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In this article, we introduce and study a new class of operators defined on a Cartesian product of ideal spaces of measurable
functions. We use the general approach of the theory of vector lattices. We say that an operator T : Ex F — W defined on a
Cartesian product of vector lattices E and F and taking values in a vector lattice W is orthogonally biadditive if all partial
operators T, : E—> W and T, : F — W are orthogonally additive. In the first part of the article, we prove that, under some
mild conditions, a vector space of all regular orthogonally biadditive operators OB, (E, F; W) is a Dedekind complete vector
lattice. We show that the set of all horizontally-to-order continuous regular orthogonally biadditive operators is a projection
band in OB, (E, F; W). In the last section of the paper, we investigate orthogonally biadditive operators on a Cartesian
product of ideal spaces of measurable functions. We show that an integral Uryson operator which depends on two functional
variables is orthogonally biadditive and obtain a criterion of the regularity of an orthogonally biadditive Uryson operator.

1. Introduction and Preliminaries

Orthogonally additive operators in vector lattices first were
introduced by Mazén and Segura de Leén in [1]. Today,
the theory of these operators is an active field of the modern
analysis (see [2-9]). We note that the study of orthogonally
additive operators has useful applications in different areas
of modern mathematics, e.g., convex geometry [10, 11],
dynamical systems [12], and nonlinear integral equations
[13, 14]. In applications, it is often necessary to study inte-
gral equations depending on several variables. Nonlinear
operators in two variables satisfying the natural condition
of the orthogonal additivity with respect to each variable
are often appear in applications ([15]). Such operators in
the literature are called orthogonally biadditive. We note
that this notion is traced back to paper [16] by Mizel and
Sundaresan. In present note, we investigate orthogonally
biadditive operators in the general setting of the theory of
vector lattices. We note that the tools of the theory of vector
lattices turned out to be useful and effective in solving a
number of problems of the theory of linear integral opera-

tors in ideal spaces [17]. The nonlinear integral operators
of Uryson and Hammerstein were investigated by methods
of the theory of ordered spaces in [14, 18].

Let us describe the content of the article. In the following
section, we briefly present a necessary information on vector
lattices and orthogonally additive operators. In the next sec-
tion, we investigate the vector space OB (E, F; W) of all
orthogonally biadditive operators defined on a Cartesian
product of vector lattices E and F and taking values in a vec-
tor lattice W. It turned out that there is a natural partial
order on ORBA(E,F; W). We get the lattice calculus of
orthogonally biadditive operators and prove the first main
result of the paper stated that for a Dedekind complete vec-
tor lattice W the vector space OB, (E, F ; W) of all regular
orthogonally biadditive operators defined on a Cartesian
product of vector lattices E and F and taking values in a
Dedekind complete vector lattice W is a Dedekind complete
vector lattice. Then, we explore the special type of
horizontally-to-order continuous regular orthogonally biad-
ditive operators. We prove that the vector space of these
operators is a projection band in OB, (E, F; W).
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In the last section, we investigate orthogonally biadditive
operators defined on a Cartesian product of ideal spaces of
measurable functions. We show that a nonlinear superposi-
tion operator and a Uryson integral operator depending on
two variables are orthogonally biadditive in appropriate
function spaces. We note that in the classical theory of inte-
gral operators, all information concerning an integral opera-
tor is encoded by the properties of its kernel. In the final
section of the paper, we show that the same is true for inte-
gral orthogonally biadditive operators and obtain the second
main result of the article which is a criteria for the regularity
of an orthogonally biadditive Uryson operator. It is worth
noting that the general theory of orthogonally biadditive
operators developed below is aimed at getting an additional
information on the abovementioned particular operators.
This article is the beginning of a project devoted to the study
of analytic, algebraic, and order properties of orthogonally
biadditive operators.

Now we state our main results. All unexplained notions
are defined in next sections.

Theorem 1. Let E, F be vector lattices and W be a Dedekind
complete vector lattice. Then, OB (E, F; W) is a Dedekind
complete vector lattice, and for all T, T,, T, € OB, (E, F;
W) and (x, y) € E x F, the following relations hold:

(1) (T;VT,)(x,y) =sup {Z?ﬂz;isz(i,j) (xi’yj): X =
x5y =117y 3mmeN; ke
{1) 2}{1,~-~,n}><{1,-~-,m}}

(2) (T; AT,)(x,y)=inf {Z?:IZjnllTk(i,j) (xi’yj): X=
[ILxisy=17y;;nmeN;ke
{1’ 2}{1,»-»,n}><{1,-~-,m}}

(3) T (509) = sup (T 57 Ti () (LI )3
17 7,)5y s mm N ke {1, 24000y

(4) T"(x,y) = ~inf {Z?ﬂzzsz(i,j) (xi’yj): (LI % )Ex s
(L y))eys mmeN;ke {1,251y

(5) IT | (x,y) =sup {2, X1, (-1 T(x;, p,): x =
H?:1xi;y:Hjt1)’j;”’meN;kE
{1’ 2}{1,~~,n}><{1,~~,m}}

(6) |1T(x,y) | <IT|(x,y)

Theorem 2. Let (C,0,1), (A, 2, u), and (B, E,v) be finite
measure spaces; E, F, and ] be ideal subspaces of L,(p), L,(
v), and Ly(A), respectively; K : Cx A x Bx R? be a normal-
ized Carathéodory function; and T : Ex F — ] be an inte-
gral Uryson operator with the kernel K. Then, the following
statements are equivalent:

(1) T is a regular operator
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(2) IT| : Ex F—> ] is a positive integral Uryson opera-
tor with the kernel |K |

Here, we provide some necessary facts and notations
that we need in the further presentation. The standard refer-
ence book on the theory of vector lattices is [19]. All vector
lattices we consider below are supposed to be Archimedean.
The term “operator” between vector spaces E and W means
in general a nonlinear map T : E— W. We say that two
elements x, y of a vector lattice E are disjoint and write xL
¥ if [x| Aly| =0. We write x =[]} x; if x=)" x; and x;1
x; for all i#j. In particular, for n=2, we use the notation
x=x,Ux,. We say that y is a fragment (a component) of x
€ E and use the symbol yCx;, if y L (x — y). The set of all frag-
ments of an element x € E is denoted by #,. We say that
X1, %, € F, are mutually complemented, if x = x,Lx,. For
vector lattices E and F by E x F, we denote the Cartesian
product Ex F:={(x,y): x€E,yeF} of E and F. We
observe that E x F is a vector lattice with the pointwise alge-
braic and lattice operations. Namely, for all x,u € E and y,
v € F, we have that

(%,9)<(u,v) ©x<uandy<v,
(% Y)V (V) = (xVu, YY) 5 (6 Y) A (U, v) = (XA u, y Av),

1 7)1 = (IxLly [)-
(1)

Let (A, %, p) be a finite measure space. By Ly(A, %, u) (or
Ly(u) for shortness), we denote the vector space of all real
valued measurable functions on A. More precisely, L,(u)
consists of equivalence classes of such functions, where two
functions f, and f, are said to be equivalent if f,(s) = f,(s)
for p-almost all s € A. We note that L,(u) is equipped with
the natural partial order, that is

f<hoef(s)<h(s)p—aesecA;f,hely(u). (2)

It is worth noting that L, (¢) is a Dedekind complete vec-
tor lattice (see [20], page 52). We say that a vector subspace
E of Ly(u) is an ideal space if for every f € Ly(u), h € E the
relation |f | <|h| implies that f € E. In particular, the classical

L,(p)-spaces are typical examples of ideal spaces. For a given

feLy(u) by supp f, we denote the measurable set {t € A
: f(t) # 0}. The characteristic function of a set D is denoted
by 1p. The union HUD of two disjoint sets H and D we
denote by HUD. The set of all maps from H to D we denote
by DH.

Definition 3. Let E be a vector lattice and let X be a real vec-
tor space. An operator T : E — X is said to be orthogonally
additive if T(x+y)=Tx + Ty for all disjoint elements x, y
€ E. It follows from the definition that T(0) =0.

We observe that classical operators of nonlinear analysis
such as Uryson, Hammerstein, and Nemytskii operators are
orthogonally additive in suitable function spaces (see [1]).
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2. The Vector Lattice of Regular Orthogonally
Biadditive Operators

In this section, we introduce a notion of an orthogonally
biadditive operator and prove that the vector space of all reg-
ular orthogonally biadditive operators defined on the Carte-
sian product E x F of vector lattice E and F and taking
values in a Dedekind complete vector lattice W is a Dede-
kind complete vector lattice.

Definition 4. Let E, F be vector lattices and W be a vector
space. With an operator T : Ex F — W is associated two
families of partial operators T, : F— W, x€E, and T,

: E— W, y € F defined by setting:
T,(v)=T(x,v),ve F;T,(u)=T(uy),ucE  (3)

We say that T : E x F— W is an orthogonally biaddi-
tive operator (OBAO) ifall T, : F— W, x€E,and T : E
— W, y € F are orthogonally additive operators from E
to W and F to W, respectively. The vector space of all
orthogonally biadditive operators from ExF to W we
denote by OB (E, F; W).

It is clear from the definition that T(0,y) =T(x,0) =0
for all x€ E and y € F. We note that an OBAO T : ExF
— W need not be orthogonally additive as an operator
defined on the vector lattice Ex F. Indeed, if E=F=W =
R, then the operator T : E x F — W defined by setting

T(x,y)=xy, (x,y) € R, (4)

is an OBAQ; however, for disjoint elements s= (0, 1) and ¢
=(1,0) of E x F, one has

T(s+t)=1#0=T(s) + T(t). (5)
Now we present some examples of OBAOs.

Example 5. Every bilinear operator T:ExF— W is
orthogonally biadditive.

Example 6. Suppose that E= F =W =R. Then, 084 (E, F
; W) coincides with the vector space of all function f : R?
— R such that f(0, y) = f(x,0) =0 for all x,y € R.

Definition 7. Let E, F, W be vector lattices. An orthogonally
biadditive operator T : E x F — W is said to be:

(i) Positive if T(x,y) >0 for all (x,y) e ExF

(ii) C -bounded, if it maps &W} to order bounded sets
in W for every (x,y) € ExF

(iii) Regular, if T=S, -S,, where S,,S, are positive
orthogonally biadditive operators from E x F to W

The sets of all positive, C-bounded, and regular orthogo-
nally biadditive operators from E x F to W we denote by O

B (E,F; W), 0BHA 4(E,F; W), and OBA,(E,F; W),
respectively. There is a natural partial order on OB, (E,
F; W), namely, S<T & (T-S) € OBA,(E, F; W).

