

— () + 20 - 27 +C4r4>},

—324324007¢> — 27027007°*

— 32432400720 + 21621600770 — 2282287°9°*
+4564567°0%¢* — 2282287°0¢* + 120127°¢%¢°
—327600°7'°¢* +327600° ' 0¢* - 1365710 ¢*
+22932711 %0 + 2293271 (%0 + 50057°0°
+100100Q°7® — 1001000°7® — 115830077 @?
+57915077 ¢ — 4804807°¢* + 589687'°¢°
+18532807°¢° + 30888007°0> — 30888007°0
+2162160072¢* + 5791500° 77 — 86486407¢*

— 64864800°7° + 10296007° + 2402400%7°(°

— 2402400°78¢° + 131274077 (%% - 262548077
—96525770°¢* + 131274077 %0 — 11583077 0*¢*

— 6486480Q°T*(* + 648648002 7*¢* — 432432007°¢*

8

+216216007°0°¢* + 216216007 ¢ + 99¢3 037"

— 18532807%0¢? + 3088807°0%(* + 15444007°0°¢*
+5405407°Q°* — 68468407°0°(* + 61261207°0(”
+72072007°0%¢% + 277203728 - 27720° 28
+4804807°0°(* — 144144070 + 14414407%0(*
—589687'°¢% 0> — 1769047'°¢% ¢ — 18532807°¢ ¢’
+55598407°¢50? — 55598407°¢°0 + 648648007%0%(*
—21621600720°¢* — 648648007°QC* + 8648640710 (2
— 259459207 0%¢% + 1769047'°¢C% 0% + 259459200 21"
— 458647"1 (%0 +270270007> — 3243240002

— 540540(*7°0 — 16216200{>7Q + 32432407%¢*p
—1029600p°7° — 32432407%¢* - 324324007
+32432400p(” + 648648007 + 108108007%),

O, (&)

(¢, 7) :L’l[

$2

s+Q(lfs)L<

ar

—2 ) F20 20 (4T4>:| .

(47)
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The series form result is The problem has the exact solution at g = 1:

#(GT) = (6 1)+ (1) + (G 7) + 5 (G T) 4041, (G ), ,
,T) =1 49
u(l, )= % (—591’3 +207%0¢ %0 + 6007 — 6000 #(C ) ¢ ( )

T
162116200
- (~324324007Q - 27027007°Q” — 32432400770

+216216007%0> — 2282287°0°¢* + 4564567°0*¢*
—2282287°0¢* + 120127°¢°0% - 327600%7'°¢*
+327600°710¢* — 1365711 0°¢* + 22932711501
+22932711¢%0 + 50057°0° + 100100027*
—100100Q°7® - 115830077 @ + 57915077

— 4804807°¢" + 589687'°¢® + 18532807°¢°
+30888007°0 — 308880070 + 216216007°(*
+5791500° 17 — 86486407(* — 64864800*1°
+10296007° + 2402400°7%¢°® — 2402400°7%¢°
+131274077¢%0% — 262548077 (%% — 9652577 0* (>
+131274077¢% — 115830770 — 64864800°7*(*
+64864800%71¢" — 43243200702 + 216216007°0°¢*
+216216007°0¢* +99¢%07"® — 18532807%0¢>
+3088807°02¢” + 15444007°0°¢* + 5405407°0°¢*

— 68468407°Q°* + 61261207° QL% + 72072007°Q%(2
+27720%72¢% - 27720° 712 + 4804807°0°*

— 14414407°Q2¢" + 14414407°¢* - 589687'°¢%0°
—1769047'°¢%0 — 185328075¢°0” + 55598407°¢

— 55598407°°0 + 648648007%0%¢* — 21621600720°¢*
— 648648007200 + 86486407*0°(* — 259459207 0%(*
+1769047'°0% Q% + 2594592001 — 458647'1{*¢?
+270270007> — 324324000> — 540540(* 750

— 16216200870 + 32432407*¢* 0 — 1029600075
—32432407%* — 324324007 + 3243240002
+648648007Q + 108108007%)+---.

+300%rQ + 67t - 614(4Q>

(48)

In Figure 6, the exact and the approximate solutions of
example 4 at Q=1 are shown, and the second graph shows
the 3D graph of different fractional-order p, respectively.
From the given figures, it can be seen that both the approxi-
mate and exact solutions are in close contact with each other.
It is demonstrated that the outcomes of time-fractional prob-
lems converge to an integer-order effect as the time-
fractional evaluation to integer-order.

5. Conclusion

In this paper, the iterative transformation method is imple-
mented to achieve approximate analytical results of the
fractional-order Klein-Gordon equations, which is widely
applied in problems for spatial effects in applied sciences.
In physical models, the technique yields series form results
that converge very quickly. The obtained results in this
article are expected to be important for further analysis
of the sophisticated nonlinear models. The calculations of
this method are very simple and straightforward. As a
result, we conclude that this technique can be used to solve
a variety of nonlinear fractional-order partial differential
equation systems.
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