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The present article is aimed at introducing and investigating a new class of q-hybrid special polynomials, namely, q-Fubini-Appell
polynomials. The generating functions, series representations, and certain other significant relations and identities of this class are
established. Some members of q-Fubini-Appell polynomial family are investigated, and some properties of these members are
obtained. Further, the class of 3-variable q-Fubini-Appell polynomials is also introduced, and some formulae related to this class
are obtained. In addition, the determinant representations for these classes are established.

1. Introduction

The q-calculus subject has gained prominence and numerous
popularity during the last three decades or so (see [1–4]). The
contemporaneous interest in this subject is due to the fact
that q-series has popped in such diverse fields as quantum
groups, statistical mechanics, and transcendental number
theory. The notations and definitions related to q-calculus
used in this article are taken from [2] (see also [5, 6]).

The q-analogues of a number ℓ ∈ℂ and the factorial
function are, respectively, specified by

ℓ½ �q =
1 − qℓ

1 − q
,  q ∈ℂ \ 1f gð Þ, ð1Þ

and

κ½ �q! =
Yκ
l=1

l½ �q = 1½ �q 2½ �q 3½ �q ⋯ κ½ �q, 0½ �q! = 1, κ ∈ℕ, q ∈ℂ \ 0, 1f g:

ð2Þ

The q-binomial coefficient
κ

l

" #
q

is specified by

κ

l

" #
q

=
κ½ �q!

l½ �q! κ − l½ �q!
, l = 0, 1, 2,⋯, κ ; κ ∈ℕ0: ð3Þ

The q-analogue of ðu ⊕ vÞκ is specified as

u ⊕ vð Þκq = 〠
κ

l=0

κ

l

" #
q

q

κ−l

2

 !

ulvκ−l:
ð4Þ

The q-derivative of a function f at a point τ ∈ℂ \ f0g is
given as

Dqf τð Þ = f τð Þ − f qτð Þ
τ − qτ

, 0 < ∣q∣ < 1: ð5Þ
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The functions

eq τð Þ = 〠
∞

κ=0

τκ

κ½ �q!
, 0 < ∣q∣ < 1, ∣τ∣ < 1 − qj j−1, ð6Þ

Eq τð Þ = 〠
∞

κ=0
q

κ

2

 !
τκ

κ½ �q!
, 0 < qj j < 1, τ ∈ℂ, ð7Þ

are called q-exponential functions and satisfy the following
identities:

Dqeq τð Þ = eq τð Þ, DqEq τð Þ = Eq qτð Þ,
eq τð ÞEq −τð Þ = Eq τð Þeq −τð Þ = 1:

ð8Þ

The Fubini polynomials (FP) FκðwÞ [7] (also known as
geometric polynomials) are defined as

1
1 −w eτ − 1ð Þ = 〠

∞

κ=0
Fκ wð Þ τ

κ

κ!
, ð9Þ

together with the geometric series

1
1 −w

Fm
w

1 −w

� �
= 〠

∞

l=0
lmwl, ∣w∣ < 1: ð10Þ

Recently, Duran et al. [8] introduced the q-analogue of
the FP FκðwÞ, denoted by Fκ,qðwÞ and defined by means
of the generating function

1
1 −w eq τð Þ − 1

� � = 〠
∞

κ=0
Fκ,q wð Þ τκ

κ½ �q!
: ð11Þ

For w = 1, the q-Fubini polynomials (q-FP) Fκ,qðwÞ
reduce to the q-Fubini numbers Fκ,qð1Þ≔Fκ,q, that is

1
2 − eq τð Þ = 〠

∞

κ=0
Fκ,q

τκ

κ½ �q!
: ð12Þ

Further, we recall the 3-variable q-Fubini polynomials
(3Vq-FP) Fκ,qðu, v,wÞ [8] which are given as

1
1 −w eq τð Þ − 1

� � eq uτð ÞEq vτð Þ = 〠
∞

κ=0
Fκ,q u, v,wð Þ τκ

κ½ �q!
:

ð13Þ

Substantial properties of Fubini numbers and polyno-
mials and their q-analogue have been studied and investi-
gated by many researchers (see [7–9] and the references
cited therein). Further, these numbers and polynomials have
enormous applications in analytic number theory, physics,
and the other related areas.

