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The oscillation of even-order nonlinear differential equations (NLDiffEqs) with mixed nonlinear neutral terms (MNLNTs) is
investigated in this work. New oscillation criteria are obtained which improve, extend, and simplify the existing ones in other

previous works. Some examples are also given to illustrate the validity and potentiality of our results.

1. Introduction

Recently, numerous research studies have been carried out
concerning the oscillatory behavior of the differential equa-
tions with a linear neutral term. Some previous notable stud-
ies include the investigation of even-order quasilinear neutral
functional differential equations’ oscillation (DEgqsOs) [1]
(see also [2-4]), 3rd-order neutral delay dynamic equations
on time scales [5], 2nd-order nonlinear neutral delay differ-
ential equation solutions’ asymptotic behavior [6] (see also
[7]), and 2nd-order superlinear Emden-Fowler neutral DEq-
sOs [8]. On one hand, higher-order neutral delay DEqsOs
was studied in [9]. On the other hand, even-order of DEqsOs
and nonlinear neutral DEqsOs with variable coefficients were
investigated in [10, 11], respectively. A neutral functional
delay differential equation was investigated in the sense of
fractional calculus [12] (for more information about the
applications of fractional calculus, refer to [13]).

However, differential equations’ oscillation with nonlin-
ear neutral terms has been rarely studied in literature. For
the case of differential equations with a sublinear neutral
term [14-16], Grace et al. [17] proposed differential equa-
tions with both sublinear and super-linear neutral terms,
where a second-order half-linear differential equation of the
following form was investigated:

(o)) saoemey=o. )
where n >0 is an even integer, and

(1) =x(t) + p ()P (1,(8) = o ()2 (7a(1)). (2)

From Equations (1) and (2), the following are assumed:
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(i) &, B, y, and § are the ratios of two positive odd inte-
gers with > 1

(il) py» Py q ¢ [ty 00) — RT are continuous functions

(ili) 7y : [ty» 00) — R are continuous functions; 7,(t)
<tand 7, (t) — ocoast — oo fork=1,2

(iv) h(t)=15"(7,(t)) <t,and h(t) — co as t —> 0

Let us suppose that

t
(t —s)"2 A(s, t,)ds —> coast — co, (3)
ty

A% (1 tg) ::J

for which

t
r~1%(s)ds — coast — co. (4)
)

A(t, 1) ::J

A continuous function x satisfying Equation (1) on
[t,,00), t, >t is said to be a solution of Equation (1)
on [t,,00) where y(t) is defined in (2). We only con-
sider those solutions x of (1) which satisfy

sup {|x(t)]: t=t"} >0forallt” >1¢,. (5)

A solution x of (1) is said to be oscillatory if there
exists a sequence {&,} such that x(£,)=0 and

lim &, = oco. (6)

n—~oo

Otherwise, it is called nonoscillatory. Equation (1) is
said to be an oscillatory (or nonoscillatory) equation if
all its solutions are oscillatory (or nonoscillatory).

According to the best of our knowledge, the higher-order
differential equations with nonlinear neutral terms have not
been studied yet in any other research work. Inspired by
the above studies, the oscillation of the proposed differential
equations in (1) is investigated in this paper. New oscillation
results for Equation (1) are obtained by comparing with the
first-order delay differential equations whose oscillatory
characters are well-known via an integral criterion. All results
in this work are totally new, and more general oscillation
results can be obtained by extending our obtained results to
more general differential equations with both sublinear and
super-linear neutral terms. As a result, a special research
interest is hopefully stimulated from our work for possible
general investigation of various neutral differential equations’
classes, particularly the ones with sublinear and/or super-
linear neutral terms.

This article consists of the following sections: our main
results are investigated in Section 2. Two illustrative exam-
ples are given in Section 3. Then, a short conclusion of our
work is provided in Section 4.
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2. Main Results

Some oscillation criteria for Equation (1) are studied when
B<landd>1.
To obtain our results, the following lemma is needed:

Lemma 1 ([5]). Let & and ¥ be two nonnegative real num-
bers. Then, the following inequality is obtained:

>0for A>1,
L+ A- DY - AT YM! J (7)
<0for 0<A<]I,

where equality holds if and only if X = Y.
In what follows, we let

g,(8) = (1= B)BPUIP BB 1)p 0B (1)
gg(t) — ((S _ 1)86/(1—6)1)6/(5—1)(t)pé/(lfé)(t)’ (8)
Q(t) =a(t)[p;(h(t)] ™",

for t>t, for some t; >t, where p: [t),00) — (0,00) is a
continuous function.