Proposition 8. Let E, F, W be vector lattices. Then, every T
€ OB (E, F; W) is C -bounded.

Proof. Suppose that T=S, - S, with S,,S, € 0%, (E, F;
W). Fix (x,y) € Ex F and take (v,u) € §,,). Then, (x—v,
y—u)L(v, u), and for every, i € {1, 2}, we have that

Si(x%.y) = Si(vo(x = v), uo(y —u)) = $;(v, u) + S;(v, y — u)
+Si(x=v,u)+S;(x—v,y—u).

(6)
It follows that S;(v, u) < §;(x, y), and therefore
T(v,u)=S,(v,u) =S, (v, u) <S,(x,y) +S,(x.y),  (7)
for all (v,u) € Sy O O
Now we need the following auxiliary statement.
Proposition 9 (see [21], Prop. 3.11). Let E be a vector lattice
and [, x; = [l y, for some (x;); and (y,);_, C E. Then,

there exist a family of pairwise disjoint elements (z;) CE,
where i€ {1,---,n} and k€ {1, ---, m} such that

(i) x; = [ [l zp for any i€ {1,---,n}
(ii) y, =111 ,zy for any ke {1, ---,m}
(i) 1T LI 2 = LI = LI

Now we ready to prove the first main result of the article.

Proof of Theorem 1. First we prove (1). Put, by definition

R(x,y) = {Z

n m
i=1 j=

Ti(i) (xi,yj) PX= ]:_{ X33y

—

m (8)
= U)/j smomeN; kel 2}{1,"',n}><{1,..,,m}}.
j=1

Since T,, T, € OB, (E, F; W), then for all decomposi-
tions x = [ [\, x;, y =1}, »;, and all maps k : {1,---,n} x {1
, -, m} —> {1,2}, we have that

Ty (x,., yj) <Y Y (S84 482 (xi, yj)

i=1 j=1 (©)
= (s} +8)+8+ sg) (x%,9),

—_

i=1 j=

where S}, S}, S3, S are positive orthogonally biadditive oper-
ators such that T, =S} - S} and T, = ¢ - S%. Thus, Z(x, y)
is an order bounded subset of W and by the Dedekind



completeness of W there exists R(x, y) :=sup R&(x,y). We
show that R: ExF— W is an orthogonally biadditive
operator. Fix y € F, disjoint elements u, v € E and partitions
uov=][,x; and y=][/,y;. By Proposition 9, for every i
€{1,---,n}, there exists a decomposition x; =x}ox? such
that u=[].,x} and v=]].,x. Take Z?:lenilTk(i,j) (xi’yj)
€ Z(uov, y). Then

i=1j

=1
-iin (uﬁ+iim@ww)

i=1 j=1 i=1 i=1

I
—
-

I
—

.

Since Z?:lerilTk(i,j) (xil’yj) € %(u,y) and 2?212]-"11
Tiij) (xf,yj) € Z(v,y), we have that Z(ullv,y) C Z(u,y)
+%(v,y), and therefore, R(ullv,y) <R(u,y) + R(v,y). Let
us prove that converse inequality. Pick YL, ¥ Ty (%7, y f

)€ Ru,y) and 31, 57, Ty (<2 7,) € A(v,y), where

Suppose that I <n. Adding, if necessary zero fragments
to the sum ]_[ltzle, we may assume that [ =7 and

u=

n
xjsv=[[x (12)

i-1

—

I
—

By Proposition 9, there is a family of pairwise disjoint
elements (w;) CE, where je{l,--,m} and s€{l,---,r}
such that

(i) Ji= HZ:I
(i) y, =%,
(iii) y = eri1]_[:=1sz

Then, we may write

w; for every j€ {1, m}
w, for every s€ {1, -, r}

M:
Mz

2. Trii) (" YJ)

N
-
Tl
i
-
i

I
@
i
—_

I
@

il

M=
M-
P\]
s
-
o=
<
M-
M-
H
=
/;\
<
s
&
~_
I
M=
M-
NgE
H
=
=
=
&
N

293 Tup (o3 + 133 Ti (6 3)

I
—_
-
I
—_
A
Il
—
I
—
DA
Il
—
-
I
—_
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Then, Z(u,y) + R(v,y) C R(ullv, y), and we have that
R(u,y) + R(v, ) < R(ulv, y). Hence, R(ullv, y) =R(u, ¥) + R
(v, y). Since T,(x, ), T,(x,y) € &(x,y), we have that T, (x
,¥) <R(x,y) and T,(x,y) <R(x,y). Suppose H : Ex F —
W is an orthogonally biadditive operator with T, (x,y) <H
(x,y) and T,(x,y) <H(x, y) for all (x,y) € Ex F. Then

> S () 2 23 T (503

H(x.y)= (LI% ]_Iy]>
i=1 j=1 i=1 j=1
(15)

i=1

for all disjoint decompositions x =[[,x;, y =]}y, n.m
€N, and all functions k : {1,---,n} x {1, ---,m} — {1, 2}.
Hence, H>R and R=T,VT,. Now we are in the position
to derive the other formulas of the lattice calculus.

