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The main concentration of the present research is to explore several theoretical criteria for proving the existence results for the
suggested boundary problem. In fact, for the first time, we formulate a new hybrid fractional differential inclusion in the ¢-
Caputo settings depending on an increasing function ¢ subject to separated mixed ¢-hybrid-integro-derivative boundary
conditions. In addition to this, we discuss a special case of the proposed ¢-inclusion problem in the non-¢-hybrid structure
with the help of the endpoint notion. To confirm the consistency of our findings, two specific numerical examples are
provided which simulate both ¢-hybrid and non-¢-hybrid cases.

1. Introduction

Arbitrary order calculus theory is considered as an impor-
tant topic of research for all mathematicians, researchers,
engineers, and scientists due to the applicability of men-
tioned theory in several contexts in engineering and applied
science and its flexibility to model different systems and phe-
nomena having memory effects (see, e.g., [1-3] and refer-
ence therein). Several arbitrary order derivatives have been
introduced in the past decade, and the most common of
them are Riemann-Liouville, Caputo, and Hadamard deriv-
atives. Hence, arbitrary order boundary value problems
(BVPs) can be formulated in the framework of different
operators. In the meantime, some recent research investiga-
tions have been conducted with the aid of these operators to
establish the relevant analytical results for proposed BVPs.
For instance, Alzabut et al. [4] investigated the oscillatory
behavior of a kind of fractional differential equations (FDEs)
supplemented with damping and forcing terms by terms of
generalized proportional operators. In [5], Baleanu et al.

modeled an applied instrument in engineering in the context
of a hybrid Caputo FBVP and studied its existence theory.
Also, the same authors [6] established similar results by
means of Caputo and Riemann-Liouville conformable deri-
vation and integration operators. In 2019, Matar et al. [7]
devoted their focus on solvability of nonlinear systems of
FDEs via nonlocal initial value problems by terms of fixed
point methods and after that, Mohammadi et al. [8] utilized
another fractional operator entitled Caputo-Hadamard for
modeling a hybrid FBVP with Hadamard integral boundary
conditions. Zhou et al. [9] presented a fractional antiperiodic
model of Langevin equation and investigated qualitative
aspects of its solutions with the aid of techniques appeared
in functional analysis. Similarly, one can find some papers
on applications of fractional operators [10-13].

In 2017, a generalization of the Caputo fractional opera-
tor known as @-Caputo derivative (¢-CF) was presented by
Almeida [14] in which its kernel is with respect to a given
increasing function ¢. One of the most important advan-
tages of the ¢-CF derivative operator is its ability to produce


https://orcid.org/0000-0003-3463-2607
https://orcid.org/0000-0003-4501-9269
https://orcid.org/0000-0002-2556-2806
https://orcid.org/0000-0002-1574-1800
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/4512223

all previous fractional derivatives, and also, it involves the
semigroup property. As a result, ¢-CF derivative is known
as an extended structure of arbitrary order derivative
operators.

To get acquainted with some previous research works
done based on ¢-CF operators so far, we refer to a paper
published by Wahash et al. [15]. In that paper, Wahash
et al. designed a generalized ¢-fractional differential equa-
tion with a simple integral condition as

57 w(z) = h, (2, w(2)),

1 1)
w(0) = v+ dj E(q)u(g)da

0

where z€[0,1], 0* €(0,1), veR,, and d € R, and also,
h, : [0,1]x R, — R, stands for a continuous function
along with & €Ly ([0,1]). The lower-upper solution is a

technique implemented in that article by Wahash et al. in
which they utilized a fixed point method on cones. Further,
lower-upper control maps are provided with respect to the
nonlinear term without a certain monotonicity criterion
[15]. Similarly, by using the newly introduced ¢-CF operator
and its generalizations, several articles have been published
like as [16] in which Almeida et al. considered a FDE via a
Caputo derivative with respect to a kernel function and
reviewed some applications of them. Derbazi et al. [17] used
such a generalized operator to investigate a nonlinear initial
value problem via monotone iterative method. Samet et al.
derived some Lyapunov-type inequalities in relation to an
antiperiodic FBVP involving ¢-Caputo operator [18]. The
analysis of the stability to an ¢-Hilfer impulsive FDE is
another instance of applications of such generalized opera-
tors which was studied by Sousa et al. in [19]. In 2020, Tar-
iboon et al. [20] turned to establishment of existence
theorems to sequential generalized inclusion FBVP, and
then, Thabet et al. [21] achieved to similar findings on a
new structure of the pantograph inclusion FBVP. In a higher
level, Vivek et al. [22] defined generalized ¢-operators in the
context of partial operators and analyzed a PDE in the ¢-
Caputo settings.

With regard to ideas of aforesaid research works, we
consider the following ¢-hybrid fractional differential inclu-
sion in the sense of Caputo represented as

“l (%) € Oz, @ (2)), 2)

supplemented with separated mixed ¢-hybrid-integro-
derivative boundary conditions

S RL U 9B ey iP @"(z)
w7 ()

z=a

2 gurgegte(  @(2)
r =85 Ty IEIED, (m*(z,w*(z))

>
z=T

3)
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where z € [a, T] with a>0, 6* €(1,2), i€ (0,1), u* >0,
my, my € R¥, and s},s; € R*. Two notations %gg)v and
AL JE;);(P stand for the @-CF derivative and the ¢-Rie-
mann-Liouville integral (¢-RLF), respectively. Also, notice
that gi‘)};‘” = (1/¢'(2))(d/dz). Besides, M, : [a, T] x R —>
R is assumed to be a nonzero continuous single-valued
operator, and O : [0, 1] x R — P(R) is assumed to be a
set-valued operator equipped with some required properties.
Notice that by putting N, (z, @*(z)) = 1, the given ¢-hybrid
Caputo fractional differential inclusion BVP (2) and (3) is
transformed into a non-¢-hybrid separated inclusion BVP
presented by