The class of the q-special polynomials such as q-Fubini
polynomials, q-Appell polynomials, and certain members

belonging to the family of q-Appell polynomials such as q
-Bernoulli polynomials and q-Euler polynomials is an
expanding field in mathematics [3, 7, 8, 10, 11].

The class of q-Appell polynomial sequences
fAκ,qðwÞg∞κ=0 was established and investigated by Al-Salam
[1]. These polynomials are defined by means of the generat-
ing function

Aq τð Þeq wτð Þ = 〠
∞

κ=0
Aκ,q wð Þ τκ

κ½ �q!
, ð14Þ

where

Aq τð Þ = 〠
∞

κ=0
Aκ,q

τκ

κ½ �q!
, Aq τð Þ ≠ 0 ;A0,q = 1, ð15Þ

is an analytic function at τ = 0 and Aκ,q ≔Aκ,qð0Þ denotes
the q-Appell numbers.

Certain significant members belonging to q-Appell poly-
nomials class are obtained based on suitable selection for the
function AqðτÞ as

(1) If AqðτÞ = τ/ðeqðτÞ − 1Þ, the q-AP Aκ,qðwÞ reduce to
the q-Bernoulli polynomials (q-BP)Bκ,qðwÞ (see [12,
13]), that is

Aκ,q wð Þ≔Bκ,q wð Þ, ð16Þ

where Bκ,qðwÞ are defined by

τ

eq τð Þ − 1 eq wτð Þ = 〠
∞

κ=0
Bκ,q wð Þ τκ

κ½ �q!
, ð17Þ

and Bκ,q given by

Bκ,q ≔Bκ,q 0ð Þ, ð18Þ

denotes the q-Bernoulli numbers.

(2) If AqðτÞ = 2/ðeqðτÞ + 1Þ, the q-AP Aκ,qðwÞ reduce to
the q-Euler polynomials (q-EP) Eκ,qðwÞ (see [13,
14]), that is

Aκ,q wð Þ≔Eκ,q wð Þ, ð19Þ

where Eκ,qðwÞ are defined by

2
eq τð Þ + 1 eq wτð Þ = 〠

∞

κ=0
Eκ,q wð Þ τκ

κ½ �q!
, ð20Þ

and Eκ,q given by
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Eκ,q ≔Eκ,q 0ð Þ, ð21Þ

denotes the q-Euler numbers.
Also, we recall the family of the numbers denoted by

S2,qðκ, lÞ and defined by

eq τð Þ − 1
� �l

l½ �q!
= 〠

∞

κ=l
S2,q κ, lð Þ τκ

κ½ �q!
: ð22Þ

In recent years, many authors have shown their interest
to introduce and study new families of q-special polynomials,
especially the hybrid type (see [15–17] and the references
therein).

The work in this article is summarized as follows: in Sec-
tion 2, the replacement technique is used to introduce the
class of q-Fubini-Appell polynomials by combining the poly-
nomials, q-Fubini polynomials and q-Appell polynomials. In
Section 3, the 3-variable q-Fubini-Appell polynomials are
introduced which are considered as a generalization of the
q-Fubini-Appell polynomials. The generating relations,
series representations, and some other useful properties
related to these polynomials are established. In Section 4,
the determinant representations of these two classes are
defined. Further, certain members belonging to these polyno-
mial families are considered, and the corresponding results
are also derived.

2. q-Fubini-Appell Polynomials

The q-Fubini-Appell polynomials are established by means
of the generating function and series representation. To
achieve this, we prove the following results:

Theorem 1. The q -Fubini-Appell polynomials (q-FAP) F

Aκ,qðwÞ are defined by means of the following generating
function:

Aq τð Þ
1 −w eq τð Þ − 1

� � =〠
∞

κ=0F
Aκ,q wð Þ τκ

κ½ �q!
: ð23Þ

Proof. Utilizing equation (14), based on expanding the func-
tion eqðwτÞ, then replacing the powers of w, i.e., w0,w,w2,
⋯,wκ by the corresponding polynomials F0,qðwÞ,F1,qðwÞ,
⋯,Fκ,qðwÞ and thereafter summing up the terms in the
left-hand side of the resulting equation, we obtain that

Aq τð Þ〠
∞

κ=0
Fκ,q wð Þ τκ

κ½ �q!
= 〠

∞

κ=0
Aκ,q F1,q wð Þ� � τκ

κ½ �q!
: ð24Þ

Now, denoting the resultant q-FAP in the right hand side
of the above equation by FAκ,qðwÞ and utilizing equation
(11) yield the assertion in equation (23).

