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The topological and geometric behaviors of the variable exponent formal power series space, as well as the prequasi-ideal
construction by s-numbers and this function space of complex variables, are investigated in this article. Upper bounds for s
-numbers of infinite series of the weighted nth power forward and backward shift operator on this function space are being
investigated, with applications to some entire functions.

1. Introduction

Operator ideal theory has various applications in the geom-
etry of Banach spaces, xed point theory, spectral theory, and
other areas of mathematics, among other areas of knowl-
edge. Throughout the article, we will adhere to the etymo-
logical conventions listed below. If any other sources are
used, we will make a note of them.

1.1. Conventions 1.1. ℕ = f0, 1, 2,⋯g:ℂ: complex number
space

ℝℕ: the space of all real sequences
ℓ∞: the space of bounded real sequences
ℓr : the space of r-absolutely summable real sequences
c0: the space of null real sequences
el = ð0, 0,⋯, 1, 0, 0,⋯Þ, as 1 lies at the lth coordinate, for

all l ∈ℕ
F : the space of each sequence with finite nonzero

coordinates
card ðGÞ: the number of elements of the set G
mi↗: the space of all monotonic increasing sequences of

positive reals
L: the ideal of all bounded linear operators between any

arbitrary Banach spaces

F: the ideal of finite rank operators between any arbi-
trary Banach spaces

Λ: the ideal of approximable operators between any arbi-
trary Banach spaces

Lc: the ideal of compact operators between any arbitrary
Banach spaces

LðX,YÞ: the space of all bounded linear operators from a
Banach space X into a Banach space Y

LðXÞ : the space of all bounded linear operators from a
Banach space X into itself

FðX,YÞ: the space of finite rank operators from a
Banach space X into a Banach space Y

FðXÞ: the space of finite rank operators from a Banach
space X into itself

ΛðX,YÞ : the space of approximable operators from a
Banach space X into a Banach space Y

ΛðXÞ: the space of approximable operators from a
Banach space X into itself

LcðX,YÞ: the space of compact operators from a Banach
space X into a Banach space Y

LcðXÞ: the space of compact operators from a Banach
space X into itself

ðsaðGÞÞa∈ℕ: the sequence of s-numbers of the bounded
linear operator G
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ðαaðGÞÞa∈ℕ: the sequence of approximation numbers of
the bounded linear operator G

ðsaðGÞÞa∈ℕ: the sequence of Kolmogorov numbers of the
bounded linear operator G

Sv : the operator ideals formed by the sequence of s
-numbers in any sequence space V

SappV : the operator ideals formed by the sequence of
approximation numbers in any sequence space V

SKolV : the operator ideals formed by the sequence of Kol-
mogorov numbers in any sequence space V

1.2. Notations 1.2 (see [1]). SH ≔ fSH ðX,YÞ ;X andY are
Banach Spacesg, where

SappH ≔ fSappH ðX,YÞ ;X andY are Banach Spacesg, where

SKolH ; fSKolH ðX,YÞ ;X andY are Banach Spacesg, where

ðSHρ
Þλ ≔ fðSHρ

ÞλðX,YÞ ;X andY are Banach Spacesg,
where

Several operator ideals in the class of Banach or Hilbert
spaces are defined by sequences of real numbers. Lc, for
example, is produced by ðdaðGÞÞa∈ℕ and c0. Pietsch [2]
looked into the quasi-ideals Sappℓt , for 0 < t <∞. He demon-
strated how ℓ2 and ℓ1 yield the ideals of Hilbert Schmidt
operators and nuclear operators between Hilbert spaces,
respectively. In addition, he proved that �F = Sℓt , for 1 ≤ t <
∞, and Sℓt is a simple Banach space. Pietsch [3] explained
that Sℓt , where 0 < t <∞, is small. Makarov and Faried [4]
showed that for any Banach spaces X and Y with dim ðXÞ
= dim ðYÞ =∞, then for every r > t > 0, one has Sappℓt ðX,Y

Þ⊂
≠
Sappℓr ðX,YÞ⊂

≠
LðX,YÞ. The concept of prequasi-ideal was

developed by Faried and Bakery [5], who elaborated on the

concept of quasi-ideal. They investigated some geometric
and topological properties of the spaces ScesðtÞ and SℓM .
According to the spectral decomposition theorem [2], for
A ∈ LcðHÞ, where H is a Hilbert space, one has AðyÞ =∑∞

a=0
αa ≺ y, ra ≻wa, where frag and fwag are orthonormal fami-
lies in H. Suppose ðtaÞa∈ℕ ∈ℝℕ be decreasing and D : ðηaÞ
⟶ ðtaηaÞ be the diagonal operator on ℓp with p ≥ 1. There-
fore, saðDÞ = ta. Shields [6] investigated an indication to the
weighted shift operators as formal power series in unilateral
shifts and formal Laurent series in bilateral shifts. Hedaya-
tian [7] offered the space of formal power series with power
r, H rððbaÞÞ, where ððbaÞÞ is a sequence of positive numbers
with b0 = 1 and r > 0. By the space H pððbaÞÞ, he meant that

the set of all formal power series ∑∞
a=0
cf a za with ∑∞

a=0

SH X,Yð Þ≔ P ∈ L X,Yð Þ: f s ∈H , where f s zð Þ = 〠
∞

n=0
sn Pð Þzn converges for any z ∈ℂ

( )
ð1Þ

SappH X,Yð Þ≔ P ∈ L X,Yð Þ: f app ∈H , where f app zð Þ = 〠
∞

n=0
αn Pð Þzn converges for any z ∈ℂ

( )
ð2Þ

SKolH X,Yð Þ≔ P ∈ L X,Yð Þ: f Kol ∈H , where f Kol zð Þ = 〠
∞

n=0
dn Pð Þzn converges for any z ∈ℂ

( )
ð3Þ

SHρ

� �λ
X,Yð Þ≔ T ∈ L X,Yð Þ: f λ ∈Hρ, where f λ zð Þ = 〠

∞

n=0
λn Tð Þzn converges for any z ∈ℂ and T − λl Tð ÞIk k = 0, for every l ∈ℕ

( )
ð4Þ
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jbaf a∧jp <∞. He studied cyclic vectors for the H forward
shift operator and supercyclic vectors for the backward shift
operator on the space H pððbaÞÞ.

However, Emamirad and Heshmati [8] explored the idea
of functions evident on the Bargmann space by f ðzÞ =∑∞

a=0
caðza/

ffiffiffiffi
a!

p Þ with k f k =∑∞
a=0jcaj2 <∞, where fza/ ffiffiffiffi

a!
p

: a ∈
ℕg is an orthonormal basis. Faried et al. [9] introduced
the upper bounds for s-numbers of infinite series of the
weighted nth power forward shift operator on H rððbaÞÞ,
for 1 ≤ r <∞, with some applications to some entire
functions.

The paper is arranged as follows. In Section 3, we offer
the definition of the space H pð:Þ with definite function ρ.
We introduce the sufficient conditions on H pð:Þ to generate
premodular special space of formal power series. This gives
that H pð:Þ is a prequasinormed space. In Section 4, firstly,
we give the sufficient conditions on H pð:Þ such that the class
SHpð:Þ generates an operator ideal. Secondly, we explain

enough settings (not necessary) on ðH pð:ÞÞρ, so that �F =
SðH pð:ÞÞρ . This shows the nonlinearity of s-type ðH pð:ÞÞρ
spaces which gives an answer of Rhoades [10] open problem.
Thirdly, we investigate the conditions on ðH pð:ÞÞρ such that

the prequasi-ideal SðHpð:ÞÞρ are Banach and closed. Fourthly,

we examine the sufficient conditions on ðH pð:ÞÞρ such that

SðH pð:ÞÞρ is strictly contained for different powers. We show

the smallness of SðH pð:ÞÞρ . Fifthly, we investigate the simple-

ness of SðHpð:ÞÞρ . Sixthly, we present the enough setup on

ðH pð:ÞÞρ such that the class L with its sequence of eigen-

values in ðH pð:ÞÞρ equals SðHpð:ÞÞρ . In Section 5, we estimate

the upper bounds for s-numbers of infinite series of the
weighted nth power forward and backward shift operator
on H pð:Þ with approaches to some entire functions.

2. Definitions and Preliminaries

Definition 1 (see [11]). A function s : LðX,YÞ⟶ ½0,∞Þℕ is
called an s-number, if the sequence ðsbðBÞÞ∞a=0, for all B ∈ L
ðX,YÞ, shows the following settings:

(a) If B ∈ LðX,YÞ, then kBk = s0ðBÞ ≥ s1ðBÞ ≥ s2ðBÞ ≥⋯
≥0

(b) sb+a−1ðB1 + B2Þ ≤ sbðB1Þ + saðB2Þ, for every B1, B2 ∈ L
ðX,YÞ, b, a ∈ℕ

(c) The inequality saðABDÞ ≤ kAksaðBÞkDk holds, if D
∈ LðX0,XÞ, B ∈ LðX,YÞ and A ∈ LðY,Y0Þ, where
X0 and Y0 are arbitrary Banach spaces

(d) Suppose A ∈ LðX0,XÞ and λ ∈ℝ, then saðλAÞ = jλj
saðAÞ

(e) Let rank ðAÞ ≤ b then sbðAÞ = 0, whenever A ∈ Lð
X0,XÞ

(f) Assume Iλ indicates the identity operator on the λ
-dimensional Hilbert space ℓλ2 , then sr≥λðIλÞ = 0 or
sr<λðIλÞ = 1

Consider the following examples of s-numbers:

(i) The bth approximation number, αbðAÞ, where

αb Að Þ = inf A − Bk k: B ∈ L X, Yð Þ and rank Bð Þ ≤ bf g
ð5Þ

(ii) The bth Kolmogorov number, dbðAÞ, where

db Að Þ = inf
dim Y≤b

sup
uk k≤1

inf
v∈Y

Au − vk k: ð6Þ

Remark 2 (see [11]). If B ∈ LcðHÞ, where H be a Hilbert
space, then all the s-numbers equal the eigenvalues of ∣B ∣ ,
where jBj = ffiffiffiffiffiffiffiffiffiffiffi

B ∗ B
p

.

