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In this work, we consider a quasilinear system of viscoelastic equations with degenerate damping, dispersion, and source terms
under Dirichlet boundary condition. Under some restrictions on the initial datum and standard conditions on relaxation
functions, we study global existence and general decay of solutions. The results obtained here are generalization of the previous
recent work.

1. Introduction

Let Ω be a bounded domain with a sufficiently smooth
boundary in Rnðn ≥ 1Þ: We investigate a quasilinear system

of two viscoelastic equations in the presence of degenerate
damping, dispersion, and source terms, namely,

where, s ≥ 1, η > 0,k, l, θ, ϱ ≥ 0, and hið:Þ: R+ ⟶ R+ði = 1, 2Þ
are positive relaxation functions which will be specified later.
ðjð:Þja + jð:ÞjbÞjð:Þtjτ−1ð:Þt and −Δð:Þtt are the degenerate
damping term and the dispersion term, respectively.

By taking

f1 u, vð Þ = a u + vj j2 κ+1ð Þ u + vð Þ + b uj jκu vj jκ+2,
f2 u, vð Þ = a u + vj j2 κ+1ð Þ u + vð Þ + b vj jκv uj jκ+2,

ð2Þ

utj jηutt − Δu +
ðt
0
h1 t − sð ÞΔu sð Þds − Δutt + uj jk + vj jl

� �
utj jj−1ut = f1 u, vð Þ, x, tð Þ ∈Ω × 0, Tð Þ,

vtj jηvtt − Δv+t
0h2 t − sð ÞΔv sð Þds − Δvtt + vj jθ + uj jϱ

� �
vtj js−1vt = f2 u, vð Þ, x, tð Þ ∈Ω × 0, Tð Þ,

u x, tð Þ = v x, tð Þ = 0, x, tð Þ ∈ ∂Ω × 0, Tð Þ,
u x, 0ð Þ = u0 xð Þ, ut x, 0ð Þ = u1 xð Þ, x ∈Ω,
v x, 0ð Þ = v0 xð Þ, vt x, 0ð Þ = v1 xð Þ, x ∈Ω,

8>>>>>>>>>>><
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ð1Þ
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in which a > 0,b > 0, and

1 < κ < +∞if n = 1, 2 and 1 < κ ≤
3 − n
n − 2 if n ≥ 3: ð3Þ

It is simple to show that

uf1 u, vð Þ + vf2 u, vð Þ = 2 κ + 2ð ÞF u, vð Þ,∀ u, vð Þ ∈ R2, ð4Þ

where

F u, vð Þ = 1
2 κ + 2ð Þ a u + vj j2 κ+2ð Þ + 2b uvj jκ+2

h i
: ð5Þ

To motivate our problem (1), it can trace back to the ini-
tial boundary value problem for the single viscoelastic equa-
tion of the form

utj jηutt − Δu +
ðt
0
h t − sð ÞΔu sð Þds − Δutt + g u, utð Þ = f uð Þ:

ð6Þ

This type problem appears a variety of mathematical
models in applied science. For instance, in the theory of vis-
coelasticity, physics, and material science, problem (5) has
been studied by various authors, and several results concern-
ing blow-up and energy decay have been studied case (η ≥ 0).
For example, Liu [1] studied a general decay of solutions case
ðgðu, utÞ = 0Þ. Messaoudi and Tatar [2] applied the potential
well method to indicate the global existence and uniform
decay of solutions (gðu, utÞ = 0 instead of Δut). Furthermore,
the authors obtained a blow-up result for positive initial
energy. Wu [3] studied a general decay of solution case
(gðu, utÞ = jutjmut). Later, Wu [4] studied the same problem
case ðgðu, utÞ = utÞ and discussed the decay rate of solution
energy. Recently, Yang et al. [5] proved the existence of
global solution and asymptotic stability result without
restrictive conditions on the relaxation function at infinity
case (f ðuÞ = σðx, tÞWtðt, xÞ).

In case gðu, utÞ = 0 and without dispersion term, prob-
lem (5) has been investigated by Song [6], and the blow-up
result for positive initial energy has been proved.

For a coupled system, He [7] investigated the following
problem

utj jηutt − Δu +
ðt
0
h1 t − sð ÞΔu sð Þds − Δutt + utj jj−2ut = f1 u, vð Þ,

vtj jηvtt − Δv +
ðt
0
h2 t − sð ÞΔv sð Þds − Δvtt + vtj js−2vt = f2 u, vð Þ,

8>>><
>>>:

ð7Þ

where η > 0,j, s ≥ 2: The author proved general and optimal
decay of solutions. Then, in [8], the author investigated the
same problem without damping term and established a gen-
eral decay of solutions. Furthermore, the author obtained a
blow-up of solutions for negative initial energy. In addition,
problem (1) with in case η = 0 and without dispersion term,

Wu [9] proved a general decay of solutions. Later, Pișkin
and Ekinci [10] studied a general decay and blow-up of solu-
tions with nonpositive initial energy for problem (1) case
(Kirchhoff-type instead of Δu and without dispersion term).
In recent years, some other authors investigate the hyperbolic
type system with degenerate damping term (see [11–14]).

The rest of the paper is arranged as follows: in Section 2,
as preliminaries, we give necessary assumptions and lemmas
that will be used later and local existence theorem without
proof. In Section 3, we prove the global existence of solution.
In the last section, we studied the general decay of solutions.

