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In this work, by considering the Chebyshev polynomial of the first and second kind, a new subclass of univalent functions is
defined. We obtain the coefficient estimate, extreme points, and convolution preserving property. Also, we discuss the radii

of starlikeness, convexity, and close-to-convexity.

1. Introduction

Let A be the open unit disk {z€ C: |z] <1} and o be the
class of analytic functions in A, satistying the normalized
conditions:

(1)
Thus, each f € & has the following Taylor expansion:
[ee]
flz)=z+ Z akzk. (2)
k=2

Furthermore, by &, we shall denote the family of all
functions in & that are univalent in A. Denote by ./ the sub-
class of o/ consisting of functions with negative coeflicients
of the type:

flz)=2z- Zakzk, (a,=20,z€A), (3)
k=2

see [1].

Many researchers deal with orthogonal polynomials of
Chebyshev, see [2, 3] and [4]. The Chebyshev polynomials
of first kind and the second kind are defined by

Ty (t) = cos kb,
U(f) = sin (k+1)0 (4)
W)= sin 0
respectively, where —1<t<1, t=cos0, and k is the
degree of polynomial.
The polynomial in (1) is connected by the following
relations:

di;t(t) = kU (1), Ti(t) = Uy(t) = kUpy (1), (5)
2Ty (t) = Up(t) = Up, (1) ©)

We note that if t=cos 6, (-n/3 <0 <7/3), then

1 w sin (k+1)0
H(z,t)= ——— =1 —— L 7z (z€ A).
(1) 1-2zcosO+z2 +kz{ sin 0 Zh(zed)
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Also, we have
H(z,t) =1+ U (t)z+ Uy ()2 +-(z€A-1<t<1), (8)

where

_sin (k arccos t)

Uk=1(t) = =~ (keN), )

are the Chebyshev polynomials of the second kind, see [5,
6] and [7].

The generating function of the first kind of Chebyshev
polynomial T} (¢), t € [-1, 1] is given by

B 1-tz
T 1-2tz+2%

i Ty (t)zF (10)
k=0

For more details, see [8, 9] and [10].
For two functions f and g, analytic in A, we say that f is
subordinate to g in A, written

f(z)<g(2), (z€4), (11)

if there exists a Schwarz function w which is analytic in
A with
w(0) =0,

(12)
|w(z)| <1, (z € A),

such that f(z) = g(w(z)), (z € A), see [11].
Also, if g is univalent in A, then

f(2)<g(2), (z€4) & f(0)=g(0). f(4) c g(4). (13)

Furthermore, if f(z) =z - Y 32,42 and g(z) =z - Y},
bz, then the Hadamard product (or covolution) of f and
g is defined by

Fra)@=2- Y ab=(geE).  (14)

k=2

Now, we consider the following functions which are
connected with the Chebyshev polynomial of the first and
second kind:

1-tz

G(z2)=1+(1+cosO)z— ———,
1(2) (I+cosO)z=— 5

(15)

€,(z)=1+(2cos0+1)z—H(z,t), (16)
Q(2) = [(€, * €,) * (€, * 63) * f(2), (17)
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where f(z) =z - Y2, a,zF € # and “+” denotes the Hada-
mard product.

With a simple calculation we conclude that Q(z) belongs
to /" and it is of the form:

o@-=- Y [ n0] e s
k=2

where —m/3 <0 < /3 and t = cos 0.

Definition. For M=a+ (f-a)(1-y), -1<f<a<l, 0<
p<1, and 0<A<1, we say that Q(z) of the form (18)
is a member of %;(oc, B) if the following subordination
relation holds

(19)

where f,(z)=(1-A)z+Af(2), f(z)eN.

Equation (19) is equivalent to the following inequality:

<1 (20)

| («Q'@1f2(2)) -1
M- az(Q' (2)1f,(2)

2. Main Results

In this section, we introduce a sharp coefficient bound for
A . .

the class & (a, ). Also, the convolution preserving property

is investigated.

Theorem 1. The function Q(z) of form (18) belongs to ‘Eo”;
(o, B) if and only if

i[((“’;Lelek@) —A><1—a>+k<ﬁ—a><1—y> a,
<(B-a)(1-7).

(21)

Proof. Let the inequality (21) holds and z€ 0A={z € C : |z
=1}. We have to prove that (19) or equivalently (20) holds
true. But we have
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’ Z) fi(z) } - ‘Mf/l “ZQ,(Z)‘
’ Sm (k+1)0 Tk(t)] ka2t — (1- 1)z -1

"~ sinf

(ZM <1 H(g))

—az+ f {w Tk(t)} aka z*

sin O

. i KW Tk(t)>2k - A} a2

~ (M -a)z- i {AM - ak (w Tk(t))z} az|.

&= sin 0

(22)

z—zﬁgz(ﬁ(sin (k+1)6/sin G)Tk(t)) a2k - (1= Mz +Af(2)

By putting z € 0A and

AM - ak(Sin S(i’rel)e Tk(t)>2 “AM-a)- [k(sm (k+1)0 Tk(6)>2 - )L] o

sin O

(23)

the above expression reduces to

' ,ZK"Cms(ﬁfg”eTk(t))z—A)(l—a)+A<M—a>} G- (M- ).
(24)
Since H — = (- a)(1 — y), by using inequality (21), we

get Y<0,s0 Qe %']):((x,ﬁ).
To prove the converse, let Q € %))j(oc, B), thus

| (:Q'@)/f:(2)) -
M- az(Q' (2)/f,(2))

for all z € A. By Re (z) < |z] for all z € A, we have

i {(\/E(sin (k +1)0/sin G)Tk(t)> o A} aZk

Re <l1.

