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In this paper, we consider a general nonparametric regression estimation model with the feature of having multiplicative noise.
We propose a linear estimator and nonlinear estimator by wavelet method. The convergence rates of those regression
estimators under pointwise error over Besov spaces are proved. It turns out that the obtained convergence rates are consistent
with the optimal convergence rate of pointwise nonparametric functional estimation.

1. Introduction

The regression estimation plays important roles in practical
applications. The classical regression estimation model con-
siders a strictly stationary random process fðUi, ViÞ, i ∈ℤg,
which defined on ½0, 1�d ×ℝ and has a common density func-
tion g. Then, a regression function is defined by

r xð Þ≔ E ρ Vð Þ ∣U = x½ � =
Ð
ℝρ yð Þg x, yð Þdy

h xð Þ , x ∈ 0, 1½ �d , ð1Þ

where ρðyÞ be a known function and hðxÞ stands for the den-
sity function of random variable U . This classical model is
aimed at estimating the unknown regression function rðxÞ
by the data ðU1, V1Þ, ðU2, V2Þ,⋯, ðUn, VnÞ.

However, the above data ðU1, V1Þ, ðU2, V2Þ,⋯, ðUn,
VnÞ is not easily observed in practical applications. In other
words, the observed data contains some noise. In view of this
case, this paper considers a regression estimation model with
multiplicative noise. Let fðXi, YiÞ, i ∈ℤg be a strictly sta-
tionary random process with a common density function

f x, yð Þ = ω x, yð Þg x, yð Þ
μ

, x, yð Þ ∈ 0, 1½ �d ×ℝ, ð2Þ

where ωðx, yÞ be a multiplicative noise function, gðx, yÞ
stands for the density function of the unobserved random
variable ðU , VÞ, and μ≔ E½ωðU , VÞ� <∞. Then, we want
to estimate the unknown regression function rðxÞ based on
the observed noisy data ðX1, Y1Þ, ðX2, Y2Þ,⋯, ðXn, YnÞ.

This paper is aimed at considering the pointwise error of
wavelet regression estimators under some mild assumptions.
Chaubey et al. [1, 2] construct linear and nonlinear wavelet
estimators based on dependent data and evaluate its rate of
convergence under the mean integrated square error, respec-
tively. The convergence rates of wavelet estimators in inde-
pendent case are discussed by Chesneau and Shirazi [3].
An optimal convergence rate of regression estimator in inde-
pendent case is proved by Kou and Liu [4]. Guo and Kou [5]
consider wavelet estimations for negatively associated case.
The mean integrated square error of regression derivative
estimators based on strong mixing data are discussed by
Kou et al. [6]. But those above results all only focus on global
error. There is a lack of result on pointwise error for the
regression model with multiplicative noise ((1) and (2)).
Hence, this paper will study the convergence rates of wavelet
estimators under pointwise risk.

1.1. Strong Mixing and Assumptions. In many practical
applications, the observed data is usual not independent.
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This paper will consider strong mixing case, which is an
important dependent relationship in time series. Now we will
introduce the definition of strong mixing in the following.

Definition 1. Let fXi, i ∈ℤg be a strict stationary sequence of
random vectors and

lim
k⟶∞

α kð Þ = lim
k⟶∞

sup ℙ A ∩ Bð Þ − ℙ Að Þℙ Bð Þj j, A∈ϝ0−∞, B ∈ ϝ∞k
� �

= 0,

ð3Þ

where ϝ0−∞ denotes the σ field generated by fXi, i < 0g and
ϝ∞k does by fXi, i ≥ kg. Then, the sequence fXi, i ∈ℤg is
strong mixing.

Note that when the random sample is independent,
ℙðA ∩ BÞ = ℙðAÞℙðBÞ and αðkÞ ≡ 0. Hence, the indepen-
dent and identically distributed ði:i:d:Þ data must be
strong mixing. Gorodetskii [7] shows that linear processes
are strong mixing under certain conditions. Genon-Catahot
et al. [8] prove that some continuous time diffusion models
and stochastic volatility models are strong mixing, which
include some most popular models in the pricing theories
of financial assets, such as the Black Scholes pricing theory
of options. Moreover, strong mixing also naturally appears
in a large class of stationary time series such as ARMA and
GARCH models.

Next, we formulate some assumptions for the above
regression model. Note that the assumptions C1 and C2
are the standard conditions for nonparametric regression
estimation model with multiplicative noise [1, 3]. C3 is a
technical condition, which plays an important role in the
proof of some lemmas. For the assumptions C4 and C5,
the functions αðkÞ ≡ 0 and hkðx, y, x′, y′Þ ≡ 0 when the
random sample is independent. Hence, C4 and C5 may be
considered as other explanation of strong mixing.

C1. The density function hðxÞ satisfies inf
x∈½0,1�d

hðxÞ ≥ c1

with a positive constant c1.
C2. For any ðx, yÞ ∈ ½0, 1�d ×ℝ, there exist two positive

constant c2 < c3 <∞ such that

c2 ≤ ω x, yð Þ ≤ c3: ð4Þ

C3. The function ρðyÞ satisfies ρðyÞ ∈ LðℝÞ ∩ L∞ðℝÞ.
C4. The strong mixing coefficient of fðXi, YiÞ, i = 1, 2,

⋯, ng satisfies αðkÞ ≤ γe−c4k with γ > 0 and c4 > 0.
C5. Let f ðX1,Y1,Xk+1,Yk+1Þ be the density function of ðX1,

Y1, Xk+1, Yk+1Þðk ≥ 1Þ and f ðX1,Y1Þ be the density function

of ðX1, Y1Þ. Then, for ðx, y, x′, y′Þ ∈ ½0, 1�d ×ℝ × ½0, 1�d ×ℝ,

sup
k≥1

sup
x,y,x ′ ,y ′ð Þ∈ 0,1½ �d×ℝ× 0,1½ �d×ℝ

hk x, y, x′, y′
� ���� ��� ≤ c4, ð5Þ

with c4 > 0 and hk ≔ f ðX1,Y1,Xk+1,Yk+1Þ − f ðX1,Y1Þ f ðXk+1,Yk+1Þ.