Lemma 3 (see [2]). If B ∈ LðX0,XÞ and B ∉ΛðX0,XÞ, then
D ∈ LðXÞ and M ∈ LðYÞ with MBDeb = eb, for each b ∈ℕ.

Definition 4 (see [2]). A Banach space Y is said to be simple
if LðYÞ has one and only one nontrivial closed ideal.

Theorem 5 (see [2]). If D is a Banach space with dim ðDÞ
=∞, then

F Dð Þ⊂
≠
Λ Dð Þ⊂

≠
Lc Dð Þ⊂

≠
L Dð Þ: ð7Þ

Definition 6. (see [2]). A class U ⊆ L is said to be an operator
ideal if every vector UðX, YÞ =U ∩ LðX, YÞ shows the fol-
lowing settings:

(i) F ⊆U

(ii) UðX,YÞ is linear space on ℝ

(iii) If D ∈ LðX0,XÞ, B ∈UðX,YÞ and A ∈ LðY,Y0Þ
then, ABD ∈UðX0,Y0Þ

Definition 7 (see [5]). A function g : U ⟶ ½0,∞Þ is called a
prequasinorm on the ideal U if it shows the next settings:

(1) For each A ∈ LðX,YÞ, gðAÞ ≥ 0 and gðAÞ = 0⇔ A
= 0

(2) One has M ≥ 1 with gðβAÞ ≤M ∣ β ∣ gðAÞ, for all β
∈ℝ and A ∈UðX,YÞ

(3) One has K ≥ 1 with gðA1 + A2Þ ≤ K½gðA1Þ + gðA2Þ�,
for every A1, A2 ∈UðX,YÞ

(4) There exists C ≥ 1 so that if A ∈ LðX0,XÞ, B ∈UðX,
YÞ and D ∈ LðY,Y0Þ then gðDBAÞ ≤ C∥D∥gðBÞ∥A∥,
where X0 and Y0 are normed spaces
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Theorem 8 (see [5]). Suppose g is a quasinorm on the ideal
U , then g is a prequasinorm on the ideal U .

Theorem 9 (see [12]). Assume s‐typeV υ≔ f f = ðsrðTÞÞ ∈
ℝℕ : T ∈ LðX,YÞand υð f Þ<∞g. If Svυ is an operator ideal,
then we have

(1) F ⊂ s-type V υ

(2) Assume ðsrðT1ÞÞ∞r=0 ∈ s‐typeV v andðsrðT2ÞÞ∞r=0 ∈ s‐
typeV v , thenðsrðT1 + T2ÞÞ∞r=0 ∈ s‐typeV v

(3) Suppose λ ∈ℝ and ðsrðTÞÞ∞r=0 ∈ s‐typeV v , thenjλj
ðsrðTÞÞ∞r=0 ∈ s‐typeV v

(4) The sequence space V v is solid. i.e., when ðsrðGÞÞ∞r=0
∈ s‐typeV v and srðTÞ ≤ srðGÞ, for every r ∈ℕand T ,
G ∈ LðX, YÞ, thenðsrðTÞÞ∞r=0 ∈ s‐typeV v

Lemma 10 (see [13]). If fξigi∈Ψ is a bounded family of ℝ. We
have

sup
card Gð Þ=a+1

inf ξi
i∈G

= inf
card Gð Þ=a

sup ξi
i∉G

: ð8Þ

Lemma 11 (see [14]). If ðraÞ, ðtaÞ ∈ℝℕ and ðqaÞ ∈ ð0,∞Þℕ,
with K =max f1, 2ϖq−1g and ϖq =max f1, supaqag, then

ra + taj jqa ≤ K raj jqa + taj jqað Þ: ð9Þ

Definition 12 (see [1]). The linear space of formal power
series

H = f : f zð Þ = 〠
∞

n=0
f
_

nz
n converges for any z ∈ℂ,

( )
, ð10Þ

is called a special space of formal power series (or in short
(ssfps)), if it shows the following settings:

(1) eðmÞ ∈H , for all m ∈ℕ, where eðmÞðzÞ =∑∞
n=0e

ðm_Þ
n zn

= zm

(2) If g ∈H and j f_nj ≤ jg_nj, for all n ∈ℕ, then f ∈H

(3) Suppose f ∈H , then f ½:� ∈H , where f ½:�ðzÞ =∑∞
b=0

f
_

½b/2�z
b and ½b/2� marks the integral part of b/2

Theorem 13 (see [1]). If H is a (ssfps), then SH is an opera-
tor ideal.

By F, we explain the space of finite formal power series,

i.e, for f ∈F, one has l ∈ℕ with f ðzÞ =∑l
n=0 f

_

nz
n.

Definition 14 (see [1]). A subspaceHρ of the (ssfps) is called
a premodular (ssfps), if there is a function ρ : H ⟶ ½0,∞Þ
verifies the next conditions:

(i) For f ∈H , we have ρð f Þ ≥ 0 and f = θ⇔ ρð f Þ = 0,
where θ is the zero function of H

(ii) Suppose f ∈H and λ ∈ℝ, then there is l ≥ 1 with
ρðλf Þ ≤ jλjlρð f Þ

(iii) Let f , g ∈H , then there is K ≥ 1 such that ρð f + g
Þ ≤ Kðρð f Þ + ρðgÞÞ

(iv) Suppose j f_bj ≤ jg_bj, for every b ∈ℕ, then ρð f Þ ≤ ρ
ðgÞ

(v) There is K0 ≥ 1 so that ρð f Þ ≤ ρð f ½:�Þ ≤ K0ρð f Þ
(vi) �F=Hρ

(vii) one has ξ > 0 with ρðλeð0ÞÞ ≥ ξjλjρðeð0ÞÞ, where λ
∈ℝ

Note that the continuity of ρð f Þ at θ comes from condi-
tion (ii). Condition (1) in Definition 12 and condition (vi) in
Definition 14 investigate that ðeðmÞÞm∈ℕ is a Schauder basis
of Hρ.

The (ssfps) Hρ is called a prequasinormed (ssfps) if ρ
shows the conditions (i)–(iii) of Definition 14, and if the
space H is complete under ρ, then Hρ is called a prequasi-
Banach (ssfps).

Theorem 15 (see [1]). Every premodular (ssfps)Hρ is a pre-
quasinormed (ssfps).

Definition 16 (see [1]). Assume Hρ is a prequasinormed
(ssfps). An operator Vz : Hρ⟶Hρ is called forward

shift, if Vz f = zf , for all f ∈Hρ, where Vz f ðzÞ =∑∞
n=0 f

_

n
zn+1 converges for every z ∈ℂ and ρðVz f Þ <∞.

Definition 17 (see [1]). Suppose Hρ is a prequasinormed
(ssfps). An operator Bz Hρ⟶Hρ is called backward

shift, if Bz f ðzÞ = ð f ðzÞ − f ð0ÞÞ/z, for all f ∈Hρ, where Bz f

ðzÞ =∑∞
n=0 f

_

n+1z
n converges for every z ∈ℂ and ρðBz f Þ <

∞.

Definition 18 (see [9]). By using the power series of an entire
function gðzÞ =∑∞

m=0amz
m, the shift operator VgðzÞ is

defined as

Vg zð Þ f zð Þð Þ = 〠
∞

m=0
amV

m
z

 !
f zð Þð Þ: ð11Þ

Definition 19 (see [9]). By using the power series of an entire
function gðzÞ =∑∞

m=0amz
m, the shift operator BgðzÞ is defined

as

Bg zð Þ f zð Þð Þ = 〠
∞

m=0
amB

m
z

 !
f zð Þð Þ: ð12Þ
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3. Main Results

3.1. The Space of Functions ðH pð:ÞÞρ. We define in this sec-
tion the space ðH pð:ÞÞρ under the function ρ and give

enough conditions on it to create pre-modular (ssfps) which
implies that is a prequasi-Banach (ssfps).

If p = ðpvÞv∈ℕð0,∞Þℕ, we define the new space of
functions:

where

ρ fð Þ = 〠
∞

v=0

1
pv

f
_

v

��� ���pv : ð14Þ

If ðpvÞ ∈ ℓ∞, one has
Theorem 20. Consider ðpvÞ ∈mi↗ ∩ ℓ∞with p0 > 0, one has
ðH pð:Þ

Þ
ρ
is a premodular Banach (ssfps).

Proof (1-i). Let f , g ∈H pð:Þ. Therefore, f ðzÞ =∑∞
v=0 f

_

vz
v and

gðzÞ =∑∞
v=0g

_
vz

v converge for any z ∈ℂ. Then, ð f + gÞðzÞ
=∑∞

v=0ð f
_

v + g_vÞzv converges for any z ∈ ℂ. From ðpvÞ ∈ ℓ∞,
we
have-

∑∞
v=0ð1/pvÞj f

_

v + g_vj
pv
≤ Kð∑∞

v=0ð1/pvÞj f
_

vj
pv
+∑∞

v=0ð1/pvÞ
jg_vj

pvÞ <∞,so f + g ∈H pð:Þ.