D7 0" (2) € O(z, 0 (2), (z¢€[aT])
m @ (a) = s +m,o*(a),
i 27 7D @t (T) = 53 + iy P T VD P 0* (T,

(4)

Note that by taking into account the authors’ knowledge,
there are no research manuscripts on ¢-CF operators involv-
ing mixed ¢-hybrid-integro-derivative boundary conditions
simultaneously. In addition, this given structure is formu-
lated in a unique and general form in which we can consider
some standard special cases studied before. Here, we derive
some analytical criteria to prove the existence results for
the proposed novel ¢-hybrid fractional differential inclusion
in the ¢-Caputo settings (2) equipped with separated mixed
@-hybrid-integro-derivative boundary conditions (3). The
applied approach to achieve desired purposes is based on
Dhage’s fixed point result. In addition, we discuss the special
case of the proposed ¢-inclusion problem in the non-¢
-hybrid version with the aid of the endpoint notion. We
organize the present manuscript as the following construc-
tion. In Section 2, we briefly collect auxiliary preliminaries
on the ¢@-fractional operators and some required notions
on the multifunctions and related properties. In Section 3,
the existence criteria of solutions for both proposed ¢
-hybrid and non-¢-hybrid BVPs (2)-(4) are derived by two
different analytical methods. To confirm the applicability
of our analytical findings, two simulative numerical exam-
ples are formulated in Section 4 which cover both ¢-hybrid
and non-¢@-hybrid cases.

2. Auxiliary Preliminaries

By continuing the path ahead, we assemble and recall several
auxiliary and fundamental notions in the direction of our
theoretical methods implemented in this paper. The concept
of RLF integral for @* : [0,4+00) — R of order ¢* >0 is
defined as

. Z _ o*-1
@ng (D*(Z)ZJ (z-9)

OW@* (9)dq; (5)
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provided that the integral has finite value [23, 24]. In this
position, let us take n—-1<0* <n in which n=[o*]+ 1.
Regarding a continuous function @* : [0,+00) — R, the
RLF derivative of order p* is defined as

177 @ (z) = (;Z) E%@*(q) g, (6)

provided that the integral has finite value [23, 24]. In the
next step, for an absolutely continuous n-times differentiable
real-valued function ®* on [0,+00), the derivative in the
Caputo settings of order o™ is defined as

%gg*w*(z) — JZ (Z_ q)

o I'(n-0%)

n—-o*-1

“q)dg,  (7)

such that it is finite-valued [23, 24]. Now, let ¢ € €"([a
,b]) be increasing with ¢'(z) > 0,Vz € [a, b]. Then, an inte-
gral in the sense of @-Riemann-Liouville for an integrable
®* : [a,b] — R of order ¢* depending on increasing func-
tion ¢ is defined as

RL FO"5P
I, 0% (z) =

@"(q)dq
(8)

provided that the RHS of above equality involves the
finite value [25, 26]. It is clear that if we take ¢(z) = z, then
¢'(z) =1, and thus by inserting them into (8), we see that
the ¢-RLF integral is converted to the standard RLF integral
given by (5). For a continuous function @* : [0,4+00) — R,
a derivative in the sense of ¢-RL of order o* is given by

1 (aY
I(n-0*)\¢'(z)dz

: Jz<p’(q)(¢(2) — ()" @

a

RL a9 _
ga (D*(Z)_

®"(q) dg,
)

provided that the RHS of above equality exists [25, 26]. If
¢(z) = z, then the @-RLF derivative (9) is converted to the
standard RLF derivative (6). Motivated by such operators,
Almeida gave a ¢-version of the CF derivative as follows:

F(nia*) E(PI (@) (9(z) — ()

: <¢,l(q);;> @"(q) dq,

provided that the RHS of above equality exists [14]. If
¢(z) =z, then the ¢-CF derivative (10) is converted to the
standard CF derivative (7). Some useful properties of the ¢
-CF and ¢-RLF operators can be seen in the following.

D, "0 ()=

(10)

Lemma 1 [14, 24]. Let 0*,Q*, " >0 and ¢ € €"([a, b]) be
increasing with ¢'(z) > 0,Vz € [a, b]. Then,

(il) @ng*;¢(@gjs*;¢w*)(z) - (@yjz*w*;rpw*)(z)

(i2) 7.7, *(p(2) - (@) (y) = (L(B" + 1)/ (0" +

+1)(90y) - 9(a)”

(13) “D; *(9(2) ~9(@) () = (DB + DIT(B' = 0" +
1)) (@) ~p(a)” ", (B >0")

(i4) 92390 G"(F/BQJP s )(Z)
<p)

For instance, we plot the graph of ¢-RLF integral and ¢-
CF derivative of @(z)=(z-1)"° for ¢(z)=2z+3/2 in
Figure 1.

(#2770 (2), o

Lemma 2 [14]. Let n— 1< 0™ < n. Then, for each ®* € !

([a, b)),

82 70 (5900 (5 ~ar(2) - 300 (i) gy,

=
1 d
| (54, rw‘)

In accordance with above lemma, the authors proved
that the series solution for given homogeneous differential

equation (¢®° ?@*)(z) = 0 has such a form

(11)

9= Y K (9(2) ~9(@) =F; + . (9(2) - (@)
Jj=0
+hy(9(2) ~ (@) 44k, (0(2) ~ (@)
(12)

where n—1<0* <n and I~c;,l~cr, ""12:;1 € R [14].

