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In this paper, we introduce degenerate poly-Frobenius-Euler polynomials and derive some identities of these polynomials. We give
some relationships between degenerate poly-Frobenius-Euler polynomials and degenerate Whitney numbers and Stirling numbers
of the first kind. Moreover, we define degenerate poly-Frobenius-Euler polynomials of complex variables and then we derive several
properties and relations.

1. Introduction

Recently, many mathematicians, namely, Carlitz [1, 2], Kim
and Kim [3–5], Kim et al. [6–9], Muhiuddin et al. [10–12],
and Sharma et al. [13–15] have introduced and studied various
degenerate versions of special polynomials and numbers like
degenerate Bernoulli polynomials, degenerate Euler polyno-
mials, degenerate Daehee polynomials, degenerate Fubini
polynomials, and degenerate Stirling numbers of the first
and second kinds.

The classical Frobenius-Euler polynomials ℍðαÞ
n ðx ; uÞ

(u ∈ℂ with u ≠ 1) of order α are defined by means of the
following generating function (see [16, 17]):

1 − u
ez − u

� �α

eζz = 〠
∞

j=0
ℍ αð Þ

j ζ ; uð Þ z
j

j!
: ð1Þ

At the point ζ = 0, ℍðαÞ
j ðuÞ =ℍðαÞ

j ð0 ; uÞ are called jth

Frobenius-Euler numbers of order α.

The poly-Frobenius-Euler polynomials due to Kurt [16]
are defined as follows:

1 − uð ÞLik 1 − e−zð Þ
z ez − uð Þ eζz = 〠

∞

j=0
ℍ kð Þ

j ζ ; uð Þ z
j

j!
: ð2Þ

When ζ = 0, ℍðkÞ
j ðuÞ =ℍðkÞ

j ð0 ; uÞ are called the poly-
Frobenius-Euler numbers.

For any λ ∈ℝ (or ℂ), ℝ and ℂ being, respectively, the
sets of real numbers and complex numbers, degenerate
version of the exponential function eζλðzÞ is defined as
follows (see [3, 4, 6, 18]):

eζλ zð Þ≔ 1 + λzð Þζ/λ = 〠
∞

j=0
ζð Þj,λ

zj

j!
, ð3Þ

where ðζÞ0,λ = 1 and ðζÞj,λ = ζðζ − λÞ⋯ ðζ − ðj − 1ÞλÞ for
j ≥ 1 (see [1, 2, 4–10, 18]). It follows from Equation (3)
that limλ⟶0e

ζ
λðzÞ = eζz . Note that e1λðzÞ≔ eλðzÞ:
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Carlitz [1, 2] introduced the degenerate Euler polyno-
mials as follows:

2
eλ zð Þ + 1 e

x
λ zð Þ = 〠

∞

j=0
Ej,λ xð Þ z

j

j!
: ð4Þ

In the case when ζ = 0, Ej,λ = Ej,λð0Þ are called the degen-
erate Euler numbers.

Note that

lim
λ⟶0

Ej ζ ; λð Þ = Ej ζð Þ: ð5Þ

The degenerate Frobenius-Euler polynomials are defined
by the following (see [6]):

1 − u

1 + λzð Þ1/λ − u
1 + λzð Þζ/λ = 〠

∞

j=0
hj,λ ζ ∣ uð Þ z

j

j!
: ð6Þ

At the value ζ = 0, hj,λðuÞ = hj,λð0 ∣ uÞ are called the
degenerate Frobenius-Euler numbers.

It is readily seen that

lim
λ⟶0

hj,λ ζ ∣ uð Þ =ℍj ζ ∣ uð Þ,  j ≥ 0ð Þ: ð7Þ

Recently, Kim et al. [9] introduced the modified
degenerate polyexponential function which is defined by
the following:

Eik,λ ζð Þ = 〠
∞

j=1

1ð Þj,λζj
j − 1ð Þ!jk ,  ζj j < 1, k ∈ℤð Þ: ð8Þ

Here and in the following, let ℤ denote the set of integers.
We note that

Ei1,λ ζð Þ = 〠
∞

j=1

1ð Þj,λζj
j!

= eλ ζð Þ − 1: ð9Þ

The degenerate poly-Genocchi polynomials are defined
as follows (see [9]):

2Eik,λ logλ 1 + zð Þð Þ
eλ zð Þ + 1 eζλ zð Þ = 〠

∞

j=0
G kð Þ

j,λ ζð Þ z
j

j!
,  k ∈ℤð Þ: ð10Þ

Letting ζ = 0,GðkÞ
j,λ =GðkÞ

j,λ ð0Þ are called the poly-Genocchi
numbers.