1.2. Wavelets and Besov Space. In this paper, we construct
regression estimators by wavelet method. Now let us

briefly present the wavelet basis of L2ðℝdÞ by tensor prod-
uct method. For a scaling function φðxÞ, there is M = 2d
− 1 wavelet function ψlðl = 1, 2,⋯,MÞ such that for each
f ðxÞ ∈ L2ðℝdÞ,

f xð Þ = 〠
k∈ℤd

αj0,kφj0,k xð Þ + 〠
∞

j=j0
〠
M

l=1
〠
k∈ℤd

βl
j,kψ

l
j,k xð Þ, ð6Þ

holds in L2ðℝdÞ sense, where αj0,k = h f , φj0,ki, β
l
j,k = h f , ψl

j,ki,
and

φj0,k xð Þ = 2j0d/2φ 2j0dx − k
� �

, ψl
j,k xð Þ = 2jd/2ψl 2jdx − k

� �
:

ð7Þ

If a scaling function φðxÞ satisfies Condition θ, i.e., ∑k∈ℤd

jφðx − kÞj ∈ L∞ðℝdÞ, then the functions φðxÞ ∈ LðℝdÞ ∩ L∞

ðℝdÞ and ∑k∈ℤdφðx − kÞ �φðykÞ converge absolutely almost
everywhere. In this paper, we use the Daubechies wavelet,
which has compact supports and satisfies Condition θ.
Then, it can be shown that for f ðxÞ ∈ LpðℝdÞð1 ≤ p<∞Þ,

Pj f xð Þ = 〠
k∈ℤd

αj,kφj,k xð Þ, ð8Þ

holds almost everywhere on ℝd.
Besov spaces are important in theory and applications,

which contain Hölder and L2 lebesgue spaces as special
examples [9–11]. The next lemma provides equivalent defi-
nitions of Besov space [12].

Lemma 2. Let φðxÞ be a scaling function, ψlðxÞðl = 1, 2,⋯,
MÞ be the corresponding wavelet function, and f ðxÞ ∈ Lp
ðℝdÞð1 ≤ p<∞Þ. For 1 ≤ p, q ≤ +∞ and s > 0, then the fol-
lowing assertions are equivalent:

f ∈ Bs
p,q ℝd
� �

,

2js Pj f − f
�� ��

p

n o
∈ lq,

2j s−d/p+d/2ð Þ βj:

��� ���
p

� 	
∈ lq:

ð9Þ

The Besov norm of f can be defined by

fk kBsp,q = αj0

��� ���
p
+ 2j s−d/p+d/2ð Þ βj:

��� ���
p


 �
j≥j0

�����
�����
q

, ð10Þ

with kαj0
kp
p
=∑k∈ℤd jαj0 ,kj

p and kβj:kpp =∑M
l=1∑k∈ℤd jβl

j,kj
p
.
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In this paper, we assume that the regression function rðxÞ
belongs to Besov ball with H > 0, i.e.,

r xð Þ ∈ Bs
p,q Hð Þ≔ f ∈ Bs

p,q ℝd
� �

, fk kBs
p,q
≤H

n o
: ð11Þ

2. Wavelet Estimators and Theorem

Let us define linear wavelet estimator as follows:

r̂linn xð Þ≔ 〠
k∈Ω
bα j0,kφj0,k xð Þ, ð12Þ

where

bμn =
1
n
〠
n

i=1

1
ω Xi, Yið Þ

" #−1
,

bα j0,k =
bμn

n
〠
n

i=1

ρ Yið Þφj0,k Xið Þ
ω Xi, Yið Þh Xið Þ :

ð13Þ

Using hard thresholding method, our nonlinear wavelet
estimator is defined by

r̂nonn xð Þ≔ 〠
k∈Ω
bα j0,kφj0,k xð Þ + 〠

j1

j=j0
〠
M

l=1
〠
k∈Ω j

bβ l

j,kI bβ l

j,k

��� ���≥κtnn oψl
j,k xð Þ,

ð14Þ

with tn =
ffiffiffiffiffiffiffiffiffiffiffiffi
ln n/n

p
, the indicator function IðxÞ and

bβ l

j,k =
bμn

n
〠
n

i=1

ρ Yið Þψl
j,k Xið Þ

ω Xi, Yið Þh Xið Þ : ð15Þ

The positive parametrics j0, j1, and κ will be given in
later discussion. In addition, Ω≔ fk ∈ℤ, supp r ∩ supp
φj0,k ≠∅g and Ωj ≔ fk ∈ℤ, supp r ∩ supp ψl

j,k ≠∅g.
Because of the compactly supported of regression functions
rðxÞ, φj0,kðxÞ and ψl

j,kðxÞ, the cardinality of Ω andΩj satisfies

that Ω ~ 2j0d and Ωj ~ 2jd , respectively. Here and after, AB
denotes A ≤ cB for some positive constant c, and A ~ B
stands for both AB and BA.

Now we state our main theorem in the following, which
investigates the performance of linear and nonlinear wavelet
estimators in terms of rates of convergence under pointwise
risk over Besov space.