(M-a)z-Y2, {AM - oc(\/lz(sin (k +1)0/sin G)Tk(t)> 2} azx

(26)

By letting z — 1, through positive values and choose
the values of z such that zQ'(2)/f, (z) is real, we have

> MT 2—A) —a)+ —a}a< -a,
1;[(( sin 0 k(t)> (1-a)+t(M-a)|a <M

(27)
and this completes the proof. O
Remark. We note that the function:
V(Z)=Z— (ﬂ—o;)(l—y) ZZ,
[(ﬁ(sin 36/sin 0) cos ze) - A] (1-a)+ A(B-a)(1-y)
(28)

shows that the inequality (21) is sharp.

‘M((l - Mz +Af(z)) - (xz<1 -, (\/E(sin (k+1)0/sin O)Tk(t))zukzk - 1)

<1, (25)

Theorem 2. Let

QE=2- Y [M n(r)} ‘o 29)
k=2

sin 6

Tk(t)} Zbkzk, (30)

be in the class %;\(
P
&, (o, B), where

a, B), then (Q,; * Q,)(z) belongs to

Ba+ (B—@)2(1 - y)X(1 - a) )
(X(1= o)+ A(B-a)(1=7))" = M1 =)’ (B~ )’

(31)

X= (\/E%’;I)QTWO -\ (32)

Proof. 1t is sufficient to show that
S sin 0 2 a
k; {((ﬁ%mt)) ‘A> <(ﬁ—la)T—V)) +/\] ab <.
(33)

By using the Cauchy-Schwarz inequality, from (21),
we obtain



Here, we find the largest k such that

S| ((F2 o) ) (i) ) vz

(35)
or equivalently for k>2,
W<[X(l—a>+A<ﬁ—a><1—y>1(is—a) )
KO-+ AB- ) (1-y)](B-a)

where X is given by (32).
This inequality holds if

_ KO-@+AB-a)1-p)](F-a)
)~ [X(1—a)+/\<ia—a)(1—y)](ﬁ—a)’
(37)

(B-a)(1-7)
X(1—a) + A(B-a)(1-

or equivalently

(B=a)(1-y)X(1-a) |
(X(1=0) + A(B=)(1=7)] = A(1-p)*(B=a)
(3)

ﬁ£a+

where X is given by (32), so the proof is complete. [
3. Geometric Properties of %ﬁ((x, B)

In this section, we show that the class %ﬁ(oc, B) is a convex

set. Also, the radii of starlikeness, convexity, and close-to-
convexity are obtained.

Theorem 3. The class %ﬁ((x, B) is a convex set.

Proof. 1t is enough to prove that if for j=1,2,---,m

& [sin (k+1)01*
Qz)=z-Y [%} a2, (39)
k=2

be in %ﬁ (a, ), then the function

F(z) = i dej(z), (40)
j=1

d.=1. But, we have

is also in %j;(oc, B), where Y7, d,
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w [sin (k+1)0 2 .
> (WTk(t)) diay; |2,
(41

k=2 \j=1 )
_ Q sin(k+1)0 R ‘
=z ];2 (sm@ Tk(t)> (]_Zl djak’j>z .

Since by Theorem 1,

:) {((ﬁw Tk(t)> —/\) (1-a)+A(B—a)(1- y)} (id ak,])
S (S[((resnn) )

Jj=1 \k=2

(I-a) + A(B-a)(1- Y)]%-) d;

< B0 -1)d;= (B-a)1-y) (id)
= =
= (B-a)(1- )

(42)

so, F(z) € %ﬁ(oc, B). Hence, the proof is complete. ]
Theorem 4. Let f € %ﬁ(a, B), then

(i) f is a starlike of order 0, (cos 0, < 1) in |z| < R; where

R, =ir]§f{ K(\/E
1/k—1
(gsi=) | (5

sin (k + 1)0 Tk(t)>2 B A)

sin 6
(43)

(ii) f is convex of order 6, (0<0, < 1) in |z| <R, where

(O
1/k—-1
(=) ()}

(44)

(iii) f is close-to-convex of order 0; (00; < 1) in |z | <R;,
where
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R,= n;f{ [((ﬂw Tk(t)> —A)

NG (45)
1-« 1-
LR 3)
((ﬁ—a)<1—y)> ] ( ; }
Proof.
(i) For 0<6, <1, we need to show that
zf’
Y _1l<1-0 (46)
f
In other words, it is sufficient to show that
o'@) || [ERk-Da | SR k- et
k-1 |~ ) k- I
f(2) 1= a2 1-Y2,az|
(47)
(k- 91) k-1
ak|Z| <1. (48)

By (21), it is easy to see that above inequality holds if

o K(\/’;W“(”)z ‘A> (e ) ”} ()

(49)

This completes the proof of (i).
(ii) Since f is convex if and only if zf' is starlike, we get
the required result (ii)

(iii) We must show that [f'(z) — 1| <1 - 6,. But

_1}

Z kakz Z kak|Z|k71 (50)
k=2

Thus, |f'(z) - 1|<1-6; if Y, (k/1-6,)a ]z <1.
But by Theorem 1, the above inequality holds true, if

e[ (A2 o) ) (i) | (5°)
(51)

Hence, the proof is complete. O

4. Conclusions

Univalent functions have always been the main interests of
many researchers in geometric function theory. Many stud-
ies recently related to Chebyshev polynomials revolved
around classes of analytic normalized univalent functions.

In this particular work, the geometric properties are obtained
for functions in more general class using the Chebyshev poly-
nomials associated with a convolution structure. In this
paper, when the parameters being complex numbers could
be subject to further investigation. Also, by changing the
operator and extending, it may be for future studies.
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