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In this work, by considering the Chebyshev polynomial of the first and second kind, a new subclass of univalent functions is
defined. We obtain the coefficient estimate, extreme points, and convolution preserving property. Also, we discuss the radii
of starlikeness, convexity, and close-to-convexity.

1. Introduction

Let Δ be the open unit disk fz ∈ℂ : jzj < 1g and A be the
class of analytic functions in Δ, satisfying the normalized
conditions:

f 0ð Þ = 0,
f ′ 0ð Þ = 1:

ð1Þ

Thus, each f ∈A has the following Taylor expansion:

f zð Þ = z + 〠
∞

k=2
akz

k: ð2Þ

Furthermore, by S , we shall denote the family of all
functions inA that are univalent in Δ. Denote byN the sub-
class of A consisting of functions with negative coefficients
of the type:

f zð Þ = z − 〠
∞

k=2
akz

k, ak ≥ 0, z ∈ Δð Þ, ð3Þ

see [1].

Many researchers deal with orthogonal polynomials of
Chebyshev, see [2, 3] and [4]. The Chebyshev polynomials
of first kind and the second kind are defined by

Tk tð Þ = cos kθ,

Uk tð Þ = sin k + 1ð Þθ
sin θ

,
ð4Þ

respectively, where −1 < t < 1, t = cos θ, and k is the
degree of polynomial.

The polynomial in (1) is connected by the following
relations:

dTk tð Þ
dt

= kUk−1 tð Þ, Tk tð Þ =Uk tð Þ − kUk−1 tð Þ, ð5Þ

2Tk tð Þ =Uk tð Þ −Uk−2 tð Þ: ð6Þ

We note that if t = cos θ, ð−π/3 < θ < π/3Þ, then

H z, tð Þ = 1
1 − 2z cos θ + z2 = 1 + 〠

∞

k=1

sin k + 1ð Þθ
sin θ

zk, z ∈ Δð Þ:

ð7Þ
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Also, we have

H z, tð Þ = 1 +U1 tð Þz +U2 tð Þz2+⋯, z ∈ Δ,−1 < t < 1ð Þ, ð8Þ

where

Uk − 1 tð Þ = sin k arccos tð Þffiffiffiffiffiffiffiffiffiffiffi
1 − t2

p , k ∈ℕð Þ, ð9Þ

are the Chebyshev polynomials of the second kind, see [5,
6] and [7].

The generating function of the first kind of Chebyshev
polynomial TkðtÞ, t ∈ ½−1, 1� is given by

〠
∞

k=0
Tk tð Þzk = 1 − tz

1 − 2tz + z2
: ð10Þ

For more details, see [8, 9] and [10].
For two functions f and g, analytic in Δ, we say that f is

subordinate to g in Δ, written

f zð Þ ≺ g zð Þ, z ∈ Δð Þ, ð11Þ

if there exists a Schwarz function w which is analytic in
Δ with

w 0ð Þ = 0,
w zð Þj j < 1, z ∈ Δð Þ,

ð12Þ

such that f ðzÞ = gðwðzÞÞ, (z ∈ Δ), see [11].
Also, if g is univalent in Δ, then

f zð Þ ≺ g zð Þ, z ∈ Δð Þ⟺ f 0ð Þ = g 0ð Þ, f Δð Þ ⊂ g Δð Þ: ð13Þ

Furthermore, if f ðzÞ = z −∑∞
k=2akz

k and gðzÞ = z −∑∞
k=2

bkz
k, then the Hadamard product (or covolution) of f and

g is defined by

f ∗ gð Þ zð Þ = z − 〠
∞

k=2
akbkz

k = g ∗ fð Þ zð Þ: ð14Þ

Now, we consider the following functions which are
connected with the Chebyshev polynomial of the first and
second kind:

C1 zð Þ = 1 + 1 + cos θð Þz − 1 − tz
1 − 2tz + z2 ,

ð15Þ

C2 zð Þ = 1 + 2 cos θ + 1ð Þz −H z, tð Þ, ð16Þ
Q zð Þ = C1 ∗C1ð Þ ∗ C2 ∗C2ð Þ ∗ f½ � zð Þ, ð17Þ

where f ðzÞ = z −∑∞
k=2akz

k ∈N and “∗” denotes the Hada-
mard product.

