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In this paper, some existing theories on convergence of fuzzy number sequences are extended to .7,-statistical convergence of
fuzzy number sequence. Also, we broaden the notions of .#-statistical limit points and .7-statistical cluster points of a
sequence of fuzzy numbers to .7,-statistical limit points and .7,-statistical cluster points of a double sequence of fuzzy
numbers. Also, the researchers focus on important fundamental features of the set of all .7,-statistical cluster points and the
set of all .7, -statistical limit points of a double sequence of fuzzy numbers and examine the relationship between them.

1. Introduction

The theory of statistical convergence reverts to the first edi-
tion of monograph of Zygmund [1]. Statistical convergence
of number sequences was given by Fast [2] and then was
reissued by Schoenberg [3] independently for real and com-
plex sequences. This conception was studied for the double
sequences by Mursaleen and Edely [4]. Fridy [5] considered
statistical limit points and statistical cluster points of real
number sequences. When we focus on the statistical conver-
gence in the literature, we meet Fridy [6], Temizsu and
Mikail [7], Braha et al. [8], Nuray and Ruckle [9], Das
et al. [10], and so many other researchers (see [11-13]).
The concept of ideal convergence was given by Kostyrko
et al. [14] which generalizes and combines different concepts
of convergence of sequences containing usual convergence
and statistical convergence. Das et al. [15] presented the con-
cept of .7 -convergence of double sequences in a metric space.
In [16], Savas and Das extended the conception of ideal con-
vergence as studied by Kostyrko et al. [14] to .7-statistical
convergence and examined remarkable basic features of it.
For different studies on these topics, we refer to [17-23].

The theory of fuzzy sets was firstly given by Zadeh [24].
Matloka [25] identified the convergence of a sequence of
fuzzy numbers. Nanda [26] worked on the sequences of
fuzzy numbers and displayed that the set of all convergent
sequences of fuzzy numbers generates a complete metric
space. Nuray and Savas [27] generalized ordinary conver-
gence and defined statistically Cauchy and statistical conver-
gent sequences of fuzzy number. Later on, it was studied and
advanced by Aytar and Pehlivan [28] and many others.
Aytar [29] worked on the conception of statistical limit
points and cluster points for sequences of fuzzy number.
Kumar et al. [30, 31] worked .#-convergence, .7-limit
points, and .#-cluster point for sequence of fuzzy numbers.
The concepts of 7-statistically convergence for sequences
of fuzzy numbers were established by Debnath and Debnath
[32]. Later on, .#-statistically limit points and .7-statistically
cluster points of sequences of fuzzy numbers were studied by
Tripathy et al. [33].

In this paper, we examine some essential features of .7, -
statistically convergent sequence of fuzzy numbers and
describe .7, -statistical limit point and .7,-statistical cluster
point for fuzzy number sequences.


https://orcid.org/0000-0001-6844-3092
https://orcid.org/0000-0003-2710-8487
https://orcid.org/0000-0003-0866-1869
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/4602823

2. Preliminaries

First, we emphasize some properties of double sequences
which are not satisfied by a (single) sequence. This provides
a proper motivation for studying double sequences.

The essential deficiency of this kind of convergence is
that a convergent sequence does not require to be bounded.
Hardy [34] defined the concept of regular sense, which does
not have this shortcoming, for double sequence. In regular
convergence, both the row-index and the column-index of
the double sequence need to be convergent besides the con-
vergent in Pringsheim’s sense.

The notion of Cesaro summable double sequences was
described by [35]. Note that if a bounded sequence (x,,,,)
is statistically convergent then it is also Cesaro summable
but not contrariwise.

Let (x,,,) = (-1)",Vn; then, lim, Y* 7 _ x,, =0, but
apparently x is not statistically convergent.

The convergence of double sequences plays a significant
part not only in pure mathematics but also in other subjects
of science including computer science, biological science,
and dynamical systems, as well. Also, the double sequence
can be used in convergence of double trigonometric series
and in the opening series of double functions and in the
making differential solution.

Now, we remember some notions and fundamental def-
initions required in this study.

We signify by 9 the set of all bounded and closed inter-
vals on R, ie,

D={McR:M=|M,M|}. (1)

For M, N € 9, we describe M < N iff M < N and M <N
and d =max {|M - N|, M = N|}. (2, d) forms a complete
metric space.