Remark 2. Taking w = 1, the q-FAP FAκ,qðwÞ reduce to q
-Fubini-Appell numbers (q-FAN) FAκ,q. Therefore, in view

of equation (23), we have

Aq τð Þ
2 − eq τð Þ = 〠

∞

κ=0
FAκ,q

τκ

κ½ �q!
: ð25Þ

Corollary 3. Taking AqðτÞ = τ/ðeqðτÞ − 1Þ in equation (23),
we get the following generating function of the q -Fubini-Ber-
noulli polynomials (q-FBP) FBκ,qðwÞ:

τ

eq τð Þ − 1
� �

1 −w eq τð Þ − 1
� �� � = 〠

∞

κ=0
FBκ,q wð Þ τκ

κ½ �q!
: ð26Þ

Corollary 4. Taking AqðτÞ = 2/ðeqðτÞ + 1Þ in equation (23),
we get the following generating function of the q -Fubini-Euler
polynomials (q-FEP) FEκ,qðwÞ

2

eq τð Þ + 1
� �

1 −w eq τð Þ − 1
� �� � = 〠

∞

κ=0
FEκ,q wð Þ τκ

κ½ �q!
: ð27Þ

Theorem 5. The following series representation for the q -FAP
FAκ,qðwÞ holds true:

FAκ,q wð Þ = 〠
κ

l=0

κ

l

" #
q

A l,qFκ−l,q wð Þ: ð28Þ

Proof. In view of equations (11) and (15) and equation (23),
we have

〠
∞

κ=0
FAκ,q wð Þ τκ

κ½ �q!
=

Aq τð Þ
1 −w eq τð Þ − 1

� �

= 〠
∞

κ=0
Aκ,q

τκ

κ½ �q!

 !
〠
∞

κ=0
Fκ,q wð Þ τκ

κ½ �q!

 !

= 〠
∞

κ=0
〠
κ

l=0

κ

l

" #

q

A l,qFκ−l,q wð Þ
0
@

1
A τκ

κ½ �q!
,

ð29Þ

which on comparing the coefficients of τκ/½κ�q! yield asser-
tion in equation (28).

Theorem 6. For n ∈ℕ0, the following series representation for
the q-FAP FAκ,qðwÞ holds true:

FAκ,q wð Þ = 〠
κ

l=0
〠
l

σ=0

κ

l

" #
q

σ½ �q!wσAκ−l,qS2,q l, σð Þ: ð30Þ
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Proof. In view of equations (15), (22), and (23), we can write

〠
∞

κ=0
FAκ,q wð Þ τκ

κ½ �q!
=

Aq τð Þ
1 −w eq τð Þ − 1

� �

= 〠
∞

κ=0
Aκ,q

τκ

κ½ �q!
〠
∞

σ=0
wσ eq τð Þ − 1
� �σ

= 〠
∞

κ=0
Aκ,q

τκ

κ½ �q!
〠
∞

σ=0
wσ σ½ �q!〠

∞

l=σ
S2,q l, σð Þ τl

l½ �q!

= 〠
∞

κ=0
Aκ,q

τκ

κ½ �q!
〠
∞

l=0
〠
l

σ=0
wσ σ½ �q!S2,q l, σð Þ

 !
τl

l½ �q!

= 〠
∞

κ=0
〠
κ

l=0

κ

l

" #

q

Aκ−l,q 〠
l

σ=0
wσ σ½ �q!S2,q l, σð Þ

0
@

1
A τκ

κ½ �q!
,

ð31Þ

which on comparing the coefficients of τκ/½κ�q! yield asser-
tion in equation (30).