2. Preliminaries

We begin this section with some assumptions, notations,
lemmas, and theorems. Denote the standart L2ðΩÞ norm by
k:k = k:kL2ðΩÞ and LpðΩÞ norm by k:kp = k:kLpðΩÞ:

To state and prove our result, we need some assumptions:
(A1) Regarding hi : ½0,∞Þ⟶ ð0,∞Þ,ði = 1, 2Þ is C1

functions and satisfies

hi αð Þ > 0, hi′ αð Þ ≤ 0, 1−∞
0 hi αð Þdα = li > 0, α ≥ 0 ð8Þ

and nonincreasing differentiable positive C1 functions ς1 and
ς2 such that

hi′ tð Þ ≤ −ςi tð Þhi tð Þ, t ≥ 0, i = 1, 2: ð9Þ

(A2) For the nonlinearity, we assume that

1 ≤ j, s if n = 1, 2,

1 ≤ j, s ≤ n + 2
n − 2 if n ≥ 3:

8<
: ð10Þ

(A3) Assume that η satisfies

0 < η if n = 1, 2,

0 < η ≤
2

n − 2 if n ≥ 3:

8<
: ð11Þ

In addition, we present some notations:

α⋄∇wð Þ tð Þ =
ðt
0
α t − sð Þ ∇w tð Þ−∇w sð Þk k2ds,

l =min l1, l2f g:
ð12Þ

Lemma 1 (Sobolev-Poincare inequality) [15]. Let q be a num-
ber with 2 ≤ q <∞ðn = 1, 2Þ or 2 ≤ q ≤ 2n/ðn − 2Þðn ≥ 3Þ, and
then there is a constant C∗ = C∗ðΩ, qÞ such that

uk kq ≤ C∗ ∇uk k for u ∈H1
0 Ωð Þ: ð13Þ

Now, we state the local existence theorem that can be
established by combining arguments of [7, 10].

Theorem 2. Assume that (A1)-(A3) and (2) hold. Let u0, v0
∈H1

0ðΩÞ and u1, v1 ∈ L2ðΩÞ be given. Then, for some T > 0,
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problem (1) has a unique local weak solution in the following
class:

u, v ∈ C 0, T½ � ;H2 Ωð Þ ∩H1
0 Ωð Þ� �

,

ut ∈ C 0, T½ � ;H1
0 Ωð Þ� �

∩ Lj+1 Ωð Þ,
vt ∈ C 0, T½ � ;H1

0 Ωð Þ� �
∩ Ls+1 Ωð Þ:

ð14Þ

We define the energy function as follows:

E tð Þ = 1
η + 2 utk kη+2η+2 + vtk kη+2η+2

� �
+ 1
2 h1⋄∇uð Þ tð Þ½

+ h2⋄∇vð Þ tð Þ + ∇utk k2 + ∇vtk k2�
+ 1
2

�
1 −
ðt
0
h1 sð Þds

� 	
∇u tð Þk k2

+ 1 −
ðt
0
h2 sð Þds

� 	
∇v tð Þk k2



−
ð
Ω

F u, vð Þdx:

ð15Þ

Also, we define

I tð Þ = ∇utk k2 + ∇vtk k2 + 1 −
ðt
0
h1 sð Þds

� 	
∇u tð Þk k2

+ 1 −
ðt
0
h2 sð Þds

� 	
∇v tð Þk k2 + h1⋄∇uð Þ tð Þ

+ h2⋄∇vð Þ tð Þ − 2 κ + 2ð Þ
ð
Ω

F u, vð Þdx,

J tð Þ = 1
2

�
1 −
ðt
0
h1 sð Þds

� 	
∇u tð Þk k2 + 1

ðt
0
h2 sð Þds

� 	

� ∇v tð Þk k2


+ 1
2
�
h1⋄∇uð Þ tð Þ + h2⋄∇vð Þ tð Þ

+ ∇utk k2 + ∇vtk k2� − ð
Ω

F u, vð Þdx:

ð16Þ

By computation, we get

d
dt

E tð Þ ≤ 1
2 h1′⋄∇u
� �

tð Þ + h2′⋄∇v
� �

tð Þ
h i

−
1
2 h1 tð Þ ∇uk k2 + h2 tð Þ ∇vk k2� �

−
ð
Ω

uj jk + vj jl
� �

utj jj+1dx

−
ð
Ω

vj jθ + uj jϱ
� �

vtj js+1dx ≤ 0:

ð17Þ

3. Global Existence

In this part, in order to state and prove the global existence of
solution (1), we firstly give two lemmas.

Lemma 3 [16]. Assume that (4) holds. Then, there exist ρ > 0
such that for the solution ðu, vÞ,

u + vk k2 κ+2ð Þ
2 κ+2ð Þ + 2 uvk kκ+2κ+2 ≤ ρ l1 ∇uk k2 + l2 ∇vk k2� �κ+2

: ð18Þ

Lemma 4. Let u0, v0 ∈H1
0ðΩÞ, u1, v1 ∈ L2ðΩÞ: Suppose that

(A1)-(A3) hold. If

I 0ð Þ > 0 and β = ρ
2 κ + 2ð Þ
κ + 1

E 0ð Þ
� 	κ+1

< 1, ð19Þ

then

I tð Þ > 0,∀t > 0: ð20Þ

Proof. We have Ið0Þ > 0 and by continuity of IðtÞ about t,
there exist a maximal time tm > 0 such that