Theorem 3. Consider the regression problems (1) and (2)
under the assumptions C1-C5 and rðxÞ ∈ Bs

p,qðHÞðp, q ∈ ½1,+
∞Þ, s > d/pÞ. Then, the linear wavelet estimator r̂linn ðxÞ with
2j0 ~ n1/2ðs−d/pÞ+d satisfies

E r∧lin
n xð Þ − r xð Þ

��� ���2 �
n−2 s−d/pð Þ/2 s−d/pð Þ+d: ð16Þ

The nonlinear one with 2j0 ~ n1/2m+dðm > sÞ and 2j1 ~
ðn/ðln nÞ3Þ1/d does

E r∧non
n xð Þ − r xð Þj j2

h i
ln nð Þ3n−2 s−d/pð Þ/2 s−d/pð Þ+d: ð17Þ

Remark 4. Note that the linear and nonlinear wavelet esti-
mators all can attain the optimal convergence rate for
pointwise risk [13].

Remark 5. Compared with the linear wavelet estimator
r̂linn ðxÞ, the convergence rate of the nonlinear estimator
r̂nonn ðxÞ keeps the same as the linear one up to a ln n fac-
tor. Moreover, the nonlinear wavelet estimator is adaptive,
which means that it only depends on the observed data.

3. Auxiliary Results

This section will provide some results for the proof of
Theorem 3.

Lemma 6. For the problem defined in (1) and (2), we have

E
1bμn

 �
= 1
μ
,

E
μρ Yið Þφj0 ,k Xið Þ
ω Xi, Yið Þh Xið Þ
 �

= αj0 ,k,

E
μρ Yið Þψl

j,k Xið Þ
ω Xi, Yið Þh Xið Þ

" #
= βl

j,k:

ð18Þ

Lemma 7. Let fðXi, YiÞ, i = 1, 2,⋯, ng be a stationary strong
mixing process. If C1-C5 hold and 2jd ≤ n,

Var 〠
n

i=1

1
ω Xi, Yið Þ

" #
≲ n, ð19Þ

Var 〠
n

i=1

ρ Yið Þφj0 ,k Xið Þ
ω Xi, Yið Þh Xið Þ

" #
≲ n, ð20Þ

Var 〠
n

i=1

ρ Yið Þψl
j,k Xið Þ

ω Xi, Yið Þh Xið Þ

" #
≲ n: ð21Þ
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Proof. According to the properties of variance, we know

Var 〠
n

i=1

1
ω Xi, Yið Þ

" #
= 〠

n

i=1
Var 1

ω Xi, Yið Þ
 �

+ 2 〠
1≤i<v≤n

Cov 1
ω Xi, Yið Þ ,

1
ω Xv, Yvð Þ


 �
≲ nVar 1

ω Xi, Yið Þ
 �

+ 〠
n

v=2
〠
v−1

i=1
Cov 1

ω Xi, Yið Þ ,
1

ω Xv, Yvð Þ

 ������

�����:
ð22Þ

Now we estimate the first term. It follows from the prop-
erty of variance and C2 that

Var 1
ω Xi, Yið Þ

 �

≤ E
1

ω Xi, Yið Þ

 �2

=
ð

0,1½ �d×ℝ

1
ω x, yð Þ

 �2

f x, yð Þdxdy ≲ 1:

ð23Þ

Using the property of strictly stationary,

〠
n

v=2
〠
v−1

i=1
Cov 1

ω Xi, Yið Þ ,
1

ω Xv , Yvð Þ

 ������

�����
≲ 〠

n−1

i=1
n − ið Þ Cov 1

ω X1, Y1ð Þ ,
1

ω Xi+1, Yi+1ð Þ

 ����� ����

≲ n〠
n−1

i=1
Cov 1

ω X1, Y1ð Þ ,
1

ω Xi+1, Yi+1ð Þ

 ����� ����:

ð24Þ

Then, we need the following Davydov inequality [14].
Let fXigi∈Z be strong mixing with mixing coefficient αðkÞ
and f and g be two measurable functions. If Ej f ðX1Þjp and
EjgðX1Þjq exist for p, q > 0 and 1/p + 1/q < 1,

Cov f X1ð Þ, g Xk+1ð Þð Þj j ≲ α kð Þ1−1/p−1/q E ∣ f X1ð Þjp� �1/p
E ∣ g X1ð Þjq½ �1/q:

ð25Þ

Using the Davydov inequality with p = q = 4,

Cov 1
ω X1, Y1ð Þ ,

1
ω Xi+1, Yi+1ð Þ


 ����� ���� ≲ α ið Þ1/2 E ∣
1

ω X1, Y1ð Þ
����4

 !1/2

:

ð26Þ

This with C2 shows jCovð1/ωðX1, Y1Þ, 1/ωðXi+1, Yi+1ÞÞj
≲ αðiÞ1/2. Furthermore, it follows from C4 that

〠
n−1

i=1
Cov 1

ω X1, Y1ð Þ ,
1

ω Xi+1, Yi+1ð Þ

 ����� ���� ≲ 〠

n−1

i=1
α ið Þ1/2

≤ 〠
n−1

i=1
γ1/2e− c4/2ð Þi ≲ 〠

∞

i=1
e− c4/2ð Þi ≲ 1:

ð27Þ

Combining this result with and (22)–(24) and ((27)), one
gets that

Var 〠
n

i=1

1
ω Xi, Yið Þ

" #
≲ n: ð28Þ

For the estimation of (20), we know that Var½∑n
i=1ρð

YiÞφj0,kðXiÞ/ωðXi, YiÞhðXiÞ� ≲ nVar½ρðYiÞφj0,kðXiÞ/ωðXi, YiÞ
hðXiÞ� + j∑n

v=2∑
v−1
i=1 CovðρðYiÞφj0,kðXiÞ/ωðXi, YiÞhðXiÞ, ρðYvÞ

φj0,kðXvÞ/ωðXv , YvÞhðXvÞÞj:Then, it is easy to see from the

property of variance and the assumptions C1-C3 that

nVar
ρ Yið Þφj0,k Xið Þ
ω Xi, Yið Þh Xið Þ
 �

≤ nE
ρ Yið Þφj0,k Xið Þ
ω Xi, Yið Þh Xið Þ

 �2

= n
ð

0,1½ �d×ℝ

ρ yð Þφ j0,k xð Þ
ω x, yð Þh xð Þ


 �2
f x, yð Þdxdy

= n
ð

0,1½ �d×ℝ

ρ yð Þð Þ2 φj0,k xð Þ
� �2

g x, yð Þ
μω x, yð Þ h xð Þð Þ2 dxdy

≲ n
ð

0,1½ �d×ℝ

φj0,k xð Þ
� �2

g x, yð Þ
h xð Þ dxdy

= n
ð

0,1½ �d
φj0,k xð Þ
� �2

dx ≲ n:

ð29Þ

Now it remains to prove

〠
n

v=2
〠
v−1

i=1
Cov

ρ Yið Þφj0,k Xið Þ
ω Xi, Yið Þh Xið Þ ,

ρ Yvð Þφj0,k Xvð Þ
ω Xv , Yvð Þh Xvð Þ


 ������
����� ≲ n: ð30Þ

Similar to the arguments of (24), one gets that j
∑n

v=2∑
v−1
i=1 CovðρðYiÞφj0,kðXiÞ/ωðXi, YiÞhðXiÞ, ρðYvÞφj0,kðXvÞ/

ωðXv, YvÞhðXvÞÞjn∑n−1
i=1 jCovðρðY1Þφj0,kðX1Þ/ωðX1, Y1ÞhðX1

Þ, ρðYi+1Þφj0,kðXi+1Þ/ωðXi+1, Yi+1ÞhðXi+1ÞÞj. Because of 2jd
≤ n, we can obtain that

〠
n

v=2
〠
v−1

i=1
Cov

ρ Yið Þφj0,k Xið Þ
ω Xi, Yið Þh Xið Þ ,

ρ Yvð Þφj0,k Xvð Þ
ω Xv , Yvð Þh Xvð Þ


 ������
����� ≲ n T1 + T2ð Þ,

ð31Þ

T1 ≔ 〠
2 j0d−1

i=1
Cov

ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ ,

ρ Yi+1ð Þφj0,k Xi+1ð Þ
ω Xi+1, Yi+1ð Þh Xi+1ð Þ


 ����� ����,
ð32Þ

T2 ≔ 〠
n−1

i=2 j0d
Cov

ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ ,

ρ Yi+1ð Þφj0,k Xi+1ð Þ
ω Xi+1, Yi+1ð Þh Xi+1ð Þ


 ����� ����:
ð33Þ

First, estimate T1. By the property of covariance, jCov
ðρðY1Þφj0,kðX1Þ/ωðX1, Y1ÞhðX1Þ, ρðYi+1Þφj0,kðXi+1Þ/ωðXi+1,
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Yi+1ÞhðXi+1ÞÞj = jEðρðY1Þφj0,kðX1Þ/ωðX1, Y1ÞhðX1ÞρðYi+1Þ
φj0,kðXi+1Þ/ωðXi+1, Yi+1ÞhðXi+1ÞÞ − EðρðY1Þφj0,kðX1Þ/ωðX1,
Y1ÞhðX1ÞÞEðρðYi+1Þφj0,kðXi+1Þ/ωðXi+1, Yi+1ÞhðXi+1ÞÞj. Fur-

thermore, using the assumptions C1-C3 and C5, one can
get that

Cov
ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ ,

ρ Yi+1ð Þφj0,k Xi+1ð Þ
ω Xi+1, Yi+1ð Þh Xi+1ð Þ


 ����� ����
≤ ≤
ð

0,1½ �d×ℝ× 0,1½ �d×ℝ

ρ yð Þφj0,k xð Þ
ω x, yð Þh xð Þ
���� ���� ρ y′

� �
φj0,k x′

� �
ω x′, y′
� �

h x′
� �

������
������ hi x, y, x′, y′
� ���� ���dxdydx′dy′

≲
ð
ℝ
∣ ρ yð Þ ∣ dy


 �2 ð
0,1½ �d

∣ φ j0,k xð Þ ∣ dx
 !2

≲
ð

0,1½ �d
∣ φ j0,k xð Þ ∣ dx

 !2

≲ 2−j0d:

ð34Þ

Then, one have

T1 = 〠
2 j0d−1

i=1
∣Cov

ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ ,

ρ Yi+1ð Þφj0,k Xi+1ð Þ
ω Xi+1, Yi+1ð Þh Xi+1ð Þ


 �
∣

≲ 〠
2 j0d−1

i=1
2−j0d ≲ 1:

ð35Þ

Now we estimate T2. Using the above Davydov inequal-
ity with p = q = 4,

Cov
ρ Y1ð Þφ j0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ ,

ρ Yi+1ð Þφj0,k Xi+1ð Þ
ω Xi+1, Yi+1ð Þh Xi+1ð Þ


 ����� ����
≲ α ið Þ1/2 E

ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ
���� ����4

 !1/2

≲ ≲α ið Þ1/2 sup
ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ
���� ���� E

ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ
���� ����2

 !1/2

:

ð36Þ

It follows from C1-C3 that

sup
ρ Y1ð Þφj0,k X1ð Þ
ω X1, Y1ð Þh X1ð Þ
���� ���� ≲ 2j0d: ð37Þ

On the other hand,

E
ρ Y1ð Þφj0,k X1ð Þ
ω Xi, Yið Þh X1ð Þ
���� ����2 = ð

0,1½ �d×ℝ

ρ yð Þφj0,k xð Þ
ω x, yð Þh xð Þ


 �2
ω x, yð Þg x, yð Þ

μ
dxdy

≲
ð

0,1½ �d
φj0,k xð Þ
� �2

dx ≲ 1:

ð38Þ

Hence,

T2 ≲ 〠
n−1

i=2 j0d
α ið Þ122j0d ≤ 〠

n−1

i=2 j0d
γ
1
2 e

− c4/2ð Þi2j0d ≲ 〠
∞

i=1
e− c4/2ð Þii

1
2 ≲ 1:

ð39Þ

Now the above results (31), (35), and (39) imply the
desired inequality

〠
n

v=2
〠
v−1

i=1
Cov

ρ Yið Þφj0,k Xið Þ
ω Xi, Yið Þh Xið Þ ,

ρ Yvð Þφj0,k Xvð Þ
ω Xv , Yvð Þh Xvð Þ


 ������
����� ≲ n: ð40Þ

The prove of the last inequality (21) is similar to (20).

