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In this paper, we consider the existence and multiplicity of solutions for a discrete Dirichlet boundary value problem involving the
(p» q)-Laplacian. By using the critical point theory, we obtain the existence of infinitely many solutions under some suitable
assumptions on the nonlinear term. Also, by our strong maximum principle, we can obtain the existence of infinitely many

positive solutions.

1. Introduction

Let N be a positive integer and denote with [1, N] the discrete
set {1, -+, N'}. In this paper, we consider the existence of infi-
nitely many solutions for the following discrete Dirichlet
boundary value problem

~Apu(j=1) = Agu(j = 1) + a(j)d, (u(j)) + B(7)$,(u(j)) = Ag(j> u(j)).Vj € [1, N],
u(0)=u(N+1)=0,

(1)

where A u(j) = A(¢,(Au(j))) is the discrete r-Laplacian,
¢, (u) = [u| u with u € R, Au(j) = u(j + 1) — u(j) is the for-
ward difference operator, g(j,-): R — R is continuous for
each je[I,N], 1<q<p<+00, A is a positive parameter,
and «(j), B(j) > 0 for all j € [1, N].

In the past decades, there has been tremendous interest
in the study of difference equations, with the development
of engineering, physics, economy, and so on (see [1-4]).
Most results about the boundary value problems of differ-
ence equations are obtained by using the method of upper
and lower solutions and fixed point methods (see [5-7]).
In 2003, Guo and Yu [8] first applied the critical point the-
ory to study the existence of periodic and subharmonic solu-
tions for a second-order difference equation. Since then, the
critical point theory has been employed to study difference

equations, and many meaningful results have been obtained,
concerning periodic solutions [9, 10], homoclinic solutions
[11-13], heteroclinic solutions [14], and especially in bound-
ary value problems [15-20]. For example, Candito and Gio-
vannelli [21] established the existence of multiple solutions
of the following problem

<_Apu(j_ 1) =Af(j u(j))>j € [LN], )

u(0)=u(N+1)=0.

Later, Bonanno and Candito [22] established the exis-
tence of infinitely many solutions of the following problem

—A,u(j = 1) +q(k)$, (u(j)) = Af (j» u(j)). j € [1. N,
u(0)=u(N+1)=0,

(3)

where g(j) > 0 for all j € [1, N]. Obviously, (2) is a special
case (q(j) =0) of (3). After that, under different conditions,
D’Agui et al. [23] established the existence of at least two
positive solutions of (3).
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In [24], Li and Zhou considered the following discrete
mixed boundary value problem

—A,u(j = 1) + (1) by (u(j) = Af (k. u(k)), j € [1, N,
u(0) = Au(N) = 0,
(4)

where s(j) > 0 for all j € [1, N]. By using the critical point
theory, the authors obtained the existence of at least two
positive solutions for (4).

The boundary value problems involving the sum of a p-
Laplacian operator and of a g-Laplacian operator is more
common, because this arises in the study of stationary solu-
tions of reaction-diffusion systems (see [25]). For example,
Mugnai and Papageorgiou [26] and Marano et al. [27] inves-
tigated the following Dirichlet problem

(—Apu —plu=f(xu), in QO (5)

u=0, on 00,

where f: QxR — R satisfies Carathéodory’s condi-
tions, and they obtained the existence of multiple solutions
of (5).

In [28], Nastasi et al. proved the existence of at least two
positive solutions for problem (1). Compared with the dis-
crete boundary value problem involving p-Laplacian opera-
tor, there are few results on the discrete boundary value
problem with (p, q)-Laplacian operator except [28]. Inspired
by the above results, we want to investigate the multiplicity
of solutions for problem (1).

In this paper, under suitable assumptions, we use the
critical point theory obtained in [29] to establish the exis-
tence of infinitely many solutions for discrete (p, g)-Lapla-
cian equations with Dirichlet type boundary conditions.
Moreover, by our strong maximum principle, we can obtain
the existence of infinitely many positive solutions of (1).

The rest of this paper is organized as follows. In Section
2, we recall the critical point theory and show some basic
lemmas. In Section 3, our main results and proofs are pre-
sented. After that, we have two examples to explain our main
results. We conclude our results in the last section.