Corollary 7. Taking AqðτÞ = τ/ðeqðτÞ − 1Þ in equations (28)
and (30), we get the following series representations of the q
-FBP FBκ,qðwÞ

FBκ,q wð Þ = 〠
κ

l=0

κ

l

" #
q

Bl,qFκ−l,q wð Þ,

FBκ,q wð Þ = 〠
κ

l=0
〠
l

σ=0

κ

l

" #
q

σ½ �q!wσBκ−l,qS2,q l, σð Þ, n ∈ℕ0:

ð32Þ

Corollary 8. Taking AqðτÞ = 2/ðeqðτÞ + 1Þ in equations (28)
and (30), we get the following series representations of the q
-FEP FEκ,qðwÞ:

FEκ,q wð Þ = 〠
κ

l=0

κ

l

" #
q

El,qFκ−l,q wð Þ,

FEκ,q wð Þ = 〠
κ

l=0
〠
l

σ=0

κ

l

" #
q

σ½ �q!wσEκ−l,qS2,q l, σð Þ, n ∈ℕ0:

ð33Þ

Theorem 9. The following formula for the q-FAP FAκ,qðwÞ
holds true:

d
dwF

Aκ,q wð Þ = 〠
κ

l=0

κ

l

" #
q

FAκ−l,q wð ÞF l,q 1, 0,wð Þ−FA l,q wð ÞFκ−l,q wð Þ� �
:

ð34Þ

Proof. Utilizing equation (23), we have

d
dw

〠
∞

κ=0
FAκ,q wð Þ τκ

κ½ �q!

 !
= d
dw

Aq τð Þ
1 −w eq τð Þ − 1

� � Aq τð Þ
1 −w eq τð Þ − 1

� �
 !

=
Aq τð Þ eq τð Þ − 1

� �
1 −w eq τð Þ − 1

� �� �2
=

Aq τð Þeq τð Þ
1 −w eq τð Þ − 1

� �� �2 −
Aq τð Þ

1 −w eq τð Þ − 1
� �� �2

= 〠
∞

κ=0
〠
κ

l=0

κ

l

" #

qF

Aκ−l,q wð ÞF l,q 1, 0,wð Þ τκ

κ½ �q!

− 〠
∞

κ=0
〠
κ

l=0

κ

l

" #

qF

A l,q wð ÞFκ−l,q wð Þ τh

h½ �q!
,

ð35Þ

which on equating the coefficients of the like powers of τ
yields the assertion in equation (34).

Corollary 10. TakingAqðτÞ = τ/ðeqðτÞ − 1Þ in equations (34),
we get the formula satisfied by the q-FBP FBκ,qðwÞ as

d
dwF

Bκ,q wð Þ = 〠
κ

l=0

κ

l

" #
q

FBκ−l,q wð ÞF l,q 1, 0,wð Þ−FBl,q wð ÞFκ−l,q wð Þ� �
:

ð36Þ

Corollary 11. Taking AqðτÞ = 2/eqðτÞ + 1 in equations (34),
we get the formula satisfied by the q-FEP FEκ,qðwÞ as

d
dwF

Eκ,q wð Þ = 〠
κ

l=0

κ

l

" #
q

FEκ−l,q wð ÞF l,q 1, 0,wð Þ−FEl,q wð ÞFκ−l,q wð Þ� �
:

ð37Þ

3. 3-Variable q-Fubini-Appell Polynomials

In this section, the class of 3-variable q-Fubini-Appell poly-
nomials is established, which is a generalization of the class
introduced in the previous section. The generating function,
series representations, and other formulae for these polyno-
mials are obtained.

Theorem 12. The 3-variable q -Fubini-Appell polynomials
(3Vq-FAP) FAκ,qðu, v,wÞ are defined by means of the follow-
ing generating function:

Aq τð Þ
1 −w eq τð Þ − 1

� � eq uτð ÞEq vτð Þ = 〠
∞

κ=0
FAκ,q u, v,wð Þ τκ

κ½ �q!
: ð38Þ

Proof. Utilizing equations (13) and (14) and following the
same method as in the proof of Theorem 1, we can get the
assertion in equation (38).