With a simple calculation we conclude that QðzÞ belongs
to N and it is of the form:

Q zð Þ = z − 〠
∞

k=2

sin k + 1ð Þθ
sin θ

Tk tð Þ
� �2

akz
k, ð18Þ

where −π/3 < θ < π/3 and t = cos θ.

Definition. For M = α + ðβ − αÞð1 − γÞ, −1 ≤ β < α ≤ 1, 0 <
γ < 1, and 0 ≤ λ ≤ 1, we say that QðzÞ of the form (18)
is a member of Eλ

γðα, βÞ if the following subordination
relation holds

zQ′ zð Þ
f λ zð Þ ≺

1 +Mz
1 + αz

, ð19Þ

where f λðzÞ = ð1 − λÞz + λf ðzÞ, f ðzÞ ∈N .

Equation (19) is equivalent to the following inequality:

zQ′ zð Þ/f λ zð Þ
� �

− 1

M − αz Q′ zð Þ/f λ zð Þ
� �

������
������ < 1: ð20Þ

2. Main Results

In this section, we introduce a sharp coefficient bound for
the class Eλ

γðα, βÞ. Also, the convolution preserving property
is investigated.

Theorem 1. The function QðzÞ of form (18) belongs to Eλ
γ

ðα, βÞ if and only if

〠
∞

k=2

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − αð Þ + λ β − αð Þ 1 − γð Þ

" #
ak

≤ β − αð Þ 1 − γð Þ:
ð21Þ

Proof. Let the inequality (21) holds and z ∈ ∂Δ = fz ∈ℂ : jzj
= 1g. We have to prove that (19) or equivalently (20) holds
true. But we have
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Y = zQ′ zð Þ − f λ zð Þ�� �� − Mf λ zð Þ − αzQ′ zð Þ�� ��
= z − 〠

∞

k=2

sin k + 1ð Þθ
sin θ

Tk tð Þ
� �2

kakz
k − 1 − λð Þz − λ

�����
� z − 〠

∞

k=2
akz

k

 !
j − M 1 − λð Þz + λ z − 〠

∞

k=2
akz

k

 ! !�����
− αz + 〠

∞

k=2

sin k + 1ð Þθ
sin θ

Tk tð Þ
� �2

αkakz
k

�����
= −〠

∞

k=2

sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	

2k − λ

� �
akz

k

�����
�����

− M − αð Þz − 〠
∞

k=2
λM − αk

sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

" #
akz

k

�����
�����:

ð22Þ

By putting z ∈ ∂Δ and

λM − αk
sin k + 1ð Þθ

sin θ
Tk tð Þ

� 	2
= λ M − αð Þ − k

sin k + 1ð Þθ
sin θ

Tk θð Þ
� 	2

− λ

" #
α,

ð23Þ

the above expression reduces to

Y ≤ 〠
∞

k=2
k

sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − αð Þ + λ M − αð Þ

" #
ak − M − αð Þ

�����
�����:

ð24Þ

Since H − α = ðβ − αÞð1 − γÞ, by using inequality (21), we
get Y ≤ 0, so Q ∈Eλ

γðα, βÞ.
To prove the converse, let Q ∈Eλ

γðα, βÞ, thus

for all z ∈ Δ. By Re ðzÞ ≤ jzj for all z ∈ Δ, we have

Re
∑∞

k=2
ffiffiffi
k

p
sin k + 1ð Þθ/sin θð ÞTk tð Þ

� �2
− λ

� �
akz

k

M − αð Þz − ∑∞
k=2 λM − α

ffiffiffi
k

p
sin k + 1ð Þθ/sin θð ÞTk tð Þ

� �2� �
akzk

8>><
>>:

9>>=
>>; < 1:

ð26Þ

By letting z⟶ 1, through positive values and choose
the values of z such that zQ′ðzÞ/f λðzÞ is real, we have

〠
∞

k=2

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − αð Þ + t M − αð Þ

" #
ak ≤M − α,

ð27Þ

and this completes the proof.