I tð Þ ≥ 0, on t ∈ 0, tm½ �: ð21Þ

Let t0 be as follows:

I t0ð Þ = 0 and I tð Þ > 0, for all 0 ≤ t < t0f g: ð22Þ

By using (8), (9), and (A1), we get

J tð Þ = κ + 1
2 κ + 2ð Þ

�
1 −
ðt
0
h1 sð Þds

� 	
∇u tð Þk k2

+ 1 −
ðt
0
h2 sð Þds

� 	
∇v tð Þk k2 + h1⋄∇uð Þ tð Þ

+ h2⋄∇vð Þ tð Þ + ∇utk k2 + ∇vtk k2


+ 1
2 κ + 2ð Þ I tð Þ

≥
κ + 1

2 κ + 2ð Þ l1 ∇u tð Þk k2 + l2 ∇v tð Þk k2 + h1⋄∇uð Þ tð Þ�
+ h2⋄∇vð Þ tð Þ + ∇utk k2 + ∇vtk k2�:

ð23Þ

From (7) and (10), we have

l1 ∇u tð Þk k2 + l2 ∇v tð Þk k2

≤
2 κ + 2ð Þ
κ + 1 J tð Þ ≤ 2 κ + 2ð Þ

κ + 1 E tð Þ

≤
2 κ + 2ð Þ
κ + 1 E 0ð Þ,∀t ∈ 0, t0½ �:

ð24Þ

By (11) and (12), we infer that

2 κ + 2ð Þ
ð
Ω

F u t0ð Þ, v t0ð Þð Þdx

≤ ρ l1 ∇u t0ð Þk k2 + l2 ∇v t0ð Þk k2� �κ+2
≤ ρ

2 κ + 2ð Þ
κ + 1 E 0ð Þ

� 	κ+1
l1 ∇u t0ð Þk k2 + l2 ∇v t0ð Þk k2� �

≤ ρ l1 ∇u t0ð Þk k2 + l2 ∇v t0ð Þk k2� �
≤ 1 −

ðt
0
h1 sð Þds

� 	
∇u tð Þk k2 + 1 −

ðt
0
h2 sð Þds

� 	
� ∇v tð Þk k2:

ð25Þ
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Thus, from (8), we obtain

I t0ð Þ > 0, ð26Þ

which contradicts to (13). Thus, IðtÞ > 0 on ½0, T�.

Theorem 5. Suppose that the conditions of Lemma 4 hold,
then the solution (1) is bounded and global in time.

Proof. We have

E 0ð Þ ≥ E tð Þ = J tð Þ + 1
η + 2 utk kη+2η+2 + vtk kη+2η+2

� �
≥

κ + 1
2 κ + 2ð Þ l1 ∇u tð Þk k2 + l2 ∇v tð Þk k2�
+ ∇utk k2 + ∇vtk k2 + h1⋄∇uð Þ tð Þ
+ h2⋄∇vð Þ tð ÞÞ + 1

η + 2 utk kη+2η+2 + vtk kη+2η+2
� �

:

ð27Þ

Thus,

∇u tð Þk k2 + ∇v tð Þk k2 + ∇utk k2 + ∇vtk k2 ≤ CE 0ð Þ, ð28Þ

where positive constant C depends only on κ, l1, l2: This
implies that the solution of problem (1) is global in time.

4. General Decay of Solutions

This section is devoted to show the decay of solution (1). Set

Γ tð Þ≔ME tð Þ + εΦ tð Þ + Ϝ tð Þ, ð29Þ

where M and ε are positive constants and

Φ tð Þ = δ1 tð Þ 1
η + 1

ð
Ω

utj jηutudx +
ð
Ω

∇ut∇udx
� 


+ δ2 tð Þ 1
η + 1

ð
Ω

vtj jηvtvdx +
ð
Ω

∇vt∇vdx
� 


,

Ϝ tð Þ = δ1 tð Þ
�ð

Ω

Δut −
utj jηut
η + 1

� 	ðt
0
h1 t − sð Þ

� u tð Þ − u sð Þð Þdsdx


+ δ2 tð Þ

�ð
Ω

Δvt −
vtj jηvt
η + 1

� 	

�
ðt
0
h2 t − sð Þ v tð Þ − v sð Þð Þdsdx



:

ð30Þ

Lemma 6. For ε which is small enough while M is large
enough, the relation

α1Γ tð Þ ≤ E tð Þ ≤ α2Γ tð Þ,∀t ≥ 0 ð31Þ

holds for two positive constants α1 and α2:

Proof. As references [1, 10], it can be show easily that ΓðtÞ
and EðtÞ are equivalent in the sense that α1 and α2 are posi-
tive constants, depending on ε and M:

Lemma 7 [3]. Assume that (12) holds. Let ðu, vÞ be the solu-
tion of problem (1). Then, for σ ≥ 0, we get

Lemma 8 [16]. Let (A1)-(A3) hold. Assume that u0, v0 ∈H1
0ð

ΩÞ, u1, v1 ∈ L2ðΩÞ, be given and satisfying (12). Then,
throughout the solution ðu, vÞ of (1), there exist two positive
constants β1 and β2 such that for any δ > 0 and for all t ≥ 0,