The degenerate Daehee polynomials Dj,λðζÞ are defined
as follows (see [8]):

logλ 1 + zð Þ
z

1 + zð Þζ = 〠
∞

j=0
Dj,λ ζð Þ z

j

j!
: ð11Þ

Dj,λ =Dj,λð0Þ are called the degenerate Daehee numbers.
For i ≥ 0, the degenerate Stirling numbers of the first kind

are defined by means of the following generating function
(see [4]):

1
i!

logλ 1 + zð Þð Þi = 〠
∞

j=i
S1,λ j, ið Þ z

j

j!
: ð12Þ

Note that limλ⟶0S1,λðj, kÞ = S1ðj, kÞ are the Stirling
numbers of the first kind given by the following (see [3, 18]):

1
i!

log 1 + zð Þð Þi = 〠
∞

j=i
S1 j, ið Þ z

j

j!
,  i ≥ 0ð Þ: ð13Þ

For i ≥ 0, the degenerate Stirling numbers of the second
kind are defined by means of the following generating func-
tion (see [18]):

1
i!

eλ zð Þ − 1ð Þi = 〠
∞

j=i
S2,λ j, ið Þ z

j

j!
: ð14Þ

We note that limλ⟶0S2,λðj, kÞ = S1ðj, kÞ are the Stirling
numbers of the second kind given by the following (see
[3–7, 18]):

1
i!

ez − 1ð Þi = 〠
∞

j=i
S2 j, ið Þ z

j

j!
,  i ≥ 0ð Þ: ð15Þ

The subsequent content of this paper is organized as
follows: In Section 2, we define the degenerate poly-
Frobenius-Euler polynomials and numbers by using the mod-
ified degenerate polyexponential functions and derive some
properties and relations of these polynomials. In Section 3, we
consider the degenerate poly-Frobenius-Euler polynomials of
a complex variable and then we derive several properties and
relations. Also, we examine the results derived in this study.

2. Degenerate Poly-Frobenius-Euler Numbers
and Polynomials

In this section, we define degenerate poly-Frobenius-Euler
numbers and polynomials and investigate some properties
of these polynomials. We begin following the definition
as follows.
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Definition 1. We consider the degenerate poly-Frobenius-
Euler polynomials are defined by means of the following
generating function:

Eik,λ logλ 1 + 1 − uð Þð Þzð Þ
z eλ zð Þ − uð Þ eζλ zð Þ = 〠

∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
, ð16Þ

where λ, u ∈ℂ with u ≠ 1 and k ∈ℤ.

Upon setting, ζ = 0, ℍðkÞ
j,λ ðuÞ =ℍðkÞ

j,λ ð0 ; uÞ are called the

degenerate poly-Frobenius-Euler numbers, where logλðzÞ =
1/zðzλ − 1Þ is the compositional inverse of eλðzÞ satisfying

logλ eλ zð Þð Þ = eλ logλ zð Þð Þ = z: ð17Þ

Adjusting k = 1 in Equation (16), we get the following:

1 − u
eλ zð Þ − u

eζλ zð Þ = 〠
∞

j=0
hj,λ ζ ; uð Þ z

j

j!
, ð18Þ

where hj,λðζ ; uÞ are called the degenerate Frobenius-Euler
polynomials (see [6]).

Obviously,

lim
λ⟶0

Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� �
eζλ zð Þ = 〠

∞

j=0
lim
λ⟶0

ℍ kð Þ
j,λ ζ ; uð Þ z

j

j!

= Eik log 1 + 1 − uð Þzð Þð Þ
z ez − uð Þ eζz

= 〠
∞

j=0
ℍ kð Þ

j ζ ; uð Þ z
j

j!
,

ð19Þ

where ℍðkÞ
j ðζ ; uÞ are called the type 2 poly-Frobenius-Euler

polynomials.

Theorem 2. Let j ≥ 0. Then, we have the following:

〠
j

p=0

j

p

 !
〠
p

s=0

1ð Þs+1,λ
s + 1ð Þk−1

S1,λ p + 1, s + 1ð Þ ζð Þj−p,λ
1 − uð Þp+1
p + 1

= 〠
j

s=0

j

s

 !
ℍ kð Þ

j−s,λ ζ ; uð Þ 1ð Þs,λ − uℍ kð Þ
j,λ ζ ; uð Þ:

ð20Þ

Proof. Using Equation (16), we see that

Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z

eζλ zð Þ

= eλ zð Þ〠
∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
− u〠

∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!

= 〠
∞

s=0
1ð Þs,λ

zs

s!
〠
∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
− u〠

∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!

= 〠
∞

j=0
〠
j

s=0

j

s

 !
ℍ kð Þ

j−s,λ ζ ; uð Þ 1ð Þs,λ − uℍ kð Þ
j,λ ζ ; uð Þ

 !
zj

j!
:

ð21Þ

On the other hand,

Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z

eζλ zð Þ

= 〠
∞

j=0
ζð Þj,λ

zj

j!

 !
1
z

〠
∞

s=1

1ð Þs,λ logλ 1 + 1 − uð Þzð Þð Þs
s − 1ð Þ!sk

 !

= 〠
∞

j=0
ζð Þj,λ

zj

j!

 !
1
z

〠
∞

s=0

1ð Þs+1,λ
s + 1ð Þk−1

〠
∞

l=s+1
S1,λ l, s + 1ð Þ 1 − uð Þlzl

l!

 !

= 〠
∞

j=0
ζð Þj,λ

zj

j!

 !
〠
∞

l=0
〠
l

s=0

1ð Þs+1,λ
s + 1ð Þk−1

S1,λ l + 1, s + 1ð Þ 1 − uð Þl+1
l + 1

zl

l!

 !