2. Preliminaries

Let X be a reflexive real Banach space andlet I, : X — R be
a function satisfying the following structure hypothesis:

(H) I,(u) =D(u) — A¥(u) for all u € X, where @, ¥ : X
— R are two functions of class C' on X with @ coercive,

ie., | %im @(u) = +00, and A is a real positive parameter
uj|I—00

Provided that inf , @ < r, put

( sup ‘P(v)) - ¥(u)
ved™! (]-co,r])
r—D(u)

r)= inf
ue@! (]=o0,r[)

, (6)
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and

y =liminf(r), § =

r—+00

liminf  ¢(r). (7)

r—> (il)l(f @)

There is no doubt that y>0 and § >0. When y =0 (or
8 =0), in the sequel, we agree to regard 1/y (or 1/8) as +oo.

Now, we recall Theorem 2.1 of [29], which is our main
tool for investigating problem (1).

Lemma 1. Assume that the condition (H) holds. We have

(a) For every r>infy® and every A€]0,1/¢(r)[, the
restriction of the functional I, =® - A¥ to @ !(]-co,r|)
admits a global minimum, which is a critical point (local
minimum) of I in X.

(b) If y < +0c0 then, for each A€]0,1/y]|, the following
alternative holds: either

(b))I, possesses a global minimum, or

(b,) There is a sequence {u,,} of critical points (local min-
imum) of I, such that nirilood)(un) =+00

(c) If < +00 then, for each A€]0,1/8], the following
alternative holds: either

(¢;) There is a global minimum of ® which is a local min-
imum of I, or

(c,) There is a sequence {u,} of pairwise distinct critical
points (local minima) of I,, with nlin}mQ(un) =inf @,

which weakly converges to a global minimum of ©@

Here, we consider the N-dimensional Banach space

Xy;={u:[0,N+1]— R such that u(0)=u(N+1)=0},

and define the norm

N 1/r
lul = <Z AuG) + Y, h<j>|u<j>|r> O
j=0

where h : [1,N] — R, with h(j) >0 for all j€[1,N], and r
€]1,+00]. Then, let X; be endowed with the norm |ul = |
ullp,a + ||u||q,/3. We denote the usual sup-norm by |ull,, =

n[1ax} |u(j)|, and then we consider the inequality (see
je|LN

([30], Lemma 2.2)):

(N + 1)(7—1)/?

€X,. 10
> u d (10)

l[4lloo = ull,  for all

Lemma 2. Let h= ZJIL h(j). The following inequalities hold

v 1/r
m||”||ooﬁ|\””r,h5(2N+h) [l (11)

Proof. The left-hand side of (11) follows by [30]. Consider
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the right-hand inequality,

N N
lully, = Y [Au()"+ Y h()|uGi)
j=0 j=1
N-1 N
= |Au(0)[" + [Au(N)["+ 1 | Au(j)|" + Zl h(i)u(i)"
Jj= j=
N-1 N
<2lully+ Y @lull) + Y. h(j)llul,
j=1 j=1

< (2N +h)llull,.

Put

1
A(u)= Ellull Ay (u) = allulng3 and

P’
N (13)
=Y G(ju(j)), for all

i

MEXd,

where the function G : [1, N] x R — R is given by G(j, t)
= [, g(js)ds, forallt € R, j € [1,N].

Clearly, A}, A,, ¥ € C' (X, R) and we have the following
Géteaux derivatives at the point u € X ;:

j=0 j=1
(14)
(A3, v) = Y 6,(Au)AV() + ) BI)E,(u()V()
j=0 j=1
(15)
('), v) =Y gliuli)v(), (16)
j=1
for all v € X ;. Now, for r € ]1,+00],
2 ¢ (Au())Av(j)
j=0
= 2 19.(Au(i)v(i+ 1) - ¢, (Au(i)v()]
) . (17)
= 2 9.(Au(i=1)v(i) - 3 &, (Au(i)v())
j=1 j=1
== Ap.(Au(j~1))v(j)-
j=1

If we plug this result back into the calculation of Gateaux

derivatives above, then

() = ¥ [, (auti- 1) + ), (40))] v,

=
(18)
(Ayw)v) = i [~2,(Au(i - 1)) + BG)$,(u(7) | ()
]7 (19)
for all u, v € X,;. Let
D(u) = A, (u) + Ay (). (20)
Consider the functional I, : X, — R given as
L(u)=D(u) - AP (4), for all ueX,  (21)
We have
(T(w).v)

.
= 2 [t~ = A= 1)+ ) 001) B 40) = A9 7))

(22)

for all u,v € X,;. Thus, u € X is a solution of problem (1) if
and only if u is a critical point of I,.