Remark 13. Setting w = 0 in equation (38) gives the generat-
ing function of the 2-variable q-Appell polynomials (2Vq-
AP) Aκ,qðu, vÞ [18], that is
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Aq τð Þeq uτð ÞEq vτð Þ = 〠
∞

κ=0
Aκ,q u, vð Þ τκ

κ½ �q!
: ð39Þ

Corollary 14. Taking AqðτÞ = τ/ðeqðτÞ − 1Þ in equation (38),
we get the generating function of the 3-variable q-Fubini-Ber-
noulli polynomials (3Vq-FBP) FBκ,qðu, v,wÞ as

τ

eq τð Þ − 1
� �

1 −w eq τð Þ − 1
� �� � eq uτð ÞEq vτð Þ = 〠

∞

κ=0
FBκ,q u, v,wð Þ τκ

κ½ �q!
:

ð40Þ

Corollary 15. Taking AqðτÞ = 2/ðeqðτÞ + 1Þ in equation (38),
we get the generating function of the 3-variable q-Fubini-Euler
polynomials (3Vq-FEP) FEκ,qðu, v,wÞ as

2

eq τð Þ + 1
� �

1 −w eq τð Þ − 1
� �� � eq uτð ÞEq vτð Þ =〠

∞

κ=0F
Eκ,q u, v,wð Þ τκ

κ½ �q!
: ð41Þ

Theorem 16. The 3Vq-FAP FAκ,qðu, v,wÞ are defined by the
series

FAκ,q u, v,wð Þ = 〠
κ

l=0

κ

l

" #
q

A l,qFκ−l,q u, v,wð Þ: ð42Þ

Proof. In view of equations (13), (15), and (38), we have

〠
∞

κ=0
FAκ,q u, v,wð Þ τκ

κ½ �q!
=

Aq τð Þ
1 −w eq τð Þ − 1

� � eq uτð ÞEq vτð Þ

= 〠
∞

κ=0
Aκ,q

τκ

κ½ �q!

 !
〠
∞

κ=0
Fκ,q u, v,wð Þ τκ

κ½ �q!

 !

= 〠
∞

κ=0
〠
κ

l=0

κ

l

" #

q

A l,qFκ−l,q u, v,wð Þ
0
@

1
A τκ

κ½ �q!
,

ð43Þ

which on comparing the coefficients of τκ/½κ�q! yield asser-
tion in equation (42).

Corollary 17. Taking AqðτÞ = τ/ðeqðτÞ − 1Þ in equation (42),
we get the series representation of the 33Vq-FBP FBκ,qðu, v,
wÞ as

FBκ,q u, v,wð Þ = 〠
κ

l=0

κ

l

" #
q

Bl,qFκ−l,q u, v,wð Þ: ð44Þ

Corollary 18. Taking AqðτÞ = 2/ðeqðτÞ + 1Þ in equation (42),
we get the series representation of the 33Vq-FEP FEκ,qðu, v,
wÞ as

FEκ,q u, v,wð Þ = 〠
κ

l=0

κ

l

" #
q

El,qFκ−l,q u, v,wð Þ: ð45Þ

Suitably using equations (4), (6), (7), (11), and (23) in gen-
erating relation (38) and thenmaking use of the Cauchy prod-
uct rule in the resultant relations and thereafter comparing the

identical powers of τ in both sides of the resultant expressions,
we get the formulae given in the following theorem.

Theorem 19. The 3Vq-FAP FAκ,qðu, v,wÞ satisfy the follow-
ing formulae

FAκ,q u, v,wð Þ = 〠
κ

l=0

κ

l

" #
qF

Aκ−1,q wð Þ u ⊕ vð Þlq,

FAκ,q u, v,wð Þ = 〠
κ

l=0

κ

l

" #
q

q

κ−l

2

 !

FA1,q u, 0,wð Þvκ−l,

FAκ,q u, v,wð Þ = 〠
κ

l=0

κ

l

" #
q

F1,q wð ÞFAκ−1,q u, v, 0ð Þ,

FAκ,q u, v,wð Þ = 〠
κ

l=0

κ

l

" #
qF

A1,q 0, v,wð Þuκ−l:

ð46Þ

Applying the q-derivatives w.r.t. u and v to generating
relation (38), we get the results given in the following theorem.