(1-ii) Let λ ∈ℝ and f ∈Hpð:Þ. Therefore, f ðzÞ =∑∞
v=0 f

_

v

zv converges for any z ∈ℂ. Then, ðλf ÞðzÞ =∑∞
v=0λ f

_

vz
v con-

verges for any z ∈ℂ. From ðpvÞ ∈ ℓ∞, we

have∑∞
v=0ð1/pvÞjλ f

_

vj
pv
≤ sup

v
jλjpv∑∞

v=0ð1/pvÞj f
_

vj
pv
<∞:

So λf ∈H pð:Þ. Therefore, from conditions (1-i) and (1-

ii), the space H pð:Þ is linear. To prove eðmÞ ∈Hpð:Þ,

for all m ∈ℕ, where eðmÞðzÞ =∑∞
v=0e

ðm_Þ
v zv = zm and∑∞

v=0ð
1/pvÞjeðm

_Þ
v j

pv
= 1/pm

(2) Assume jcf v j ≤ jcgv j, for all v ∈ℕ and g ∈H pð:Þ.
Then,converges for any z ∈ℂ

One has

〠
∞

v=0

1
pv

f∧vj jpv ≤ 〠
∞

v=0

1
pv

g∧vj jpv <∞: ð16Þ

H p :ð Þ
� �

ρ
= f : f zð Þ = 〠

∞

v=0
f
_

vz
v converges for any z ∈ℂ and ρ ζfð Þ<∞,for some ζ > 0

( )
, ð13Þ

H p :ð Þ
� �

ρ
= f : f zð Þ = 〠

∞

v=0
f
_

vz
v converges for any z ∈ℂ and ρ ζfð Þ<∞,for some ζ > 0

( )

= f : f zð Þ = 〠
∞

v=0
f
_

vz
v converges for any z ∈ℂ and 〠

∞

v=0

1
pv

ζ f
_

v

��� ���pv<∞,for some ζ > 0
( )

= f : f zð Þ = 〠
∞

v=0
f
_

vz
v converges for any z ∈ℂ and inf

v
ζj jpv 〠

∞

v=0

1
pv

ζ f
_

v

��� ���pv<∞,for some ζ > 0
( )

= f : f zð Þ = 〠
∞

v=0
f
_

vz
v converges for any z ∈ℂ and 〠

∞

v=0

1
pv

f
_

v

��� ���pv<∞( )

= f : f zð Þ = 〠
∞

v=0
f
_

vz
v converges for any z ∈ℂ and ρ ζfð Þ<∞,for any ζ > 0

( )
:

ð15Þ
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So, f ðzÞ =∑∞
v=0 f̂ vz

v and z ∈ℂ and ρð f Þ <∞. Hence, f
∈H pð⋅Þ

(3) Let f ∈H pð⋅Þ and ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0. Then,
f ðzÞ =∑∞

v=0 f̂ vz
v converges for any z ∈ℂ

and ρð f Þ <∞. One has

ρ f ⋅½ �
� �

= 〠
∞

v=0

1
pv

f v/2½ �∧
��� ���pv = 〠

∞

v=0

1
p2v

f v∧j jp2v

+ 〠
∞

v=0

1
p2v+1

f v∧j jp2v+1 ≤ 2〠
∞

v=0

1
pv

f v∧j jpv = 2ρ fð Þ

ð17Þ

Hence, f ½⋅�ðzÞ =∑∞
v=0
df ½v/2�zv converges for any z ∈ℂ and

ρð f ½⋅�Þ <∞. Then f ½⋅� ∈H pð⋅Þ.

(i) Obviously, if f ∈H pð:Þ, one gets ρð f Þ ≥ 0 and ρð f Þ
= 0⇔ f = θ

(ii) There is l =max f1, sup
v
jηjpv−1g ≥ 1, for all η ∈ℝ \ f

0g and l ≥ 1, for η = 0 so that

ρ ηfð Þ = 〠
∞

v=0

1
pv

ηf v∧j jpv ≤ sup
v

ηj jpv 〠
∞

v=0

1
pv

f v∧j jpv ≤ l ηj jρ fð Þ,

ð18Þ

for all f ∈H pð:Þ

(iii) There is K =max f1, 2
sup
v

pv−1g ≥ 1 so that

ρ ηfð Þ = 〠
∞

v=0

1
pv

ηcf v��� ��� ≤ sup
v

ηj jpv 〠
∞

v=0

1
pv

f v∧j jpv ≤ l ηj jρ fð Þ,

ð19Þ

for every f , g ∈H pð:Þ

(iv) Obviously from the proof part (2).

(v) From the proof part (3), one has K0 = 2 ≥ 1

(vi) Clearly, �F=H pð:Þ

(vii) One has ζ with 0 < ζ ≤ ηp0−1 with ρðηeð0ÞÞ ≥ ζjηjρð
eð0ÞÞ, for each η ≠ 0 and ζ > 0, when η = 0. There-
fore, the space ðH pð:ÞÞρ is a premodular (ssfps).

To show that ðH pð:ÞÞρ is a premodular Banach

(ssfps), we suppose f ðiÞ to be a Cauchy sequence
in ðH pð:ÞÞρ, then for every ε ∈ ð0, 1Þ, there is i0 ∈N

such that for all i, j ≥ i0, one gets

ρ f ið Þ − f jð Þ
� �

= 〠
∞

v=0

1
pv

f ið Þ
v ∧ − f jð Þ

v ∧
��� ���pv < εϖp ð20Þ

For i, j ≥ i0 and v ∈ℕ, we have

cf ið Þ
v −df jð Þ

v

���� ���� < ε: ð21Þ

So, ðdf ðjÞv Þ is a Cauchy sequence in ℝ, for fixed v ∈ℕ,

hence lim j⟶∞
df ðjÞv =df ð0Þv , for fixed v ∈ℕ.

Therefore, ρð f ðiÞ − f ð0ÞÞ < εϖp, for every i ≥ i0. Finally, to
show that f ð0Þ ∈H pð:Þ, we have

ρ f 0ð Þ
� �

= ρ f 0ð Þ − f ið Þ + f ið Þ
� �

≤ K ρ f ið Þ − f 0ð Þ
� �

+ ρ f ið Þ
� �� �

<∞:

ð22Þ

Hence, f ð0Þ ∈H pð:Þ. Then, the space ðH pð:ÞÞρ is a pre-

modular Banach (ssfps).
In view of Theorems 15 and 20, we conclude the follow-

ing theorem.

Theorem 21. If ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then the space
ðHpð:ÞÞρ is a prequasi-Banach (ssfps), where

ρð f Þ =∑∞
v=0ð1/pvÞj f v∧jpv , for all f ∈H pð⋅Þ:

Theorem 22. Suppose ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, one has
ðHpð:ÞÞρ is a prequasiclosed (ssfps), where

ρ fð Þ = 〠
∞

v=0

1
pv

f v∧j jpv , for all f ∈H p ⋅ð Þ: ð23Þ

Proof. According to Theorem 21, the space ðHpð:ÞÞρ is a pre-
quasinormed (ssfps). To explain that ðHpð:ÞÞρ is a prequasi-

closed (ssfps), let f f ðiÞg∞i=0 ∈ ðH pð⋅ÞÞρ and

limi⟶∞ρð f ðiÞ − f ð0ÞÞ = 0, we have for all ε ∈ ð0, 1Þ, there is
i0 ∈ℕ such that for all i ≥ i0, one gets

ε > ρ f ið Þ − f 0ð Þ
� �

= 〠
∞

a=0

1
pa

f ið Þ
a ∧ − f 0ð Þ

a ∧
��� ���pa" #1/ϖp

: ð24Þ

So, for i ≥ i0 and a ∈ℕ, we have jcf ðiÞa −df ð0Þa j < ε.There-

fore, ðcf ðiÞa Þ is a convergent sequence in ℝ, for fixed a ∈ℕ.

Then, limi⟶∞
cf ðiÞa =df ð0Þa for fixed a ∈ℕ. Finally to prove
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that f ð0Þ ∈ ðH pð:ÞÞρ, we have

ρ f 0ð Þ
� �

= ρ f 0ð Þ − f ið Þ + f ið Þ
� �

≤ ρ f ið Þ − f 0ð Þ
� �

+ ρ f ið Þ
� �

<∞,

ð25Þ

this gives f ð0Þ ∈ ðH pð:ÞÞρ which shows that ðH pð:ÞÞρ is a pre-
quasiclosed (ssfps).

4. Properties of Operator Ideal

Throughout this section, some geometric and topological
properties of the prequasi-ideals formed by s-numbers and
ðH pð:ÞÞρ are presented.

4.1. Ideal of Finite Rank Operators. In this part, enough set-
tings (not necessary) on ðH pð:ÞÞρ so that �F = SðHpð:ÞÞρ are

given. This explains the nonlinearity of the s-type ðH pð:ÞÞρ
spaces (Rhoades open problem [10]).

In view of Theorems 13 and 20, we conclude the next
theorem.

Theorem 23. Consider ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then
SHpð:Þ is an operator ideal.