(TiAT) (6 y) = =((=T)V(=T2))(x.y))

n

= — sup {Zz =Ty (xi’yj): *= ﬁxi;y

i=1 i= i=1

m
= H in,meN;ke{l,2 {1, n}x{1,+-,m}
2 o (16)

= H}’] snymeN; ke {1) 2}{1,...)n}><{1).,_’m} }

-
Il
—

Assuming that T, = T and T, = 0 we get formulas for the
positive and the negative parts of T. The formula for the

modulus T is obvious. Now we prove inequality (6). Take

trivial decomposition x=x, y=y, and k k' € {1, 2}{1}X{1}

with k(1,1) =1 and k' (1,1) = 2. Then

IT(x, )| = T(x p)V(=T(x3)) = (1) DT, y)v(-1) DT (x, y)
gsup{ Zn: (xi3yj>:x: ngi?y
[{yjsnmeN; ke{1, 2}{1 L }:|T|(x,y).

(17)

M:

I
—

—s

1

-
I

It remains to show the Dedekind completeness of the
vector lattice OB, (E, F; W). Take a family (T,),., of
positive OBAOs with 0< T, < T € OB, (E, F; W). With-
out a loss of generality, we may assume that (T,),., is an
upward directed set. Define an operator G: ExF — W
as G(x,y) =supT,(x, y). Since the vector lattice W is Dede-

acA

kind complete, the operator G is well defined. Let us show
the orthogonal biadditivity of G. Fix y € F and x, v € E with
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xLv. Then, we have that

G(xuv, y) =supT,(xdv,y) =supT,(x,y) +supT (v, y)

=G(x.y) + G(v, ),
(18)

and we deduce that G, is an orthogonally additive opera-

tor. Similar arguments are valid for G, for all x€E.

Clearly, G=supT,.
R O

Definition 10. Let E be a vector lattice. A net (e,),., in E
horizontally converges (or laterally converges in another ter-
minology) to an element e € E (notation e, — h e) if the net
(€4)qea Order converges to e and e,CegCe for all a, B € A with

a<p.

Definition 11. Let E and F be vector lattices. An operator T
: E— F is said to be:

(i) Horizontally-to-order continuous (or laterally-to-
order continuous) if every horizontally convergent
net (e,), ., in E with e, — T maps to an order
convergent net (Te,),., in F with Te, —° Te

(ii) Horizontally-to-order o -continuous (or laterally-to-
order o -continuous) if every horizontally convergent
sequence (e,),.y in E with e, —" eT maps to an
order convergent sequence (Te,),.y in F with Te,
—%Te

The vector space of all horizontally-to-order continuous
(0-continuous) orthogonally additive operators from E to F
is denoted by 04 (E, F) (04, (E, F)).

We observe that this class of operators has been studied
n [22-25]. It is worth noting that the Dedekind complete-
ness of a vector lattice F implies the relation 0o/ (E, F) C
04, (E, F) ([24], Theorem 3.6., Lemma 3.12).

Definition 12. Let E, F, and W be vector lattices. An orthog-
onally biadditive operator T : Ex F — W is called sepa-
rately horizontally-to-order continuous (o-continuous), if
partial operators T, and T, are horizontally-to-order con-
tinuous (o-continuous), for all x € E, y € F. The sets of all
horizontally-to-order continuous (o -continuous) and sepa-
rately horizontally-to-order continuous regular OBAOs we
denote by OB (E,F; W) (OBH,.(E, F;W)) and OB
A (E,F;W) (0B, (E, F;W)), respectively.

Example 13. Suppose that E= F=W =R. Then, 044, (E,
F;W)=0Bd (E,F;W)=0%d(E,F;W).  Indeed,
since §, = {0, e}, we have that every horizontally convergent
net (e,),., in E with e, —" e is the constant one, that is
e, = e for all @ > a; where a; € A is some index.

The next theorem has its own interest.

Theorem 14. Let E, F, and W be vector lattices with W
Dedekind complete. Then, OB A (E, F; W) and OB
E, F; W) are projection bands in OB, (E, F; W).

SUC(

Proof. We prove the assertion for OB (E, F; W); the
proof for OB, (E, F; W) is similar. It is clear that 0%
A (E, F; W) is a vector space. We show that 0B (E, F
; W) is an order ideal of 0B, (E, F; W). Suppose that T
cOBA . (E,F;W). We show that |T|cOBA (E, F; W)
too. Indeed, take y € F and a horizontally convergent net
(X4)uea in E with x, —" x. We need to prove that |T|,x
—?|T|,x. Since |T'| €0B , (E, F; W), we have that |T|,

€ Od (E, W), and therefore

—11m|T| X, —sup\T|y «<IT|x (19)
On the other hand, by Theorem 1 we have that

n n
|T|,x=Tl(x,y) = sup {ZZ ’])T<X )’j> = I;!xi;)’: ﬁ)’j’

i=1 i=1

n,meN;ke{l, 2}{1>"'v”}><{1,---,m}}_

Put, by definition

2= {55

(xi,yj): X =

n,meN;ke{l, 2}{1"")”}X{1,-~-,m}}.