= 〠
∞

j=0
〠
j

p=0

j

p

 !
〠
p

s=0

1ð Þs+1,λ
s + 1ð Þk−1

S1,λ p + 1, s + 1ð Þ ζð Þ j−p,λ
1 − uð Þp+1
p + 1

 !
zj

j!
:

ð22Þ

In view of Equation (22), we complete the proof. ☐

Theorem 3. Let j ≥ 0. Then, we have the following:

ℍ kð Þ
j,λ ζ ; uð Þ = 〠

j

r=0

j

r

 !
ℍ kð Þ

j−r,λ uð Þ ζð Þr,λ: ð23Þ

Proof. In Equation (16), we observe that

〠
∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ
� �

eζλ zð Þ

= 〠
∞

j=0
ℍ kð Þ

j,λ uð Þ z
j

j!
〠
∞

r=0
ζð Þr,λ

zr

r!

= 〠
∞

j=0
〠
j

r=0

j

r

 !
ℍ kð Þ

j−r,λ uð Þ ζð Þr,λ
zj

j!
:

ð24Þ

By Equations (16) and (24), we require at the desired
result. ☐
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Theorem 4. Let j ≥ 0. Then,

ℍ kð Þ
j,λ ζ ; uð Þ = 〠

j

q=0

j

q

 !
〠
q

r=0

1ð Þr+1,λ
r + 1ð Þk

S1 q + 1, r + 1ð Þ 1 − uð Þq
q + 1

ℍj−q,λ ζ ; uð Þ:

ð25Þ

Proof. By using Equations (14) and (16), we see that

〠
∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ
� �

eζλ zð Þ

= eζλ zð Þ
z eλ zð Þ − uð Þ〠

∞

r=1

1ð Þr,λ logλ 1 + 1 − uð Þzð Þð Þr
r − 1ð Þ!rk

= eζλ zð Þ
z eλ zð Þ − uð Þ〠

∞

r=0

1ð Þr+1,λ logλ 1 + 1 − uð Þzð Þð Þr+1
r! r + 1ð Þk

= eζλ zð Þ
z eλ zð Þ − uð Þ〠

∞

r=0

1ð Þr+1,λ
r + 1ð Þk

〠
∞

j=r+1
S1,λ j, r + 1ð Þ 1 − uð Þtð Þn

n!

= 1 − u
eλ zð Þ − u

eζλ zð Þ〠
∞

r=0

1ð Þr+1,λ
r + 1ð Þk

〠
∞

r=j

S1,λ j + 1, r + 1ð Þ 1 − uð Þj
j + 1

zj

j!

= 〠
∞

j=0
ℍj,λ ζ ; uð Þ z

j

j!
〠
∞

l=0
〠
l

r=0

1ð Þr+1,λ
r + 1ð Þk

S1,λ l + 1, r + 1ð Þ 1 − uð Þl
l + 1

zl

l!

= 〠
∞

j=0
〠
j

q=0

j

q

 !
〠
q

r=0

1ð Þr+1,λ
r + 1ð Þk

S1,λ q + 1, r + 1ð Þ 1 − uð Þq
q + 1 ℍj−q,λ ζ ; uð Þ

 !
zj

j!
:

ð26Þ

In view of Equation (26), we complete the proof. ☐

Corollary 5. For k ∈ℤ and j ≥ 0. Then,

ℍ kð Þ
j,λ uð Þ = 〠

j

q=0

j

q

 !
〠
q

r=0

1

r + 1ð Þk
S1,λ q + 1, r + 1ð Þ 1 − uð Þq

q + 1
ℍj−q,λ uð Þ:

ð27Þ

Corollary 6. For j ≥ 0. Then,

ℍ kð Þ
j,λ ζ ; uð Þ = 〠

j

q=0

j

q

 !
〠
q

r=0

S1,λ q + 1, r + 1ð Þ 1 − uð Þq
q + 1

ℍ j−q,λ ζ ; uð Þ:

ð28Þ

Corollary 7. On setting u = −1 and k = 1 and using Equation
(4), Theorem 3 to get

Ej,λ xð Þ = 〠
j

q=0

j

l

 !
〠
q

r=0

S1,λ q + 1, r + 1ð Þ2q
q + 1

Ej−q,λ ζð Þ,  j ≥ 0ð Þ:

ð29Þ

It is well known from [7] that

z
log 1 + zð Þ
� �r

1 + zð Þζ−1 = 〠
∞

j=0
B j−r+1ð Þ
j ζð Þ z

j

j!
,  r ∈ℂð Þ,

ð30Þ

where BðrÞ
j ðζÞ are called the higher-order Bernoulli polyno-

mials which are given by the generating function (see [3, 16]):

z
ez − 1
� �r

eζz = 〠
∞

j=0
B rð Þ
j ζð Þ z

j

j!
: ð31Þ

Theorem 8. For j ≥ 0. Then, we have the following:

ℍ 2ð Þ
j,λ uð Þ = 〠

j

l=0

j

l

 !
1 − uð ÞlBl

l

l + 1
ℍj−l,λ uð Þ: ð32Þ

Proof. In Equation (8), we note that

d
dζ

Eik,λ logλ 1 + 1 − uð Þxð Þð Þ

= d
dζ

〠
∞

j=1

logλ 1 + 1 − uð Þζð Þð Þj
j + 1ð Þ!jk

= 1 − u
1 + 1 − uð Þζð Þ logλ 1 + 1 − uð Þζð Þ〠

∞

j=1

logλ 1 + 1 − uð Þζð Þð Þj
j + 1ð Þ!jk−1

= 1 − u
1 + 1 − uð Þζð Þ logλ 1 + 1 − uð Þζð Þ Eik−1,λ logλ 1 + 1 − uð Þζð Þð Þ:

ð33Þ

From Equation (33), for k ≥ 1, we have the following:

〠
∞

j=0
ℍ kð Þ

j,λ uð Þ ζ
j

j!
= 1 − uð Þk−1
ζ eλ ζð Þ − uð Þ

ðζ
0

1
1 + 1 − uð Þtð Þ logλ 1 + 1 − uð Þzð Þ

×
ðz
0

1
1 + 1 − uð Þzð Þ logλ 1 + 1 − uð Þzð Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

k−2−times

⋯

�
ðz
0

z
1 + 1 − uð Þzð Þ logλ 1 + 1 − uð Þzð Þ dzdz⋯ dz:

ð34Þ

For k ≥ 2 in the above expression, we have the following:

〠
∞

j=0
ℍ 2ð Þ

j,λ uð Þ ζ
j

j!
= 1 − uð Þ
ζ eλ ζð Þ − uð Þ

ðζ
0

1 − uð Þz
1 + 1 − uð Þzð Þ logλ 1 + 1 − uð Þzð Þ ,

ð35Þ

〠
∞

j=0
Hj,λ uð Þ ξ

j

j!

 !
〠
∞

l=0

1 − uð ÞlBl
l

l + 1
ξl

l!

 !
= 〠

∞

j=0
〠
j

l=0

j

l

 !
1 − uð ÞlBl

l

l + 1 Hj−l,λ uð Þ
 !

ξj

j!

ð36Þ
In view of Equations (35) and (36), we obtain at the

desired result. ☐

Theorem 9. Let j ≥ 0. Then, we have the following:

ℍ kð Þ
j,λ ζ + η ; uð Þ = 〠

j

r=0

j

r

 !
ℍ kð Þ

j−r,λ ζ ; uð Þ ηð Þr,λ: ð37Þ
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Proof. Using Equation (16), we get the following:

〠
∞

j=0
ℍ kð Þ

j,λ ζ + η ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ
� �

eζ+ηλ zð Þ

= 〠
∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!

 !
〠
∞

r=0
ηð Þr,λ

zr

r!

 !

= 〠
∞

j=0
〠
j

r=0

j

r

 !
ℍ kð Þ

j−r,λ ζ ; uð Þ ηð Þr,λ
 !

zj

j!
:

ð38Þ

Thus, by Equation (38), we complete the proof. ☐

Theorem 10. Let j ≥ 0. Then, we have the following:

ℍ kð Þ
j,λ ζ + 1 ; uð Þ = 〠

j

r=0

j

r

 !
ℍ kð Þ

j−r,λ ζ ; uð Þ 1ð Þr,λ: ð39Þ

Proof. In Equation (16), we see that

〠
∞

j=0
ℍ kð Þ

j,λ ζ + 1 ; uð Þ −ℍ kð Þ
j,λ ζ ; uð Þ

h i zj
j!

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� �
eζλ zð Þ eλ zð Þ − 1½ �

= 〠
∞

j=0
〠
j

r=0

j

r

 !
ℍ kð Þ

j−r,λ ζ ; uð Þ 1ð Þr,λ
zj

j!
− 〠

∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
:

ð40Þ

Comparing the coefficients of zj on both sides, we get the
result. ☐

Theorem 11. Let j ≥ 0. Then,

ℍ kð Þ
j,λ ζ ; uð Þ = 〠

j

r=0
〠
r

q=0

j

r

 !
ζð ÞqS2,λ r, qð Þℍ kð Þ

j−r,λ uð Þ: ð41Þ

Proof. From Equation (16), we see that

〠
∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ
� �

eζλ zð Þ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� �
eλ zð Þ − 1 + 1½ �ζ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� �
〠
∞

q=0
ζð Þq 〠

∞

l=q
S2,λ l, qð Þ z

l

l!

 !

= 〠
∞

j=0
〠
j

r=0
〠
r

q=0

j

r

 !
ζð ÞqS2,λ r, qð Þℍ kð Þ

j−r,λ uð Þ
 !

zj

j!
:

ð42Þ

By Equation (42). We complete the proof. ☐

Theorem 12. Let j ≥ 0. Then,

ℍ kð Þ
j,λ ζ + α ∣ uð Þ = 〠

j

n=0
〠
n

l=0

j

n

 !
ul ζð ÞlWu,α n, l ; λð Þℍ kð Þ

j−n,λ uð Þ:

ð43Þ

Proof. By changing ζ by ζu + α in Equation (16), we get
the following:

〠
∞

j=0
ℍ kð Þ

j,λ ζ + α ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ
� �

eαλ tð Þeζuλ zð Þ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� �
eαλ tð Þ euλ zð Þ − 1 + 1½ Þζ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� �
eαλ zð Þ 〠

∞

l=0

ζ

l

 !
euλ zð Þ − 1½ Þl

 !