ð
Ω

f1 u, vð Þ
ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx

≤ β1δ l1 ∇uk k2 + l2 ∇vk k2� �
+ 1 − l1ð Þc2∗ h1⋄∇uð Þ tð Þ

4δ
,

ð
Ω

f2 u, vð Þ
ðt
0
h2 t − sð Þ v tð Þ − v sð Þð Þdsdx

≤ β2δ l1 ∇uk k2 + l2 ∇vk k2� �
+ 1 − l2ð Þc2∗ h2⋄∇uð Þ tð Þ

4δ
:

ð33Þ

Lemma 9. Let u0, v0 ∈H1
0ðΩÞ, u1, v1 ∈ L2ðΩÞ, be given and

satisfying (12). Suppose that (A1)-(A3) hold. Then, for each t0
> 0, the functional ΓðtÞ verifies, throughout the solution of (1)

Γ′ tð Þ ≤ −ξ1E tð Þ + ξ2 h1⋄∇uð Þ tð Þ + h2⋄∇vð Þ tð Þ½ �, t ≥ t0, ð34Þ

where ξi > 0, ði = 1, 2Þ:

Proof. By applying (18) and Eq.(1) and getting δi ≡ 1ði = 1, 2Þ
in (18), we have

Φ′ tð Þ ≤ 1
η + 1 utk kη+2η+2 + vtk kη+2η+2

� �
− ∇uk k2 − ∇vk k2

ð
Ω

ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þds

� 	σ+2
dx ≤ 1 − l1ð Þσ+1cσ+2∗

2 κ + 2ð ÞE 0ð Þ
l1 κ + 1ð Þ

� 	σ/2
h1⋄∇uð Þ tð Þ,

ð
Ω

ðt
0
h2 t − sð Þ v tð Þ − v sð Þð Þds

� 	σ+2
dx ≤ 1 − l1ð Þσ+1cσ+2∗

2 κ + 2ð ÞE 0ð Þ
l2 κ + 1ð Þ

� 	σ/2
h2⋄∇vð Þ tð Þ:

8>>>><
>>>>:

ð32Þ
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+ ∇utk k2 + ∇vtk k2
ð
Ω

∇u tð Þ
ðt
0
h1 t − sð Þ∇u sð Þdsdx

+
ð
Ω

∇v tð Þ
ðt
0
h2 t − sð Þ∇v sð Þdsdx + 2 κ + 2ð Þ

�
ð
Ω

F u, vð Þdx −
ð
Ω

u uj jk + vj jl
� �

ut utj jj−1dx

−
ð
Ω

v vj jθ + uj jρ
� �

vt vtj js−1dx:

ð35Þ

For estimating the seventh term in the right side of (22) as
follows (see [17]):

ð
Ω

∇u tð Þ
ðt
0
h1 t − sð Þ∇u sð Þdsdx

≤
1
2 ∇uk k2 + 1

2

ð
Ω

�ðt
0
h1 t − sð Þ ∇u sð Þjð

−∇u tð Þj + ∇u tð Þj jÞds
	2

dx:

ð36Þ

By exploiting Young’s inequality and the assumption thatÐ t
0h1ðsÞds ≤

Ð∞
0 h1ðsÞds ≤ 1 − l1, for γ1 > 0,

ð
Ω

∇u tð Þ
ðt
0
h1 t − sð Þ∇u sð Þdsdx

≤
1
2 ∇uk k2 + 1

2 1 + γ1ð Þ
ð
Ω

ðt
0
h1 t − sð Þ ∇u sð Þj jds

� 	2
dx

+ 1
2 1 + 1

γ1

� 	ð
Ω

ðt
0
h1 t − sð Þ ∇u sð Þ−∇u tð Þj jds

� 	2
dx

≤
1
2 ∇uk k2 + 1

2 1 + γ1ð Þ
ðt
0
h1 sð Þds

� 	2
∇uk k2

+ 1
2 1 + 1

γ1

� 	 ðt
0
h1 sð Þds

� 	
h1⋄∇uð Þ tð Þ

≤
1 + 1 + γ1ð Þ 1 − l1ð Þ2

2 ∇uk k2

+ 1 + 1/γ1ð Þð Þ 1 − l1ð Þ
2 h1⋄∇uð Þ tð Þ:

ð37Þ

Similarly with γ2 > 0,

ð
Ω

∇v tð Þ
ðt
0
h2 t − sð Þ∇v sð Þdsdx

≤
1 + 1 + γ2ð Þ 1 − l2ð Þ2

2 ∇vk k2

+ 1 + 1/γ2ð Þð Þ 1 − l2ð Þ
2 h2⋄∇vð Þ tð Þ:

ð38Þ

By estimating the following terms in (22), we have

ð
Ω

u uj jk + vj jl
� �

ut utj jj−1dx

≤ Ω uj jk+1 utj jjdx +
ð
Ω

uj j vj jl utj jjdx:
ð39Þ

Exploiting Young’s inequality, Hölder’s inequality,
Sobolev-Poincare inequality, (A3), and (15) for β1 > 0, one
has