Theorem 24. If ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then �F = SðH pð:ÞÞρ
, where

ρ fð Þ = 〠
∞

v=0

1
pv
cf v��� ���, for every f ∈H p ⋅ð Þ: ð26Þ

Proof. Clearly, FðX,YÞ ⊂ SðHpð:ÞÞρðX,YÞ, since the space

SðH pð:ÞÞρ is an operator ideal. Therefore, we have to show that

SðH pð:ÞÞρðX,YÞ ⊆ FðX,YÞ. By letting T ∈ SðHpð:ÞÞρðX,YÞ, then,
f s ∈ ðHpð:ÞÞρ, with f sðzÞ =∑∞

v=0svðTÞzv converges for any z

∈ℂ. So, ρð f sÞ <∞, fix ε ∈ ð0, 1Þ, we have m ∈ℕ − f0g with
ρð f s −∑m−1

v=0 e
ðvÞÞ < ε/4. As ðsvðTÞÞv∈ℕ is decreasing, we have

〠
2m

v=m+1

1
pv

s2m Tð Þð Þpv ≤ 〠
2m

v=m+1

1
pv

sv Tð Þð Þpv ≤ 〠
∞

v=m

1
pv

sv Tð Þð Þpv < ε

4
:

ð27Þ

Therefore, we have A ∈ F2mðX,YÞ, rank A ≤ 2m and

〠
3m

v=2m+1

1
pv

T − Ak kpv ≤ 〠
2m

v=m+1

1
pv

T − Ak kpv < ε

4
: ð28Þ

As ðpvÞ ∈ ℓ∞, then

〠
m

v=0

1
pv

T − Ak kpv < ε

4
: ð29Þ

Since T − A ∈ SðHpð:ÞÞpðX,YÞ, then hs ∈ ðH pð:ÞÞp, where
hsðzÞ≔∑∞

v=0svðT − AÞzv converges for any z ∈ℂ. Because
ðpvÞ is increasing and from the inequalities (27)–(29), we
get

d T , Að Þ = ρ hsð Þ = 〠
3m−1

v=0

1
pv

sv T − Að Þð Þpv + 〠
∞

v=3m

1
pv

sv T − Að Þð Þpv

≤ 〠
3m

v=0

1
pv

T − Ak kpv + 〠
∞

v=m

1
pv+2m

sv+2m T − Að Þð Þpv+2m

≤ 3〠
m

v=0

1
pv

T − Ak kpv + 〠
∞

v=m

1
pv

sv Tð Þð Þpv < ε:

ð30Þ

Since I2 ∈ SðH ð1/ðn+1ÞÞÞpðX,YÞ but the condition ðpvÞ ∈mi

↗∩ ℓ∞ is not verified which explain a negative example
of the converse statement. This finishes the proof.

We can reformulate Theorem 24 as follows: if ðpvÞ ∈mi
↗∩ ℓ∞ with p0 > 0, then every compact operators can be
approximated by finite rank operators and the converse is
not always true.

4.2. Banach and Closed Prequasi-Ideal. In this part, enough
settings on ðH pð:ÞÞρ so that the prequasioperator ideal SHρ

is Banach and closed are investigated.

Theorem 25. Assume ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then the
function gðPÞ = ρð f sÞ is a prequasinorm on SðHpð:ÞÞρ , where

f sðzÞ =∑∞
v=0svðPÞzv converges for any z ∈ℂ and

ρ f sð Þ = 〠
∞

v=0

1
pv

sv Pð Þpv , for every f s ∈H p ⋅ð Þ: ð31Þ

Proof. One has g verifies the next setups:

(1) Let P ∈ SðHpð⋅ÞÞρðX,YÞ, gðPÞ = ρð f sÞ ≥ 0 and gðPÞ = ρ

ð f sÞ = 0⇔ svðPÞ = 0, for all v ∈N ⇔ P = 0

(2) There is l ≥ 1 with gðλPÞ = ρðλf sÞ ≤ ljλjρð f sÞ = ljλj
gðPÞ, for every P ∈ SðHpð⋅ÞÞρðX,YÞ and λ ∈ℝ

(3) One has KK0 ≥ 1, for P1, P2 ∈ SðHpð⋅ÞÞρðX,YÞ. Then,
f 1sðzÞ =∑∞

v=0svðP1Þzv and f 2sðzÞ =∑∞
v=0svðP2Þzv

converge for any z ∈ℂ. Therefore, for hsðzÞ≕∑∞
v=0

svðP1 + P2Þzv, one has

g P1 + P2ð Þ = ρ hsð Þ ≤ ρ f 1sð Þ :½ � + f 2sð Þ :½ �
� �

≤ K ρ f 1sð Þ :½ �
� ��

+ ρ f 2sð Þ :½ �
� ��

≤ KK0 g P1ð Þ + g P2ð Þð Þ
ð32Þ
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(4) We have C ≥ 1, let A ∈ LðX0,XÞ, B ∈ SðHpð:ÞÞρðX,YÞ
and D ∈ LðY,Y0Þ. Then, f sðzÞ =∑∞

v=0svðBÞzv con-
verges for all z ∈ℂ. Then, for hsðzÞ≕∑∞

v=0svðDBAÞ
zv, one has

g DBAð Þ = ρ hsð Þ ≤ ρ Ak k Dk kf sð Þ ≤ C Ak kg Bð Þ Dk k ð33Þ

Theorem 26. Assume X and Y are Banach spaces, and ðpv
Þ ∈mi↗∩ ℓ∞ with p0 > 0, then ðSðH pð:ÞÞρ , gÞ is a prequasi-

Banach operator ideal, where gðPÞ = ρð f sÞ, f sðzÞ =∑∞
v=0svðP

Þzv converges for any z ∈ℂ and

ρ f sð Þ = 〠
∞

v=0

1
pv

sv Pð Þpv , for every f s ∈H p ⋅ð Þ: ð34Þ

Proof. As ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, one has the function
gðPÞ = ρð f sÞ is a prequasinorm on SðHpð⋅ÞÞρ . Let ðPmÞ be a

Cauchy sequence in SðH pð⋅ÞÞρðX,YÞ. Therefore, f ðmÞ
s ∈

ðH pð⋅ÞÞρ and f ðmÞ
s ðzÞ =∑∞

v=0svðPmÞzv converges for any z ∈
ℂ. Suppose hsðzÞ≕∑∞

v=0svðPi − PjÞzv, then from parts (iv)
and (vii) of Definition 14 and since LðX,YÞ ⊇ SðHpð:ÞÞρðX,Y
Þ, we have

g Pi − Pj

� �
= ρ hsð Þ ≥ ρ s0 Pi − Pj

� �
e 0ð Þ

� �
= ρ Pi − Pj

�� ��e 0ð Þ
� �

≥ ξ Pi − Pj

�� ��ρ e 0ð Þ
� �

,

ð35Þ

then ðPmÞm∈ℕ is a Cauchy sequence in LðX,YÞ. Since the
space LðX,YÞ is a Banach space, there is P ∈ LðX,YÞ with
lim

m⟶∞
kPm − Pk = 0 and as f ðmÞ

s ∈ ðH pð:ÞÞρ, for every m ∈ℕ.

Hence, by using Theorem 25 and the continuity of ρ at θ,
we have

g Pð Þ = g P − Pm + Pmð Þ ≤ KK0 g Pm − Pð Þ + g Pmð Þð Þ

= KK0ρ Pm − Pk k 〠
∞

m=−
e mð Þ

 !
+ KK0ρ f mð Þ

s

� �
< ε,

ð36Þ

so f s ∈ ðH pð:ÞÞρ, which implies P ∈ SðHpð:ÞÞρðX,YÞ.

Theorem 27. Suppose X and Y are Banach spaces, and ðpv
Þ ∈mi↗∩ ℓ∞ with p0 > 0, then ðSðHpð:ÞÞρ , gÞ is a prequasiclosed
operator ideal, where gðPÞ = ρð f sÞ, f sðzÞ =∑∞

v=0svðPÞzv con-

verges for any z ∈ℂ and

ρ f sð Þ = 〠
∞

v=0

1
pv

sv Pð Þpv , for every f s ∈H p ⋅ð Þ: ð37Þ

Proof. As ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, so the function gðPÞ
= ρð f sÞ is a prequasinorm on SðHpð:ÞÞρ . Let Pm ∈ SðHpð:ÞÞρðX,

YÞ, with m ∈ℕ and lim
m⟶∞

gðPm − PÞ = 0. Then, f ðmÞ
s ∈

ðH pð:ÞÞρ and f ðmÞ
s ðzÞ =∑∞

v=0svðPmÞzv converges for any z ∈
ℂ. Suppose hsðzÞ≕∑∞

v=0svðPi − PjÞzv, then from parts (iv)
and (vii) of Definition 14 and since LðX,YÞ ⊇ SðH pð:ÞÞρðX,Y
Þ, one obtains

g P − Pj

� �
= ρ hsð Þ ≥ ρ s0 P − Pj

� �
e 0ð Þ

� �
= ρ P − Pj

�� ��e 0ð Þ
� �

≥ ξ P − Pj

�� ��ρ e 0ð Þ
� �

,

ð38Þ

then ðPmÞm∈ℕ is a convergent sequence in LðX,YÞ. Since the
space LðX,YÞ is a Banach space, then there is P ∈ LðX,YÞ
with limm⟶∞kPm − Pk = 0 and as f ðmÞ

s ∈ ðH pð:ÞÞρ, for every
m ∈ℕ, by using Theorem 25 and the continuity of ρ at θ,
one has

g Pð Þ = g P − Pm + Pmð Þ ≤ KK0 g Pm − Pð Þ + g Pmð Þð Þ

= KK0ρ Pm − Pk k 〠
∞

m=0
e mð Þ

 !
+ KK0ρ f mð Þ

s

� �
< ε,

ð39Þ

hence, f s ∈ ðH pð:ÞÞρ, which gives P ∈ SðHpð:ÞÞρðX,YÞ.

According to Theorem 9, we introduce the following
properties of the s-type ðH pð:ÞÞρ.

Theorem 28. For s-type ðHpð:ÞÞρ ≔ fðsvðTÞÞ ∈ℝℕ : T ∈
SðHpð:ÞÞρðX,YÞg. The next settings are verified.