-
Il
—
.
Il
—

(21)
Pick Y7, Y7 (~1)""

for every a €A, there exists a decomposition x, = ][ x|

such that x\, —" x; for all {1, -, n}. Since by assumptions
above all partial operators T, : F — W are horizontally-
J

IT(x,, ;) € R. By Proposition 9,

to-order continuous, we have that

(22)

Passing to the supremum in the left-hand side of the
above inequality over all elements of &, we deduce that

X,=0
y

’Tl x<sup|T —E23|T|yx,x, (23)

acA

and therefore, |T|,x =0 —lim,4|T],x,. The horizontal-to-



order continuity of a partial operator |T|, for x € E can be
proved by the same way. Now we prove that 0B (E, F;
W) is an order ideal of 0B, (E, F; W). Suppose that 0 <
T e 6B, (EF;W),0<SecOBA,(E F; W), and 0<S<
T. Then, OSSyST}, (0<S,<T,) for every ye F (x€E)
and by ([24], Theorem 3.13) we have that S€ 6B (E, F
; W). It remains to show that OB (E, F; W) is a band
in OB (E, F; W). Pick a net (T,),., in OB (E, F; W
) with 0< T, 1T for some T € OB, (E, F; W). Then, we
have that 0 < T, 1T, (0<T,,1T,) for every y € F (x€E).
Now, applying ([24], Theorem 3.13), we obtain that T € O
BA (E, F; W). Finally, taking into account the Dedekind
completeness of OB, (E, F; W), we deduce that OB .(
E, F; W) is the projection band in T € OB, (E, F; W).
Now we are ready to prove that the Dedekind complete-
ness of a vector lattice W implies the horizontal-to-order
continuity  (o-continuity) of a regular separately
horizontal-to-order continuous (o-continuous) operator T
:Exw.O O

Proposition 15. Let E and F be vector lattices, W be a Dede-
kind complete vector lattice, and T € OB A ,(E, F; W). Then,
the following statements hold:

(1) Te OB (E,F; W) o T e OB (E, F; W)
(2) Te OB, (E,F; W) TeO0Bd, (E F;W)

SO'C(

Proof. We prove statement (1). The implication T € OB,
(ELF;W)=TeORBHA(E, F; W) is obvious. Suppose that
0<TeO%BA (E F;W). We need to show horizontal-to-
order continuity of T. Pick a horizontally convergent net
(%, 7)) gen With (x,3), —"(x, y). Then, x, —" x and y,
—h'y. Now we may write

IT(%,y) = T(%Xg yu )| = IT((x = X5) + X (¥ = Vo) + Vo)
= T (% Yo )l SIT(x = %0 Y )|+ 1T (X0 y = y )l + 1T (X = %05y = 1)l
=T(x =% Y) + T(Xpy = yo) + T(x =X ¥y = ¥,)
ST(x=%0)) + T(%y = y,) + T(% 7 = ¥,)
=T(x=x0y) +2T(x%, Y~ y,)-
(24)

Taking into account the separate horizontal-to-order con-
tinuity of T, we have that T'(x, y), —° T(x, ). Now, suppose
that T is an arbitrary element of 0B (E, F; W). Then, by
Theorem 14, every T € OB (E, F ; W) has the representa-
ton T=T"-T", where 0<T",-T" € OBA  (E, F;W).
Hence, by above, we have that T € 084 (E,F; W).O O

3. Orthogonally Biadditive Operators on a
Cartesian Product of Ideal Spaces of
Measurable Functions

In this section, we consider orthogonally biadditive opera-
tors in lattices of measurable functions and obtain a criteria
of the regularity of an integral Uryson operator.
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Definition 16. Suppose that (A, 2, u) and (B, &, v) are finite
measure space and py®v is the product measure on X ® =.
We say that N : A x Bx R — R is a superpositionally mea-
surable (or sup-measurable for shortness) function, if N(, -
,f(- +)) is u®v -measurable for each f € Ly(u®v). A sup-
measurable function N is said to be normalized if N(s, ¢, 0)
=0 for y® v-almost all (s, ) € A x B.

The following proposition provides an important exam-
ple of an orthogonally biadditive operator.

Proposition 17. Let N : AXx BXxR — R be a normalized
sup-measurable function and E and F be order ideals of L,(
u) and L,(u), respectively. Then, the map N defined by

N(f>9)(st) =N(s,t,f(5)g(t)).f €E, g€ F, (25)

is an orthogonally biadditive operator from E x F to Ly(A).

Proof. Take f €E and g€ F. Put f:=f1; and §:=gl,. We
note that the relations f € Ly(1) and g € Ly(v) imply that f
, g€Ly(u®v). Then, N(s, 1, f(s)g(t)) =N(s, t, f(s, ) g(s, 1))
, and therefore, the operator ./ is well defined. Fix g € F.
We show that the partial operator J/, : E— W is orthog-

onally additive. Indeed, take disjoint f, e € E. Then, f and &
are disjoint elements of L,(4 ® v), and we may write

N(» 5 (fue)g) =N (- - (o) 9)

(26)

Noting that similar arguments are valid for a partial
operator 'y : F — W, for all f € E, we finish the proof.J
O

We observe that 4" is known as the nonlinear superposi-
tion operator or Nemytskii operator. The basic constructions
of the theory of Nemytskii operators are presented in [26].
Recently, nonlinear superposition operators were investi-
gated in [2, 27, 28].

Definition 18. Let (C,®, A), (A, 2, u), and (B, £, v) be finite
measure spaces. By (CxAXB,A®u®v), we denote the
completion of their product measure space. A map K: C
x A x Bx R> — R is said to be a Carathéodory function if
it is satisfies the following conditions:

(C) K(+, +, -, 1, q) is p®v® A-measurable for all (r,q)
€R?

(C) K(p,s,t,-, -) is continuous on R* for A@u®v
-almost all (p,s,t) e Cx Ax B
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We say that a Carathéodory function K is normalized if
K(p,s,t,0,q) =K(p,s,t,r,0) =0 for A® y®v-almost all (p
,5,1)eCxAxBandall g,reR.