ð
Ω

uj jk+1 utj jjdx

≤
ð
Ω

uj jk utj jj+1dx
� 	j/j+1 ð

Ω

uj jk+j+1dx
� 	j/j+1

≤
jβ−j+1/j

1
j + 1

ð
Ω

uj jk utj jj+1dx + βj+1
1 Ck+j+1

∗
j + 1 ∇uk kk+j+1

≤
jβ−j+1/j

1
j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx

+ βj+1
1 Ck+j+1

∗ χk+j−1/2
1

j + 1 ∇uk k2,
ð
Ω

uj j vj jl utj jjdx
����

����
≤
ð
Ω

vj jl utj jj+1dx
� 	j/j+1 ð

Ω

vj jl uj jj+1dx
� 	j/j+1

≤
jβ−j+1/j

1
j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx

+ βj+1
1

2 j + 1ð Þ vk k2l2l + uk k2 j+1ð Þ
2 j+1ð Þ

� �

≤
jβ−j+1/j

1
j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx + βj+1
1 C2l

∗χ
l−1
2

2 j + 1ð Þ

� ∇vk k2� �
+ βj+1

1 C2j+2
∗ χj

1
2 j + 1ð Þ ∇uk k2� �

,

ð40Þ

where

χ1 =
2 κ + 2ð ÞE 0ð Þ
l1 κ + 1ð Þ andχ2 =

2 κ + 2ð ÞE 0ð Þ
l2 κ + 1ð Þ : ð41Þ

By inserting (27) and (28) into (26), we have

ð
Ω

u uj jk + vj jl
� �

ut utj jj−1dx

≤
2jβ−j+1/j

1
j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx

+ βj+1
1 C2l

∗χ
l−1
2

2 j + 1ð Þ ∇vk k2� �
+ βj+1

1
j + 1

� Ck+j+1
∗ χ

k+j−1ð Þ/2
1 + C2j+2

∗ χj
1

2

 !
∇uk k2:

ð42Þ
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Similarly, for β2 > 0, we have

ð
Ω

v vj jθ + uj jρ
� �

vt vtj js−1dx

≤
2sβ−s+1/s

2
s + 1

ð
Ω

vj jθ + uj jρ
� �

vtj js+1dx

+ βs+1
2 C2ρ

∗ χ
ρ−1
1

2 s + 1ð Þ ∇uk k2� �
+ βs+1

2
s + 1

� Cθ+s+1
∗ χ

θ+s−1ð Þ/2
2 + C2s+2

∗ χs
2

2

� 	
∇vk k2:

ð43Þ

Thus, inserting (24) and (25) and (29) and (30) into (22),
we obtain

Φ′ tð Þ ≤ 1
η + 1 utk kη+2η+2 + vtk kη+2η+2

� �
− a1 ∇uk k2

− a2 ∇vk k2 + 2 κ + 2ð Þ
ð
Ω

F u, vð Þdx + ∇utk k2

+ ∇vtk k2 + 1 + 1/γ1ð Þð Þ 1 − l1ð Þ
2 h1⋄∇uð Þ tð Þ

+ 1 + 1/γ2ð Þð Þ 1 − l2ð Þ
2 h2⋄∇vð Þ tð Þ

+ 2jβ−j+1/j
1

j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx

+ 2sβ−s+1/s
2

s + 1

ð
Ω

vj jθ + uj jρ
� �

vtj js+1dx,

ð44Þ

where

a1 =
1 − 1 + γ1ð Þ 1 − l1ð Þ2

2 −
βj+1
1

j + 1

� Ck+j+1
∗ χ

k+j−1ð Þ/2
1 + C2j+2

∗ χj
1

2

 !
−
βs+1
2 C2ρ

∗ χ
ρ−1
1

2 s + 1ð Þ ,

a2 =
1 − 1 + γ2ð Þ 1 − l2ð Þ2

2 −
βs+1
2

s + 1

� Cθ+s+1
∗ χ

θ+s−1ð Þ/2
2 + C2s+2

∗ χs
2

2

� 	
−
βj+1
1 C2l

∗χ
l−1
2

2 j + 1ð Þ :

ð45Þ

At this moment, choosing γ1 = l1/1 − l1,γ2 = l2/1 − l2, and
picking β1 and β2 small enough such that

βj+1
1

j + 1 Ck+j+1
∗ χ

k+j−1ð Þ/2
1 + C2j+2

∗ χj
1

2

 !
+ βs+1

2 C2ρ
∗ χ

ρ−1
1

2 s + 1ð Þ ≤
l1
4 ,

βs+1
2

s + 1 Cθ+s+1
∗ χ

θ+s−1ð Þ/2
2 + C2s+2

∗ χs
2

2

� 	
+ βj+1

1 C2l
∗χ

l−1
2

2 j + 1ð Þ ≤
l2
4 :

ð46Þ

Consequently, (31) yields

Φ′ tð Þ ≤ 1
η + 1 utk kη+2η+2 + vtk kη+2η+2

� �
−
l1
4 ∇uk k2

−
l2
4 ∇vk k2 + 2 κ + 2ð Þ

ð
Ω

F u, vð Þdx

+ 1 − l1
2l1

h1⋄∇uð Þ tð Þ + 1 − l2
2l2

h2⋄∇vð Þ tð Þ + ∇utk k2

+ ∇vtk k2 + 2jβ−j+1/j
1

j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx

+ 2sβ−s+1/s
2

s + 1

ð
Ω

vj jθ + uj jρ
� �

vtj js+1dx:

ð47Þ

In order to estimate the Ϝ ′ðtÞ, we set

Ϝ1 tð Þ =
ð
Ω

Δut −
1

η + 1 utj jηut
� 	t

0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx,

ð48Þ

Then, by using equations (1), we have

Ϝ1′ tð Þ = −
ð
Ω

ðt
0
h1 t − sð Þ∇u sð Þds

� 	

�
ðt
0
h1 t − sð Þ ∇u tð Þ−∇u sð Þð Þds

� 	
dx

+
ð
Ω

uj jk + vj jl
� �

utj jj−1ut
ðt
0
h1 t − sð Þ

� u tð Þ − u sð Þð Þdsdx +
ð
Ω

∇u tð Þ
ðt
0
h1 t − sð Þ

� ∇u tð Þ−∇u sð Þð Þdsdx −
ð
Ω

∇ut tð Þ
ðt
0
h1′ t − sð Þ

� ∇u tð Þ−∇u sð Þð Þdsdx − 1
η + 1

ð
Ω

utj jηut

�
ðt
0
h1′ t − sð Þ u tð Þ − u sð Þð Þdsdx

−
ð
Ω

f1 u, vð Þ
ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx

−
1

η + 1

ðt
0
h1 sð Þ

� 	
utk kη+2η+2 −

ðt
0
h1 sð Þ

� 	
∇utk k2:

ð49Þ

For the first term of (33), by applying (A1), Hölder’s
inequality, and Young’s inequality, we deduce
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−
ð
Ω

ðt
0
h1 t − sð Þ∇u sð Þds

� 	 ðt
0
h1 t − sð Þ ∇u tð Þ−∇u sð Þð Þds

� 	
dx

����
����

≤ δ
ð
Ω

t
0h1 t − sð Þ∇u sð Þds� �2dx

+ 1
4δ

ð
Ω

ðt
0
h1 t − sð Þ ∇u tð Þ−∇u sð Þð Þds

� 	2
dx

≤ δ
ð
Ω

ðt
0
h1 t − sð Þ ∇u sð Þ−∇u tð Þj j + ∇u tð Þj jð Þds

� 
2
dx

+ 1
4δ

ðt
0
h1 sð Þds

� 	
h1⋄∇uð Þ tð Þ ≤ 2δ 1 − l1ð Þ2 ∇uk k2

+ 2δ + 1
4δ

� 	
1 − l1ð Þ h1⋄∇uð Þ tð Þ,∀δ > 0:

ð50Þ

Then, in order to estimate the following term, we seperate
such that

ð
Ω

uj jk + vj jl
� �

utj jj−1ut
ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx

����
����

= I1 + I2,
ð51Þ

where

I1 =
ð
Ω

uj jk utj jj−1ut
ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx,

I2 =
ð
Ω

vj jl utj jj−1ut
ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx:

ð52Þ

By Hölder’s inequality, Young’s inequality, (15), and
(21), we get

I1j j ≤
ð
Ω

uj jk utj jj+1dx
� 	j/j+1

 ð
Ω

uj jk
�ðt

0
h1 t − sð Þ

� u tð Þ − u sð Þð Þds
	j+1

dx

!1/ j+1

≤
jδ−j+1/j

j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx + δj+1

j + 1

 
1
2 uk k2k2k

+ 1
2

ð
Ω

ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þds

� 	2 j+1ð Þ
dx

!

≤
jδ−j+1/j

j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx + δj+1

j + 1

 
c2k∗
2 χk−1

1 ∇uk k2

+ c2j+2∗ 2χ1ð Þj 1 − l1ð Þ2j+1
2 h1⋄∇uð Þ tð Þ

!

I2j j ≤ jδ−j+1/j

j + 1

ð
Ω

uj jk + vj jl
� �

utj jj+1dx + δj+1

j + 1

 
c2l∗
2 χl−1

2 ∇vk k2

+ c2j+2∗ 2χ1ð Þj 1 − l1ð Þ2j+1
2 h1⋄∇uð Þ tð Þ

!
:

ð53Þ

From (A1) assumption, Hölder’s inequality, and Young’s
inequality, we get

ð
Ω

∇u tð Þ
ðt
0
h1 t − sð Þ ∇u tð Þ−∇u sð Þð Þdsdx

����
����

≤ δ ∇uk k2 + 1 − l1
4δ h1⋄∇uð Þ tð Þ:

ð54Þ

In order to estimate the forth term, we use Young’s
inequality, Sobolev-Poincare inequality, Hölder’s inequality,
and (A1) assumption

−
ð
Ω

∇ut tð Þ
ðt
0
h1′ t − sð Þ ∇u tð Þ−∇u sð Þð Þdsdx

����
����

≤ δ ∇utk k2 − h1 0ð Þ
4δ h1′⋄∇u

� �
tð Þ:

−
1

η + 1

ð
Ω

utj jηut
ðt
0
h1′ t − sð Þ u tð Þ − u sð Þð Þdsdx

����
����

≤
1

η + 1 δ utk k2 η+1ð Þ
2 η+1ð Þ +

1
4δ

ð
Ω

ðt
0
h1′ t − sð Þ u tð Þ − u sð Þð Þds

� 	2
dx

" #

≤
1

η + 1 δ utk k2 η+1ð Þ
2 η+1ð Þ −

h1 0ð Þc2∗
4δ

ð
Ω

ðt
0
h1′ t − sð Þ ∇u tð Þ−∇u sð Þj j2dsdx

� 


≤
δc2 η+1ð Þ

∗

η + 1
2 κ + 2ð ÞE 0ð Þ

κ + 1

� 	η

∇utk k2 − h1 0ð Þc2∗
4δ η + 1ð Þ h1′⋄∇u

� �
tð Þ:

ð55Þ

Combining these estimates (34)-(40) and (33) becomes

Ϝ1′ tð Þ ≤ 2δ + 1
2δ

� 	
1 − l1ð Þ + δj+1c2j+2∗ 2χ1ð Þj 1 − l1ð Þ2j+1

j + 1

" #

� h1⋄∇uð Þ tð Þ + δ + 2δ 1 − l1ð Þ2 + δj+1

j + 1
c2k∗
2 χk−1

1

 !