Lemma 8. Let assumptions C1-C5 hold and 2jd ≤ n. Then,

E α∧j0 ,k − αj0 ,k

��� ���2 ≲ n−1, E β∧l
j,k − βl

j,k

��� ���2 ≲ n−1: ð41Þ

Proof. By the definition of bα j0,k,

bα j0,k − αj0,k

��� ��� = bμn

n
〠
n

i=1

ρ Yið Þ
ω Xi, Yið Þh Xið Þφj0,k Xið Þ − αj0,k

�����
�����

≤
bμn

μ

μ

n
〠
n

i=1

ρ Yið Þ
ω Xi, Yið Þh Xið Þφj0,k Xið Þ − αj0,k

 !�����
�����

+ αj0,kbμn
1
μ
−

1bμn


 ����� ����:
ð42Þ

Note that C3 and the definition of regression function
rðxÞ imply the boundedness of rðxÞ. Furthermore, jαj0,kj = jÐ
½0,1�d rðxÞφj0,kðxÞdxj ≲ 1 by Hölder inequality and the ortho-

normality of φj0,kðxÞ. On the other hand, jbμn/μj ≲ 1 and jμj
≲ 1 because of C2. Then, one can obtain that

E α∧j0,k − αj0,k

��� ���2 ≲ E
1
n
〠
n

i=1

μρ Yið Þ
ω Xi, Yið Þh Xið Þφj0,k Xið Þ − αj0,k

�����
�����
2

+ E
1
μ
−

1
μ∧n

���� ����2:
ð43Þ
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It is easy to see from Lemmas 6 and 7 that

E α∧j0,k − αj0,k

��� ���2 ≲Var 1
n
〠
n

i=1

μρ Yið Þ
ω Xi, Yið Þh Xið Þφj0,k Xið Þ

 !
+ Var 1bμn


 �

≲
1
n2

Var 〠
n

i=1

ρ Yið Þ
ω Xi, Yið Þh Xið Þφj0,k Xið Þ

 !

+ 1
n2

Var 〠
n

i=1

1
ω Xi, Yið Þ

 !
≲ n−1:

ð44Þ

For the second inequality, according to the definition

of bβ l

j,k,

bβ l

j,k − βl
j,k

���� ���� ≤ bμn

μ

μ

n
〠
n

i=1

ρ Yið Þ
ω Xi, Yið Þh Xið Þψ

l
j,k Xið Þ − βl

j,k

 !�����
�����

+ βl
j,kbμn

1
μ
−

1bμn


 ����� ����:
ð45Þ

Then, it follows from the similar arguments of (43) that

E β∧l
j,k − βl

j,k

��� ���2 ≲ E
1
n
〠
n

i=1

μρ Yið Þ
ω Xi, Yið Þh Xið Þψ

l
j,k Xið Þ − βl

j,k

�����
�����
2

+ E
1
μ
−

1
μ∧n

���� ����2:
ð46Þ

Using Lemmas 6 and 7, one can get

E β∧l
j,k − βl

j,k

��� ���2 ≲Var 1
n
〠
n

i=1

μρ Yið Þ
ω Xi, Yið Þh Xið Þψ

l
j,k Xið Þ

 !
+ Var 1bμn


 �
≲ n−1:

ð47Þ

Lemma 9. Let bβ l

j,k be defined by (15). If C1-C5 hold, tn =ffiffiffiffiffiffiffiffiffiffiffiffi
ln n/n

p
and 2jd ≤ n/ðln nÞ3; then for each w > 0, there exists

a constant κ > 1 such that

ℙ bβ l

j,k − βl
j,k

���� ���� ≥ κtn


 �
≲ 2−wj: ð48Þ

Proof. According to the arguments of (43) and the definition

of bβ l

j,k,

bβ l

j,k − βl
j,k

���� ���� ≤ bμn

μ

μ

n
〠
n

i=1

ρ Yið Þ
ω Xi, Yið Þh Xið Þψ

l
j,k Xið Þ − βl

j,k

 !�����
�����

+ βl
j,kbμn

1
μ
−

1bμn


 ����� ����
≲

1
n
〠
n

i=1

μρ Yið Þ
ω Xi, Yið Þh Xið Þψ

l
j,k Xið Þ − βl

j,k


 ������
�����

+ 1
n
〠
n

i=1

1
ω Xi, Yið Þ −

1
μ


 ������
�����:

ð49Þ

Then, we only need to prove the following two inequal-
ities, respectively.