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� �
eαλ zð Þ〠

∞

l=0
ul ζð Þlfrac euλ zð Þ − 1ð Þl l!ul

 !

= 〠
∞

j=0
ℍ kð Þ

j,λ uð Þ z
j

j!
〠
∞

n=0
〠
n

l=0
ul ζð ÞlWu,α n, l ; λð Þ z

n

n!

 !

= 〠
∞

j=0
〠
j

n=0
〠
n

l=0

j

n

 !
ul ζð ÞlWu,α n, l ; λð Þℍ kð Þ

j−n,λ uð Þ
 !

zj

j!
:

ð44Þ

Therefore, by Equations (16) and (44), we obtain
the result. ☐

3. Degenerate Unipoly-Frobenius-Euler
Numbers and Polynomials

In this section, we introduce degenerate unipoly-Frobenius-
Euler polynomials by using degenerate unipoly polynomials
and derive some important properties of these polynomials.

In [3], Kim and Kim introduced unipoly function. In the
view of [9], the degenerate unipoly function is defined by
Dolgy and Khan [19] as follows:

uk,λ ζ ∣ pð Þ = 〠
∞

j=1
p jð Þ

1ð Þj,λζj
jk

: ð45Þ

Note that, we have the following:

uk,λ ζ ∣
1
Γ

� �
= Eik,λ ζð Þ ð46Þ

is the modified degenerate polylogarithm function.
It is clear that

lim
λ⟶0

uk,λ ζ ∣ pð Þ = 〠
∞

j=1
lim
λ⟶0

p ið Þ 1ð Þi,λζi
ik

= uk ζ ∣ pð Þ = 〠
∞

j=1
p ið Þ ζ

i

ik
,  k ∈ℤð Þ

ð47Þ

are called the unipoly function attached to polynomials pðζÞ
(see [20]).
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From Equation (47), we have the following:

uk ζ ∣ 1ð Þ = 〠
∞

j=1

ζj

jk
= Lik ζð Þ see 9½ �ð Þ ð48Þ

is the ordinary polylogarithm function.
By using Equations (45) and (16), we define the degener-

ate unipoly-Frobenius-Euler polynomials as follows:

uk,λ logλ 1 + 1 − uð Þzð Þ ∣ pð Þ
z eλ zð Þ − uð Þ eζλ zð Þ = 〠

∞

j=0
ℍ kð Þ

j,λ,p ζ ; uð Þ z
j

j!
: ð49Þ

At the special value ζ = 0, ℍðkÞ
j,λ,pðuÞ =ℍðkÞ

j,λ,pð0 ; uÞ are
called the degenerate unipoly-Frobenius-Euler numbers.

Theorem 13. Let j ≥ 0. Then, we have the following:

ℍ kð Þ
j,λ,1/Γ ζ ; ηð Þ =ℍ kð Þ

j,λ ζ ; uð Þ,  k ∈ℤð Þ: ð50Þ

Proof. Let us take pðjÞ = 1/Γλ. Then, we have the following:

〠
∞

j=0
ℍ kð Þ

j,λ,1/Γ ζ ; uð Þ z
j

j!
= uk,λ logλ 1 + 1 − uð Þzð Þ ∣ 1/Γpð Þ

z eλ zð Þ − uð Þ eζλ zð Þ

= 1
z eλ zð Þ − uð Þ〠

∞

r=1

1ð Þr,λ logλ 1 + 1 − uð Þzð Þð Þr
rk r + 1ð Þ! eζλ zð Þ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ eζλ zð Þ

= 〠
∞

j=0
ℍ kð Þ

j,λ ζ ; uð Þ z
j

j!
:

ð51Þ

In view of Equation (51), we complete the proof. ☐

Theorem 14. Let j ∈ℕ and k ∈ℤ. Then,

ℍ kð Þ
j,λ,p ζ ; uð Þ = 〠

j

s=0
〠
s

r=0

j

s

 !
p r + 1ð Þ 1ð Þr+1,λ r + 1ð Þ!S1,λ r + 1, s + 1ð Þℍ j−s,λ uð Þ 1 − uð Þs

r + 1ð Þk s + 1ð Þ
:

ð52Þ

Proof. Using Equation (49), we have the following:

〠
∞

j=0
ℍ kð Þ

j,λ,p uð Þ z
j

j!
= uk,λ logλ 1 + 1 − uð Þzð Þ ∣ pð Þ

z eλ zð Þ − uð Þ

= 1
z eλ zð Þ − uð Þ〠

∞

r=1

p rð Þ 1ð Þr,λ
rk

logλ 1 + 1 − uð Þzð Þð Þr

= 1
z eλ zð Þ − uð Þ〠

∞

r=0

p r + 1ð Þ 1ð Þr+1,λ r + 1ð Þ!
r + 1ð Þk

〠
∞

l=r+1
S1,λ r + 1, lð Þ 1 − uð Þl z

l

l!

= 〠
∞

j=0
ℍj,λ uð Þ z

j

j!