Remark. We note that the function:

V zð Þ = z −
β − αð Þ 1 − γð Þffiffiffi

2
p

sin 3θ/sin θð Þ cos 2θ
� �2

− λ

� �
1 − αð Þ + λ β − αð Þ 1 − γð Þ

z2,

ð28Þ

shows that the inequality (21) is sharp.

Theorem 2. Let

Q1 zð Þ = z − 〠
∞

k=2

sin k + 1ð Þθ
sin θ

Tk tð Þ
� �2

akz
k, ð29Þ

Q2 zð Þ = z − 〠
∞

k=2

sin k + 1ð Þθ
sin θ

Tk tð Þ
� �2

bkz
k, ð30Þ

be in the class Eλ
γðα, βÞ, then ðQ1 ∗Q2ÞðzÞ belongs to

Eλ
γðα, ~βÞ, where

~β ≤ α + β − αð Þ2 1 − γð ÞX 1 − αð Þ
X 1 − αð Þ + λ β − αð Þ 1 − γð Þð Þ2 − λ 1 − γð Þ2 β − αð Þ2 ,

ð31Þ

X =
ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ: ð32Þ

Proof. It is sufficient to show that

〠
∞

k=2

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − α

β − αð Þ 1 − γð Þ
� 	

+ λ

" #
akbk ≤ 1:

ð33Þ

By using the Cauchy-Schwarz inequality, from (21),
we obtain

zQ′ zð Þ/f λ zð Þ
� �

− 1

M − αz Q′ zð Þ/f λ zð Þ
� �

������
������ =

z −∑∞
k=2

ffiffiffi
k

p
sin k + 1ð Þθ/sin θð ÞTk tð Þ

� �2
akz

k − 1 − λð Þz + λf zð Þ
����

����
M 1 − λð Þz + λf zð Þð Þ − αz 1 −∑∞

k=2
ffiffiffi
k

p
sin k + 1ð Þθ/sin θð ÞTk tð Þ

� �2
akzk − 1

� 	����
����
< 1, ð25Þ
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〠
∞

k=2

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − α

β − αð Þ 1 − γð Þ
� 	

+ λ

" # ffiffiffiffiffiffiffiffiffi
akbk

p
≤ 1:

ð34Þ

Here, we find the largest k such that

〠
∞

k=2

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − α

β − αð Þ 1 − γð Þ
� 	

− λ

" # ffiffiffiffiffiffiffiffiffi
akbk

p
≤ 1,

ð35Þ

or equivalently for k ≥ 2,

ffiffiffiffiffiffiffiffiffi
akbk

p
≤

X 1 − αð Þ + λ β − αð Þ 1 − γð Þ½ � ~β − α
� �

X 1 − αð Þ + λ β − αð Þ 1 − γð Þ½ � β − αð Þ , ð36Þ

where X is given by (32).
This inequality holds if

β − αð Þ 1 − γð Þ
X 1 − αð Þ + λ β − αð Þ 1 − γð Þ ≤

X 1 − αð Þ + λ β − αð Þ 1 − γð Þ½ � ~β − α
� �

X 1 − αð Þ + λ ~β − α
� �

1 − γð Þ
h i

β − αð Þ
,

ð37Þ

or equivalently

~β ≤ α + β − αð Þ2 1 − γð ÞX 1 − αð Þ
X 1 − αð Þ + λ β − αð Þ 1 − γð Þð Þ2 − λ 1 − γð Þ2 β − αð Þ2 ,

ð38Þ

where X is given by (32), so the proof is complete.