� ∇uk k2 + δj+1

j + 1
c2l∗
2 χl−1

2 ∇vk k2 − h1 0ð Þ
4δ

c2∗
η + 1 + 1
� 	

� h1′⋄∇u
� �

tð Þ +
 
δ + δc2 η+1ð Þ

∗

η + 1
2 κ + 2ð ÞE 0ð Þ

κ + 1

� 	η

−
ðt
0
h1 sð Þds

!
∇utk k2 + 2jδ−j+1/j

j + 1

ð
Ω

uj jk + vj jl
� �

� utj jj+1dx − 1
η + 1

ðt
0
h1 sð Þds

� 	
utk kη+2η+2

−
ð
Ω

f1 u, vð Þ
ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx:

ð56Þ

Similarly, let

Ϝ2 tð Þ= Ω Δvt −
1

η + 1 vtj jηvt
� 	t

0
h2 t − sð Þ v tð Þ − v sð Þð Þdsdx,

ð57Þ
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then

Ϝ2′ tð Þ ≤ 2δ + 1
2δ

� 	
1 − l2ð Þ + δs+1c2s+2∗ 2χ2ð Þs 1 − l2ð Þ2s+1

s + 1

" #

� h2⋄∇vð Þ tð Þ + δ + 2δ 1 − l2ð Þ2 + δs+1

s + 1
c2θ∗
2 δθ−12

 !

� ∇vk k2 + δs+1

s + 1
c2ϱ∗
2 χϱ−1

1 ∇uk k2 − h2 0ð Þ
4δ 1 + c2∗

η + 1

� 	

� h2′⋄∇v
� �

tð Þ +
 
δ + δc2 η+1ð Þ

∗

η + 1
2 κ + 2ð ÞE 0ð Þ

κ + 1

� 	η

−
ðt
0
h2 sð Þds

!
∇vtk k2 + 2sδ−s+1/s

s + 1

ð
Ω

vj jθ + uj jϱ
� �

� vtj js+1dx −
ð
Ω

f2 u, vð Þ
ðt
0
h2 t − sð Þ v tð Þ − v sð Þð Þdsdx

−
1

η + 1

ðt
0
h2 sð Þds

� 	
vtk kη+2η+2:

ð58Þ

Since the function hi ði = 1, 2Þ is positive, then for any t0
> 0,

ðt
0
hi sð Þds ≥

ðt0
0
hi sð Þds = hi 0ð Þ ≥ h3 > 0,∀t ≥ t0: ð59Þ

Hence, we conclude from (17), (10), (32), (41), and (42)
that

Γ′ tð Þ ≤ −
1

η + 1 h3 − εð Þ utk kη+2η+2 + vtk kη+2η+2
� �

−

 
h3 − ε − δ

−
δc2 η+1ð Þ

∗

η + 1
2 κ + 2ð ÞE 0ð Þ

κ + 1

� 	η
!

∇utk k2 + ∇vtk k2� �

−
εl1
4 − c2

� 	
∇uk k2 − εl2

4 − c3

� 	
∇vk k2

+ ε 1 − l1ð Þ
2l1

+ c4

� 	
h1⋄∇uð Þ tð Þ + ε 1 − l2ð Þ

2l2
+ c5

� 	

� h2⋄∇vð Þ tð Þ + 2ε κ + 2ð Þ
ð
Ω

F u, vð Þdx

+ M
2 −

h1 0ð Þ
4δ

c2∗
η + 1 + 1
� 	� 


h1′⋄∇u
� �

tð Þ

+ M
2 −

h2 0ð Þ
4δ

c2∗
η + 1 + 1
� 	� 


h2′⋄∇v
� �

tð Þ

+ 2jβ−j+1/j
1

j + 1 ε + 1ð Þ −M

 !ð
Ω

uj jk + vj jl
� �

utj jj+1dx

+ 2sβ−s+1/s
2

s + 1 ε + 1ð Þ −M

 !ð
Ω

vj jθ + uj jρ
� �

vtj js+1dx

−
ð
Ω

f1 u, vð Þ
ðt
0
h1 t − sð Þ u tð Þ − u sð Þð Þdsdx

−
ð
Ω

f2 u, vð Þ
ðt
0
h2 t − sð Þ v tð Þ − v sð Þð Þdsdx,

ð60Þ

where

c2 = 2δ 1 − l1ð Þ2 + δj+1c2k∗ χ
k−1
1

2 j + 1ð Þ + δs+1c2ρ∗ χρ−1
1

2 s + 1ð Þ ,

c3 = 2δ 1 − l2ð Þ2 + δs+1c2θ∗ χθ−1
2

2 s + 1ð Þ + δj+1c2l∗χ
l−1
2

2 j + 1ð Þ ,

c4 = 2δ + 1
2δ

� 	
1 − l1ð Þ + δj+1c2j+2∗ 2χ1ð Þj 1 − l1ð Þ2j+1

j + 1 ,

c5 = 2δ + 1
2δ

� 	
1 − l2ð Þ + δs+1c2s+2∗ 2χ2ð Þs 1 − l2ð Þ2s+1

s + 1 :

ð61Þ

By using Lemma 8 and (15) for the last two terms of (43),
we obtain

Γ′ tð Þ ≤ −
1

η + 1 ε − h3ð Þ utk kη+2η+2 + vtk kη+2η+2
� �

− ε + δ + δc2 η+1ð Þ
∗

η + 1
2 κ + 2ð ÞE 0ð Þ

κ + 1

� 	η

− h3

 !

