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The present article is aimed at introducing and investigating a new class of g-hybrid special polynomials, namely, g-Fubini-Appell
polynomials. The generating functions, series representations, and certain other significant relations and identities of this class are
established. Some members of g-Fubini-Appell polynomial family are investigated, and some properties of these members are
obtained. Further, the class of 3-variable g-Fubini-Appell polynomials is also introduced, and some formulae related to this class
are obtained. In addition, the determinant representations for these classes are established.

1. Introduction

The g-calculus subject has gained prominence and numerous
popularity during the last three decades or so (see [1-4]). The
contemporaneous interest in this subject is due to the fact
that g-series has popped in such diverse fields as quantum
groups, statistical mechanics, and transcendental number
theory. The notations and definitions related to g-calculus
used in this article are taken from [2] (see also [5, 6]).

The g-analogues of a number £ € C and the factorial
function are, respectively, specified by
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The g-binomial coefficient l l] is specified by
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The g-analogue of (u @ v)" is specified as
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The g-derivative of a function f at a point 7 € C\ {0} is
given as

0<|ql< 1. (5)
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are called g-exponential functions and satisfy the following

identities:

D eq(r) = eq(T), DqEq(T) = Eq(qr),

eq(T)Eq(—T) = Eq(T>eq(—T) =1.

The Fubini polynomials (FP) %, (w) [7] (also known as
geometric polynomials) are defined as

(8)

o~ LT ©)

together with the geometric series

1 g (—w )—il’” Lol <1 (10)
l—w" "\1-w/ & '

Recently, Duran et al. [8] introduced the g-analogue of
the FP &, (w), denoted by F, ,(w) and defined by means

of the generating function

1 o T
l—w(eq(r)—l) - ;Jﬁﬁw) [K]q!' (11)

For w=1, the g-Fubini polynomials (q-FP) %, (w)
reduce to the g-Fubini numbers %K_q(l) =%, thatis

q°
1 < T
=Y F, . (12)
2-¢y(7) ,;) [,

Further, we recall the 3-variable g-Fubini polynomials
(3Vq-FP) F, ,(u, v, w) [8] which are given as

1 - 7"
1—w(eq—(‘r)—1)eq(uT)Eq(w) = ’;9@1(% v, w) [K}q! .

(13)

Substantial properties of Fubini numbers and polyno-
mials and their g-analogue have been studied and investi-
gated by many researchers (see [7-9] and the references
cited therein). Further, these numbers and polynomials have
enormous applications in analytic number theory, physics,
and the other related areas.

The class of the g-special polynomials such as g-Fubini
polynomials, g-Appell polynomials, and certain members
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belonging to the family of g-Appell polynomials such as g
-Bernoulli polynomials and g-Euler polynomials is an
expanding field in mathematics [3, 7, 8, 10, 11].

The class of g-Appell polynomial sequences
{&fx,q(w)}zo was established and investigated by Al-Salam
[1]. These polynomials are defined by means of the generat-
ing function

(14)

A 4(7) = i&im%, A (1) #05,=1, (15)

is an analytic function at =0 and o, ;== ,(0) denotes

the g-Appell numbers.

Certain significant members belonging to g-Appell poly-
nomials class are obtained based on suitable selection for the
function &, (7) as

(1) If o () = 7/(ey(7) — 1), the q-AP o, , (w) reduce to
the g-Bernoulli polynomials (q-BP) B, ,(w) (see [12,
13]), that is

‘Q[K,q (w) = %K,q (w)’ (16)
where B, (w) are defined by
T — ™
Weq(w‘r) = ZO B, (w) W (17)

and B, given by
B,g:=Byey(0); (18)

denotes the g-Bernoulli numbers.

(2) If o ,(7) =2/(e,(7) + 1), the -AP &, ,(w) reduce to
the g-Euler polynomials (q-EP) gx’q(UJ) (see [13,
14]), that is

‘Qik,q(w) = C(;"ptc,q(l‘u)’ (19)
where &, (w) are defined by
2 - i € ~ (20)
eq(m 14 = Z By

and &, given by
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%x,q = gk,q (0)’ (21)

denotes the g-Euler numbers.
Also, we recall the family of the numbers denoted by

&,4(%, 1) and defined by
— ! (%) TK
M =) 8%, - (22)
1, ] [x],!