(1) We have s-type ðH pð:ÞÞρ ⊃F

(2) Suppose ðsrðT1ÞÞ∞r=0 ∈ s‐type ðH pð⋅ÞÞρ and ðsrðT2ÞÞ∞r=0
∈ s‐type ðH pð⋅ÞÞρ, then ðsrðT1 + T2ÞÞ∞r=0 ∈ s‐type
ðH pð:ÞÞρ

(3) One has λ ∈ℝ and ðsrðTÞÞ∞r=0 ∈ s‐type ðH pð⋅ÞÞρ, then
jλjðsrðTÞÞ∞r=0 ∈ s − type ðH pð:ÞÞρ

(4) The s-type ðH pð:ÞÞρ is solid
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4.3. Small Prequasi-Banach Ideal. We introduce here some
inclusion relations concerning the space SðHpð∙ÞÞρ for different

ðpvÞ.

Theorem 29. Let X and Y be Banach spaces with dim ðXÞ
= dim ðYÞ =∞, and ðpvÞ, ðqvÞ ∈mi↗∩ ℓ∞ with p0 > 0 and
pv < qv, for all v ∈ℕ, we have

S Hp ⋅ð Þð Þ
ρ

X,Yð Þ⊂
≠
S H p ⋅ð Þð Þ

ρ

X,Yð Þ⊂
≠
L X,Yð Þ: ð40Þ

Proof. Assume T ∈ SðH pð:ÞÞρðX,YÞ. Therefore, f s ∈ ðH pð⋅ÞÞρ
and f sðzÞ =∑∞

v=0svðTÞzv converges for any z ∈ℂ. Then,

〠
∞

v=0

1
qv

sv Tð Þð Þqv < 〠
∞

v=0

1
pv

sv Tð Þð Þqv <∞, ð41Þ

hence, T ∈ SðH qð:ÞÞρðX,YÞ. Next, by taking T with svðTÞ =
ðpv/ðv + 1ÞÞ1/pv , one has T ∉ SðH pð:ÞÞρðX,YÞ and T ∈ S
ðH qð:ÞÞρðX,YÞ. Clearly, SðHqð:ÞÞρðX,YÞ ⊂ LðX,YÞ. Again, by
choosing svðTÞ = ðqv/ðv + 1ÞÞ1/qv , one has T ∉ SðH qð:ÞÞρðX,
YÞ and T ∈ LðX,YÞ. This finishes the proof.

In this part, we examine the sufficient setting for which
SappðH pð⋅ÞÞρ

is small.

Theorem 30. Let X and Y be Banach spaces with dim ðXÞ
= dim ðYÞ =∞. Assume ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then
SappðH pð⋅ÞÞρ

is small.

Proof. Obviously, the space ðSappðH pð⋅ÞÞρ
, gÞ generates a prequasi-

Banach operator ideal, with gðTÞ =∑∞
v=0ð1/pvÞðαvðTÞÞpv . Let

SappðH pð⋅ÞÞρ
ðX,YÞ = LðX,YÞ. Hence, there is C > 0 with gðTÞ

≤ CkTk, for all T ∈ LðX,YÞ. According to Dvoretzky’s the-
orem [15] with r ∈ℕ, there are quotient spaces X/λr and
subspaces ηr of Y that operated onto ℓr2 by isomorphisms
Dr and Br with kDrkkD−1

r k ≤ 2 and kBrkkB−1
r k ≤ 2. Suppose

Ir be the identity operator on ℓr2, ζr be the quotient operator
from X onto X/λr and Jr be the natural embedding operator
from ηr into Y. Let ha be the Bernstein numbers [16], we
have

1 = ha Irð Þ = ha BrB
−1
r IrDrD

−1
r

� �
≤ Brk kha B−1

r IrDr

� �
D−1

r

�� ��
= Brk kha JrB

−1
r IrDr

� �
D−1

r

�� �� ≤ Brk kda JrB
−1
r IrDr

� �
D−1
r

�� ��
= Brk kda JrB

−1
r IrDrζr

� �
D−1

r

�� �� ≤ Brk kαa JrB
−1
r IrDrζr

� �
D−1
r

�� ��,
ð42Þ

for 0 ≤ j ≤ r. Then for l ≥ 1, one has

1
pj
≤ Brk k D−1

r

�� ��� �pj 1
pj

αj JrB
−1
r IrDrζr

� �� �pj ⇒ 1
pj

≤ l Brk k 1
pj

αj JrB
−1
r IrDrζr

� �� �pj D−1
r

�� ��⇒ 〠
r

j=0

1
pj

≤ l Brk k D−1
r

�� ��〠r
j=0

1
pj

αj JrB
−1
r IrDrζr

� �� �pj ⇒ 〠
r

j=0

1
pj

≤ lC Brk k D−1
r

�� ��g JrB
−1
r IrDrζr

� �
⇒ 〠

r

j=0

1
pj

≤ lC Brk k D−1
r

�� �� JrB
−1
r IrDrζr

�� ��⇒ 〠
r

j=0

1
pj

≤ lC Brk k D−1
r

�� �� JrB
−1
r

�� �� Irk k Drζrk k

= lC Brk k D−1
r

�� �� B−1
r

�� �� Irk k Drk k⇒ 〠
r

j=0

1
pj

≤ 4lC:

ð43Þ

As r⟶∞, we get ∑∞
j=01/pj <∞. Since ∑∞

j=0a/pj ≥ 1/
sup pj∑

∞
j=01 =∞. Hence, the space SappðHpð⋅ÞÞρ

is small.

By the same manner, we can easily conclude the next
theorem.

Theorem 31. Assume X and Y be Banach spaces with dim
ðXÞ = dim ðYÞ =∞. Suppose ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0,
then SKolðHpð⋅ÞÞρ

is small.

4.4. Simple Prequasi-Ideal. In this part, we offer enough set-
tings on ðH pð⋅ÞÞρ so that the space SðH pð⋅ÞÞρ is simple.

Theorem 32. Let ðpvÞ, ðqvÞ ∈mi↗∩ ℓ∞ with 1 ≤ pv < qv, for
every v ∈ℕ, then

L S Hq ⋅ð Þð Þ
ρ

, S Hp ⋅ð Þð Þ
ρ

	 

=Λ S Hq ⋅ð Þð Þ

ρ

, S H p ⋅ð Þð Þ
ρ

	 

: ð44Þ

Proof. Consider T ∈ LðSðHqð⋅ÞÞρ , SðHpð⋅ÞÞρÞ and T ∉ΛðSðHqð⋅ÞÞρ ,
SðHpð⋅ÞÞρÞ. According to Lemma 3, one has G ∈ LðSðH qð⋅ÞÞρÞ
and B ∈ LðSðHpð⋅ÞÞρÞ with BTGIm = Im. For every m ∈ℕ, one

obtains

Imk kS
Hp ⋅ð Þð Þ

ρ

= 〠
∞

v=0

1
pv

sv Imð Þð Þpv
 !1/sup pv

= 〠
m−1

v=0

1
pv

 !1/sup pv

≤ BTGk k Imk kS
Hq ⋅ð Þð Þ

ρ

≤ 〠
∞

v=0

1
qv

sv Imð Þð Þqv
 !1/sup qv

= 〠
m−1

v=0

1
qv

 !1/sup qv

:

ð45Þ

This defies Theorem 29.
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Corollary 33. Let ðpvÞ, ðqvÞ ∈mi↗∩ ℓ∞ with 1 ≤ pv < qv, for
each v ∈ℕ, then

L S Hq ⋅ð Þð Þ
ρ

, S H p ⋅ð Þð Þ
ρ

	 

= LC S Hq ⋅ð Þð Þ

ρ

, S Hp ⋅ð Þð Þ
ρ

	 

: ð46Þ

Proof. Clearly, as Λ ⊆ Lc.

Theorem 34. Assume ðpvÞ ∈mi↗∩ ℓ∞ with p0 ≥ 1, then
SðH pð:ÞÞρ is simple.

Proof. Suppose T ∈ LCðSðH pð⋅ÞÞρÞ and T ∉ΛðSðHpð⋅ÞÞρÞ. In view

of Lemma 3, we have G, B ∈ LðSðH pð⋅ÞÞρÞ so as to BTGIk = Ik.

One gets ISðHpð⋅ÞÞρ
∈ LCðSðHpð⋅ÞÞρÞ. Therefore, LðSðHpð⋅ÞÞρÞ = LCð

SðH pð⋅ÞÞρÞ. This implies one and only one nontrivial closed

ideal ΛðSðHpð⋅ÞÞρÞ in LðSðHpð⋅ÞÞρÞ.

4.5. Spectrum of Prequasi-Ideal. In this part, we introduce
enough settings on ðH pð⋅ÞÞρ so that the class L with sequence

of eigenvalues in ðH pð⋅ÞÞρ equals SðHpð⋅ÞÞρ .

Theorem 35. If X and Y are Banach spaces with dim ðXÞ
= dim ðYÞ =∞. Suppose ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, we
have

S Hp ⋅ð Þð Þ
ρ

	 
λ

X,Yð Þ = S Hp ⋅ð Þð Þ
ρ

X,Yð Þ: ð47Þ

Proof. Let T ∈ ðSðH pð⋅ÞÞρÞ
λðX,YÞ, then f λ ∈ ððH pð⋅ÞÞρÞ, where

f λðzÞ =∑∞
v=0λvðTÞzv converges for all z ∈ℂ with ρð f λÞ =

∑∞
v=0ð1/pvÞjλvðTÞjpv <∞, and kT − λvðTÞIk = 0 for all v ∈

ℕ. We have T = λvðTÞI, with v ∈ℕ, hence svðTÞ = svðλvðT
ÞIÞ = jλvðTÞj, with v ∈ℕ. As a result, f s ∈ ðHpð:ÞÞρ, then T

∈ SðHpð:ÞÞρðX,YÞ. Secondly, assume T ∈ SðHpð:ÞÞρðX,YÞ.
Hence, f s ∈ ðHpð:ÞÞρ, where f sðzÞ =∑∞

v=0svðTÞzv converges

for all z ∈ℂ with ρð f sÞ =∑∞
v=0ð1/pvÞjsvðTÞjpv <∞. One has

〠
∞

v=0

1
pv

sv Tð Þj jpv ≥ 1
supvpv

〠
∞

v=0
sv Tð Þ½ �pv : ð48Þ

Therefore, lim
v⟶∞

svðTÞ = 0. Let kT − svðTÞIk−1 exists, for

all v ∈ℕ. Hence, kT − svðTÞIk−1 exists and bounded, for all
v ∈ℕ. Therefore, lim

v⟶∞
kT − svðTÞIk−1 = kTk−1 exists and

bounded. By using the prequasioperator ideal of ðSðHpð⋅ÞÞρ , g
Þ, one has

I = TT−1 ∈ S Hp ⋅ð Þð Þ
ρ

X,Yð Þ⇒ sv Ið Þð Þ∞v=0 ∈ H p ⋅ð Þ
� �

ρ
⇒ lim

v⟶∞
sv Ið Þ = 0:

ð49Þ

Since lim
v⟶∞

svðIÞ = 1. Hence, kT − svðTÞIk = 0, for all v

∈ℕ. This gives T ∈ ðSðHpð⋅ÞÞρÞ
λðX,YÞ.