We consider the normed space by notation (28, ||| g )-
Also, we introduce the notations P(2), Pq4(B),
Pas(B), P (W), and P, (W) for the category of all
nonempty subsets, all bounded subsets, all closed subsets, all
compact subsets, and all convex subsets of 2B, respectively.
In the subsequent path, a metric function attributed to
Pompeiu-Hausdorff PH, : P(BW) x P(W) — RU {oo}
is defined by

PH,, (%), &,) = max { sup dag (¢, &), sup %(%bez)},
e €&, e,€8,
(13)

so that dy (&), e,) =inf, .z dyg(e;, ;) and dygle;, &,) =
inf, & deg(es, e;) [27]. We say that O:W— P (W) is
Lipschitzian with constant ¢> 0 if PH, (O(@), O(@3)) <z

dyg (@], @3), Vo7, @; € 2B. Also, 9 is a contraction if ¢ € [0,
1) [27].



¢-Riemann-liouville integral of the function ® (z) = (z-1)6->

for ¢ =z+1.5
4e+12 - ,

3e+12

2e+12 —

RLIOO‘*;(p o)

le+12 —

0
0
V4
— o¥=1.19 — o*=1.69
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¢-Caputo derivative of the functiom @ (z) = (z-1)6>

for ¢ = z+1.5
le+10 - ¢ -

8e+09 —

6e+09 —

4e+09 —

CDOO'*;(p o)

2e+09 —

0 10 20 30 40 50

FiGURE 1: The RLE-integral and CF-derivative of @(z) = (z - 1)*° for ¢(z) = 2z + 3/2.

We represent the collection of all existing selections of O
at point @* € GR([0,1]) by

(SEL)g o = { % € Z3([0.1]): R(2) € Dz 0" (2)) |, (14)
for almost all z € [0, 1] [27, 28]. We note that @* € 2B is an

endpoint for given set-valued operator O : 2 —> P(2)
whenever we have O(@*) ={@*} [29]. Also, the mapping

O possesses an approximate endpoint property
(APXEndP-property) whenever
inf  sup dy(@],@;)=0, (15)
‘Dremw;ef)((v;‘)

[29]. We need next results.

Theorem 3 (Closed graph theorem [30]). Let L8 be a separa-
ble Banach space, O : [0, 1] x B — P, . () be Fl
Carathéodory and [ | : L ([0, 1]) — By ([0, 1)) be a linear

continuous  map.  Then, [[o(SEL)g : Gyg([0, I]) —
P empere(Ew ([0, 1])) is another operator in Eu([0, 1]) X
Exw([0,1])  with action @*  (][o(SEL)g)(@*)=T](

(SEL)g o) having closed graph property.

Theorem 4 (Dhage’s theorem [31]). Consider the Banach
algebra 2B, and the operators A} : B — B and A} : Ty

— P (2) satisfying the following:

cmp,cvx
(i) A} is Lipschitzian (with I* > 0)
(ii) A3 is compact upper semicontinuous

(iii) 2I'0 < 1 with © = | A} () ||

Then, either (1i)0" ={@* € W | ay@* € A]@*A;®*, t,y
> 1} is unbounded, or (2i) a solution, belonging to 8B, exists
for which ®* € A]@*A;@*.

Theorem 5 (Endpoint theorem [29]). Suppose that (LB, dgy)
be complete and y : R** — R admits the upper semicon-
tinuity via y(z) <z and liminf, | (z—-w(z))>0,Yz> 0.
Besides, we assume that O : B — P ,.,(B) is such that
PH,, (D0}, 00}) <y/(dy(@;,@3)) for each @}, ) €.

Then, an endpoint (uniquely) exists for O iff O involves the
APXEndP-property.

3. New Existence Criteria

In two previous sections, we assembled some auxiliary and
useful notions to achieve our main goals. Now in the follow-
ing, we first establish a required lemma to derive the main
existence results. To do this, we need to consider a sup-
norm given by [|@" ||y = sup,[,;1|@" (2)| on the space LB =
{@*(2): @*(z) € Bx([0,1])}. In this case, the Banach space
(2B, ||||gp) along with the multiplication action defined as
(@] - @5)(z) = @] (z)@;(z) is a Banach algebra for all @}, @;
€W.

Lemma 6. Let h, € 8, a>0, 0*€(1,2), pe(0,1), u* >0,
my, m, € R, and s}, s5 € R*. An element @}, € B is a solu-
tion for given @-hybrid fractional equation

%‘;*“" (272(27((32)(@)> =h,(2), (z€[a, T],0" € (1,2)), (16)

supplemented with separated mixed ¢-integro-derivative
boundary conditions
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S RL gy sp TP @*(2)
w7 ()

Lt AL qutigBey P
=T =S My Ja EDu n

which is given by the following:

"
S

0" () =R, (20" (2)) [m o | @00 ot b (o)

_ mi(e(z) ~¢(a))
m*L(o* +u* — i)

ﬁ’l a r ! ofpt-2
%J ¢ (9)(e(T) ~9(9)” ™ ~“h.(g)dq|.
(18)
so that m* is a positive real constant given as
o (D) = @(@)™ (D)~ p(a)”
L2+u —p) I(1+p7)
(19)

Proof. At first, the element @; is assumed to be a solution for
the hybrid ¢-Caputo differential Equation (16). Then, there

exist 12;, I~cr € R such that

=L 77, (2) + ky + K, (9(2) - 9(a)),
(20)

or more precisely, we have

33 (@) = . (.05(2)) U COEE I (g4

+ko + Ky (p(z) - <p<a>>] :
(21)