Theorem 20. The following identities for the 3Vq-FAP F

Aκ,qðu, v,wÞ hold true:

Dq,uFAκ,q u, v,wð Þ = κ½ �qFAκ−1,q u, v,wð Þ,

Dξ
q,uFAκ,q u, v,wð Þ =

κ½ �q!
κ − ξ½ �q!F

Aκ−ξ,q u, v,wð Þ,

Dq,vFAκ,q u, v,wð Þ = κ½ �qFAκ−1,q u, qv,wð Þ,

Dξ
q,vFAκ,q u, v,wð Þ =

κ½ �q!
κ − ξ½ �q!

q
ξ 2

FAκ−ξ,q u, qξv,w
� �

:

ð47Þ

Theorem 21. The following relation for the 3Vq-FAP FAκ,q
ðu, v,wÞ holds true:

〠
κ

l=0

κ

l

" #
qF

Aκ−l,q u, v,wð Þ = 1
w

w + 1ð ÞFAκ,q u, v,wð Þ −Aκ,q u, vð Þ� �
:

ð48Þ

Proof. Consider the identity

w
eq uτð ÞEq vτð Þ

1 −w eq τð Þ − 1
� � eq τð Þ = 1 +wð Þ eq uτð ÞEq vτð Þ

1 −w eq τð Þ − 1
� � − eq uτð ÞEq vτð Þ:

ð49Þ

Now, multiplying both sides of the above identity by
Aκ,qðτÞ and using equations (6), (38), and (39), we get
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w〠
∞

κ=0
〠
κ

l=0

κ

l

" #

qF

Aκ−l,q u, v,wð Þ
0
@

1
A τκ

κ½ �q!

= 〠
∞

κ=0
1 +wð ÞFAκ,q u, v,wð Þ −Aκ,q u, vð Þ� � τκ

κ½ �q!
,

ð50Þ

which on equating the coefficients of the like powers of τ
yields the assertion in equation (48).

Now, let us recall the generating function of the 2-
variable q-generalized tangent polynomials (2Vq-GTP)
Cκ,α,qðu, vÞ [19] given as

2
eq ατð Þ + 1 eq uτð ÞEq vτð Þ = 〠

∞

κ=0
Cκ,α,q u, vð Þ τκ

κ½ �q!
, ατj j < π, α ∈ℝ+, ð51Þ

and Cκ,α,q ≔Cκ,α,qð0, 0Þ denotes the q-generalized tangent
numbers (q-GTN).

Theorem 22. The following relationships between the 3Vq-
FAP FAκ,qðu, v,wÞ and 2Vq-GTP Cκ,α,qðu, vÞ holds true:
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0
@

1
A:

ð52Þ

Proof. Utilizing equations (23), (38), and (51), we have
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ê=0
FAκ,q u, v,wð Þ τκ

κ½ �q!

 !

� 〠
∞

κ=0
Cκ,α,q

τκ

κ½ �q!

 !#

= 1
2〠

∞

κ=0
〠
κ

l=0

κ

l

" #

q

〠
l

σ=0

κ

σ

" #

q

ασF l−σ,q wð ÞCκ−l,α,q u, vð Þ
2
4 +〠

κ

l=0

�
κ

l

" #

qF

Aκ−1,q u, v,wð ÞC l,α,q�
τκ

κ½ �q!
,

ð53Þ

which on comparing the coefficients of τκ/½κ�q! yield asser-
tion in equation (52).

Since for α = 1, the 2-variable q-generalized tangent poly-
nomials (2Vq-GTP) Cκ,α,qðu, vÞ reduce to 2-variable q-Euler
polynomials Eκ,qðu, vÞ [20]. Therefore, setting α = 1 in equa-
tion (52) gives the following result.

Corollary 23. The following relationships between the 3Vq-
FAP FAκ,qðu, v,wÞ and 2Vq-EP Eκ,qðu, vÞ holds true:

FAκ,q u, v,wð Þ = 1
2
〠
κ

l=0
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" #
q
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σ=0
lσqEκ−l,α,q u, vð ÞF l−σ,q wð Þ+FAκ−l,q u, v,wð ÞE l,α,q
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:

ð54Þ

Let us recall the generating function of the 2-variable q
-Euler-Bernoulli polynomials (2Vq-EBP) EBκ,qðu, vÞ [16]
given by

2τ
eq τð Þ + 1
� �

eq τð Þ − 1
� � eq uτð ÞEq vτð Þ = 〠

∞

κ=0
EBκ,q u, vð Þ tκ

κ½ �q!
:

ð55Þ

Theorem 24. The following relationships between the 3Vq-
FAP FAκ,qðu, v,wÞ and 2Vq-EBP EBκ,qðu, vÞ holds true:
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Proof. Utilizing equations (6), (38), and (55), we have
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which on comparing the coefficients of τκ/½κ�q! yield asser-
tion in equation (56).