In recent years, many authors have shown their interest
to introduce and study new families of g-special polynomials,
especially the hybrid type (see [15-17] and the references
therein).

The work in this article is summarized as follows: in Sec-
tion 2, the replacement technique is used to introduce the
class of g-Fubini-Appell polynomials by combining the poly-
nomials, g-Fubini polynomials and g-Appell polynomials. In
Section 3, the 3-variable g-Fubini-Appell polynomials are
introduced which are considered as a generalization of the
q-Fubini-Appell polynomials. The generating relations,
series representations, and some other useful properties
related to these polynomials are established. In Section 4,
the determinant representations of these two classes are
defined. Further, certain members belonging to these polyno-
mial families are considered, and the corresponding results
are also derived.

2. g-Fubini-Appell Polynomials

The g-Fubini-Appell polynomials are established by means
of the generating function and series representation. To
achieve this, we prove the following results:

Theorem 1. The q -Fubini-Appell polynomials (q-FAP) o
d,(w) are defined by means of the following generating
function:

(1)
1-w(ey(r)-1)

Mg
o

dk,q(w)

0F

T (23)
q

K:

Proof. Utilizing equation (14), based on expanding the func-
tion e, (wr), then replacing the powers of w, i.e., w’, w, w?,
-+, w" by the corresponding polynomials #, ,(w), #, ,(w),
w1, Fyo(w) and thereafter summing up the terms in the
left-hand side of the resulting equation, we obtain that

Now, denoting the resultant g-FAP in the right hand side
of the above equation by 5/, (w) and utilizing equation
(11) yield the assertion in equation (23).

Remark 2. Taking w =1, the g-FAP 5o/, (w) reduce to q
-Fubini-Appell numbers (¢-FAN) 5o/, .. Therefore, in view

3
of equation (23), we have
o (T) & "
1 =) g4, . (25)
2-¢,(7) ;o‘f K],

Corollary 3. Taking o/ (1) = /(e (7) — 1) in equation (23),
we get the following generating function of the q -Fubini-Ber-
noulli polynomials (q-FBP) B, ,(w).

T < T*

(e, -D(I-w(e,m-1) 5 7Bq () [,

(26)

Corollary 4. Taking of (1) = 2/(e,(7) + 1) in equation (23),
we get the following generating function of the q -Fubini-Euler
polynomials (q-FEP) &, ,(w)

2 < x

e ) (= w(e@=1)) ~ & 7o

Theorem 5. The following series representation for the q -FAP
9 . o(W) holds true:

gﬂx,q(w) = Z lj] dl,qu—l,q(w)' (28)
q

=0

Proof. In view of equations (11) and (15) and equation (23),
we have

= T
2,74 (1 T e (1) <1)

(29)

which on comparing the coefficients of 7%/[x],! yield asser-
tion in equation (28).

Theorem 6. For n € N, the following series representation for
the q-FAP gdl, ,(w) holds true:

Kk K
%drc,q(w) = Z Z l ] [U]q!waﬂx—l,qcs)lq(l’ G)' (30)
q



Proof. In view of equations (15), (22), and (23), we can write
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which on comparing the coefficients of 7*/[«] 5! vield asser-

tion in equation (30).

Corollary 7. Taking o ,(t) =1/(e,(T) — 1) in equations (28)
and (30), we get the following series representations of the q
-FBP 3B, (w)

F/«‘%K,q(w) = Z ] %Zq‘fx—l,q(w)’
=0 q
Kk 1 K
#By (W) = ;} Z;) [ l] [0],'w"B, 1, Sr4(l0), neN,.
=0 0= q
(32)

Corollary 8. Taking o ,(t) =2/(e,(7) + 1) in equations (28)
and (30), we get the following series representations of the q
FEP ;& (w):

n € N,.

k| K
FEe W)=Y Y H 0],/ W & 1S 24(10)s

(33)

Theorem 9. The following formula for the q-FAP gdl, ,(w)
holds true:

|:K:| (?‘Q{K—lq( )qu(l Ow) ‘T'Q{Iq( ) K—lq( ))
q

(34)
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Proof. Utilizing equation (23), we have

Z o~ i oy (7) ,(7)
dw 7% g (W [K] ! dw \1-w(e,(7) - 1) 1 -w(e,(r) - 1)

4 (T)
sz?q(r)(eq(r)—l)
(1-w(e,(m)-1))°
_ A 4(1)ey(T) B A (1)
(1-w(e,(7) - 1))2 ¢! —w(eq(r) - 1))2

which on equating the coefficients of the like powers of T
yields the assertion in equation (34).