Proposition 19. Let K: Cx AxBxR? be a normalized
Carathéodory function, f € L,(u) and g € Ly(v). Then, K(-,

5 f()g() eLiAepuev).
Proof. First we note that A ® y ® v-measurable null sets

quz{(p,s,t)€C><A><B:K(p,s,t,O,q)ko},qe]R,
D' ={(p,s,t) eCxAxB:K(p,s,t,1,0)#0}, 7 € R,
(27)

depend of g and r, respectively. We claim that there exists
A ® p® v-measurable set H ¢ C x A x B such that

Aou®v(CxAxB)=A@u®v(H),

(28)
K(p,s,t,0,q9) =K(p,s, t,1,0) =0,

for all (p,s,t) € H and all g,r € R. Indeed, consider two

sequences of A ® y ® v-measurable sets (Dq)qe o and (D'),q

and put

G={(p,s,t) e CxAxB:K(p,s,t,- - )isnot continuous},

H=CxAxB\ (GU UunUD'>.

q€eQ reQ
(29)

Since A® u ® V(G U J, oDy UU,eoD") =0, we have that
A@u®v(CxAxB)=A®u®v(H). Fix (p,s,t)€ H and ¢
€R (r € R). Then, there exists a sequence (q,), .y (("i)ren
) in Q that converges to g (r) with K(p,s,t,0,q,)=0
(K(p,s,t,7,0)=0) for all neN (neN). Then, by (C,),
we have that K(p,s,£,0,9) =0 (K(p,s,t,7,0) =0).

Now, we show that K(-, -, -, 71, (-),qlp () € Ly(A®u
®v) for arbitrary r,q € R, A, € 2, and B, € =. We claim that

K(p,s,t,r1, (s):qlp (1)) =K(ps s, t,1.q) 1, ()15, (1), (30)

for A\@ u®v almost all (p,s,t) € Cx A x B. Indeed, pick (p
,s,t) e H. If s€ A, and t € B}, we have
K(p,s,t,rly (s),qlp (1) = K(p, s, t,r,q) = K(pys, £, 1,q) 14 ()1 (1)

(31)
If either s ¢ A, or t ¢ By, then
K(ps,t,rly (s),qlp (1) =0=K(p,s, t,1,q)1, (s)1p (t).
(32)

Suppose that A,,---, A, and By, -+, B,, are pairwise dis-
joint measurable subsets of A and B, respectively, f = Y7,
1, and g=3"q;1 B, are simple functions in Ly(y) and L(

7
v), respectively. Then
K(p.s, £ (s) (1) =K<p, OXINC! qulgjm)
=1 =1
= z ZK(P» NS ANOB qle}_(t)),
i=1 j=1
(33)

and we deduce that K(-, -, -,f(-),q(")) e L(A®u®WV).
Finally, assume that f and g are arbitrary elements of L(u
) and Ly(v), (f,),cy and (g,).y are sequences of simple
functions in Ly(p) and Ly(v), respectively, such that
(f)pen converges to fu-ae. and (g,),. converges to gv
-a.e. Put by definition

Ay={se€A: f,(s)doesnot convergesto f },

(34)
By={t€B: g,(t)does not convergesto g}.
Clearly,
Au®v(G)=Ae@uev(CxA,xB) (35)

=A0u®v(CxAxB,)=0.

Then, K(p,s, t,f,(s), g,(t)) converges to K(p,s,t,f(s),
g(1)) for all (p,s,t)e CxAxB\(GU(CxA,xB)U(Cx
A xBy)), and therefore, K(-, -, -, f(-),g(-)) e Ly(A®@u®V)
.0 O

Remark 20. Using similar arguments as above, we get the fol-
lowing useful equalities:

K(p’ S5 l’,f(S), q) = K(p’ S5 l’,f(S), q)lsupp j(s)’

(36)
K(p’ S t’ 7, g(t)) = K(p’ S t’ 7, g(t))lsupp g(t)’
for A@ u®v almost all (p,s,t) e CxAxB and all geR
(reR).

The next proposition provides an important example of
an orthogonally biadditive operator.

Proposition 21. Let K: Cx AxBxR? be a normalized
Carathéodory function, E and F be order ideals of Ly(u)
and Ly(v), respectively, and K(p,-, -,f(-),g(-)) e L;(u®v)
for all f €E, g€ F, and A -almost all p € C. Then, the map
T defined by setting

T(f, 9)(p) = J K(p.s,t£(5), 9(t) d(uov)sf e B, g e F,

X (37)

is an orthogonally biadditive operator from E X F to Ly(A).

Proof. By Proposition 19, T is a well-defined operator from
ExF to Ly(A). We show the orthogonal additivity of a



partial operator T, where g € F. Fix disjoint f}, f, € E. Then,
taking into account considerations above, we may write

T(f,Ufy 9)(p) = j K5 (99, 9(0)d(u0v)

J'A K (.5 61(9) (9 90) L (g A1 2Y)

| (Ko . 5,605:09) 9010y g0 )
+L K5 8 (U(6) 9(0) Ly (1@ V)
- .Lxg(K(*”’ S 61 () d(Eev)

+L (K5 ., 9(0)d(uov)

=T(f19) () + T(£,» 9)(p)-
(38)

d O

The orthogonal additivity of a partial operator T, f € E
can be proved analogously.