Lemma 3. Fix u € X; such that either

u(j) > Oor—Apu(j— 1) —Aqu(j— 1)
+ali)g,(u() + B9, (u(j)) 2 0

for all j€[1,N]. Then, either u> 0 in [I, N] or u=0.

(23)

Proof. Fix ue X;\ {0} and Z={je[l,N]: u(j)<0}. If Z=
&, then, u > 0. Now, if min Z =1, we can get

=4,u(0) = Agu(0) + a(1)$, (u(1)) + B(1)¢,(u(1)) 2 0,
(24)
which implies that
A(gbp(Au(O))) +A<¢q (Au(0 ) .

<a(1)g,(u(1)) + B(1)¢,(u(1)) <0
Thus,
$p(Au(1)) + ¢, (Au(1)) < ¢, (Au(0)) + ¢4 (Au(0)).  (26)
Since ¢, and ¢, are both strictly increasing, we have A

u(1) < Au(0), which implies u(2) - u(1)<u(1)-0<0. It
follows that u(2) <0, then A(¢,(Au(1))) + A(¢,(Au(1))) <



a(2)¢,(u(2)) + B(2)$,(1(2)) < 0. An easy induction gives
O=u(N+1)<u(N)<--<u(l)<0. (27)

That is u =0, and this is absurd. Next, we assume that
min Z=z€[2,N],

A((pp(Au(z - 1))) + A((pq(Au(z - 1)))
<a(z)¢,(u(z)) + B(2)¢,(u(2)) < 0.

(28)

Due to the monotonicity of ¢, and ¢, Au(z) < Au(z - 1)
, which means u(z + 1) — u(z) <u(z) — u(z — 1). Because u(
z—1)>0, we have u(z+1)<u(z)<0. By repeating this
argument, it is easy to see

0=u(N+1)<u(N)<--<u(z)<0, (29)

which leads to a contradiction. O

Now, consider the function G* : [I, N] x R — R given
as

t
G"(j.t) =J g(j,s)ds, for all teR,je[l,N], (30)
0

where s* = max {s,0}. Now, we define I} (1) = ®(u) - A¥*(
u), forallu € X;, where ¥*(u) = Z]Iil G*(j, u(j)). Similarly,
the critical points of I] are the solutions of the following

2a

n
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problem

=Apu(j=1) = Au(j— 1) + a(j), (u(j)) + B, (u(7) = Ag(i> u* (7)).Yj € [1, N,
u(0)=u(N+1)=0.

(31)

Lemma 4. If g(j, 0) > 0 for all j € [1,N], then each nonzero
critical point of I} is a positive solution of (1).

Proof. We note that each positive solution u € X; of (31) is a
positive solution of (1). By an application of Lemma 3, we
conclude that u > 0. It follows that the nonzero solutions of
(31) are positive and hence are positive solutions of (1). [

3. Main Results

Let
N N .
. . n . Gt
a= Y (i)=Y, Bl Leoli) =limint YD anar,
=1 =1
= min Loo(/)

(32)
The main results are as follows.

Theorem 5. Assume that L. >0, and there are two real
sequences {a,} and {b,}, with lim a,=+oco, such that
n—+00

2a

b, | < min ,
0] {(a+2)1’P(N+1)@-1>’P (B+2)"UN +1

ij\il maxG(j, t) - Z]Iil G(j. b,)

A__ = liminf f=a

n )(q_l)/q}, for every nelN, (33)

9L,

(09

Then for each A€][(22+29)N+a+ f)/iqLy,, 1/A[;
problem (1) admits an unbounded sequence of solutions.

Proof. FixAin][(2P + 29)N + a + f§]/gL ., 1/A [, then, we can
take the real Banach space X, as defined in Section 2, and
the definitions of @, ¥, I, are the same as before. We will
prove Theorem 5 by applying Lemma 1 part (b) to function
I,. Since (H) is trivial to prove, it suffices to prove y < +co
and I, turns out to be unbounded from below. To this
end, let

(2a,)"

q
N o= o
p +

—— " for eve neN.
"og(N+1)T! R

le::

(35)

s (20, PIp(N+ 177) + (26, (N + )7 <[+ ipllb, = [+ Biallb! ~ T+ ZINva+f

(34)

Since, owing to (10), if [|ull,, < (ppn)”P then [lul, <a,,
and if Jlull,z < (qo,)" then |lull, <a,. So, let r,=p, +0,.
From ®(u) <r,, we have |u|, <a,.