ℙ
1
n
〠
n

i=1

μρ Yið Þ
ω Xi, Yið Þh Xið Þψ

l
j,k Xið Þ − βl

j,k


 ������
����� ≥ κ

2 tn

 !
≲ 2−wj,

ð50Þ

ℙ
1
n
〠
n

i=1

1
ω Xi, Yið Þ −

1
μ


 ������
����� ≥ κ

2 tn

 !
≲ 2−wj: ð51Þ

(i) Proof of (50). Define ηi ≔ ðμρðYiÞ/ωðXi, YiÞhðXiÞÞ
ψl
j,kðXiÞ − βl

j,k. Then, EðηiÞ = 0 thanks to Lemma 6.
Moreover, η1, η2,⋯, ηn are strong mixing with the
mixing coefficients αðkÞ ≤ γe−c4k. Using the assump-
tions C1-C3, one gets that ∣ηi ∣ ≤∣ðμρðYiÞ/ωðXi, YiÞh
ðXiÞÞψl

j,kðXiÞ∣ + ∣βl
j,k∣ ≲ 2jd/2. On the other hand, it

follows from Lemma 7 that

max
1≤ j≤2m

Var 〠
j

i=1
ηi

 !
= max

1≤ j≤2m
Var 〠

j

i=1

μρ Yið Þ
ω Xi, Yið Þh Xið Þψ

l
j,k Xið Þ

 !
≲m:

ð52Þ

Because strong mixing is much more complicated than
independent, we need to use a new technique. In this paper,
we use the following Bernstein type inequality [15]. Let
fXigi∈Z be a strong mixing process with mixing coefficient

αðkÞ, EðXiÞ = 0, ∣Xi ∣ ≤M<∞, and Dm ≔ max
1≤j≤2m

Varð∑j
i=1 XiÞ.

Then, for ε > 0 and n,m ∈N with 0 <m ≤ n/2,

ℙ 〠
n

i=1
Xi

�����
����� ≥ ε

 !
exp −

ε2

16 nm−1Dm + 1
3 εMm


 �−1
 !

+ M
ε
nα mð Þ:

ð53Þ
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According to the above Bernstein type inequality with
m = u ln n and M = 2jd/2,

ℙ
1
n
〠
n

i=1
ηi

�����
����� ≥ κ

2 tn

 !
= ℙ 〠

n

i=1
ηi

�����
����� ≥ κ

2 ntn

 !

≲ exp −
κ/2ntnð Þ2

16 nm−1m + 1
3
κ

2 ntn2
jd/2m


 �−1
 !

+ 2jd/2
κ/2ð Þntn

nα mð Þ

≲ exp −
κntnð Þ2
64 n + κu

6 ntn2jd/2 ln n
� �−1 !

+ 2jd/2
tn

e−cu ln n:

ð54Þ

Then, it follows from tn =
ffiffiffiffiffiffiffiffiffiffiffiffi
ln n/n

p
and 2jd ≤ n/ðln nÞ3

≤ n that

exp −
κntnð Þ2
64 n + κu

6 ntn2jd/2 ln n
� �−1 !

≲ exp −
κ2 ln n
64 1 + κu

6
� �−1
 �

:

ð55Þ

Obviously, there exists sufficiently large κ > 1 such that

exp −
κ2 ln n
64 1 + κu

6
� �−1
 �

≲ 2−wj: ð56Þ

On the other hand, note that ð2jd/2/tnÞe−cu ln n ≲ n1−cu ≲
2jdð1−cuÞ: Choosing u such that dð1 − cuÞ < −w, then

2jd/2
tn

e−cu ln n ≲ 2−wj: ð57Þ

Together with the above results, one can obtain the
desired result (50)

ℙ
1
n
〠
n

i=1
ηi

�����
����� ≥ κ

2 tn

 !
≲ 2−wj: ð58Þ

(ii) Proof of (51). Define ξi ≔ 1/ωðXi, YiÞ − 1/μ. Then,
EðξiÞ = 0 thanks to Lemma 6. Moreover, it follows
from the assumption C4 that ξ1, ξ2,⋯, ξn are strong
mixing with the mixing coefficients αðkÞ ≤ γe−c4k.
Note that jξij ≤ j1/ωðXi, YiÞj + j1/μj ≲ 1 with C2.
According to Lemma 7, max

1≤j≤2m
Varð∑j

i=1ξiÞ = max
1≤j≤2m

Varð∑ j
i=11/ωðXi, YiÞÞ ≲m. Then, similar to the proof

of (50), one can get the desired result (51).

4. Proof of Theorem

This last section is devoted to proving Theorem 3.

Proof of (16). It is easy to see that

E r∧lin
n xð Þ − r xð Þ

��� ���2 ≤ E r∧lin
n xð Þ − Pj0

r xð Þ
��� ��� + Pj0

r xð Þ − r xð Þ
��� ���� �2

≲ E r∧lin
n xð Þ − Pj0

r xð Þ
��� ���2 + E P j0

r xð Þ − r xð Þ
��� ���2:

ð59Þ

(i) Upper bound of Ejr∧lin
n ðxÞ − Pj0

rðxÞj2. Note that

E r∧lin
n xð Þ − Pj0

r xð Þ
��� ���2 ≤ E 〠

k∈Ω
α∧j0,k − αj0,k

��� ��� φ j0,k xð Þ
��� ��� !2

:

ð60Þ

Then, it follows from Cauchy-Schwarz inequality and
Condition θ that

E r∧lin
n xð Þ − Pj0

r xð Þ
��� ���2 ≤ E 〠

k∈Ω
α∧j0,k − α j0,k

��� ���2 φj0,k xð Þ
��� ��� !

� 〠
k∈Ω

φj0,k xð Þ
��� ��� !