Definition 1. A fuzzy number is a function X from R to [0, 1],
which satisfies the subsequent conditions:

(i) X is normal
(i) X is fuzzy convex
(iii) X is upper semicontinuous
(iv) The closure of the set {x € R : X(x) > 0} is compact

The features (i)-(iv) give that for each a € [0, 1], the a-
level set,

X*={xeR:X(x)za}=[X*X"], (2)

is a nonempty compact convex subset of R. The 0-level set is
the class of the strong 0-cut, i.e., c/({x € R : X(x) >0}). The
set of all fuzzy numbers is indicated by L(R). Consider a

map d(X,Y) = 5UP,cpo, (X% YY), (L(R),d) also forms a
complete metric space [36].
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Definition 2 (see [25]). A sequence (X}) of fuzzy numbers is
named to be convergent to a fuzzy number X, if for each
> 0 there is m > 0 such that d(X,, X,) < ¢ for every k > m.
We write lim;,_, X, = X,.

Definition 3 (see [25]). A fuzzy number X, is known as a
limit point of a sequence of fuzzy number (X, ) on condition
that there is a subsequence of (X;) that converges to X,,.

Definition 4 (see [27]). A sequence (X, ) of fuzzy numbers is
named to be statistically convergent to a fuzzy number X, if
for each € >0 the set

A(e) = {keN:d(X;, X,) 2 ¢}, (3)

has natural density zero. We write St —lim;_ X, = X,.

Definition 5 (see [30]). Take ¥ as a nontrivial ideal. A
sequence (X;) of fuzzy numbers is known as .#-convergent
to a fuzzy number X, provided that each &£ >0

A(§)={keN:d(X;,X,) 2} e.s. (4)

We write . —lim,_ | X, =X,.

Definition 6 (see [31]). A fuzzy number X, is known as ideal
limit point of a sequence of fuzzy number (X, ) provided that
there is a subset M = {k; <k,<---} C N such that M ¢ .¥ and
limX, =X,.

Definition 7 (see [31]). A fuzzy number X is known as ideal
cluster point of a sequence of fuzzy number (X,) provided
that for each £ > 0 the set {ke N : d(X,, X,) <&} ¢ .7.
The set of all #-limit points and .7-cluster points of the
sequence X is shown by F(Ay) and .#(I'y), respectively.
Natural density of a subset K of IN x N is demonstrated

by
dK)= lim X0m1) (5)

m,n——0o0 m.n

where K(m,n) = |{(j,k) e NxN: j<m,k<n}|

A nontrivial ideal .7, of Nx N is known as strongly
admissible if {i} x N and N x {i} belong to .#, for each
ieN.

It is the proof that a strongly admissible ideal is admissi-
ble also.

Throughout the paper, we consider ., as a strongly
admissible ideal in IN x IN.

3. Main Results

In this study, the researchers focus on remarkable features
of the set of all .#,-statistical cluster points and the set of
all .#,-statistical limit points of fuzzy number sequences.
We examine interrelationship between them.
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Theorem 8. If (X};) be a double sequence of fuzzy numbers
such that .7, — stlimX,, = X, then, X, identified uniquely.

Proof. Presume that .7, — stlimX,; = X, and .7, — stlimX}, =
Y,, where X, # Y,,. For any &, 8 > 0, we get

1 _
K, :{(s,w)elNX]N:EHkSS,lSw : d(Xkl,X0)2£}| <8} e F(F)

(6)

KZ:{(s,w)ele]N:i}{kSS,lgw:a(Xk,, Yo)zs}|<5}e9(J2).
(7)

Therefore, K; N K, # &, since K; NK, € F(.7,). Let (i,

j) €K, NK, and take & :=d(X,, Y,)/3 >0 such that we have

ileksi,lgj:El(Xkl,Xo)st<8, (8)
and it goes along with
ilj}{ksi,lﬁjzgl(Xkl,Yo)zs}}<8, (9)

ie, for maximum k<i, I<j, we have d(X;, X,) < e and
d(Xy, Yy) <€ for a very small §>0. Thus, we have to
acquire

{k<il<j:d(X,X,)<e}n{k<il<j:d(XyY,) <e}+@,

(10)
a contradiction, as the nbd of X, and Y, are disjoint.
Hence, X, is uniquely identified. O

Theorem 9. Let (X,;) be a fuzzy numbers sequence then
stlimXy; = X, implies 7, — stlimX;; = X,

Proof. Let stlimX,; = X,,. Then, for each € > 0, the set

{k<s,l<w kal, >s} (11)
has natural density zero, i.e.,
lim —|{k<s,l<w d(X;, Xo) 2e}|=0 (12)

SW—00 SW

Therefore, for every e >0 and 6 > 0,

T(s,8):{(s,w)EINX]N:%}{kSS,lsw:H(Xk,,XO)Ze}{ 28},

(13)
is a finite set and so T(¢, §) € .7,, where .7, is an admissible
ideal. Hence, we get .7, — stlimX;; = X,. |

Theorem 10. Take (X;) as a sequence of fuzzy numbers.
F,—limX,, = X, implies .7, — stlimX,;; = X,,.