We obtain
3, maxGlit) - £, G u(j)
inf <a,
(P(rn) S (D(IBSTH rn _ (D(M) (36)

Then, we define w(j) such that w,(j) = b, for every je
[1,N], w,(0) =w,(N +1) =0. Clearly w,(j) € X; and ®(w,
) <r, owing to (33). One has
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S maxG(i, ) - 5, GG )

((2a,)"1q(N +1)") = [(2 + @)lp]|b, ~ [(2 + B)/a] b,
(37)

9lm) < ((2a,PIp(N+1)P7") +

Therefore, y <liminfe(r,) <A, <+co. It remains to

n—+00
show that I, is unbounded from below.
Let {u,} c X, be a sequence with u,(j) >1 for j€[1,N]
such that lim |lu,| = + co. Because L, >0, fix L such that
n—~oo

Ly, >L>[(2"+29)N + a+ f]/g), and we deduce that there
is §;> 0 such that G(j, t) > Lt for all £ > §;. Moreover, since

G(j, t) is a continuous function, there exists a constant C(j
) 20 such that G(j, t) > Lt* - C(j) for all ¢ €[0,8;]. Thus, G
(j, t) = Lt* — C(j) for all £ >0 and j € [1, N]. It follows that

N N
lF(“n) = Z G( ’un(])) 2 Z [L(un(]))p_ (])]
=1 =1 (38)
>Llu,lP,-C, for all neN,
where C= Y%, C(j). Since [lu, ||, > 1, one has
u b, Nl
I,(u,) = w ‘lﬁ AZ (j» u
p
2’N + « N+
< e, 15, + ﬁllunll:’;o = AL|u, |2, +AC
20 424
<[E2INTar B e+ AC,
q
(39)

As [(2?+29)N+a+fl/lq—AL <0, it is obvious that

lim I,(u,)=-0co. Hence, I) is unbounded from below
n—+00

and the proof is complete. O
Let

N .
. G(j,t
B® = limsup M .

. (40)

t—+00

The following theorem can be obtained if we change
some of the conditions.

Theorem 6. Assume that there are two real sequences {a,}
and {b,}, with lim a, =+0o, such that (33) holds and
n—+00

Z] ; maxG(j, t) = Z?:I G(js by)

ltl<a,

Ao = Y (e PN + 1)+ (2, (N + 17 T) ~ [(2+ @)l (2 By

B®
<—.
d+a+p

(41)

Then, for each A €](4+ a+ f)/gB®, 1/A.|, problem (1)
admits an unbounded sequence of solutions.

Proof. The first half of the argument is analogous to that in
Theorem 5, and put @, ¥, I,,r, as above. So, we have y <
liminf ¢(r,) < A, < +00.

n—s+00

Our task now is to verify that I, is unbounded from
below. First, we assume that B =+oco. Fix M such that
B®>M> (4+a+p)/qA, and let {t,} be a sequence with

t,>21and lim t,=+0o0, such that
n—-+00

G(j,t,)>Mth, for all nelN. (42)

M=

-
I
—_

Taking the sequence x, in X; defined by x,(j) =¢, for

every j€[1,N], x,(0) =x,(N + 1) = 0, we have
116 ||x 1% l
I)(x,)= —2% b ), G(J,
) = = ; Z (s %4(7))
2 2 <
=—+“ﬂ;+—+’3tz—A it
P A (13)
< H—atﬁ 2+ﬁ - AMt?
4
< (ﬂ _/\M) tfy’l
q

It is easy to see lim I,(x,)=—o0.
n—-+00

Then, we assume that B® < +00 and fix € > 0 such that
e<B® - (4+a+ f)IqA. Let {t,} be a sequence with ¢, >1
such that lim ¢, =+co and

n—-+00

N
(B® +e)th > Z G(j.t,) >
j=1

(B® —¢)th Vn e N. (44)

Let the sequence {x,} in X, be the same as the case
where B® = +00, such that

4+a+f

- AB® -¢) |V,
p (B™ —¢)

n

I)L(xn) < (45)

which implies that lim I,(x,)=—co.
n—-+00

So, in both cases, I, is unbounded from below, which
completes the proof of Theorem 6.
Let

= limsup w

46
msup =2 (46)

Applying part (c) of Lemma 1, we get the following the-
orem. O



Theorem 7. Assume that there exist two real sequences {c,
} and {d,}, with lim d, =0, such that

n—+00

n

2d 2d
|c,| < min 7 i T oy for every neNN,
(a+2)/P(N + )07 (B4 2)a(N 4 1)(aDa

(47)

pnlt maxG(j, 1) - YL Glscy)

A, = liminf
n—ieo ((2d, Y Ip(N + )P ") +

B
<
d+a+f

((2d,) 1q(N + 1)) = [(2+ @)lpl[c,|” = [(2+ B)/allc, |*

(48)

Then, for each A€|(4+a+ B)/qB’, 1/A,|, problem (1)
admits a sequence of nonzero solutions which converges to
zero.