Corollary 10. Taking o/ () = 7/(e,(7) - 1) in equations (34),
we get the formula satisfied by the g-FBP 3B, (w) as

K

Kq( Z|: :| x—lq )‘/'Iq(l Ow) "‘%lq( ) K—lq( ))

=0

(36)

Corollary 11. Taking o/ (1) = 2/e,(t) + 1 in equations (34),
we get the formula satisfied by the g-FEP 38, ,(w) as

di = ZZ |: :l K lq w)gl,q(l’o’ w)_ggl,q(w)g:xfl,q(w))'
(37)

3. 3-Variable g-Fubini-Appell Polynomials

In this section, the class of 3-variable g-Fubini-Appell poly-
nomials is established, which is a generalization of the class
introduced in the previous section. The generating function,
series representations, and other formulae for these polyno-
mials are obtained.

Theorem 12. The 3-variable q -Fubini-Appell polynomials
(3Vq-FAP) g, ,(u, v,w) are defined by means of the follow-
ing generating function:

o (T) (o] ©
Pl ) W7 2 gy O

Proof. Utilizing equations (13) and (14) and following the
same method as in the proof of Theorem 1, we can get the
assertion in equation (38).

Remark 13. Setting w = 0 in equation (38) gives the generat-
ing function of the 2-variable g-Appell polynomials (2Vq-
AP) o, ,(u,v) [18], that is
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A ,(T)e (ut)E, (vr

) = Z_(:) ‘Qik,q(u’ V)

Corollary 14. Taking of (1) =7/(e (1) — 1) in equation (38),
we get the generating function of the 3-variable q-Fubini-Ber-
noulli polynomials (3Vq-FBP) 3B, ,(u, v,w) as

T

T S T
e, Z (u, v, w) .

(eam) = 1)1 wle, - 1)

S

Corollary 15. Taking o/ (1) = 2/(e,(7) + 1) in equation (38),
we get the generating function of the 3-variable q-Fubini-Euler
polynomials (3Vq-FEP) 5&,,(u,v,w) as

2 0 TK
e (utr VT) = u,v,w . 41
6@+ D1 - w(e @ - 1)) 1“7l ,;fw( Ut (41)

Theorem 16. The 3Vq-FAP 5o/, ,(u, v, w) are defined by the
series

K

(U, v,w Zl ] A1 g F 1 q(1s v, W). (42)

=0

Proof. In view of equations (13), (15), and (38), we have

which on comparing the coefficients of 7°/[«] ! yield asser-

tion in equation (42).

Corollary 17. Taking o/ (1) =7/(e,(7) — 1) in equation (42),
we get the series representation of the 33Vq-FBP &%, (u, v,
w) as

K
#B, (v, w Z

=0

%lq g (th Vo W). (44)

Corollary 18. Taking o/ (1) = 2/(e,(7) + 1) in equation (42),
we get the series representation of the 33Vq-FEP 38, (u, v,
w) as

K
=3 |

%lq wiq(th Vs W). (45)
1=0

Suitably using equations (4), (6), (7), (11), and (23) in gen-
erating relation (38) and then making use of the Cauchy prod-
uct rule in the resultant relations and thereafter comparing the

identical powers of 7 in both sides of the resultant expressions,
we get the formulae given in the following theorem.

Theorem 19. The 3Vq-FAP g ,(u, v, w) satisfy the follow-
ing formulae

(46)

Applying the g-derivatives w.rt. u and v to generating
relation (38), we get the results given in the following theorem.

Theorem 20. The following identities for the 3Vq-FAP

oA o (1, v, w) hold true:
Dq’”f’id q(u’ Vs w) [ ]qg‘dk—l)q(ua Vs ‘LU),
; (],
Djy g g (16 V> W) = =GR A g (1 v W),
97

Dy, q(1: v w) = [K]

DVF

q7 'Qi;c Iq(u’ qv, w)’

[¥],!

-

3
q 2 ¥ g (u, qEv, w) .