Proof. The proof of this theorem is clear. O

But the reverse is not true. For instance, take for .7, the

class f’; of all finite subsets of IN x N, the fuzzy number
(Xy), where

n+m+p
——, —n-m<p<o,
n+m (14)

n+m-p
— = 0<ps<n+m,

Xu(p) =

n+m

for k=mn?1=m? n,meN, and

1
1+pnm, —-— <p<0,
nm
Xu(p) = (15)
1- 0<p<s —
pnm P o’

for k+n® 1#m? n,meN. Then, (X,,) is .7,-statistically
convergent, but not .#,-convergent.

Theorem 11. Let (Xy;) and (Yy) be two fuzzy numbers
sequence. Then,

(i) F,—stimX,; =X, ceR implies .7, — stlimeX,, =
cX,
(ii) F,—stlimX;; =X, I, —stlimY,; = Y, implies .7, —

Proof. (i) For ¢ =0, there is nothing to prove. So, presume
that ¢ # 0. Now

%HkSs,lSw:El(cXH,cX >}

:—Hk<s,l<w lc|d(Xy» X,) 2 €} | (16)
- £
w {kSs,lSw:d(Xkl,Xo)Zq} <4.

Therefore, we obtain

1 g Z
{(s,w)eINx]N.a]{kss,lgw.d(cX,d,cXO)ZsH<8}e,/«(fz),

(17)
ie, J, — stlimeXy; = cX,.
(ii) We have
KI:{(s,w)eNxN:ﬂ{kSS,lw:Ez(xkl,xo)zg}‘%}egf(Jz),
(18)
Kz—{(s w) eNx N —‘{k<s I<w:d(Yy, Yo)2 %H < g} € F(I,)
(19)



Since, K; N K, # &, therefore, for all (s, w) € K, N K,, we
get

S%‘{kSS,ZSwza(Xkl,Xo)zSH (20)

+ i‘{kgs,lSwza(Yk,,Yo)Z ;H <6,
ie,

1 q Z
{(s,w) ENXN:EHkSS,lgw : d(Xk,+Yk,,X0+YO)2£H <6} € F(SI,).
(21)
Hence, we have .7, — stlim(X,, + Y,;) =X, + Y. d
Definition 12. An element X, € L(IN) is called to be an .7,-

statistical limit point of a fuzzy number sequence X = (X},)
provided that for each € > 0 there is a set

M={(ky, 1) < (kpy L)<<(k,, I )<} CNxN,  (22)

such that M ¢ .7, and st - limX; ; = X,.
J, —8(Ay) indicates the set of all .7,-statistical limit
point of a fuzzy number sequence (Xj;).

Theorem 13. Take (X,;) as a sequence of fuzzy numbers. If
I, = stlimX;, =X, then F,— S(Ay) ={X,}-

Proof. Since .7, — stlimX,; = X, for each &, & > 0, the set

1 —
K:{(s,w)e]Nx]N.EHkSS,ZSw.d(Xk,,X0)2£}| 26} €,

(23)

where .7, is an admissible ideal.

Assume that .7, — S(Ay) involves Y different from X,
ie, Y,e .7, —S(Ay). So, there is a M Cc Nx N such that
M¢ .7, and st - limX,; | =Y.

Let

1 _
P={(s,w)eM.5|{kSs,lSw.d(Xk,,YO)ZsHZ(S}.

(24)

So P is a finite set and therefore P € .7,. So

C 1 -4
p —{(s,w)EM.%’{kSS,lsw.d(Xk,, Yo)ze}‘<6}€9(J2),

(25)
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Again let

1 _
K, = {(s,w) eM: QHkSs,lSw cd(X, Xy) 28}‘ 28}.
(26)
So K, cK e .%,, ie, K € F(.F,). Therefore, K{ N P* #

@, since KS N P° € F(.7,).
Let (4, j) € K§ N P° and take €:=d(X,, Y,)/3 >0, so

ilj}{ksi,lgjzgl(Xkl,Xo)zs}}<8 and,  (27)

ilj|{kgi,lsj:;i(Xk,,Y0)2£}|<5, (28)

i.e., for maximum k<i,1<j will satisfy d(Xy,X,)<e and

d(Xy;, Y,) < € for a very small & > 0. Thus, we have to obtain
{k<il<j:d(X,X,)<e}n{k<il<j:d(X;,Y,) <e}+@,

(29)

a contradiction, as the nbd of X, and Y, are disjoint. Hence,
I = S(Ax) ={X,}- u

Definition 14. An element X, € L(R) is known as .7,-sta-

tistical cluster point of a fuzzy number sequence X = (X},)
if for each € >0 and 8§ > 0, the set

1 _
{(s,w)ele]N:EHkSS,lSw:d(Xk,,X0)2£}|<8} ¢.7,.