Proof. Fix A in |(4+ a+ f)/qB°, 1/A,|, and we can take the
real Banach space X,; and functional @, 'V, I, as defined in
Section 2. Our aim is to apply Lemma 1 part (c) to function
I,. To this end, let

(2d, ) (2d,)"
= 0,=——", for every nelN.
PN+ 1) q(N+1)1
(49)
Owing to (10), if [lul,, < (pp,)"” then |lull., <d,, and if

lull, s < (90, )4 then |ull, <d,. So, let r, =p, +0,. It fol-
lows that if ®(u) <r,, then |ul,, <d,. We obtain
i maxG(j, t) - YL GG u(j))
. ltl<d,
¢(r,) < inf . (50)

D), ru=llull} Jp=llulll /g

Now, for each n € N, let v, (j) be defined by v, (j) = ¢, for

every je€[l,N], v,(0)=v,(N+1)=0. Clearly v,(j) € Xy,
and @(v,) <r, from (47). We have

pl maxG(j, ) - Y Gl ca)

()P 1p(N + 1)) + ((2d,)"1q(N + 1)) = (2 + @)p]le,* = [(2+ B)/allc, |

(51)

o(r,) <

Hence, § < liminf¢(r,)) <A, < +00 follows.

n—-+00

In fact, infy @ =0, so our task now is to verify that the 0

is not a local minimum of I,. First, assume that B° = +00.
Fix M such that B > M > (4 + a + B)/gA, and let {s,} be a
sequence of positive numbers, with s, <1 and lim s,=0,

n—+00
such that

G(j,s,) >Msl, for all neN. (52)

M=

.
I
—_

Thus, taking the sequence {y,} in X, let y,(j) =s, for
every j € [1,N],5,(0) =y,(N + 1) = 0. Some tedious manipu-
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lation yields
4+a+p
By« (1 ), 53)

which implies that I, (y,) <0
Then, we assume that B® < +c0 and fix € >0 such that

e<B’—(4+a+P)/qA. Let {s,} be a sequence of positive
numbers, with s, <1, such that lim s, =0 and
n—-+00
N
+e)sl> Z G(j B’ —¢)si¥neN. (54)
j=1

Choosing the same {y, } in X, as the case B” = +0c0, one
has

4+a+p

I)l( n) < q

- A(B%-¢) s (55)
Thatis I;(y,) < 0. Since 0 is the global minimum of @, in

both cases, u =0 is not a local minimum of I, and the proof
is complete. O

By setting

Zj 1 maxG(], t)

|t|<a,, =

VA
((2a,)g(N+1)71) "%

. = liminf
n—+oo ((2a,)PIp(N +1)P71) +

Zfrl maXG( j, &)

:= liminf IBl<t ,
t—+00 t1 + tP
(56)
we get the following consequences.
Corollary 8. Assume that
_ 24
Ay < B%. (57)

PN+ 1Y (4+a+p)

Then, for each A €|(4+a+ f)/gB™,29/p(N + 1)’ 'A_ |,
problem (1) admits an unbounded sequence of solutions.

Proof. Let {a,} be a sequence of positive numbers with
lim a, = +00, such that

n—=00

[€l<a,

zf | maxG(j, &)

A e a2 &8)
After simple scaling and calculation, we have
N+1)F
A, < 1% . (59)

Taking b, = 0 for each n € N, from Theorem 6, the con-
clusion follows. O
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If g(j, 0) satisfies the nonnegative condition, we have the
following conclusion.

Corollary 9. Assume that g(j, 0) > 0 for all j € [1, N], and

Ay < ?q B®. (60)
PN+ 1 (4+a+p)

Then, for each A €|(4+a+ B)/gB™,21/p(N+ 1) A,
problem (1) admits an unbounded sequence of positive
solutions.

Proof. Let

- (00 120 o
g(j,0), if t<0.

Since ¢(j,0) > 0,

max| oG OaE-max[ g0t (6

0<s<t 0 0<s<t 0

for all t+>0. From Corollary 8, we know that problem (1)
with g replaced by g* admits an unbounded sequence of
solutions for each A €](4 +a+ B)/gB®, 21/p(N + 1)/ 'A_|.
Then, all these solutions are positive solutions of problem
(1) by Lemma 4.