Theorem 25. The following relationships between the 3Vq-
FAP FAκ,qðu, v,wÞ and 2Vq-AP Aκ,qðu, vÞ holds true:

〠
κ

l=0

κ

l

" #

qF

Aκ−l,q u, v, w
1 −w

� �
= 1
w FAκ,q u, v, w

1 −w

� ��

− 1 −wð ÞAκ,q u, vð Þ�:
ð58Þ

Proof. Replacing w by w/ð1 −wÞ in generating relation (38),
we have

〠
∞

κ=0
FAκ,q u, v, w

1 −w
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Aq τð Þ
1 − w/ 1 −wð Þð Þ eq τð Þ − 1

� � eq uτð ÞEq vτð Þ:

ð59Þ

Rewriting the above equation then using equations (38)
and (39), we obtain

〠
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Aκ,q u, vð Þ τκ

κ½ �q!
:

ð60Þ

which on comparing the coefficients of τκ/½κ�q! yield asser-
tion in equation (58).

4. Determinant Representations

One of the significant representations of the q-special poly-
nomials is the determinant representation due to its impor-
tance for the computational and applied purposes. In 2015,
Keleshteri and Mahmudov [18] established the determinant
representation of the q-Appell polynomials. In the section,
the determinant representations of the q-FAP FAκ,qðwÞ
and the 3Vq-FAP FAκ,qðu, v,wÞ are introduced.

Definition 26. The determinant representation for the q-FAP
FAκ,qðwÞ of degree κ is given as

FA0,q wð Þ = 1
B0,q

, ð61Þ
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ð62Þ
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 !
, B0,q ≠ 0, κ = 1, 2, 3,⋯:

ð63Þ

Setting B0,q = 1 and Bδ,q = ð1/½δ + 1�qÞðδ = 1, 2,⋯, κÞ in
equations (61) and (62) gives the determinant representation
of the q-FBP FBκ,qðwÞ as:

Definition 27. The determinant representation for the q -FBP
FBκ,qðwÞ of degree κ is given as
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SettingB0,q = 1 andBδ,q = ð1/2Þðδ = 1, 2,⋯, κÞ in equa-
tions (61) and (62) gives the determinant representation of
the q-FEP FEκ,qðwÞ as:

Definition 28. The determinant representation for the q -FEP
FEκ,qðwÞ of degree κ is given as
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Fε0,q wð Þ = 1,
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Similarly, the determinant representation of the 3Vq-
FAP FAκ,qðu, v,wÞ, 3Vq-FBP FBκ,qðu, v,wÞ, and 3Vq-FEP

FEκ,qðu, v,wÞ are established as:

Definition 29. The determinant representation for the 3Vq-
FAP FAκ,qðu, v,wÞ of degree κ is given as
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Definition 30. The determinant representation for the 3Vq-
FBP FBκ,qðu, v,wÞ of degree κ is given as

FB0,q u, v,wð Þ = 1,
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Definition 31. The determinant representation for the 3Vq-
FEP FEκ,qðu, v,wÞ of degree κ is given as
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5. Conclusions
Recently, the Fubini polynomials and their q-analogue have
been studied and investigated by many researchers. Moti-
vated by various recent studies related to these type of poly-
nomials (see for example [8, 21, 22]), in this article, we
introduced two important families of q-hybrid special poly-
nomials, namely, the q-Fubini-Appell polynomials and 3-
variable q-Fubini-Appell polynomials. Certain properties
related to these families are derived.

Further investigations along the results obtained in this
article, which are associated with many recent generaliza-
tions and extensions of the q-Appell polynomial family, espe-
cially, the parametric types, may be worthy of consideration
in future investigations.
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