(47)

D’ Ay q(u, v, w) =

PVF

Theorem 21. The following relation for the 3Vq-FAP zd,
(u, v, w) holds true:

((w + 1) gl (1, v, w) = (1 v))

Z|::| Klquv’w)zé

1=0 oF

(48)
Proof. Consider the identity
e (ut)E_(v e (ut)E_ (v
w——qi)Ze)q(ig j)l) eq(‘r) =(1+w) ] _q( (qu(ig j)l) - eq(uT)Eq(VT).
(49)

Now, multiplying both sides of the above identity by
o ,(7) and using equations (6), (38), and (39), we get



which on equating the coeflicients of the like powers of T
yields the assertion in equation (48).

Now, let us recall the generating function of the 2-
variable g-generalized tangent polynomials (2Vq-GTP)

@ 0q(1: V) [19] given as
Wq(u‘r 2 g (U K} P ,Jat| <maeRY, (51)
and G, ., = €,0,(0,0) denotes the g-generalized tangent

numbers (q-GTN).

Theorem 22. The following relationships between the 3Vgq-
FAP gdl,  (u,v,w) and 2Vq-GTP €, ,(u, v) holds true:

1
) ( |: :l “U%K—La,q(u’ V)gl—a,q(w) +9dx—l,q(u’ Vs w)rgl,mq> .
o=0
q

(52)

Proof. Utilizing equations (23), (38), and (51), we have

DO =
Mg

S
i
o
[E——
1
T
o

(53)
which on comparing the coefficients of 7*/[x],! yield asser-
tion in equation (52).

Since for a = 1, the 2-variable g-generalized tangent poly-
nomials (2Vq-GTP) &, ,(u, v) reduce to 2-variable g-Euler
polynomials &, (u, v) [20]. Therefore, setting a =1 in equa-

tion (52) gives the following result.
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Corollary 23. The following relationships between the 3Vg-
FAP gd, ,(u,v,w) and 2Vq-EP &, ,(u,v) holds true:

o=0

K i
o (4, v, W) Z [ } (Z laq%,c,[)a,q(u, v)‘%,m(wﬁgdk,l)q(u, v, w)%l)a,q)
(54)
Let us recall the generating function of the 2-variable g

-Euler-Bernoulli polynomials (2Vq-EBP) B, ,(u,v) [16]
given by

Theorem 24. The following relationships between the 3Vg-
FAP gdl, ,(u,v,w) and 2Vq-EBP 8B, (u,v) holds true:

1 & [x k 1 [x—1
E‘Q{K—l,q(u’ Vs ll)) = TZ |: :| Z Z |: :|
(K] =0 | 1 g\o0m=0 | o |,

} ‘Q[K—n—l,q(w)g$l—h,q(u’ V)‘%Qfx—f,q (v, w)%’$1,q)'
qF

(56)

Proof. Utilizing equations (6), (38), and (55), we have

N T* A,
;;) ?'dx,q(u v, w) [K]q, 1= w(:q((?) — 1) eq(uT)Eq(vr)

) i Mq(f) . 2te (u )Eq(vr)
% [<l—w(eq<r>—1) “’)) (( CENOGE q”))

=

_ z Z |: l:| q;ﬂmﬂ(% v, w)%"%l»q @:|
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which on comparing the coefficients of 7*/[«] 5! vield asser-
tion in equation (56).

Theorem 25. The following relationships between the 3Vgq-
FAP gdl, (u,v,w) and 2Vq-AP o ,(u,v) holds true:

i [ﬂ qu;c_l,q (1«1, Vs %) - é (gﬂw (u, " %>

—(1-w)d, (1, v))
(58)

Proof. Replacing w by w/(1 — w) in generating relation (38),
we have

3 w ™ (1)
;} 7 q (u, 2 m) K], 1-(w/(1 —Z,))(eq(r) ) e, (uT)E (vr).

Rewriting the above equation then using equations (38)
and (39), we obtain

00 TK 0 K K TK
2 el 0 pr v LLf“’”@’ “re) iy
=(1-w) ’;}&Im(u, V) [;—}q! .

(60)

which on comparing the coefficients of 7°/[«] ! yield asser-
tion in equation (58).

4. Determinant Representations

One of the significant representations of the g-special poly-
nomials is the determinant representation due to its impor-
tance for the computational and applied purposes. In 2015,
Keleshteri and Mahmudov [18] established the determinant
representation of the g-Appell polynomials. In the section,
the determinant representations of the q-FAP s/, (w)

and the 3Vq-FAP gd/,  (u, v, w) are introduced.