Let

[€]<t
11+ tP

) Y, maxG(j, £)
Ay=liminf — =0

t—0"

(63)

Arguing as in the proof of Corollary 8 and taking ¢, =0
for each n € [1, N|, by Theorem 7, we have the following cor-
ollary. O

Corollary 10. Assume that

_ 21 ,
Ay< - (64)
PN+ 1Y (4+a+p)

Then, for each Ae|(4+a+ B)/gB’ 29p(N + 1Y "4,
problem (1) admits a sequence of nonzero solutions which
converges to zero.

Arguing as in Corollary 9, we have the following result.
Corollary 11. Assume that g(j, 0) = 0 for all j € [1, N], and

_ 24 B

Ao < PN+ 1) (4+a+p) (65)

Then, for each Ae|(4+a+ B)/gB’ 29p(N +1¥ "4,
problem (1) admits a sequence of positive solutions which
converges to zero.

Finally, we give two easy examples to illustrate our
results.

Example 1. Let a=3=0,9=2,p=3,

9(j:x) = g(x)
(3xzsin<lln|x|>+lx2cos<lln|x|>+§x2, if x#0,
_ 2 2 2 8
0, if x=0.

(66)
for each j € [1, N]. Then,

maxfg [3x7 sin (In x/2) + x> cos (In x/2)/2 +25x*/8] dx

Lo st
%lﬂfgg 2+ 13
.. Psin(ln t/2)+25/24 1
= liminf =,
t—-+00 2+ 24
(67)
and

J"t [3x2 sin (In x/2) + x* cos (In x/2)/2 + 25x2/8} dx

lim sup 42 -
t—+00 t
_ £ sin (In #/2) +25t°/24 49
=limsup 3 =
t—+00 t 24
(68)
By choosing N = 3, we have
21 1
=2 (69)

pP(N+1)P (4+a+p) 48
From the above calculation, we obtain

213-:1 maxh['gx2 [3 sin (In x/2) + cos (In x/2)/2 + 25/8]dx
A, =lim inf i

t—+00

t2+t3
_1
8’

Y3, [ix2[3sin (In x/2) +cos (In x/2)/2+25/8]dx 49
B® =l L0 =
g e 8

(71)

It is clear that A_ <27B®/p(N+1)""'(4+a+ ), by
Corollary 9, the problem

(—(iAu(j)iH)Au(j) + (1Au( - DI+ Au( - 1) = J glu(i)vje [1,3)
u(0) =u(4)=0,
(72)

admits an unbounded sequence of positive solutions.



Example 2. Let g=2,p>2 and

) x(2+2e+2cos (eln|x|)-esin(eln|x])), if x#0,
9(jx) =g(x) = .

0, if x=0,

(73)

for each j € [1, N]. Then,

G(j,x) =G(x) = J: g(s)ds= xz[l +e+cos (elnx)], (74)

for x> 0. Since g(x) >0 for x>0, G(x) is increasing. We
have

YL maxG(j, )

O<E<t £2[1+e+cos (elnt)] 3

Ao = liminf —— o = Nliminf £+t =Ne,
(75)
N .
1 GUjr t £[1 In ¢t
B° =limsup M = Nlimsup [1+e+cos (eln £) =N(2+eg).
t—0° t t—0° t?
(76)

Let € be a sufficiently small constant, such that

24
pPIN+1Y ' (4+a+p)

Ne< N(2+e). (77)

Then, by Corollary 11, for each A €](4 + a + f)/qB°, 24/
p(N+1Y7'A,[, problem (1) admits a sequence of positive
solutions which converges to zero.

4. Conclusions

In this paper, we consider a discrete Dirichlet boundary
value problem involving the (p,q)-Laplacian. Unlike the
existing result in [28], which is the existence of at least two
positive solutions, we consider the existence of infinitely
many solutions for problem (1) for the first time. In fact,
by using Theorem 2.1 of [29], we show that problem (1)
admits a sequence of pairwise distinct solutions under some
appropriate assumptions on the nonlinear term near at
infinity and at the origin. Moreover, we prove the existence
of infinitely many positive solutions through our strong
maximum principle. It seems that we can use the method
in this paper to study other similar problems, such as the
existence and multiplicity of solutions for difference equa-
tions with different boundary value conditions. This will be
left as our future work.
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