 !
〠
∞

r=0
〠
r

l=0

p r + 1ð Þ 1ð Þr+1,λ r + 1ð Þ!
r + 1ð Þk

S1,λ r + 1, l + 1ð Þ
l + 1

zl

l!

 !

= 〠
∞

j=0
〠
∞

s=0
〠
s

r=0

j

s

 !
p r + 1ð Þ 1ð Þr+1,λ r + 1ð Þ!S1,λ r + 1, s + 1ð Þℍj−s,λ uð Þ 1 − uð Þs

r + 1ð Þk s + 1ð Þ

 !
zj

j!
:

ð53Þ

Therefore, by Equations (49) and (53), we get the result.
☐

Corollary 15. Let j ≥ 0. Then, we have the following:

ℍ kð Þ
j,λ,1/Γ uð Þ =ℍ kð Þ

j,λ uð Þ = 〠
n

s=0
〠
s

r=0

j

l

 !
S1,λ r + 1, s + 1ð Þℍj−s,λ uð Þ

r + 1ð Þk−1 s + 1ð Þ
:

ð54Þ

Theorem 16. Let j ≥ 0. Then, we have the following:

ℍ kð Þ
j,λ,p ζ ; uð Þ = 〠

j

r=0
〠
r

s=0

j

r

 !
H kð Þ

j−r,λ,p uð Þ ζð Þ rð ÞS2,λ r, sð Þ: ð55Þ

Proof. By Equation (49), we have the following:

〠
∞

j=0
H k,pð Þ

j,λ x ; uð Þ z
j

j!
= uk,λ logλ 1 + 1 − uð Þzð Þ ∣ pð Þ

z eλ zð Þ − uð Þ eλ zð Þ − 1 + 1ð Þζ

= uk,λ logλ 1 + 1 − uð Þzð Þ ∣ pð Þ
z eλ zð Þ − uð Þ 〠

∞

l=0

ζ

l

 !
eλ zð Þ − 1ð Þl

= 〠
∞

j=0
H kð Þ

j,λ,p uð Þ z
j

j!

 !
〠
∞

l=0
ζð Þl 〠

∞

m=l
S2,λ m, lð Þ z

m

m!

 !

= 〠
∞

j=0
〠
j

r=0
〠
r

s=0

n

r

 !
H kð Þ

j−r,λ,p uð Þ ζð Þ rð ÞS2,λ r, sð Þ
 !

zj

j!
:

ð56Þ

By Equation (56), we obtain the result. ☐

Theorem 17. Let j ≥ 0. Then,

ℍ kð Þ
j,λ,p ζ ; uð Þ = jℍ kð Þ

j−1,λ,p ζ ; uð Þ: ð57Þ

Proof. When we consider Equation (49), we see that

Δλ 〠
∞

j=0
ℍ kð Þ

n,λ,p ζ ; uð Þ z
j

j!

 !
= Δλ

uk,λ logλ 1 + 1 − uð Þzð Þ ∣ pð Þ
z eλ zð Þ − uð Þ 1 + λzð Þv/λ

� �
,

ð58Þ

and then we have the following:

〠
∞

j=0
Δλℍ

kð Þ
j,λ,p ζ ; uð Þ z

j

j!
= uk,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ Δλe
ζ
λ zð Þ

= uk,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ eζλ zð Þz

= 〠
∞

j=0
ℍ kð Þ

j,λ,p ζ ; uð Þ z
j+1

j!
:

ð59Þ

Therefore, by Equation (59), we complete the proof. ☐
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Theorem 18. Let j ≥ 0 and k ∈ℤ. Then, we have the following:

∂
∂ζ

ℍ kð Þ
j,λ,p ζ ; uð Þ = 〠

j

r=0

j

r

 !
ℍ kð Þ

j−r,λ,p ζ ; uð Þ 1ð Þr,λ: ð60Þ

Proof. In Equation (49), we consider that

∂
∂ζ

〠
∞

j=0
ℍ kð Þ

j,λ,p ζ ; uð Þ z
j

j!

 !

= ∂
∂ζ

uk,λ logλ 1 + 1 − uð Þzð Þ ∣ pð Þ
z eλ zð Þ − uð Þ 1 + λzð Þζ/λ

� �
〠
∞

j=0

∂
∂ζ

ℍ kð Þ
j,λ,p ζ ; uð Þ z

j

j!

= uk,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

∂
∂ζ

1 + λzð Þζ/λ

= uk,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ 1 + λzð Þζ/λ 1 + λzð Þ1/λ

= 〠
∞

j=0
ℍ kð Þ

j,λ,p ζ ; uð Þ z
j

j!

 !
〠
∞

r=0
1ð Þr,λ

zr

r!

 !

= 〠
∞

j=0
〠
j

r=0

j

r

 !
ℍ kð Þ

j−r,λ,p ζ ; uð Þ 1ð Þr,λ
 !

zj

j!
:

ð61Þ

By Equation (61), we complete the proof. ☐

4. Degenerate Poly-Frobenius-Euler
Polynomials of Complex Variables

In this section, we define the Frobenius-Euler polynomials of
the complex variables. We consider the degenerate cosine
function and degenerate sine function. Using the degenerate
cosine function and the degenerate sine function, we
introduce the degenerate cosine poly-Frobenius-Euler
polynomials and degenerate sine poly-Frobenius-Euler
polynomials.