3. Geometric Properties of Eλ
γðα, βÞ

In this section, we show that the class Eλ
γðα, βÞ is a convex

set. Also, the radii of starlikeness, convexity, and close-to-
convexity are obtained.

Theorem 3. The class Eλ
γðα, βÞ is a convex set.

Proof. It is enough to prove that if for j = 1, 2,⋯,m,

Qj zð Þ = z − 〠
∞

k=2

sin k + 1ð Þθ
sin θ

� �k
ak,jz

k, ð39Þ

be in Eλ
γðα, βÞ, then the function

F zð Þ = 〠
m

j=1
djQj zð Þ, ð40Þ

is also in Eλ
γðα, βÞ, where ∑m

j=1dj = 1. But, we have

F zð Þ = z − 〠
∞

k=2
〠
m

j=1

sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

djak,j

 !
zk,

= z − 〠
∞

k=2

sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

〠
m

j=1
djak,j

 !
zk:

ð41Þ

Since by Theorem 1,

〠
∞

k=2

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − αð Þ + λ β − αð Þ 1 − γð Þ

" #
〠
m

j=1
djak,j

 !

= 〠
m

j=1
〠
∞

k=2

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !" 

· 1 − αð Þ + λ β − αð Þ 1 − γð Þ�ak,j
!
dj

< 〠
m

j=1
β − αð Þ 1 − γð Þdj = β − αð Þ 1 − γð Þ 〠

m

j=1
dj

 !

= β − αð Þ 1 − γð Þ,
ð42Þ

so, FðzÞ ∈Eλ
γðα, βÞ. Hence, the proof is complete.

Theorem 4. Let f ∈Eλ
γðα, βÞ, then

(i) f is a starlike of order θ1 (cos θ1 < 1) in jzj < R1 where

R1 = inf
k

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !"(

� 1 − α

β − αð Þ 1 − γð Þ
� 	

+ λ

#
1 − θ1
k − θ1

� )1/k−1 ð43Þ

(ii) f is convex of order θ2 (0 ≤ θ2 < 1) in jzj < R2 where

R2 = inf
k

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !"(

� 1 − α

β − αð Þ 1 − γð Þ
� 	

+ λ

#
1 − θ2

k k − θ2ð Þ
� 	)1/k−1 ð44Þ

(iii) f is close-to-convex of order θ3 (0θ3 < 1) in ∣z ∣ <R3,
where
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R3 = inf
k

ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !"(

� 1 − α

β − αð Þ 1 − γð Þ
� 	

+ λ

#
1 − θ3
k

� 	)1/k−1 ð45Þ

Proof.

(i) For 0 ≤ θ1 < 1, we need to show that

zf ′
f

− 1
�����

����� < 1 − θ1 ð46Þ

In other words, it is sufficient to show that

zf ′ zð Þ
f zð Þ − 1

�����
����� = ∑∞

k=2 k − 1ð Þakzk−1
1 − ∑∞

k=2akz
k−1

����
���� ≤ ∑∞

k=2 k − 1ð Þak zj jk−1
1 −∑∞

k=2ak zj jk−1
< 1 − θ1,

ð47Þ

〠
∞

k=2

k − θ1
1 − θ1

� 	
ak zj jk−1 < 1: ð48Þ

By (21), it is easy to see that above inequality holds if

zj jk−1 ≤
ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − α

β − αð Þ 1 − γð Þ
� 	

+ λ

" #
1 − θ1
k − θ1

� 	
:

ð49Þ

This completes the proof of (i).

(ii) Since f is convex if and only if zf ′ is starlike, we get
the required result (ii)

(iii) We must show that j f ′ðzÞ − 1j ≤ 1 − θ3. But

f ′ zð Þ − 1
�� �� = 〠

∞

k=2
kakz

k−1
�����

����� ≤ 〠
∞

k=2
kak zj jk−1 ð50Þ

Thus, j f ′ðzÞ − 1j < 1 − θ3 if ∑∞
k=2ðk/1 − θ3Þakjzjk−1 ≤ 1.