In view of the notion of fractional derivative in the ¢-
Caputo framework, we get the following relations for

pe(0,1):

of @)
‘EZEDI P 0
a\M

):rfp (q)(sﬁ(Z)—fp()q)) Chy(q)dg+ K,

a@) ), (0 -1
(22)
saiio [ @2\ _ [0 (@(p(z)-e(q)”
i (%(z,waf(z)))‘L Mo 0%
-+ (9(2) — p(a))"
B CET
(23)

In the following, by taking integral of order y* > 0 in the
¢-Riemann-Liouville settings on both sides of (22) and (23),
we obtain

p(@)” "7,

ﬁng’:¢g®;;w< @; (2) > _ [ ¢'(q )1("(P 2) -

W*(z, (DS(Z)) o* + H* _ 1) *(q) dq

(
(<P(Z) p(a)"
I +1)

a g (D) ) _ [9@0() ~9a)”
T 2, (m*(z, @ (z))) - L T(o* +u* - pt) h,(q)dq
2+ (p(2) @ = (a)) ™ F
+k T —i+2)
(24)

In this step, by considering the first boundary condition
in (17), we find that (72, — 71,)k, = s7 and so

k=~ . (25)

In addition, the second integro-derivative boundary con-
dition given in (17) yields

(26)

In the last step, if we insert the values INc; and l~<: obtained
in (25) and (26) into (21), then we get

S1

05 (2) = . (2. @3 (2)) [m %J%’(q)@(z) — p(@))” . (q) dg

+ 5 (ple) - pla)) - 1alEC

The resultant integral equation confirms that @; satisfies
the mentioned ¢-integral Equation (18), and the proof is
completed. O

Now, by considering Lemma 6, we can present the fol-
lowing definition.

Definition 7. An absolutely continuous function @* : [a, T]
—> R is called a solution function for the ¢-hybrid inclu-
sion BVP in the sense of ¢-Caputo (2) and (3) if there is
%€ ([a, T, R) with %(z) € O(z,@*(z)) for almost all
z € [a, T] which satisfies separated mixed ¢-integro-deriva-
tive boundary conditions



m(aorm) b= (w @)

RS A PG il @*(z)

S R GG P

m7rI D, ( o
(2

z=a

w = AL G PGP @’ (2)
= 53 D
=T =5 Ty a a <92,,(z, @ (2))

>
z=T

(28)
and also
0 @-ea @)L+ s [ e o) wad
+ 2 9(e) - pla) - eI
[ o @i - oty wgage T )

: J ' (@)(e(T) *(P(q))"”“*’zﬁ(q)dq}
(29)

for each z € [a, T].

Now, we are in a position that we can prove the first exis-
tence result about the hybrid ¢-Caputo inclusion BVP (2)
and (3).

Theorem 8. Assume that O : [a, T| x B — P
a set-valued operator and a function M, : [a,
B\ {0} is continuous. In addition, let

(€,) a bounded function x :[a, T] — R* exists such
that for each @}, ®; € L and z € [a, T|

cmp,cvx(m) is
T x W —

M. (2 @;(2)) =N (2, @3 (2))| < x(2)|@; (2) - @3 ()| (30)

(€,) Qs Z'-Caratheodory
(C,) a function Y(z) € Z'([a, T], R") exists such that

Hf)(z, w*)” = sup {|%|.~ % eO(z, @*(z))} <Y(z), (31)

for all @* € W and for almost all z € [a, T|
(C,) a real number € € R exists so that

FI| Y]y
= Y,

where F* = supze[u)T]|§?*(z,
supze[a,T]|X(Z>|’ and

1Yl = [,1Y(q)ldg, x

§ (@M@ | s
=y Lo 1) e e e@)

i l(9(T) = (@)™ L i (9(T) — gp(a)) ™
' Do+ =i+ 1) i Mo +47)
(33)

If x*"II*||Y || 1 < 1/2, then the @-hybrid inclusion BVP (2)
and (3) has at least a solution.
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Proof. For each @* € 28, the collection of all existing selec-
tions of O is defined as

(SEL)g o = {%ez}R([a, T)): %(2) ef)(z,w*(z))}, (34)

for every @* € 28 and for almost all z € [a, T]. Define a set-
valued map & : B — P(LW) by

={eW: T (2)=v"(2)} (35)

VO =R0 0 [+ o e -eta) g

_ my(¢(z) —p(a))
m (0" +p* — )

: L<P'(q)(<P(T) — ()" R(q)dq + %

: J ¢ (@) (e(T) - <P(q))“’“‘*’2?(q)dq}>
(36)

for some % € (SEL)g ,. and for almost all z € [a, T]. It is
obvious that the function y; is a solution to the ¢-hybrid
BVP (2) and (3) if y; is a fixed point of &. Now, define
A7 : B — W by (Aj@*)(z) =N,(z,@*(z)) and A; : B

— P(W) by
(A30")(2)={h" eBW:h"(2)=E"(2)},  (37)
where
Y= ﬁ ' r(clf*) Efl"(q)(w(Z) ~9(a))" ' %(9)dq
S my (p(z) - ¢(a))
e (p(z) —9(a)) - m
T -
[ o @rom - ooy (g
iy ! / ot -2
#w{)l))] ¢ (@)(e(T) - ¢(q)° ™ ~“%(q)dg,

(38)

for some «k € (SEL)g ,. and for almost all z € [a, T]. This
implies & (@*) = (A]@*)(A;®*). We show that both opera-
tors A and AJ satisfy Theorem 4. We at first prove that A]
is Lipschitzian. Let @}, @; € 3. We have
|(A1@;(2)) = (A1@; (2))] = [N (2, @1 (2)) -
<x(2)]@1(2) -