In [5], Kim et al. defined the degenerate sine sinλz and
cosine cosλz functions by the following:

sin ζð Þ
λ zð Þ = eixλ zð Þ − e−iζλ zð Þ

2i ,

cos ζð Þ
λ zð Þ = eiζλ zð Þ + e−iζλ zð Þ

2 ,
ð62Þ

where i =
ffiffiffiffiffiffi
−1

p
: Note that limλ⟶0sin

ðζÞ
λ ðzÞ = sin ζz and

limλ⟶0cos
ðζÞ
λ ðzÞ = cos ζz. From Equation (62), it is readily

seen that

eiζλ zð Þ = cos ζð Þ
λ zð Þ + i sin ζð Þ

λ zð Þ: ð63Þ

By these functions in Equation (62), the degenerate sine-
polynomials Sj,λðζ, ηÞ and degenerate cosine-polynomials
Cj,λðζ, ηÞ are introduced by Kim et al. [5] as follows:

〠
∞

j=0
Sj,λ ζ, ηð Þ z

j

j!
= eζλ zð Þ sin ηð Þ

λ zð Þ, ð64Þ

〠
∞

j=0
Cj,λ ζ, ηð Þ z

j

j!
= eζλ zð Þ cos ηð Þ

λ zð Þ: ð65Þ

Several properties of these polynomials in Equations
(64) and (65) were studied and investigated by Kim
et al. [5]. Also, by means of these functions, Kim et al.
[5] introduced the degenerate Euler and Bernoulli polyno-
mials of complex variable and investigate some of their
properties. Motivated and inspired by these considerations
above, we define degenerate poly-Frobenius-Euler polyno-
mials of complex variable as follows:

〠
∞

j=0
ℍ kð Þ

j,λ ζ + iη ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ e ζ+iηð Þ
λ zð Þ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ eζλ zð Þ cos ηð Þ

λ zð Þ + i sin ηð Þ
λ zð Þ

h i
,

ð66Þ

〠
∞

j=0
ℍ kð Þ

j,λ ζ − iη ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ e ζ−iηð Þ
λ zð Þ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ eζλ zð Þ cos ηð Þ

λ zð Þ − i sin ηð Þ
λ zð Þ

h i
:

ð67Þ
From Equations (66) and (67), we get the following:

Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ eζλ zð Þ cos ηð Þ

λ zð Þ

= 〠
∞

j=0

ℍ kð Þ
j,λ ζ + iη ; uð Þ +ℍ kð Þ

j,λ ζ − iη ; uð Þ
2

zj

j!
,

Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ eζλ zð Þ sin ηð Þ

λ zð Þ

= 〠
∞

j=0

ℍ kð Þ
j,λ ζ + iη ; uð Þ −ℍ kð Þ

j,λ ζ − iη ; uð Þ
2i

z j

j!
:

ð68Þ

Now, we define the degenerate cosine poly-Frobenius-
Euler polynomials and the degenerate sine poly-Frobenius-
Euler polynomials, respectively, as follows:

〠
∞

j=0
ℍ k,c½ �

j,λ ζ, η ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ eζλ zð Þ cos ηð Þ
λ zð Þ,

ð69Þ

〠
∞

j=0
ℍ k,s½ �

j,λ ζ, η ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ eζλ zð Þ sin ηð Þ
λ zð Þ:

ð70Þ
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Theorem 19. The following results hold true:

ℍ k,c½ �
j,λ ζ, η ; uð Þ = 1

2
〠
j

r=0

j

r

 !
ℍ k,c½ �

j−r,λ ζ, η ; uð Þ〠
r

l=0

r

l

 !
ζð Þr−l,λ iηð Þl,λ + −iηð Þl,λ

� 	
,

ð71Þ

ℍ k,s½ �
j,λ ζ, η ; uð Þ = 1

2i
〠
j

r=0

j

r

 !
ℍ k,s½ �

j−r,λ ζ, η ; uð Þ〠
r

l=0

r

l

 !
ζð Þr−l,λ iηð Þl,λ − −iηð Þl,λ

� 	
:

ð72Þ
Proof. From Equation (69), we have the following:

〠
∞

j=0
ℍ k,c½ �

j,λ ζ, η ; uð Þ z
j

j!
= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ

z eλ zð Þ − uð Þ eζλ zð Þ cos ηð Þ
λ zð Þ

= Eik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

1
2〠

∞

r=0
〠
r

l=0

r

l

 !
ζð Þr−l,λ iηð Þl,λ + −iηð Þl,λ

� 	 zr
r!