We observe that an operator T above can be considered
as the Uryson integral operator that depends on two vari-
ables. We say that a function K is a kernel of an operator
T. Classical integral Uryson operators were investigated by
many mathematicians (see for instance monograph [29]).

The following example of an OBAO is a Hammerstein
operator which depends on two variables.

Example 22. Let (C,0,A), (A, %, u), and (B,Z,v) be as
above, N:AxBxR— R be a normalized sup-
measurable function, E and F be order ideals in L,(¢) and
Ly(v), respectively, L : Cx AXxB— R be a A® 4 ® v-mea-
surable function, and L(p,-, - )N(- -, f()g(-)) e L,(u®V)
forall f €E, g€ F,and A -almost all p € C. Then, the follow-
ing formula defines a OBAO T : Ex F — L(7)

T(f>9)(P):=LxBL(P,S)t) (st.f(s)g9(t))d (u®v).f€E g€ F.
(39)

We note that biorthogonal additivity of a superposition
operator #'(f,g)=N(- -,f(-)g(-)) implies that T € OB
(E, F;Ly(A)). The operator T can be treated as an integral
Hammerstein operator that depends on two variables.

Now we are ready to prove the second main result of the
article.

Proof of Theorem 2. (2) = (1). Since S€ OBH ,(E,F; W)
and T < S, we have that T=S8- (S—T), and therefore, T €
OB (E, F; W).
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(1) = (2). By Theorem 1, the modulus |T| exists and
can be calculated by the formula

J)T(fi’g]):f: i];fi;g

ke {1, 2}{1"'*"}*{1"“""}} .feE;geF.

(40)

Fix f € E, g € F. By Remark 20, for almost all p € C, we
have that

jAXBK(p S61(5) g(t)) d(u®v)

- | K(p, 1,f(s), g(1)) d(u@v).
supp fxsupp g
We also note that
| K(p.s. 1, £(), 9(1)) d(u @)
supp fxsupp g

j K (056 S () Laagp o(E)1c(P) 90 Loy
supp fxsupp g

X (s)le(p)) d(u®v),

(42)
for A-almost all p € C. Put by definition
A= {(p,s,t) e Cxsupp f xsupp g:K
: (P>5’ t’f(s)lsupp g(t)IC(P) g(t) supp f( C(p ) >0}
(43)
B={(p,s,t)eCxAxB: K
: (P> S t’f(s)lsupp g(t)lc(p)’g(t)lsupp f(S)lc(P)) < O}
=Cxsupp fxsupp g\«
(44)

Clearly, 2 and B are A ® 4 ® v-measurable sets and
Aouev{(p,st)eANB} =0. (45)

We may assume that A\@ y®@v() >0 and A®@ u®v(B
) > 0. Otherwise, if A\ @ p@v(A) =0 (A® u® v(B) =0), then
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the following equalities

T(f, 9)(p) = J o P86y o(1clp) 0
(D laagp 5(5)1c(p)) (8 v)

K(p> s, 1, () g(1))|d(n® V),

Jsupp fxsupp g

(T(f. 9)(p) = j o K SOy (01c(P) 0
: (t)lsupp f(s) 1C(P)) |d(l’l ® V)
|K(pos £ (), 9(1) | d(u@v)),

(46)

J supp fxsupp g

hold for A-almost all p € C, and it is nothing to prove. We
observe that

K (ps 5,1, f(5) Lupp ()1c(P)> 9() Lsupp 1()1c(P)) 1w(P> s,
=K (P, 6 f(5) Laupp 4()1c(P) L (P 5 £)> 9(8) Ly f(S) c(P)lu(p,s 1))
=K(p5 1. f(5)La(5) 1 (D)1 (P): (1) 1er ()15 (1) 15 (P))»
(47)

where of € X, of Csupp f, BeE, B Csupp g, and € €O.
First, we assume that p(2/) = 0. Then, we see that

K(p.sit.f(5):g
A®u®valmostall (p,s,t) € Cx AxB.

(t)) < 0for, (48)

Consider the trivial decompositions f=f and g=g.
Then, for A-almost all p € C, we have that

~K(ps 1, f(s), 9(1)) d(u®v)

supp fxsupp g

T(f, 9))(p) = J

IK(p> st £(s), g(1)) 1 d(pu® V).

(49)

Jsupp fxsupp g

The same arguments are valid for the case v(%)=0.
Now, suppose that pu(2f) >0 and v(%) > 0. Then, there is
a decomposition C = 60€,06,, where € x o/ x B U, €,
x o x B CB, and €, x A x B AN B. Clearly A(€,) =0
. Put

f=fly
g—9lg.

h=flysf,=
91=9lg;:9,=

(50)

We observe that Cx (supp f\ )X BB, Cxd x(
supp g\ B)c B, and Cx (supp f\ )X (supp g\ RB)

B. Now we may write

T(f59.)(p) = T(f2» 9,)(P)
K(p.s,t.£,(5), 9, (1))d(u®v)

T(f>9)) () = T(f1-9.)(P) -

Jsupp fxsupp g

- K(p:s:t. f1(s)> g

supp fxsupp g

- K(p.s.t.£5(s), 9

supp fxsupp g

2(D)d(pev)
(t)d(pev)

- K(p,s:t, £5(5), 9,(1))d(p®v)

supp fxsupp g

[ K(pos, £ £(5), 9(1)) d(u®v)
J AXRB

+ ~K(p:s,t.f(s): 9(1)) d(n®v)

dx(supp g\B)
+ J -
(supp f\A)xAB

‘]
(supp f\)x(supp g\B)

K(p s 6,£(5), g(1)d(u®v)

~K(ps, t.f(s), g(1))d(u®v).