Definition 26. The determinant representation for the g-FAP
g, ,(w) of degree k is given as

9‘d0,q(w) “3 (61)

7
[ 1 lgl,q 9:2,41 (w) gkfl,q (w> gn,q(w) ]
‘%O,q Lq”l,q ‘932,11 t%;(—l,q ‘%k,q
2 k-1 K
0 ‘%O,q ‘%l,q '%xflq ‘%K—Lq
1 1 1
q q q
-1
W) 0 0 By, [K }‘%Hq [K} Byag |’
2 2
q q
K
0 0 0 B, { ] B,
k-1
L q i
(62)
1 Al
Bry=- D Ay By g | Bog#0,6=1,2,3,.
g'do,q v=1 |V z
(63)

Setting B, =1and B, = (1/[6+1],)(6=1,2,-+,«) in
equations (61) and (62) gives the determinant representation
of the g-FBP B, (w) as:

Definition 27. The determinant representation for the q -FBP
B, 4(w) of degree « is given as

g%o,q(w) =1
#Bg(w) = (-1)*
1 glq(w) gz‘q(w) gxfl,q(w) gk,q(w)
1 1 L L 1
(2, Bl (<], [e+1],

(64)

Setting B, = 1 and Bs, = (1/2)(6=1,2, -+, k) in equa-
tions (61) and (62) gives the determinant representation of
the g-FEP z&, (w) as:

Definition 28. The determinant representation for the g -FEP
58 (W) of degree « is given as



FErq (w) = (_1)

L Fyw) Fruw) Fre19(w) Feq(W)
1 1 1 1
1 - Z - -
2 2 2 2
2 1 Kk—1 1 K 1
0 ! 2 2 2
Ll LI L,

k=111 K1), x=1,2,3,.
0 0 1 3 2
2 1y 21,
K 1
0 0 0 1 5
Kk—1 q

(65)

Similarly, the determinant representation of the 3Vq-
FAP o, (u,v,w), 3VQ-FBP 5B, (u,v,w), and 3Vq-FEP
8 yq(1> v, w) are established as:

Definition 29. The determinant representation for the 3Vq-
FAP o, ,(u, v, w) of degree « is given as

1
gdo)q(u, v, w) = %,

-1 K
&"Q{n,q(u’v’w): ( ),c+1
(‘%O»q)
1 Fg(wv,w) Fpa(uv,w) Freagv,w)  F (v, w)
‘%O,q ‘ggl,q ‘%Z,q ‘99;(71 q ‘%‘K.q
2 k-1 K
0 Bog Biq Breag Bre-rg
1 q 1 q 1 q
k-1 K
0 0 %oq ‘%x—s,q ‘%;cfz,q
2 0 214
3
0 0 0 B, B,
k-1
1 oK
Beg=——— | 2 A\ g B g | Bog #0,66=1,2,3, .
FT09 \v=1 | v 4F
(66)

Definition 30. The determinant representation for the 3Vq-
FBP 5B, (1, v, w) of degree x is given as

g%o,q(u, v,w)=1,
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k=1 1 K 1
0 0 [
1 |: 2 :| [K—Z]q |:2:|q[1<—2]q
K 1
0 0 0 1 —
|:K—]:|q[2]q
k=12

Definition 31. The determinant representation for the 3Vq-
FEP 58, ,(u, v, w) of degree « is given as

F8oq(v,w) =1,

ysx,q(u’ s w) = (71)’{

I Fwvw) F(uvw) Fergvw) F(nv,w)

] 1 1 1 1

2 2 2 2

2 1 k-1 1 K 1

‘ ! 2 2 2
1l Ly 11,

k=11 <l 1)

0 0 1 3 3
2 1y 214

K 1

0 0 0 1 3
K—1 q

Kk=1,2,3---.

5. Conclusions

Recently, the Fubini polynomials and their g-analogue have
been studied and investigated by many researchers. Moti-
vated by various recent studies related to these type of poly-
nomials (see for example [8, 21, 22]), in this article, we
introduced two important families of g-hybrid special poly-
nomials, namely, the g-Fubini-Appell polynomials and 3-
variable g-Fubini-Appell polynomials. Certain properties
related to these families are derived.

Further investigations along the results obtained in this
article, which are associated with many recent generaliza-
tions and extensions of the g-Appell polynomial family, espe-
cially, the parametric types, may be worthy of consideration
in future investigations.
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