N, (2@ (2))]
@, (2)];
(39)
for all z € [a, T]. Therefore, for all @, @5 € Ty, we get
[AT@F

~AL®; gy < X7 |@7 — @[T (40)
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Hence, A} is Lipschitz with constant I" = y* > 0. In the
current moment, we check the convexity of AJ. For this,
let @], @; € AJ@". Choose «, k, € (SEL)g ,. such that

0 (0)= 5 e |9 @190 -0 R )

_ my(e(z) —¢(a))
m (o +p* = ji)

T _ »” —
: L<p'(q)(¢(T) ~9(9))" " R (@) dq + %

T
-J¢@@U%@@Y”z (@)da, (i=1,2),
(41)

for almost all z € [a, T]. Let 0 <# < 1. Then,

for almost all z € [a, T]. With due attention to the convexity
of O, (SEL)g ,. has convex values. This implies that

K1 (2) + (1 =m)K,(2) € (SEL)g o0 (43)

for almost all z € [a, T]. Therefore, A5@* is convex for each
@* € B. Next, we claim that AJ is completely continuous.
To confirm this claim, we verify that the set AJ(28) is equi-
continuous and uniformly bounded. Firstly, we prove that
A} corresponds bounded sets to bounded sets contained in
2. For a* € R, define the bounded ball B,. = {@* ¢ 2B
:l@*llgg <a*}. For every @* € B,. and & € Aj@*, there
exists a function % € (SEL)g ,. such that

§(2) ﬁqls_rﬁqz ' r(clr*)rﬂ"'(q)(fp(Z)—<p(q))"”‘?(q)dq
3 (o(2) — oy — (9() ~ 9(a))
e 0@ =9 @) = S

: J 9" (@) (9(T) - p(q))” " % (q)dq

PO [ o @)~ ota) " R(a)da|.

(44)

+

for almost all z € [a, T]. Then,

€6)1= ey | ' @002) - 900" Rl@lda + % (9(2) - p(a)

| (9(2) — ¢(a)) o+ 1
Wﬂﬁ;;;fmJ¢WX(> 0(a))" " 1 R(q)ldg
1 (9(2) - 9(a) i
¢ 0 9L o) - o) (o)
+Fa%%;sfwﬂL¢@ )(02) - 0(a)” Y (@)dg
+ 5 g0 -gta) + I~ 90)

i 11" % =)

T _ m —¢(a
'[¢%®@%U*¢WD““”*”%@dq*%?%§%?:£%¥5

SR

!

-waan—wmﬁw*ﬂ>@+

SFWU—W@W 5

|m1_m2|

| (@(T) = p(a))” "+
[ |D(o" +p —p+ 1)

F(O‘*+l) + W(‘P(T>7(P(a))+

Il —g@)™ "
R Iry

(Yl =T IY N5

(45)

where IT* is given in (33). Thus, ||£*|| < IT*||Y|| 41, and so the
set AJ (L) is uniformly bounded. Now, we want to prove that
A corresponds bounded sets to equicontinuous sets. Take
@* €B,., & € Aj@* and choose « € (SEL)g ,. so that

*

1

€)= 1 | 9 @00 - ot R(a) da +

—%%%%;%%%dean—wwﬁW”“ﬂ@@

+£%%?i%?%J¢man—w@f“2%mw

7 (9(2) — p(a))

.
S1

+

~ ~
my —m,

(46)

for almost all z € [a, T]. Let z,, z, € [a, T] with 2z, < z,, Then,

nlp(z:) - 9(z)
*wmwrw-+u i)

) P || [@(22) - (21)]
¢'(9)(@(T) ~9(9)” " #'|(q)|dq +W

)

[ ¢ @M - @)y Ra@a <~ [o'(@
) ol

[

J

bS]

1
I'(o*)
?'(9)(9(z) - 9(q))” 'Y(q)dq+—[( %) = 9(z))]

‘ |
o
e o ()o(1) - 9(a) " Y a)dg
]

7= (9(=z) - p(@)” | Y(@)da+

"(@)(9(T) - ()" ™ *Y(q)dg.

—_—
s 3 s
hS)



The right-hand side of the latter inequalities tends to zero
(independent of @* € B,.) as z; tends to z,. Application of
Arzela—Ascoli theorem gives the complete continuity of Aj.
We here discuss that A has a closed graph, and this finding
implies that AJ is upper semicontinuous. To achieve this

aim, let @ € B,. and £, € (AS@;) with @ — @** and &,
— & We claim that & ¢ (A5@**). For every n>1and &,
€ (A @;), choose ¥, € (SEL)g ,. such that

£(5)= 1gey | 2 @00 - 0(0) R, )
S my (¢(z) —¢(a))
+ 2w (9(2) —9(a)) - (o +p —f)

(48)

for almost all z € [a, T]. It is suffices to find that there is a
member kA* € (SEL)g ,.. so that

E()= ﬁj}p’w)«p(z) — p(@))” kA (q)dg

s m (¢(2) —¢(a))
e (9(2) —¢(a)) - m
: [ 9" (@)(@(T) ~ ()" ™ kn" (9)dq

()~ pla)) [T
" m*I'(0* +p* - I)J

.
51

+

' (9)(@(T) - 9(q))° ™ kA" (q)dq

a

= >

m; —m,

(49)

for almost all z € [a, T]. Define a linear continuous operator
[1: % ([a, T, R) — W=%([a, T], R) as