(30)

F,—-8(I'y) demonstrates the set of all .7,-statistical
cluster point of a fuzzy number sequence (Xj;).

Theorem 15. For any sequence (X,;) of fuzzy numbers .7, —
S(I'y) is closed.

Proof. Let the fuzzy number Y, be a limit point of the set
F, = S(I'y). Then, for any & > 0,

I, =S(Tx)NB(Yy, &) # D, (31)
where
B(Yy,€)={W eL(R): d(W,Y,)<e}. (32)

Let Zye€ .7, -S(I'y)NB(Y,y,¢) and select & >0 such
that B(Z,,€,) € B(Y, €). Then, we get

{k<s,lsw:d(X, Zy) 26} 2 {k<s,I<w:d(Xy, Y,) 2 e},
(33)
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which implies that

1 - 1 _
5{{kgs,lsw.d(X,d,ZO)zel}}z 5}{kSs,ISw.d(Xkl,YO)Zs}}.

(34)
Now, for any § > 0, we obtain

1 _
{(s,w)e]Nx]N.aHkSs,lSw d(Xgs Zo) 2 €, } <8},

(35)

1 _
) — <s, I<sw:d(Xy, Yy) 2 .
g{(s w) e NxN Sw|{k<sl<w d(Xy 0)>s}|<8}
(36)
Since Z, € .7, — S(I'yx), we have

1 _
{(s,w)e]leN.EHkSS,ISw.d(Xkl,YO)ZS}’<8} ¢.7,,

(37)

ie, Y, €.7,—8(I'y). This concludes the proof. O
Theorem 16. For any fuzzy number sequence (X)),

F )= S(Ax) €, - S(Ty). (38)

Proof. Let X, € F, — S(Ay). In that case, there is a set
M= {(ky, L) < (ky L)< < (kp, L)<} ¢ T, (39)

such that st — limX; ; =X,. So, we have

.1 ~
lim E|{k, <kl <l: d(Xk,l;Xo) > s}| =0. (40)

k,]l—o00

Take 6 > 0, so there is n, € N such that for s, w > n,, we
have

1 -
—Hk <s, [ sw:d(X,,Xy) 2 0. 41
l{k slsw: Ay %) 2e) <8 (41

Let
1 -

K= {(s,w) eNxN : a|{k,SS,l$£w : d(Xk,ljon) 28}} <8}.
(42)

Also, we have
KoM\ {(kp, 1), (Koo L)s oy (Ko 1)) }- (43)
Considering that .7, is an admissible ideal and M ¢ .7,,
therefore, K ¢ .7,. Hence, according to the definition of .%,-

statistical cluster point X, € .7, — S(I'y), this finalizes the
proof. O

Theorem 17. If (X};) and (Y};) are two sequences of fuzzy
numbers such that

{(k1)eNXN: Xy # Yy} €5, (44)

then
T, =S(Ax) = T, - S(Ay). (45)
F,-S(Ty) =7, -S(Ty). (46)

Proof. (i) Let X, € .F, — S(Ay). So, according to the defini-
tion, there is a set

M={(k;, 1)) < (ky, ,)<-<(k,, [)<---} CNxN,  (47)
such that M ¢ .7, and st - limX; ; =X. Since

(D) eM: Xy# Y} S{(b]) e NxN: X # Yy} €.,
(48)

M'={(kl)eM: X=Yy}¢5, and M'cM.
(49)

So, we have st —limY,: = X,,. This denotes that X €
J,-8(Ay) and therefore .7, —-S(Ay) <. #,-S(Ay). By
symmetry, %, —S(Ay) <7, —S(Ay). Hence, we obtain
I, = S(Ax) =T, = S(Ay).

(ii) Let X, € 7, —S(I'y). So, by the definition for each
£> 0, we have

1 _
K—{(s,w)e]Nx]N.%HkSs,lSw.d(Xkl,XO)ze}} <6} ¢,
(50)

Let

L= {(s,w)eNxN:%HkSs,lSw cd(Yy Xo) 2 e} <8}.
(51)
We have to prove that L ¢ .%,. Presume that L € .%,, So
Lf:{(s,w)eNxN:$|{kgs,ISw:&(Ykl,xo)zs}pa} e F(I,).
(52)

By hypothesis,
P={(k,])e NxN: X, =Yy} eF(I,). (53)
Therefore, L° NP € F(.7,). Also, it is clear that L°NP
CK‘ e F(7,), ie, K €.7,, this is a contradiction. There-

fore, L ¢ .7, and thus the desired result was achieved. [

Data Availability
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