Theorem 2. Let S < 1 and § > 1, conditions (i)-(iv), and (3)
hold, and let p € C([t,,00), (0,00)) such that

p,(t) # 0isbounded and lim [g,(t) + g,()] = 0, 9)

and the equation
2/ () + Cq(t)AY (7())2"*(1,(t)) =0, (10)

is oscillatory for all constant C > 0. Let us assume that there
exist constants u, i=1,2,3, and ¢ € (0, 1) such that

Isp sp,<ps (11)
wih(t) <t, (12)

and the equations

n-2 vi8
21+ Q) {% W Awsh() Mzh(t))} 279 (1)) =0,

_ 16
X'(0)+ Q(O{(pgzz— ;ff) O } X1 (h(1)) = 0,
(13)
are oscillatory, and
JOO Q(s)[A” (h(s), 1)]"ds = co. (14)
)

Then, every solution x(t) of Equation (1) is oscillatory, or

lim x(t) = oo. (15)

t—00
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Proof. Without loss of generality, the solution x(¢) of
Equation (1) is assumed to be positive and x(7,(¢)) >0
for t>1t, for some t; >¢, (i.e, a nonoscillatory solution).
From Equation (1), we have the following: x(7,(#)) > 0and

(ro o)) == @@y <o e)

Hence, r(¢)[y")(¢)]" is nonincreasing with a constant
sign. Namely, y""V)(t) > 0 or y""V(t) < 0 for t > t, for some
t, > t,, so the following four cases are examined separately:

() y(t)>0and y" () <0

( (t)
(b) y(t (t)>0
( (t)
( (t)

t)<0and y"V(t)>0

) 1
) >0 and y(*V)
) 1
(d) y(t) <0and y*V(t) <0

Let us first consider the case (a). Since y"~)(t) <0 for

t>t,, we obtain the following:

a

0] s (17)

for some positive constant ¢, i.e.,

0= (~155) (18)

for t >t,. Integrating the last inequality (n— 1)-times and
by condition (3), we conclude that

lim y" V) (t) = —o0, (19)

t—00

which is a contradiction.
Next, let us consider the case (b). It is obvious that

¥(t) = (t) + [p()x(x2(8)) = pal(5° (12(1))]

(20)
+ [0 (5:(0) - p(1)x(rs ().

From Equation ((2)) of y(¢), i.e., we obtain the following:

x(t) = y(t) = [p(Ox(r2(1)) = P2 (1) (12 (1))

(21)
- [P0 (1) ~p(O)x(x(1)|.

If we apply the first inequality in (7) with A=8>1,
2 =p;" (H)x(1,(1)), and

7= [se0p 0] @)

then we have

P(1)x(T5(t)) = Py (£)x° (75(1))
<(©6- 1)85’(“‘”;)5’(5*1)(t)pi/(lfa)(t) (23)
= g,(1).

In a similar manner, by applying the second inequality
in (7) with A=B<1, Z=p*(t)x(r,(t)), and

(B-1)
¥ - [%p(t)p;”%)] , (24)

we obtain the following:

Pu(0)xXF (1,(1)) = p(1)x(7,(t))
<(-pFPPEN op " Py (29
=g,(1)-

By using (21) and (23), (25) turns out that

X(6) 2 (t) - 9,(t) - 65 (1) = {1 - W}y(t) (26)

Since y(t) in nondecreasing, we have the following:
y(t) = ¢, for some ¢, >0. Hence, (26) turns that

x(t) > {1 - gl(t):gZ(t)}y(t). (27)
Now, we see

x(t) = (1), (28)

from (9) and (27) for some ¢, € (0,
Equation (1) turns to be

1). (28) implies that

(ro [y0m]) + datyr @) <o (29)
There exists a constant 8, € (0, 1) such that
Yr() 2 =T Oy (T (1), (30)

for t>t, (see [16, 18, 19]).

PRI

By setting w(t) =r(¢)
we obtain the following:

6o
(n—1)!

By using (31), (29) turns that

y(ri(t) 2 T (O (T ())w (ny (1) (31)

w' (1) < =K ({7 ()" (r, (1)) a()w"*(zy(¢)),  (32)



where

= .

From Corollary 1 in [20], it can easily be concluded
that there exists a positive solution w(t) of Equation
(10) with lim, , w(t) =0, which contradicts the fact that
Equation (10) is oscillatory.

Now, let us consider the cases when y(t) <0 for t>t,.
Suppose that

v(t) = =y(t) = =x(t) = p, ()" (15(t)) + p, ()2° (1 (1))

<P, ()X (1,(1)),
(34)
which implies
» R v(t) 116
iz 2 ()
v(‘rgl(t)) 1/8
x(t) = [m . (36)
On the other hand, we obtain the following:
] [ Ee) ]
(r(t) [v( )(f)} ) =q(1)x"(1y(1)) 2 q(1) {m}
=Q(tV"° (h(t)).
(37)

Now, let us consider the case (c). Clearly, we see that
v () <0 and either v'(¢) <0 or v'(t) >0 for t > ¢,. First,
we assume that v’ (£) < 0 for £ > t,. It is easy to see that
(pp =)™
(n-2)!