≲ 2j0d/2〠
k∈Ω

φj0,k xð Þ
��� ���E α∧j0,k − αj0,k

��� ���2
 �
:

ð61Þ

Using Lemma 8 and 2j0 ~ n1/2ðs−d/pÞ+d ,

E r∧lin
n xð Þ − Pj0

r xð Þ
��� ���2 ≲ 2j0d/2n−1〠

k∈Ω
φj0,k xð Þ
��� ���

≲ 2j0dn−1 ≲ n−2 s−d/pð Þ/2 s−d/pð Þ+d:
ð62Þ

(ii) Upper bound of EjPj0
rðxÞ − rðxÞj2. It is easy to see

from Hölder inequality that

E Pj0
r xð Þ − r xð Þ

��� ���2 = 〠
∞

j=j0
〠
M

l=1
〠
k∈Ω j

βl
j,k

��� ��� ψl
j,k xð Þ

��� ���
0@ 1A2

≤ 〠
∞

j=j0
〠
M

l=1
〠
k∈Ω j

βl
j,k

��� ���p ψl
j,k xð Þ

��� ���
0@ 1A1/p8<:

� 〠
M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���
0@ 1A1/p′)2

:

ð63Þ
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Furthermore, Condition θ and the boundedness of
ψl
j,kðxÞ imply that

E Pj0
r xð Þ − r xð Þ

��� ���2 ≲ 〠
∞

j=j0
2jd/2 〠

M

l=1
〠
k∈Ω j

βl
j,k

��� ���p
0@ 1A1/p8<:

9=;
2

= 〠
∞

j=j0
2jd/2 βj:

��� ���
p

( )2

:

ð64Þ

Now using rðxÞ ∈ Bs
p,qðHÞ, Lemma 2, and 2j0 ~

n1/2ðs−d/pÞ+d , one can get that

E Pj0
r xð Þ − r xð Þ

��� ���2 ≲ 〠
∞

j=j0
2−j s−d/pð Þ

 !2

≲ 2−2j0 s−d/pð Þ ~ n−2 s−d/pð Þ/2 s−d/pð Þ+d:

ð65Þ

Combining with (59), (62), and (65), the desired result
is obtained by

E r∧lin
n xð Þ − r xð Þ

��� ���2 ≲ n−2 s−d/pð Þ/2 s−d/pð Þ+d: ð66Þ

Proof of (17). By the definition of r̂nonn ðxÞ,

r̂nonn xð Þ − r xð Þj j r̂linn xð Þ − Pj0
r xð Þ

��� ��� + Pj1
r xð Þ − r xð Þ

��� ���
++ 〠

j1

j=j0
〠
M

l=1
〠
k∈Ω j

bβ l

j,kI bβ l

j,k

��� ���≥κtnn o − βl
j,k

0@ 1Aψl
j,k xð Þ

������
������:
ð67Þ

Hence,

E r∧non
n xð Þ − r xð Þj j2 ≲ E r∧lin

n xð Þ − Pj0
r xð Þ

��� ���2
+ E P j1

r xð Þ − r xð Þ
��� ���2

++E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,kI β∧l

j,kj j≥κtnf g − βl
j,k

� �
ψl
j,k xð Þ

������
������
2

:

ð68Þ

According to the arguments of (62), 2j0 ~ n1/2m+d and
s > d/p,

E r∧lin
n xð Þ − Pj0

r xð Þ
��� ���22j0dn−1 ≲ n−2m/2m+d ≲ n−2 s−d/pð Þ/2 s−d/pð Þ+d:

ð69Þ

Similar to the arguments of (65) and 2j1 ~ ðn/ðln nÞ3Þ1/d,

E Pj1
r xð Þ − r xð Þ

��� ���2 ≲ 〠
∞

j=j1
2jd/2 βj:

��� ���
p

( )2

≲ 2−2j1 s−d/pð Þ

≲
n

ln nð Þ3
 !−2 s−d/pð Þ/d

ln nð Þ3 ≲ n−2 s−d/pð Þ/2 s−d/pð Þ+d:

ð70Þ

Then, we only need to estimate the upper bound of

Q≔ E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,kI β∧l

j,kj j≥κtnf g − βl
j,k

� �
ψl
j,k xð Þ

������
������
2

: ð71Þ

Note that

Q ≤ j1 − j0 + 1ð ÞE 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,kI β∧l

j,kj j≥κtnf g − βl
j,k

��� ��� ψl
j,k xð Þ

��� ���
8<:

9=;
2

≲ j1 − j0 + 1ð Þ Q1 +Q2 +Q3 +Q4ð Þ,
ð72Þ

where

Q1 ≔ E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ���I β∧l
j,kj j≥κtnf gI βl

j,kj j≥κ/2tnf g ψl
j,k xð Þ

��� ���
8<:

9=;
2

,

Q2 ≔ E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ���I β∧l
j,kj j≥κtnf gI βl

j,kj j<κ/2tnf g ψl
j,k xð Þ

��� ���
8<:

9=;
2

,

Q3 ≔ E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

βl
j,k

��� ���I β∧l
j,kj j≤κtnf gI βl

j,kj j≥2κtnf g ψl
j,k xð Þ

��� ���
8<:

9=;
2

,

Q4 ≔ E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

βl
j,k

��� ���I β∧l
j,kj j≤κtnf gI βl

j,kj j≤2κtnf g ψl
j,k xð Þ

��� ���
8<:

9=;
2

:

ð73Þ

(i) Upper Bound of Q2 and Q3. It follows from Cauchy-
Schwarz inequality that

8 Journal of Function Spaces



max Q2,Q3f g ≲ E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ���I β∧l
j,k−β

l
j,kj j≥κ/2tnf g ψl

j,k xð Þ
��� ���

8<:
9=;

2

≲ E 〠
j1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ���2I bβ l

j,k−β
l
j,k

��� ���≥κ/2tnn o ψl
j,k xð Þ

��� ���
0@ 1A

� 〠
M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���
0@ 1A

≲ 〠
j1

j=j0
2jd/2 〠

M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���E β∧l
j,k − βl

j,k

��� ���2I bβ l

j,k−β
l
j,k

��� ���≥κ/2tnn o0@ 1A8<:
9=;:

ð74Þ

Using Lemmas 8 and 9, one gets

E β∧l
j,k − βl

j,k

��� ���2I bβ l

j,k−β
l
j,k

��� ���≥κ/2tnn o0@ 1A
≤ E β∧l

j,k − βl
j,k

��� ���4 �1/2
ℙ β∧l

j,k − βl
j,k

��� ��� ≥ κ

2 tn
� �h i1/2

≤ 2jd/2 E β∧l
j,k − βl

j,k

��� ���2 �1/2
ℙ β∧l

j,k − βl
j,k

��� ��� ≥ κ

2 tn
� �h i1/2

≲ 2j d/2−w/2ð Þn−1/2:

ð75Þ

Then, choosing w such that w > 2d + 2m, one has that

max Q2,Q3f g ≲ 〠
j1

j=j0
2j d/2−w/2ð Þn−1/2 〠

M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���〠j1
j=j0

2j 3d/2−w/2ð Þn−1/2

≲ 2j0 3d/2−w/2ð Þn−1/2n−w/2+m−d/2m+dn−2m/2m+dn−2 s−d/pð Þ/2 s−d/pð Þ+d:

ð76Þ

(ii) Upper Bound of Q1. To estimate Q1, one defines

2j∗ ~ n1/2 s−d/pð Þ+d: ð77Þ

Note that Q1 can be decomposed into the following
two terms:

Q1 = E 〠
j∗−1

j=j0
+ 〠

j1

j=j∗

 !
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ���I β∧l
j,kj j≥κtnf gI βl

j,kj j≥k/2tnf g ψl
j,k xð Þ

��� ���
8<:

9=;
2

≔Q11 +Q12:

ð78Þ

Using Cauchy-Schwarz inequality and Lemma 8,

Q11 ≲ E 〠
j∗−1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ��� ψl
j,k xð Þ

��� ���
8<:

9=;
2

≲ E 〠
j∗−1

j=j0
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ���2 ψl
j,k xð Þ

��� ���
0@ 1A 〠

M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���
0@ 1A

≲ 〠
j∗−1

j=j0
2jd/2 〠

M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���E β∧l
j,k − βl

j,k

��� ���2
0@ 1A

≲ 〠
j∗−1

j=j0
2jd/2n−1 〠

M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���
≲ 〠

j∗−1

j=j0
2jdn−1n−2 s−d/pð Þ/2 s−d/pð Þ+d:

ð79Þ

On the other hand, it is easy to see that

Q12 ≲ E 〠
j1

j=j∗
〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ��� βl
j,k

��� ���
tn

ψl
j,k xð Þ

��� ���
8<:

9=;
2

≲
n

ln n
E 〠

j1

j=j∗
βj:

��� ���2
∞

〠
M

l=1
〠
k∈Ω j

β∧l
j,k − βl

j,k

��� ���2 ψl
j,k xð Þ

��� ���
0@ 1A

� 〠
M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���
0@ 1A

≲ n 〠
j1

j=j∗
2 jd

2 βj:

��� ���2
∞

〠
M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���E β∧l
j,k − βl

j,k

��� ���2
0@ 1A

≲ 〠
j1

j=j∗
2jd βj:

��� ���2
p
:

ð80Þ

Then, one knows

Q12 ≲ 〠
j1

j=j∗
≲ 2−2j s−d/pð Þ2−2j∗ s−d/pð Þ ≲ n−2 s−d/pð Þ/2 s−d/pð Þ+d , ð81Þ

with Lemma 2. Now together with (78), (79), and (81),

Q1 ≲ n−2 s−d/pð Þ/2 s−d/pð Þ+d: ð82Þ

(iii) Upper Bound of Q4. Note that
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Q4 = E 〠
j∗−1

j=j0
+ 〠

j1

j=j∗

 !
〠
M

l=1
〠
k∈Ω j

βl
j,k

��� ���I β∧l
j,kj j≤κtnf gI βlj,kj j≤2κtnf g ψl

j,k xð Þ
��� ���

8<:
9=;

2

≔Q41 +Q42:

ð83Þ

By Condition θ and tn =
ffiffiffiffiffiffiffiffiffiffiffiffi
ln n/n

p
,

Q41 ≲ 〠
j∗−1

j=j0
〠
M

l=1
〠
k∈Ω j

tn ψl
j,k xð Þ

��� ���
0@ 1A2

≲
ln n
n

〠
j∗−1

j=j0
2jd ln n

n
2j∗d ln nð Þn−2 s−d/pð Þ/2 s−d/pð Þ+d:

ð84Þ

Moreover, according to Hölder inequality and Lemma 2,
we can get

Q42 ≲ 〠
j1

j=j∗
〠
M

l=1
〠
k∈Ω j

βl
j,k

��� ��� ψl
j,k xð Þ

��� ���
0@ 1A2

≲ 〠
j1

j=j∗
〠
M

l=1
〠
k∈Ω j

βl
j,k

��� ���p ψl
j,k xð Þ

��� ���1/p 〠
M

l=1
〠
k∈Ω j

ψl
j,k xð Þ

��� ���
0@ 1A1/p′

8><>:
9>=>;

2

≲ 〠
j1

j=j∗
2jd βj:

��� ���2
p
〠
j1

j=j∗
2−2j s−d/pð Þn−2 s−d/pð Þ/2 s−d/pð Þ+d:

ð85Þ

Combining this with (83) and (84),

Q4 ≲ ln nð Þn−2 s−d/pð Þ/2 s−d/pð Þ+d: ð86Þ

Now the results (72), (76), (82), and (86) imply that

Q ≲ ln nð Þ3n−2 s−d/pð Þ/2 s−d/pð Þ+d: ð87Þ

This with (68)–(70) shows

E r∧non
n xð Þ − r xð Þj j2 ≲ ln nð Þ3n−2 s−d/pð Þ/2 s−d/pð Þ+d: ð88Þ
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