This shows the proof.

5. Weighted Shift Operators on ðH pð⋅ÞÞρ
In this section, we present the upper bounds of s-numbers
for infinite series of the weighted nth power forward and
backward shift operator on H pð:Þ with applications to some
entire functions.

Theorem 36. Assume ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then Vz

∈ LððH pð:ÞÞρÞ with

Vzk k = sup
r

pr
pr+1

	 
1/ϖp

, ð50Þ

where ρð f Þ = ½∑∞
r=0ð1/prÞj f r∧jpr �1/ϖp , for all f ∈ ðH pð:ÞÞρ.

Proof. Suppose the setups are verified. For f ∈ ðHpð:ÞÞρ. Since
ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then ρðVz f Þ = ρðzf Þ =
½∑∞

r=0ð1/pr+1Þj f r∧jpr+1 �1/ϖp ≤ ½∑∞
r=0ð1/pr+1Þj f r∧jpr+1 �1/ϖp ≤ sup

r

ðpr/pr+1Þ1/ϖp ½∑∞
r=0ð1/prÞj f r∧jpr+1 �1/ϖp = sup

r
ðpr/pr+1Þ1/ϖpρð f Þ:

Therefore, Vz ∈ LððH pð⋅ÞÞpÞ with kVzk ≤ supr
ðpr/pr+1Þ1/ϖp . Since Vz ∈ LððH pð:ÞÞρÞ. Then, there is A > 0
with ρðVz f Þ ≤ Aρð f Þ, for all f ∈ ðH pð:ÞÞρ. Hence, ρðVze

ðrÞÞ
≤ AρðeðrÞÞ, one gets suprðpr/pr+1Þ1/ϖp ≤ kVzk.

This completes the proof.

Theorem 37. Consider ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then Bz

∈ LððH pð:ÞÞρÞ with

Bzk k = sup
r

pr+1
pr

	 
1/ϖp

, ð51Þ

where ρð f Þ = ½∑∞
r=0ð1/prÞj f r∧jpr �1/ϖp , for every f ∈ ðH pð:ÞÞρ.

Proof. Let the given settings hold for every f ∈ ðH pð:ÞÞρ.
Since ðpvÞ ∈mi↗∩ ℓ∞ with p0 > 0, then

ρ Bz fð Þ = 〠
∞

r=0

1
pr

f r+1∧j jpr
" #1/ϖp

≤ sup
r

pr+1
pr

	 
1/ϖp

〠
∞

r=0

1
pr+1

f r+1∧j jpr
" #1/ϖp

≤ sup
r

pr+1
pr

	 
1/ϖp

〠
∞

r=0

1
pr

f r∧j jpr
" #1/ϖp

= sup
r

pr+1
pr

	 
1/ϖp

ρ fð Þ:

ð52Þ
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Therefore, Bz ∈ LððH pð⋅ÞÞρÞ with kBzk ≤ suprðpr+1/prÞ1/ϖp

. Since Bz ∈ LððH pð:ÞÞρÞ. Then, there is A > 0 with ρðBz f Þ ≤
Aρð f Þ, for all f ∈ ðH pð:ÞÞρ. Hence, ρðBze

ðr+1ÞÞ ≤ Aρðeðr+1ÞÞ,
then suprðpr+1/prÞ1/ϖp ≤ kBzk. This completes the proof.

Theorem 38. Let ðpvÞ ∈mi↗∩ ℓ∞ with p0 ≥ 1. Suppose
lim sup
v⟶∞

ð1/ ffiffiffiffiffi
pvv

p Þ = 1, then every function in ðH pð:ÞÞρ is ana-

lytic on the open unit disc D. Moreover, the convergence in
ðH pð⋅ÞÞρ implies the uniform convergence on compact subsets

of D, where ρð f Þ = ½∑∞
r=0ð1/prÞj f r∧jpr �1/ϖp , for any f ∈

ðH pð⋅ÞÞρ.

Proof. Suppose lim sup
v⟶∞

ð1/ ffiffiffiffiffi
pvv

p Þ = 1, and f ∈ ðH pð⋅ÞÞρ.There-
fore, f ðzÞ =∑∞

v=0
cf v zv converges for every z ∈ℂ and ρð f Þ =

½∑∞
v=0ð1/pvÞj f v∧jpv �1/ϖp <∞. Hence, lim sup

v⟶∞ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1/pvÞj f v∧jpv < 1v

q
. We have

lim sup
v⟶∞

ffiffiffiffiffiffiffiffiffiffiffiffiffi
f v∧j jpvv

q
<

1
lim sup 1/ ffiffiffiffiffi

pv
v
pð Þ

v⟶∞

= 1: ð53Þ

Since ðpvÞ ∈mi↗∩ ℓ∞ with p0 ≥ 1, we obtain lim sup
v⟶∞ffiffiffiffiffiffiffiffi

jcf v jv

q
jzj < jzj < j1j, for all z ∈D. Hence, f ðzÞ =∑∞

v=0
cf v zv

converges for every complex value of z ∈D. Assume A is a
compact subset of D and f kðzÞ ∈ A, for all k ∈ℕ. Let f k con-
verges to f ∈ ðH pð∙ÞÞρ, we have

f k zð Þ − f zð Þ
��� ��� = 〠

∞

v=0

cf kv −cf v	 

zv

�����
����� ≤ 〠

∞

v=0

cf kv −cf v���� ���� zvj j

≤ 〠
∞

v=0

1
pv

f kv∧ − f v∧
��� ���pv" #1/ϖp

〠
∞

v=0
pqvv zj jvqv

" #1/ϖp

= 〠
∞

v=0
pqvv zj jvqv

" #1/ϖp

ρ f k − f
� �

,

ð54Þ

where ðqvÞ ∈mi↗Tℓ∞ with q0 ≥ 1 and ð1/pvÞ + ð1/qvÞ = 1,
for all v ∈ℕ. Clearly, lim sup

v⟶∞
pqv/vv jzjqv < 1, then

½∑∞
v=0p

qv
v jzjvqv �1/ϖp <∞. So limk⟶∞ f kðzÞ = f ðzÞ ∈ A.

Theorem 39. Assume Vz is the forward shift operator on

ðH pð⋅ÞÞρ, with ρð f Þ = ½∑∞
r=0ð1/prÞj f r∧jpr �1/ϖp , for all f ∈

ðH pð:ÞÞρ. Then,

sup
cardξ=r+1

inf
k∈ξ

pk
pk+n

	 
1/ϖp 1
An

≤ sr V
n
zð Þ ≤ sup

card ξ=r+1
inf
k∈ξ

pk
pk+n

	 
1/ϖp

,

ð55Þ

where An = ½∑∞
k=0ð1/pkÞj f k∧jpk �1/ϖp /½∑∞

k=ξð1/pkÞj f k∧jpk+n �1/ϖp :.

Proof. Let card ξ = r + 1 and as Vn
z f ∈ ðH pð:ÞÞρ, for all f ∈

ðH pð:ÞÞρ, where f ðzÞ =∑∞
k=0
cf k zk converges for every z ∈ℂ

and ρð f Þ = ½∑∞
k=0ð1/pkÞj f kj

pk �1/ϖp <∞. Hence, Vn
z f ðzÞ =

∑∞
k=0
cf k zk+n and ρðVn

z f Þ = ½∑∞
k=0ða/pk+nÞj f k∧jpk+n �1/ϖp <∞

.Assume Pξ is and operator on ðH pð⋅ÞÞρ with rank Pξ = r +
1 defined by

pξg
� �

zð Þ = Pξ 〠
∞

k=0

cf k zk+n
 !