� ∇utk k2 + ∇vtk k2� �
−

εl1
4 − c2 + β1 + β2ð Þδl1ð Þ

� 	

� ∇uk k2 − εl2
4 − ε c3 + β1 + β2ð Þδl2ð Þ

� 	
∇vk k2

+ ε

2l1
+ c2∗
4δ

� 	
1 − l1ð Þ + c4

� 

h1⋄∇uð Þ tð Þ

+ ε

2l2
+ c2∗
4δ

� 	
1 − l2ð Þ + c5

� 

h2⋄∇vð Þ tð Þ

+ M
2 −

h1 0ð Þ
4δ

c2∗
η + 1 + 1
� 	� 


h1′⋄∇u
� �

tð Þ

+ M
2 −

h2 0ð Þ
4δ

c2∗
η + 1 + 1
� 	� 


h2′⋄∇u
� �

tð Þ

+ 2ε κ + 2ð Þ
ð
Ω

F u, vð Þdx + 2jβ−j+1/j
1

j + 1 ε + 1ð Þ −M

 !

�
ð
Ω

uj jk + vj jl
� �

utj jj+1dx + 2sβ−s+1/s
2

s + 1 ε + 1ð Þ −M

 !

�
ð
Ω

vj jθ + uj jρ
� �

vtj js+1dx:

ð62Þ

At this point, we choose ε and δ which are small enough,
and we have

1
η + 1 h3 − εð Þ > 0,

h3 − ε − δ −
δc2 η+1ð Þ

∗

η + 1
2 κ + 2ð ÞE 0ð Þ

κ + 1

� 	η

> 0,

εl1
4 − c2 + β1 + β2ð Þδl1ð Þ > 0,

εl2
4 − c2 + β1 + β2ð Þδl2ð Þ > 0:

ð63Þ
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Further, we pick ε so small and

2jβ−j+1/j
1

j + 1 ε + 1ð Þ −M < 0, 2sβ
−s+1/s
2

s + 1 ε + 1ð Þ −M < 0: ð64Þ

Once δ is fixed, we choose M that is sufficently large so
that

M
2 −

h1 0ð Þ
4δ

c2∗
η + 1 + 1
� 	

≥ 0, M2 −
h2 0ð Þ
4δ

c2∗
η + 1 + 1
� 	

≥ 0:

ð65Þ

Consequently, for all t ≥ t0, we reach at

Γ′ tð Þ ≤ −ξ1E tð Þ + ξ2 h1⋄∇uð Þ tð Þ + h2⋄∇vð Þ tð Þð Þ, ð66Þ

where there are positive constants ξi, i = 1, 2.

Now, we are ready to state our stability result.

Theorem 10. Suppose that (4) and (A1)-(A3) hold, and that
ðu0, u1Þ ∈H1

0ðΩÞ × L2ðΩÞ and ðv0, v1Þ ∈H1
0ðΩÞ × L2ðΩÞ sat-

isfy Eð0Þ < E1 and

l1 ∇u0k k2 + l2 ∇v0k k2� �1/2 < α∗: ð67Þ

Then for each, the energy of (1) satisfies

E tð Þ ≤ Ke−k
t
t0
δ sð Þds, t ≥ t0, ð68Þ

where δðtÞ≔min fδ1ðtÞ, δ2ðtÞg and K and k are positive con-
stants:

Proof. Multiplying (46) by δðtÞ, we get

δ tð ÞΓ′ tð Þ ≤ −ξ1δ tð ÞE tð Þ + ξ2δ tð Þ h1⋄∇uð Þ tð Þ + h2⋄∇vð Þ tð Þ½ �:
ð69Þ

Applying (A2) and δðtÞ≔min fδ1ðtÞ, δ2ðtÞg and since
−½ðh1′⋄∇uÞðtÞ + ðh2′⋄∇vÞðtÞ� ≤ −2E′ðtÞ by (10), we obtain

δ tð ÞΓ′ tð Þ ≤ −ξ1δ tð ÞE tð Þ − ξ2δ tð Þ h1′⋄∇u
� �

tð Þ + h2′⋄∇v
� �

tð Þ
h i

≤ −ξ1δ tð ÞE tð Þ − 2ξ2E′ tð Þ,∀t ≥ t0:

ð70Þ

That is

G′ tð Þ ≤ −c∗δ tð ÞE tð Þ ≤ −kδ tð ÞG tð Þ,∀t ≥ t0: ð71Þ

And here, GðtÞ = δðtÞΓðtÞ + CEðtÞ is equivalent to EðtÞ due
to (20), and k is a positive constant. A simple integration of
(50) leads to

G tð Þ ≤G t0ð Þe−ktt0δ sð Þds,∀t ≥ t0: ð72Þ

This completes the proof.

5. Conclusion

As far as we know, there have not been any global existences
and general decay results in the literature known for quasi-
linear viscoelastic equations with degenerate damping terms.
Our work extends the works for some quasilinear viscoelastic
equations treated in the literature to the quasilinear viscoelas-
tic equation with degenerate damping terms.
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