(refer to [18]). Now, we may express

v(psh(t)) 2 WOV (wh(1), (38)

V2 (14,) = VD) (1)) = _JZZ e (s) [r(s) [z(ﬂ—l)(s)} a] I/txds

> Ay, uy) [—r’”"‘(uz)v(”’l) (uz)] ,
(39)

for t, <u, <u,. By taking u, = u,h(t) and u, = u,h(t) for
t>t, in inequality (39), we see that

P (yh(1) 2 A(psh(0), wh(0) [ = (s (V" (1)) .

(40)
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By using (40), (38) turns out to be
n-2
U= Y n—
() = 2B ) A (), b))

(n-2)! (41)
X | =1 (ush ()" (ush(1))|.

By setting V (t) == —r(t)[v" "V (£)]" for t>t,, (41) turns

that

(P‘z )

X [-V”"‘(Mah(f))]-

v(h(t)) = W2 () A(ush(t), uyh(t))

(42)
From (42) and (31), we obtain the following:

V()2 Q(e)r" (h(1))
(1, — )"
= >{ﬁ

x [V (1)),

which implies

yI8

V(6 + QM) {% WA k(1) Mzh(f))}

[V ()| <o.
(44)

The proof can be easily completed by following the
same steps as we did for the case (a) and hence is omitted.

Next, we assume that v' () > 0 for ¢ > t,. Clearly, we have
the following:

P ush(1)) 2 = (4y — )WV (uyh(8)). (45)

There exists a constant 6, € (0, 1) such that

vz (nﬁlz)vhn_z(t)“" MUG)
0 (46)
> Gy OV b)),
for t > t;. Now, we see that
Yk()= (n ?12)1 (o) (uyh(t))
= (n ?12); (1) (1 _P‘l)h(t)[ v (uyh( ))}
(47)
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The rest of the proof is similar to that of the above case
and hence is omitted.
Finally, let us consider the case (d). Clearly, we have

r(t)[v' ()] >0 and so
r(t) {v("_l)(t)} > ¢y, (48)

or that

YD (1) > (%) " (49)

for some ¢, > 0. Thus, we obtain the following:

v(t) 2o *A* (L 1,) (50)

t
lim J q(s)AY(t,(s))ds = cowheny < «,
®

t—00
T

t—00

ush(t)

limian Q) {2 (s)A(psh(s), pyh(s)) Y ds > é (

for t>t; > t,. By using (50), (37) turns out

y18

(o) [ 0)]") = Qe (1) = Q) [ea” (h(t). 1,)]
(51)

The rest of the proof is trivial and hence is omitted.
This completes the proof. O

Corollary 3. Let < 1 and & > 1, conditions (i)-(iv), and (3)
hold, and let p € C([t,00), ((0,00) such that (9) holds. Assume
that there exist real numbers y;, i = 1, 2, 3 such that (11) is sat-
isfied. If we have condition (14), then

-2 \"
W wheny = ad,
2" H

t
lim J QUs) "2 (5)A(p3h(s), ph(s)) } " ds = cowhen y < o,
=00 ) o)

3

t—00

toh(t)

Then, Equation (1) is oscillatory.

3. Illustrative Examples

Two illustrative examples are presented in this section as
follows:

Example 1. Consider the following second-order equation:

(e_t <x(t> #3atn) ‘x3(t/2>> ) (53)

3 5 1 2
+-=—+=—=5+
4 36t 2t2

t_3> e4t’3)x(t/2) =0.

Clearly, r(t) =€, p,(t) =p(t) =t"", and p,(t) =1, and
hence, there exists a t, >3 such that

3 > L2\
Z_(ﬁ+ﬁ+t_3>e >0, (54)

for t > t,. The verification of all the conditions of Theorem 2
gives that every solution x of Equation (53) is oscillatory;
otherwise, lim, , x(t) =0c0. It is worth mentioning that
x,(t) =¢" is such a solution of Equation (53).

lim Jt (W7 () (1, — )] V/SQ(s)ds =ocowheny < a.

Example 2. Consider the following even-order equation:

<e-f <x(t) + %xm(t/Z) - x3(t/z)> W)) '
(55)

1
+ (;e_m)x(t/Z) =0.

By noting that r(t) =e™, p,(t) =p(t) = ¢!, p,(t) =1, and
q(t) =e "2/t and letting p, = 1/8, p, =1/4, and p, =3/8, it
can be easily seen that all the conditions of Corollary 3 hold,
and hence, Equation (55) is oscillatory.

4. Conclusion

New results concerning the oscillation of NLDiffEq with
MNLNTSs have been successfully established in this paper.
We have used novel technique which is based on a basic
inequality and some comparison results to prove the main
theorem. Demonstrating the validity and applicability of
our results, two examples have been presented in this regard.
It is worth mentioning that the oscillation of Equations (53)
and (55) cannot be commented by previous works.
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