_ 1y (9(2) —¢(a))
m*I(0* + u* — t)

: [ ¢'(@)(9(T) - p())" 1 %(q)dq

- 0D S| o @01~ ol Rl

.
S

= >

my —m,

(50)
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for almost all z € [a, T]. Hence,

*
S
=

“(Ku(q) = k" (q))dq + =2 (9(2) = 9(a))
- PO [ o' @) (ol - pla)”

L@ )
R s (9(2) ~9(@) [
(Ry(a) ~ () dg + 2P IBOL [

(@)~ 9(a)" (R, (g) -2 () dg | — 0.
(51)
Application of Theorem 3 shows that [[o(SEL)g has a

closed graph. Besides, since &, € [[((SEL)g, ) and @, —
@**, so there exists kA" € (SEL)g ,.. such that

()= 1 | @000 - ota) e (a)dg

: j ¢ (@)(@(T) - p(q))” ** F1en* (g)dq

iy (e(z) —p(a)) (T, EIIPE
+ %j 9’ (a)(9(T) - 9(@))" kA" (g)dg
+ — ST —,

(52)

for almost all z € [a, T]. Hence, Ee (A;@**), and so A pos-
sesses closed graph which implies that AJ is upper semicon-
tinuous. On the other hand, because of the compactness of
values of AJ, it is immediately deduced that A is compact
and upper semicontinuous. Utilizing (€5), we get

0= 13 ()] = sup {|A30°]: 0" € W)
s eM-e@) | s

- |ﬁ11_ﬁ12‘ F(O’* +1) + |ﬁ1*|((P(T)_§D(a))
L Il@(T) = (@)™ ji| (9(T) - p(a)” ™
[’ [D(0" + "~ i+ 1) L +u)

Y || =TT Y.

Put I* = y*. We have OI* < 1/2. Utilizing Theorem 4, we
prove that one of the items (i) or (ii) is possible. First, we check
that the item (i) is not the case. From Theorem 4 and the
assumption (€), consider an arbitrary member @; of X* with
@]l =¢. Then, ay@g(z) € (Aj@;)(A;@5)(z) for all ay > 1.
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Choosing a function % € (SEL)g ,., for each &, > 1, we have
>0

0i(e)= om0 [+ s [ @iete) oty
@da+ 2 (p(2) ~9(a) - ﬁ%ﬁzﬁ%s
T g TP ~0()

9'(@)(@(T) - p(q))” " ' &(q)dq + ~ Tl +p — 1)

—
~ 8

¢ (@) (@(T) - p(q))” ™ % <q)dq}

a

(54)

for almost all z € [a, T]. Thus, one can write

105(2)] aiom*(z, o:;<z>>|{ _si 1

[y —1iy| * T(0%)
'j‘/”(@(‘ﬁ(@“/’(‘l))” “R(9)ldq

oty 2 (@)~ 9(@)
P (s T

' [ ¢ (@)(9(T) = ¢(a))” " ' R(q)|dq

T
 Vmliote) ~ota) (7,
\m\FU +[4 -1)J,

(a))" " (% (9)ldq

< —[I?R (2@ (2)) = N.(2,0) + [N.(2,0)[]

()" "' [%(q)|dq

Iml\(q’(Z) ~¢(a))
|m”|L (07 +p* ~ )

T 7 —¢(a
|/ o @or)~ola) T R(gdg - OO,

L”’H m2|

s

¥ W (9(z) ~ (@) +

J' o' (@)(9(T) - p(@))”* 2% (M &+ F )T Y|

a

(55)
Hence, we get

N Y FIT*
P Lty (56)
-1 XY

which is a contradiction. Hence, the item (ii) indicated in
Theorem 4 is valid. Thus, @* € 2B exists so that @* € (A]@*)
(As@*). In consequence, the operator & has a fixed point.
So the ¢-hybrid inclusion BVP (2) and (3) has a solution,
and this completes the proof. O

Definition 9. An absolutely continuous function @* : [a, T]
—> R is called a solution for the non-¢-hybrid inclusion
BVP (4) in the sense of Caputo if there is ¥ € Z'([a, T], R)
with %(z) € O(z, @*(z)) for almost all ze€[a, T] which
satisfies separated mixed ¢-integro-derivative boundary
conditions

m @ (a) = s + m,0"(a),
in 27 IR 0 (T) = 55 + i, M T D 0 (T),
(57)

7 T
%J 9'(9)((T) - ()" " *R(q)dg,

(58)

for almost all z € [a, T].

For each @* € 28, the collection of all existing selections
of O is defined as

(SEL)g o = {k € Z'([a, T]): X(2) e O(z, @)},  (59)

for almost all z € [a, T|. Define & : 2B — (W) as

(@) = {92 : 9(2) = p(2)), (60)
where
SI 1 ‘ ! o -1=
)= 5+ s [ 9 @0t - ota) Ria)dg
5 i (9(2) - 9(a)
o 0B o) - e e
J (@) (@(T) - o))" R (q)dg
%%é%;%%[¢%Mwﬂ—w@VW”%
- (g)dg % € (SEL)g .

(61)

By making use of endpoints for the multifunction g, we
prove the following theorem.