Thus, for all p € €, we have that

T(f1 9:)(8) - T 9)(8) - T(Fss 9)(0)
=j K (P, (), 9(8)ld (V)

T(fi>90)(p) -

o KA a0 ldey
supp g\f

j IK(ps (9 9(0)ld(nov)
(supp f\)x

| IK(p.5. £ (5) g0 ® V).
(supp f\)x(supp g\B)

(52)
On the other hand, for all p € €,, we have

T(f1,9,)(P) = T(fo> 9,)(P) = T(f 9,)(P)
- J K s bS5 g)lduey)

K(p, s, t, f(s)>

T(fi90)(p) -

g)ld(uev)
X(supp g\%’

S
j K(p,s 6, £(5),
.

g(n))ld(uev)

(supp f\e/)x

[K(p,s,t, f(s),

(supp f\)x(supp g\B)

g(t)ld(pev).
(53)

Consider the second sum -T(f,g,) - T(f;»9,) - T(f,
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»91) — T(f5» g,). Then, for all p € &, we have

~T(f>9))P) = T(f1-92)(P) = T(f 9.))(P) ~ T(f 92)(P)

j — K (pos. 1. f(5), g(1))ld(u @)
AXRB

K(p,s;t, f(s), g(t))ld(u®v)

(supp 9\53'

J.
[ K (s 1 £(9),
“J,

g(0)ld(uev)

(supp f\e/)x

[K(p,s, t, f(s),

(supp f\of)x(supp g\B)

gt)ld(pev),
(54)

and for all p € €, we have that

=T(f1-9.) () = T(f1>9,) () = T(f2, 9,)(P) = T(f2> 9,)(P)
- K eso,gw)ldue
AXAB
J K(p.s. £ £(5), g(6)d (1@ v)
x(supp g\ %)
J K (.56, £(9), 9(6)) (4 ®v)
(supp f\e)xRB
| K (p.5: £ (51 g (1)@ v)
(supp f\)x(supp g\ %)
(55)
Put by definition
R =T(f1-9,) — T(f1»9,) = T(f5> 91) = T(f 9,)>
Ry =-T(f1-9,) ~T(f1» 92) = T(f2> 91) = T(f2> 92)-
(56)

Then, for all p € C, we have that

ITI(f> 9)(P) = (R\VR,) (p) = L{ %IK@, s tf(s)gt)ld(uev)

IK(p> s, t. f(s), g())ld(u®v)

+ J
Ax(supp g\B)

IK(p> s 8, f£(s), g(t))ld(u®v)

g
(supp f\A)xRB

IK(p> s, 1. f(s), g(t))ld(u® V)

g
(supp f\)x(supp g\B)

IK(p,s, 1. f(s), g(1))1d(p ® V).

J supp fxsupp g
(57)

Thus, S<|T| and S map E X F to J. On the other hand,
since S€e OBH  (E,F; W), S>T, and S>-T, we have that
S>Tv(-T)=IT]|. O

Corollary 23. Let (C,0, ), (A, 2, u), and (B, Z,v) be finite
measure spaces and E and F be ideal subspaces of Ly(y) and
Ly(v), respectively. Then, every integral Uryson operator T
: Ex F— Ly(A) is regular.

Journal of Function Spaces

Proof. Suppose T is an integral Uryson operator with kernel
K. Taking into account that the function

pHﬂ?JK@mnﬂﬁﬂﬁMﬂ#®w, (58)

is A-measurable for each f € E and g € F by Theorem 2 we
deduce that T is a regular operator.(J O

Proposition 24. Let (C,®, 1), (A, %, u), and (B,E,v) be
finite measure spaces, E, F, and ] be ideal subspaces of L,(p
), Ly(v), and Ly(A), respectively, and T : Ex F— ] be a
regular integral Uryson operator T : Ex F — Ly(A) with a
kernel K. Then, T is a horizontally-to-order continuous
operator.

Proof. By Proposition 15, it is enough to prove the separate
horizontal-to-order continuity of T. Fix g€ F. We show
the horizontal-to-order continuity of the partial operator
T, : E— ].Itis worth noting that the countable sup prop-
erty of Ly(u) (see [20], page 52) implies that the concept of a
sequentially order continuity for functionals and operators
coincides with the concept of order continuity. Pick a
sequence (f,) . which horizontally converges to f. We
need to show that the sequence (T,(f,)), _, order converges
to T,(f). Taking into the account the regularity of T, we
may write

| K5 s0. gy
_LXBK@ s6.fu(9)9(1)d(uev)
] 'JAXBK@” b ((f = f)U)) 6 9(1)d(pev)
_LXBK@’S’ L1,(5) 9(6) d(ue )|

=@AEK@»¢«f—f»@xgu»ﬂy®vﬂ
< J K(ps (= £)(6) 90 (0 )
=j K(p,5, 1, £(5), 9(1))d( ).
supp (f—f,)xsupp g
(59)
O O

Since p(supp (f - f,)) converges to 0 by ([30], Theorem
2.5.7), we have that (T,(f - f,)) _, order converges to 0,

and therefore, T, is a horizontally-to-order continuous

operator. Similar arguments are valid for a partial operator
Tf, feE.
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