But by Theorem 1, the above inequality holds true, if

zj jk−1 ≤
ffiffiffi
k

p sin k + 1ð Þθ
sin θ

Tk tð Þ
� 	2

− λ

 !
1 − α

β − αð Þ 1 − γð Þ
� 	

+ λ

" #
1 − θ3
k

� 	
:

ð51Þ

Hence, the proof is complete.

4. Conclusions

Univalent functions have always been the main interests of
many researchers in geometric function theory. Many stud-
ies recently related to Chebyshev polynomials revolved
around classes of analytic normalized univalent functions.

In this particular work, the geometric properties are obtained
for functions in more general class using the Chebyshev poly-
nomials associated with a convolution structure. In this
paper, when the parameters being complex numbers could
be subject to further investigation. Also, by changing the
operator and extending, it may be for future studies.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that there is no conflict of interest
regarding the publication of this paper.

Authors’ Contributions

All authors contributed equally to and approved the final
manuscript.

References

[1] P. L. Duren, Univalent Functions, Grundlehren der mathe-
matischen Wissenschaften 259, Springer-Verlag, New York,
Berlin, Heidelberg, Tokyo, 1983.

[2] Ş. Altinkaya and S. Yalçin, “On the Chebyshev polynomial
bounds for classes of univalent functions,” Khayyam Journal
of Mathematics, vol. 2, no. 1, pp. 1–5, 2016.

[3] Ș. Altinkaya and S. Yalçin, “On the Chebyshev coefficients for
a general subclass of univalent functions,” Turkish Journal of
Mathematics, vol. 42, no. 6, pp. 2885–2890, 2018.

[4] J. Mason, “Chebyshev polynomial approximations for the L-
membrane eigenvalue problem,” SIAM Journal on Applied
Mathematics, vol. 15, no. 1, pp. 172–186, 1967.

[5] S. Bulut and N. Magesh, “On the sharp bounds for a compre-
hensive class of analytic and univalent functions by means of
Chebyshev polynomials,” Khayyam Journal of Mathematics,
vol. 2, no. 2, pp. 194–200, 2016.

[6] S. Bulut, N. Magesh, and C. Abiram, “A comprehensive class of
analytic bi-univalent functions by means of Chebyshev poly-
nomials,” Journal of Fractional Calculus and Applications,
vol. 8, no. 2, pp. 32–39, 2017.

[7] S. Bulut, N. Magesh, and V. K. Balaji, “Initial bounds for
analytic and biunivalent functions by means of Chebyshev
polynomials,” Journal of Classical Analysis, vol. 11, no. 1,
pp. 83–89, 2012.

[8] E. Doha, “The first and second kind Chebyshev coefficients of
the moments for the general order derivative on an infinitely
differentiable function,” International Journal of Computer
Mathematics, vol. 51, no. 1-2, pp. 21–35, 1994.

[9] J. Dziok, R. K. Raina, and J. Sokół, “Application des polynomes
de Chebyshev a des classes de fonctions analytiques,” Comptes
Rendus Mathematique, vol. 353, no. 5, pp. 433–438, 2015.

[10] F. M. Saker and E. Dogan, “On initial chebyshev polynomial
coefficient problem for certain subclass of bi-univalent func-
tions,” Communications in Mathematics and Applications,
vol. 11, no. 1, pp. 57–64, 2020.

[11] S. S. Miller and P. T. Mocanu, Differential Subordinations:
Theory and Applications, CRC Press, 2000.

5Journal of Function Spaces


	On the Chebyshev Polynomial for a Certain Class of Analytic Univalent Functions
	1. Introduction
	2. Main Results
	3. Geometric Properties of Eγλα,β
	4. Conclusions
	Data Availability
	Conflicts of Interest
	Authors’ Contributions