Theorem 10. Consider O : [a,
valued operator. Let

(€y) v : [0,00) — [0,00) be increasing and upper semi-
continuous with liminf, | (z—y(z)) > 0 and z > y(z),Vz
>0

(Cy) the multifunction O : [a,
integrable and bounded so that O(-,
be measurable for each @* € 28

(€,) a function @ € C([a, T], [0,00

T x W — P, (W) as a set-

T x W — P, (W) be
@) [a T — 2, ()
)) exists such that

23(2)-0';(2)]) e

(62)

PH, g5 (D(z, @), D(z, w’}‘)) < Q(Z)l//(
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for almost all z € [, T| and all @, @', € B, where sup |o(z)|

z€[a,T)
= [lel| and
O I R A (G ) i
T +1)  |m|[(o" +p —j+1)
o (63)
I, | (9(T) — p(a))” ™

— " " Q
TR

(Cy) the operator & given by (60) possesses APXEndP-
property

Then, a solution exists to the non-@-hybrid inclusion
FBVP (4).

Proof. In such an argument, we try to prove the existence of
endpoint to the set-valued operator & : LB — P(L)
defined by (60). To proceed this, we first investigate that &
(@*) is closed for each @* € 2B. By taking into account the
hypothesis (), z — D(z, @*(2)) is a closed-valued measur-
able multifunction for each @* € 28. In consequence, O has
a measurable selection (SEL)g ,. # &. Now, we show that
F(@*) € W is closed for all @* € W. Consider the sequence
(@) - contained in §(@*) with @} — u. For each #, there
exists %, € (SEL)g ,. such that

.
S1 ot -1

v %r(p’(q)(w(z) — p(@)) 1%, (9)dg

’711(¢(Z) -¢(a))
m*I'(o* +u* - )

T
: j ¢ (@)(9(T) - p(@)" ™ 1%, (q)dg

2(9(2) ~ ¢(a)) J’T
T(o* +u*-1)

y = 1y

+ == (p(2) —¢(a)) -

9" (@)(9(T) = 9(9)” ™ %, (q)da,
(64)

for almost all z € [a, T]. Since O is compact multifunction,

we acquire a subsequence (%,,),., tending to ¥ € £ ([a, T)).
Hence, we have % € (SEL)g ,. and

- s [ @ - et Ry

_ my(e(2) —p(a))
m"I(o* +p* — 1)

T .
: j ¢ (@)(@(T) - 9(a))° " % (q)dg

my(¢(2) — ¢(a)) JT

9" (@)(9(T) - p(q))” ™ 7%

(65)

for almost all z € [a, T]. Hence, @* € & which indicates
that & is closed-valued. In addition, &(@*) is bounded for

each @* € 2B since O is compact. Finally, we investigate if IP

Journal of Function Spaces

(@) <y(||@* = @"||) holds. Let @*, @" € W,

H 0 (3(@), &
). Choose %, € (SEL)g 5 such that

and x, € F(@"

_ my(e(2) - p(a))
m (0" +u* — i)

—
o
‘e\
—~
=
—
—~
S
—~
~
~
|
S
—~
=
—
=
Q
+
=
=
)
—
=
~
QU
=

J o' (@)(9(T) - ()" ™ %, (q)da,

(66)

for almost all z € [a, T]. Since

P (0(2,0°),D(8')) <o(2) (¥(@" (9~ @™ (2))) e

(67)

for almost all z € [a, T, so there exists k* € O(z, ®*) such that

[%1(2) - K| < (w(@"

for almost all z € [a, T|. Define the multifunction U : [a, T
— P(BW) given by

A(z) = {k* €W : [%,(2) ~k'| <0(2) (¥(@"(2) —@* (2))) QL }
(69)

Since ¥ and 0 = Q(y/(@* — @"))1/Q** are measurable, thus
we choose %,(z) € O(z, ®*(z)) such that

%1(2) - %a(2)] < (w(@" (2) - 07" (2))) 22,

o)

for almost all z € [a, T]. Select x, € F(®*) such that

R F((ln).r?”@)(?(Z)—¢(q))“*’l?z(q)dq

p(a)) - Th0() ~0(@)
ola) - P2,

"(@)((T) — p(q))” !

%J 9" (@9)(9(T) - 9(q)” " %, (q)dq,

(71)

—
= ~
S

®,(q) dq

+
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for almost all z € [a, T]. Hence, we get

r((lﬁ) JZ‘P'W)(KP(Z) —9(a)” ' [%1(9) ~ K(q)ldq

« 0O [ a)g(r) = gta)”

|| (9(2) — ¢(a))

-[%1(q) —%(q)|dg + W

[ o' @ - o) ) - %(a1dg

L | (@(T) = p(a))” !
Q" T tu -t 1)
e ey L [n|(e(T) — p(a)”
llelly (" =" ge + == iy
eomey L 1 || (9(T) = g(a))” "+
(llo”-a7)) e = [F(o*+1) TRt g -+ 1)
iy | (@(T) — p(a))” P |
+%}HQHW(H@ -0 g
1
o5

1

= T +1) HQHV’(H‘D* c H)

llellv

=0 y(10" - 8'l) s =y(l@" - &)

(72)

This gives ||x, —x,|| <w(||@* = @"||) and shows that P
Hyp (F(@*), F@)) <y(|o* -@7||]) for all @*,0" € BW.
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Also from (€g), we realize that § has approximate endpoint
property. Application of Theorem 5 gives that & has a unique
endpoint, i.e., there exists @** € 28 such that F(@**) = {@**}.
In conclusion, @** is a solution to the non-¢-hybrid inclusion
BVP (4). O

4. Some Examples

This section involves two different numerical simulation
examples corresponding to the relevant ¢-hybrid and non-
@-hybrid fractional inclusion boundary problems to guaran-
tee the applicability of proved theorems.