= 〠
∞

j=0

1
2〠

j

r=0

j

r

 !
ℍ k,c½ �

j−r,λ ζ, η ; uð Þ〠
r

l=0

r

l

 !
ζð Þr−l,λ iηð Þl,λ + −iηð Þl,λ

� 	 !
zj

j!
:

ð73Þ

By Equation (73), we get Equation (71). Similarly, by
using Equations (70) and (3), we can easily find the result
(Equation (72)). ☐

Theorem 20. The following results hold true:

ℍ k,c½ �
j,λ ζ1 + ζ2,;uð Þ = 〠

j

m=0

j

m

 !
〠
m

r=0
S ζ1ð Þ
2,λ m, rð Þ ζ2ð Þrℍ

k,c½ �
j,λ 0, η ; uð Þ,

ð74Þ

ℍ k,s½ �
j,λ ζ1 + ζ2,;uð Þ = 〠

j

m=0

j

m

 !
〠
m

r=0
S ζ1ð Þ
2,λ m, rð Þ ζ2ð Þrℍ

k,s½ �
j,λ 0, η ; uð Þ:

ð75Þ
Proof. From Equations (3) and (69), we have the following:

〠
∞

j=0
ℍ k,c½ �

j,λ ζ1 + ζ2,;uð Þ z
j

j!
= e ζ1+ζ2ð Þ

λ zð ÞEik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ cos ηð Þ

λ zð Þ

= 〠
∞

m=0
〠
m

r=0
S ζ1ð Þ
2,λ m, rð Þ ζ2ð Þr

zm

m!
〠
∞

j=0
ℍ k,c½ �

j,λ 0, η ; uð Þ z
j

j!

= 〠
∞

j=0
〠
j

m=0

j

m

 !
〠
m

r=0
S ζ1ð Þ
2,λ m, rð Þ ζ2ð Þrℍ

k,c½ �
j,λ 0, η ; uð Þ

 !
zj

j!
:

ð76Þ

In view of Equation (76), we get Equation (74). Similarly,
by using Equations (3) and (70), we require at the desired
result (Equation (75)). ☐

Theorem 21. The following results hold true:

ℍ k,c½ �
j,λ ζ1 + ζ2, η1 + η2 ; uð Þ = 〠

j

r=0

j

r

 !

� ℍ k,c½ �
j−r,λ ζ1, η1 ; uð ÞCr,λ ζ2, η2ð Þ −ℍ k,s½ �

j,λ ζ1, η1 ; uð ÞSr,λ ζ2, η2ð Þ
h i

,

ð77Þ

ℍ k,s½ �
j,λ ζ1 + ζ2, η1 + η2 ; uð Þ = 〠

j

r=0

j

r

 !

� ℍ k,s½ �
j−r,λ ζ1, η1 ; uð ÞCr,λ ζ2, η2ð Þ −ℍ k,c½ �

j,λ ζ1, η1 ; uð ÞSm,λ ζ2, η2ð Þ
h i

:

ð78Þ
Proof. From Equation (69), we have the following:

〠
∞

j=0
ℍ k,c½ �

j,λ ζ1 + ζ2, η1 + η2 ; uð Þ z
j

j!
= e ζ1+ζ2ð Þ

λ zð ÞEik,λ logλ 1 + 1 − uð Þzð Þð Þ
z eλ zð Þ − uð Þ

� cos η1ð Þ
λ zð Þ cos η2ð Þ

λ zð Þ − sin η1ð Þ
λ zð Þ sin η2ð Þ

λ zð Þ
h i

= 〠
∞

j=0
ℍ k,c½ �

j,λ ζ1, η1 ; uð Þ z
j

j!
〠
∞

r=0
Cr,λ ζ2, η2ð Þ z

r

r!

− 〠
∞

j=0
ℍ k,s½ �

j,λ ζ1, η1 ; uð Þ z
j

j!
〠
∞

r=0
Sr,λ ζ2, η2ð Þ z

r

r!

= 〠
∞

j=0
〠
j

r=0

j

r

 !
ℍ k,c½ �

j−r,λ ζ1, η1 ; uð ÞCr,λ ζ2, η2ð Þ
 

−ℍ k,s½ �
j,λ ζ1, η1 ; uð ÞSm,λ ζ2, η2ð Þ

!
zj

j!
:

ð79Þ

Comparing the coefficients of z on both sides, we get
Equation (77). Similarly, by using Equation (70), we can
easily get Equation (78). ☐

Corollary 22. On setting ζ1 = ζ2 = ζ and η1 = η2 = η in
Theorem 16, we have the following:

ℍ k,c½ �
j,λ 2ζ, 2η ; uð Þ = 〠

j

r=0

j

r

 !
ℍ k,c½ �

j−r,λ ζ, η ; uð ÞCr,λ ζ, ηð Þ −ℍ k,s½ �
j,λ ζ, η ; uð ÞSr,λ ζ, ηð Þ

h i
,

ℍ k,s½ �
j,λ 2ζ, 2η ; uð Þ = 〠

j

r=0

j

r

 !
ℍ k,s½ �

j−r,λ ζ, η ; uð ÞCr,λ ζ, ηð Þ −ℍ k,c½ �
j,λ ζ, η ; uð ÞSm,λ ζ, ηð Þ

h i
:

ð80Þ

5. Conclusions

In this paper, we defined the degenerate poly-Frobenius-
Euler polynomials by employing the modified degenerate
polyexponential functions. We have established some identi-
ties and relations between degenerate Whitney numbers and
degenerate Stirling numbers of the first kind. Also, we have
established addition formulas and derivative formulas of
degenerate poly-Frobenius-Euler polynomials. In the last
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section, we have defined degenerate poly-Frobenius-Euler
polynomials of complex variables and then we have derived
several properties and relations.
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