= 〠
i

k∈ξ

cf k zk+n: ð56Þ

Since ρðPξgÞ = ½∑k∈ξð1/pk+nÞj f k∧jpk+n �1/ϖp ≤
½∑∞

k=0ð1/pk+nÞj f k∧jpk+n �1/ϖp = ρðgÞ. This implies kPξk ≤ 1.
Define an operator Snz by ðSnzhÞðzÞ = Snz ð∑k∈ξ

cf k zk+nÞ =
∑∞

k=0
cf k zk, then

ρ Snz hð Þ = 〠
∞

k=0

1
pk

f k∧j jpk
" #1/ϖp

≤Un 〠
k∈ξ

1
pk+n

f k∧j jpk+n
" #1/ϖp

=Unρ hð Þ:

ð57Þ

Hence, kSnzk ≤Un, where

1 ≤Un =
∑∞

k=0 1/pkð Þ f k∧j jpk� �1/ϖp

∑k∈ξ 1/pk+n f k∧j jpk+n��� �1/ϖp
<∞: ð58Þ

Therefore, the identity map will be Ir+1 = PξV
n
zS

n
z ,

according to the definition of s-numbers, we have

sr Ir+1ð Þ = 1 ≤ Pξ

�� ��sr Vn
zð Þ snzk k ≤ sr Vn

zð Þ snzk k⇒

sr Vn
zð Þ ≥ 1

Snzk k ≤
1
Un

=
∑k∈ξ 1/pk+n f k∧j jpk+n��� �1/ϖp

∑∞
k=0 1/pkð Þ f k∧j jpk� �1/ϖp

≥ inf
k∈ξ

pk
pk+n

	 
1/ϖp 1
An

:

ð59Þ

This inequality is satisfied for all card, ξ = r + 1 and one
has

sr Vn
zð Þ ≥ sup

card ξ=r+1
inf
k∈ξ

pk
pk+n

	 
1/ϖp 1
An

: ð60Þ

On the other hand, let ξ be a subset of ℕ with card ξ = r.

Define the finite rank map Rn
z by ðRz

nvÞðzÞ = Rn
z ð∑∞

k=0 f
_

kz
kÞ

=∑k∈ξ f
_

kz
k+n. In view of the definition of approximation
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numbers, we have

sr V
n
zð Þ ≤ αr V

n
zð Þ ≤ Vn

z − Rn
zk k ≤ sup

f zð Þj j≠0

Vn
z − Rn

zð Þf zð Þj j
f zð Þj j

= sup
f zð Þj j≠0

∑k∉ξ f
_

kz
k+n

��� ���
f zð Þj j ≤ sup

f zð Þj j≠0

∑k∉ξ 1/pk+nð Þ f
_

k

��� ���pk+n �1/ϖp

f zð Þj j

≤ sup
k∉ξ

pk
pk+n

	 
1/ϖp

:

ð61Þ

This inequality is verified for every card ξ = r and by
using Lemma 10, one has

sup
card ξ=r+1

inf
k∈ξ

pk
pk+n

	 
1/ϖp 1
An

≤ sr V
n
zð Þ ≤ inf

card ξ=r
sup
k∉ξ

pk
pk+n

	 
1/ϖp

= sup
card ξ=r+1

inf
k∈ξ

pk
pk+n

	 
1/ϖp

:

ð62Þ

This completes the proof.

Theorem 40. If Bz is the backward shift operator on ðH pð:ÞÞρ,

with ρð f Þ = ½∑∞
r=0ð1/prÞj f

_

rj
pr �

1/ϖp

, for all f ∈ ðH pð:ÞÞρ Then,

sup
card ξ=r+1

inf
k∈ξ

pk+n
pk

	 
1/ϖp 1
Gn

≤ sr Bn
zð Þ ≤ sup

card ξ=r+1
inf
k∈ξ

pk+n
pk

	 
1/ϖp

,

ð63Þ

where Gn = ½∑∞
k=0ð1/pkÞj f k∧jpk �1/ϖp /½∑k∈ξj1/pk+nj f k∧jpk+n �1/ϖp .

Proof. Assume card ξ = r + 1 and since Bn
z f ∈ ðH pð:ÞÞρ, for

every f ∈ ðHpð:ÞÞρ, where f ðzÞ =∑∞
k=0 f

_

kz
k converges for

any z ∈ℂ and ρð f Þ = ½∑∞
k=0ð1/pkÞj f k∧jpk �1/ϖp <∞. Therefore,

Bn
z f ðzÞ∑∞

k=0 f
_

k+nz
k and ρðBn

z f Þ = ½∑∞
k=0ð1/pkÞj f k∧jpk �1/ϖp <∞

.Suppose Pξ is an operator on ðH pð:ÞÞρ with rank Pξ = r + 1
evident by

pξg
� �

zð Þ = Pξ 〠
∞

k=0
f
_

k+nz
k

 !
= 〠

∞

k∈ξ
f
_

k+nz
k: ð64Þ

As ρðPξgÞ = ½∑k∈ξð1/pkÞj f
_

k+nj
pk �

1/ϖp

≤
½∑∞

k=0ð1/pkÞj f k+n∧jpk �1/ϖp = pðgÞ. This implies kpξk ≤ 1.

Define an operator Snz by ðSnzhÞðzÞ = Snz ð∑k∈ξ f
_

k+nz
kÞ =∑∞

k=0

f
_

kz
k, one gets

ρ Snz hð Þ = 〠
∞

k=0

1
pk

f
_

k

��� ���pk" #1/ϖp

≤Un 〠
k∈ξ

f
_

k+n

��� ���pk" #1/ϖp

=Unρ hð Þ:

ð65Þ

Therefore, ∥Snz ∥≤Un, where 1 ≤Un =

½∑∞
k=0ð1/pkÞj f

_

kj
pk �

1/ϖp

/½∑k∈ξjð1/pkÞj f
_

k+nj
pk �

1/ϖp

<∞. Hence,
the identity operator will be Ir+1 = PξB

n
z S

n
z , in view of the def-

inition of s-numbers, one has

sr Ir+1ð Þ = 1 ≤ Pξ

�� ��sr Bn
zð Þ Snzk k ≤ sr B

n
zð Þ Snzk k⇒

sr Bn
zð Þ ≥ 1

Snzk k ≥
1
Un

=
∑k∈ξ 1/pkð Þj f

_

k+n

��� ���pk �1/ϖp

∑∞
k=0 1/pkð Þ f

_

k

��� ���pk �1/ϖp
≥ inf

k∈ξ

pk+n
pk

	 
1/ϖp 1
Gn

:

ð66Þ

This inequality is confirmed for all card ξ = r + 1, and we
have

sr B
n
zð Þ ≥ sup

card ξ=r+1
inf
k∈ξ

pk+n
pk

	 
1/ϖp 1
Gn

: ð67Þ

On the other hand, suppose ξ is a subset of ℕ with card

ξ = r. Define the finite rank operator Rn
z by ðRn

z vÞðzÞ = Rn
z ð

∑∞
k=0 f

_

kz
kÞ =∑k∈ξ f

_

k+nz
k. From the definition of approxima-

tion numbers, one gets

sr B
n
zð Þ ≤ αr Bn

zð Þ ≤ Bn
z − Rn

zk k ≤ sup
f zð Þj j≠0

Bn
z − Rn

zð Þf zð Þj j
f zð Þj j

= sup
f zð Þj j≠0

∑k∉ξ f
_

k+nz
k

��� ���
f zð Þj j ≤ sup

f zð Þj j≠0

∑k∉ξ1/pk f
_

k+n

��� ���pk �
f zð Þj j

1/ϖp

≤ sup
k∉ξ

pk+n
pk

	 
1/ϖp

:

ð68Þ

This inequality is satisfied for any card ξ = r and from
Lemma 10, we have

sup
card ξ=r+1

inf
k∈ξ

pk+n
pk

	 
1/ϖp 1
Gn

≤ sr Bn
zð Þ ≤ inf

card ξ=r
sup
k∈ξ

pk+n
pk

	 
1/ϖp

= sup
card ξ=r+1

inf
k∈ξ

pk+n
pk

	 
1/ϖp

:

ð69Þ

This finishes the proof.
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Next, the upper and lower bounds of norm ∑∞
m=0cmV

m
z

on the space ðHpð:ÞÞρ have been explained.

Theorem 41. The effect of ∑∞
m=0cmV

m
z on the space ðH pð:ÞÞp,

where ρð f Þ = ½∑∞
r=01/prj f

_

rj
pr �

1/ϖp

, for all f ∈ ðH pð:ÞÞρ,
ðcmÞ∞m=0 ∈ ℓ

ðpmÞ/ϖp , and ðpvÞ ∈mi↗∩ ℓ∞ with p0 ≥ 1,we have

sup
k

〠
∞

m=0
cmj jpm+k

pk
pk+m

" #1/ϖp

≤ 〠
∞

m0

cmV
m
z

�����
�����

≤ sup
m,k

pk
pk+m

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð70Þ

Proof. Assume f ∈ ðH pð:ÞÞρ, we have∑
∞
m=0cmV

m
z f ðzÞ =∑∞

k=0

∑∞
m=0cm f

_

kz
k+m. Then,

〠
∞

m=0
cmV

m
z

�����
����� ≥ ρ ∑∞

m=0cmV
m
z e

kð Þ� �
ρ e kð Þ� � =

∑∞
m=0 1/pm+kð Þ cmj jpm+k

1/pk

 �1/ϖp

≥ sup
k

〠
∞

m=0
cmj jpm+k

pk
pk+m

" #1/ϖp

:

ð71Þ

Since ρ satisfies the triangle inequality, we get

〠
∞

m=0
cmV

m
z

�����
����� = sup

p fð Þ≠0

ρ ∑∞
m=0cmV

m
z fð Þ

ρ fð Þ

≤ sup
p fð Þ≠0

∑∞
m=0 ∑∞

k=0 1/pm+kð Þ cmj j f
_

k

��� ���� �pm+k
 �1/ϖp

∑∞
k=0 1/pkð Þ f

_

k

��� ���pk �1/ϖp

≤ sup
m,k

pk
pk+m

	 
1/ϖp
∑∞

m=0 ∑∞
k=0 1/pkð Þ cmj j f

_

k

��� ���� �pm+k
 �1/ϖp

∑∞
k=0 1/pkð Þ 1/pkð Þ f

_

k

��� ���pk �1/ϖp

≤ sup
m,k

pk
pk+m

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð72Þ

Next the upper and lower bounds of norm ∑∞
m=0cmB

m
z

on the space ðH pð:ÞÞρ have been investigated.