Example 1. With due attention to (2) and (3), we design the
Caputo ¢-hybrid differential inclusion BVP as

<g®(l).62;z+2 . @*(z) c
z sin @*(z)/42 + 1/4

_ L sin @ (2) cos@* (@), 3}

(73)

(2+|sinz|)” 4(1+ |cos @*(2)]) 5

supplemented with separated mixed ¢-integro-derivative
boundary conditions

0.8 @ (2)
" \zsin @*(z)/42 + 1/4

1.4;z+2 0.4;z+2
0.8%7 7,7 D, (

z=

@ (2)
z sin @*(z)/42 + 1/4

where z€[0,1], 0* =1.62, 1=0.4, u* =1.4, i, =0.8, 1, =
0.4,s7=1.2,5;=0.9, and ¢(2z) =z +2. We define N, : [0, 1
|xR—R{0} by N, (z,0*(z))=2zsin@*(z)/42+1/4
which is nonzero and continuous. Notice that F* =
SUPc[o,1] IM,(z,0)| = 1/4. Moreover, the function M, is
Lipschitz, that is, for each ¢}, ¢; € R, we have

N, (2, @1 (2)) - N, (2, @, (z))| = |z sin %(22) - @i(ZZ)‘
< g\o;“(z) - @3 (2)]-
(75)

If x(z) =z/42, then X" =sup,,[x(z)|=1/42. Now,
define O : [0, 1] x R — P(R) by

- . sin @*(2) [cos @ (2)| >
,@"(2)) = ’ 5)
DO(z,0°(2)) z[sin z| + 2z 4(|cos @*(z)| + 1) iE

(76)

=12+(04
&=0 +(04) (z sin @*(z)/42 + 1/4>

@’ (2)
= “ (74)
L4242 o Liz42 0" (z
1 =0.9+0477 7 D — ,
zsin @*(z)/42+1/4) |,_,
Since
1¢| < max sin @*(z) |cos @* (z)] N 3] . ]
N z|sin z| +22) " 4(|cos @*(z)| +1) 5]
(77)

therefore, we have

Hf)(z, " (z))” =sup {|7€\ Ke f)(z,ca*(z))} <Y(z)=1.
(78)

Then, [|Y||g, = f(1)|Y(q)|dq = f(l)l -dq = 1. By using above
values, we have IT* = 20.1356266. Also, we can find € with
€ >9.67254. Finally, we have x*IT*||Y| 5 =0.47949 < 1/2.
Thus, all assertions of Theorem 8 are verified. Hence, the ¢
-hybrid Caputo differential inclusion BVP (73) supple-
mented with separated mixed ¢-integro-derivative boundary
conditions (74) has a solution.
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Example 2. With due attention to (4), we design the Caputo
non-¢@-hybrid differential inclusion BVP as

2|@" (2)]
3(12+2)(2+ [@* (2)])

1.42z+3/2

7 2 (2) € |0,

, (79)

supplemented with separated mixed ¢-integro-derivative
boundary

{ (0.73)@" (0) = 0.7 + 0.3@" (0),

1.6:2243/2¢5 o 1224312
D,

0.73%7 gh02:306 g (1) 0.6 40,377 7, @ (1).

(80)
where ¢®, %% denotes the ¢-CF derivative of order
0" =14, z€[0,1], =06, u*=1.6, i, =0.73, m,=0.3,
s;=0.7, s5=0.6, and ¢(z) =2z +3/2. Using these values,
we have m" =0.15516. We consider the Banach space 28
={@*(z): @*(2) € €([0,1],R)} equipped with ||@*||y =
SUP,c(o)|@" (2)[- Now, we define a multivalued map O: o,
1] x W — P(W) by

Dz 0 (2)) = {o, 2|0" () } (81)

36(1/2+2)(2 + |@*(2)])

for almost all z € [0, 1]. We define v : ;[0,00) — [0,00) by
y(z) =2/3,¥z>0. Obviously, liminf,  _ (z-y(z))>0
and y(z) < z for all z > 0. Now, for each @}, @; € 2B, we have

PH,, (D(z 0}(2), O( 05(2)))

< soiis s (91O -G @D sv(lo -3 @) 52,

(82)

where Q** =0.21377 and @ € €([0, 1], [0,00)) is defined
as @(z) =2/12(1/2 + z) for all z. Then, |[Q[| = sup ¢y = 1/3.

Lastly, we introduce & : 8 — P(2B) by

F(@") = {9 € W : there exists k € (S[Eﬂ_)ﬁlw‘s.tﬁ(z) =p(z)Vz €0, 1]},
(83)
in which
0.7 1 z R
PO)= s * T3y ). (@90 ~90) F(a)da

0.6 0.73(¢(2) — ¢(0))
015516( 9(2) ~(0)) - 0.155161'(2.4)

|, o @00 - ota) Rgpdg + 23T HR)

(84)

Thus, all assertions of Theorem 10 are verified. Hence,
the non-¢-hybrid Caputo differential inclusion BVP (79)
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with separated mixed ¢-integro-derivative boundary (80)
has a solution.

5. Conclusion

In the current research study, we derived some theoretical
criteria to prove the existence results to a new ¢-hybrid frac-
tional differential inclusion in the Caputo settings depending
on the increasing function ¢ with separated mixed ¢-hybrid-
integro-derivative boundary conditions. The applied method
to achieve desired purposes is based on Dhage’s fixed point
result. In addition, we discussed a special case of the pro-
posed ¢-inclusion problem in the non-¢-hybrid structure
with the help of the endpoint notion. To confirm the appli-
cability of our theoretical findings, two specific numerical
examples are provided which simulate both ¢-hybrid and
non-¢@-hybrid cases. Hence, this research work can motivate
other researchers in this field to concentrate on various
investigations of different ¢-hybrid structures formulated
by other fractional operators.
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