Theorem 42. The effect of ∑∞
m=0cmB

m
z on the space ðH pð:ÞÞρ,

where ρð f Þ = ½∑∞
r=01/prj f

_

rj
pr �

1/ϖp

, for all f ∈ ðH pð:ÞÞρ, ðcmÞ
∞
m=0

∈ ℓðpmÞ/ϖp , and ðpvÞ ∈mi↗∩ ℓ∞ with p0 ≥ 1, we have

sup
k

〠
∞

m=0
cmj jpk pk+m

pk

" #1/ϖp

≤ 〠
∞

m=0
cmB

m
z

�����
����� ≤ sup

m,k

pk+m
pk

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð73Þ

Proof. Suppose f ∈ ðH pð:ÞÞρ, one has∑
∞
m=0cmB

m
z f ðzÞ =∑∞

k=0

∑∞
m=0cm f

_

k+mz
k. We have

〠
∞

m=0
cmB

m
z

�����
����� ≥ ρ ∑∞

m=0cmB
m
z e

kð Þ� �
ρ e kð Þ� � =

∑∞
m=0 1/pk−mð Þ cmj jpk−m

1/pk

 �1/ϖp

≥ sup
k

〠
∞

m=0
cmj jpk pk+m

pk

" #1/ϖp

:

ð74Þ

As ρ verifies the triangle inequality, one can see

〠
∞

m=0
cmB

m
z

�����
����� = sup

p fð Þ≠0

ρ ∑∞
m=0cmB

m
z fð Þ

ρ fð Þ

≤ sup
p fð Þ≠0

∑∞
m=0 ∑∞

k=0 1/pkð Þ cmj j f
_

k+m

��� ���� �pk �1/ϖp

∑∞
k=0 1/pkð Þ f

_

k

��� ���pk �1/ϖp

≤ sup
m,k

pk+m
pk

	 
1/ϖp
∑∞

m=0 ∑∞
k=0 1/pk+mð Þ cmj j f

_

k+m

��� ���� �pk �1/ϖp

∑∞
k=0 1/pkð Þ f

_

k

��� ���pk �1/ϖp

≤ sup
m,k

pk+m
pk

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð75Þ

The following theorem indicates an upper estimation to
the s-numbers of ∑∞

m=0cmV
m
z on the space ðHpð:ÞÞρ.

Theorem 43. The effect of ∑∞
m=0cmV

m
z on the space ðHpð:ÞÞρ,

where pð f Þ = ½∑∞
r=01/prj f

_

rj
pr �

1/ϖp

, for all f ∈ ðHpð:ÞÞρ, the s

-numbers of this operator are presented by

sr 〠
∞

m=0
cmV

m
z

 !
≤ sup

card ξ=r+1
inf
k∈ξ

sup
m

pk
pk+m

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp ,

ð76Þ

for all ðcmÞ∞m=0 ∈ ℓ
ðpmÞ/ϖpandðpvÞ ∈mi↗ ∩ ℓ∞with p0 ≥ 1.

Proof. Let ξ be a subset ofℕ and card ξ = r. By using the def-

inition of s-numbers. Define the finite rank operator R by R

f ðzÞ = Rð∑∞
k=0 f

_

kz
kÞ =∑k∈ξ∑

k
m=0cm f

_

k−mz
k. In view of the

definition of approximation numbers and since ρ satisfies
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the triangle inequality, we have

sr 〠
∞

m=0
cmV

m
z

 !
≤ αr 〠

∞

m=0
cmV

m
z

 !
≤ 〠

∞

m=0
cmV

m
z − R

�����
�����

≤ sup
ρ fð Þ≠0

ρ ∑∞
m=0cmV

m
z f − Rfð Þ

ρ fð Þ

≤ sup
ρ fð Þ≠0

∑∞
m=0 ∑k∉ξ 1/pm+kð Þ cmj j f

_

k

��� ���� �pk+m �1/ϖp

ρ fð Þ

≤ sup
k∉ξ,m

pk
pk+m

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð77Þ

This inequality is verified for every card ξ = r, and one
has

sr 〠
∞

m=0
cmV

m
z

 !
≤ inf

card ξ=r
sup
k∉ξ,m

pk
pk+m

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp

= sup
card ξ=r+1

inf
k∉ξ

sup
m

pk
pk+m

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð78Þ

This implies the proof.

The next theorem investigates an upper estimation to the
s-numbers of ∑∞

m=0cmB
m
z on the space ðH pð:ÞÞρ.

Theorem 44. Acting ∑∞
m=0cmB

m
z on the space ðH pð:Þ

Þ
ρ
, where

ρð f Þ = ½∑∞
r=0ð1/prÞj f

_

rj
pr �

1/ϖp

, for every f ∈ ðH pð:ÞÞρ, the s

-numbers of this operator satisfy

sr 〠
∞

m=0
cmB

m
z

 !
≤ sup

card ξ=r+1
inf
k∈ξ

sup
m

pk+m
pk

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp ,

ð79Þ

for all ðcmÞ∞m=0 ∈ ℓ
ðpmÞ/ϖp and ðpvÞ ∈mi↗∩ ℓ∞ with p0 ≥ 1.

Proof. Assume ξ is a subset of ℕ and card ξ = r: From the

definition of s-numbers. Define the finite rank operator R b

y Rf ðzÞ = Rð∑∞
k=0 f

_

kz
kÞ =∑k∈ξ∑

k
m=0cm f

_

k−mz
k. From the defi-

nition of approximation numbers and as ρ verifies the trian-

gle inequality, one has

sr 〠
∞

m=0
cmB

m
z

 !
≤ αr 〠

∞

m=0
cmB

m
z

 !
≤ 〠

∞

m=0
cmB

m
z − R

�����
�����

≤ sup
ρ fð Þ≠0

ρ ∑∞
m=0cmB

m
z f − Rfð Þ

ρ fð Þ

≤ sup
ρ fð Þ≠0

∑∞
m=0 ∑k∉ξ 1/pkð Þ cmj j f

_

k+m

��� ���� �pk �1/ϖp

ρ fð Þ

≤ sup
k∉ξ,m

pk+m
pk

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð80Þ

This inequality is satisfied for all card ξ = r, and we have

sr 〠
∞

m=0
cmB

m
z

 !
≤ inf

card ξ=r
sup
k∉ξ,m

pk+m
pk

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp

= sup
card ξ=r+1

inf
k∉ξ

sup
m

pk+m
pk

	 
1/ϖp

〠
∞

m=0
cmj jpm/ϖp :

ð81Þ

This completes the proof.

The following theorems are direct consequences of The-
orem 43 and Definition 18, for some entire functions, for
example, the exponential and the sine functions.

Theorem 45. Let ðpvÞ ∈mi↗ ∩ ℓ∞with p0 ≥ 1. Assume Bez is a

shift operator on ðH pð:Þ
Þ
ρ
, where for ρð f Þ =

½∑∞
r=0ð1/prÞj f

_

rj
pr �

1/ϖp

, for all f ∈ ðH pð:ÞÞρand ez =∑∞
m=0z

m/m!

. The upper estimation of the s-number of Vez is given by

sr Vezð Þ ≤ sup
card ξ=r+1

inf
k∈ξ

sup
m

pk+m
pk

	 
1/ϖp

〠
∞

m=0

1
m!

	 
pm/ϖp

: ð82Þ

Theorem 46. Let ðpvÞ ∈mi↗ ∩ ℓ∞with p0 ≥ 1. Suppose Bsin ðzÞ

is a shift operator on ðH pð:Þ
Þ
ρ
, where ρð f Þ =

½∑∞
r=0ð1/prÞj f

_

rj
pr �

1/ϖp

, for all f ∈ ðH pð:ÞÞρand sin ðzÞ =∑∞
m=0

ð−1Þmðz2m+1/ð2m + 1Þ!Þ. The upper estimation of the s-
numbers of V sin ðzÞ is presented by

sr V sin zð Þ
� �

≤ sup
cardξ=r+1

inf
k∈ξ

sup
m

pk+m
pk

	 
1/ϖp

〠
∞

m=0

1
2m + 1ð Þ!

	 
pm/ϖp

:

ð83Þ

The following theorems are direct consequences of The-
orem 44 and Definition 19, for some entire functions, for
example, the exponential and the sine functions.
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Theorem 47. Assume ðpvÞ ∈mi↗ ∩ ℓ∞with p0 ≥ 1. Suppose

Bez is a shift operator on ðH pð:Þ
Þ
ρ
, where ρð f Þ =

½∑∞
r=0ð1/prÞj f

_

rj
pr �

1/ϖp

, for every f ∈ ðH pð:ÞÞρand ez =∑∞
m=0z

m/
m!. The upper estimation of the s-numbers of Bez is pretended
by

sr Bezð Þ ≤ sup
card ξ=r+1

inf
k∈ξ

sup
m

pk+m
pk

	 
1/ϖp

〠
∞

m=0

1
m!

	 
pm/ϖp

: ð84Þ

Theorem 48. Suppose ðpvÞ ∈mi↗ ∩ ℓ∞with p0 ≥ 1. Assume

Bsin ðzÞ is a shift operator on ðH pð:Þ
Þ
ρ
, where ρð f Þ =

½∑∞
r=0ð1/prÞj f

_

rj
pr �

1/ϖp

, for every f ∈ ðH pð:ÞÞρand sin ðzÞ =
∑∞

m=0ð−1Þmðz2m+1/ð2m + 1Þ!Þ. The upper estimation of the
Bsin ðzÞ is presented by

sr Bsin zð Þ
� �

≤ sup
card ξ=r+1

inf
k∈ξ

sup
m

pk+m
pk

	 
1/ϖp

〠
∞

m=0

1
2m + 1ð Þ!

	 
pm/ϖp

:

ð85Þ
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