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In this note, we define Meir-Keeler contraction in Sb-metric spaces. Further, by adding the concept of α-admissible mappings, we
define generalized αs-Meir-Keeler contraction and used it for examining the existence and uniqueness of fixed points. Various
results are also given as a consequence of our results.

1. Introduction and Preliminaries

The Banach contraction principle has been an important
instrument for the study of a fixed point. It has been widely
used in different areas like nonlinear analysis, applied math-
ematics, economics, and physics. Due to its importance, the
result has been generalized in different ways. Meir and Kee-
ler [1] introduce a generalization of the Banach contraction
principle. According to them, self-mapping A in a metric
space ðX, dÞ is called Meir-Keeler contraction if for an ε >
0 there exists δ > 0 such that ε ≤ dðθ, ϕÞ < ε + δðεÞ implies
dðAθ, AϕÞ < ε for all θ, ϕ ∈ X. They also state and prove that
if a self-mapping A in a complete metric space satisfies Meir-
Keeler contraction, then there is a unique fixed point for the
mapping A. There are a large number of works on Meir-
Keeler contraction of which some of the recent works are
mentioned here.

Pourhadi et al. [2] introduced the concept of Meir-
Keeler expansive mappings and obtained Krasnosel’skii-
type fixed point theorem in Banach spaces. A new fixed
point theorem was obtained by Du and Rassias [3] for a
Meir-Keeler type condition as a generalization of the Banach

contraction principle, Kannan’s fixed point theorem, Chat-
terjea’s fixed point theorem, etc., simultaneously.

The idea of Sb-metric space [4–6] is defined by combin-
ing definitions of S-metric space [7] and b-metric space [8].
Samet et al. [9] introduced the concept of α-admissible map-
ping. This concept was further extended to G-metric space, S
-metric space, Sb-metric space, etc. (for details, see [10–14]).
There are various recent results on Meir-Keeler type and
related topics which will be helpful to the readers for more
information. Some of them can be seen in [15–21].

In this article, we give the concept of α-admissible and
Meir-Keeler contraction in Sb-metric space. The new con-
traction will be known as generalized αs-Meir-Keeler con-
traction. By using generalized αs-Meir-Keeler contraction
mappings, we study the existence and uniqueness of the
fixed point in Sb-metric space.

The following definitions and properties will be needed.

Definition 1 (see [8]). In a set X ≠ ϕ, suppose b ≥ 1 is a real
number and d : X × X ⟶ ½0,+∞Þ is a function satisfying

(1) dðθ, ϕÞ = 0 if and only if θ = ϕ for all θ, ϕ ∈ X
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(2) dðθ, ϕÞ = dðϕ, θÞ for all θ, ϕ ∈ X
(3) dðθ, ϕÞ ≤ b½dðθ, ψÞ + dðψ, ϕÞ� for all θ, ϕ, ψ ∈ X

Then, d is called b-metric on X and the pair ðX, dÞ is
called a b-metric space with coefficient b.

Definition 2 (see [7]). In a set X ≠ ϕ, suppose S : X × X × X
⟶ ½0,+∞Þ is a function satisfying

(1) Sðθ, ϕ, ψÞ = 0 if and only if θ = ϕ = ψ for all θ, ϕ, ψ
∈ X

(2) Sðθ, ϕ, ψÞ ≤ Sðθ, θ, ωÞ + Sðϕ, ϕ, ωÞ + Sðψ, ψ, ωÞ, for all
θ, ϕ, ψ, ω ∈ X

Then, the pair ðX, SÞ is said to be an S-metric space.

Definition 3 (see [5]). In a set X ≠ ϕ, suppose b ≥ 1 is a real
number and S : X × X × X ⟶ ½0,+∞Þ is a function
satisfying

(i) Sðθ, ϕ, ψÞ = 0 if and only if θ = ϕ = ψ

(ii) Sðθ, ϕ, ψÞ ≤ b½Sðθ, θ, ωÞ + Sðϕ, ϕ, ωÞ + Sðψ, ψ, ωÞ�, for
all θ, ϕ, ψ, ω in X

Here, S is said to be a Sb-metric and ðX, SÞ is said to be a
Sb-metric space.

Definition 4 (see [4]). A Sb -metric S satisfying Sðθ, θ, ϕÞ =
Sðϕ, ϕ, θÞ for all θ, ϕ ∈ X is called a symmetric Sb-metric.

Definition 5 (see [5]). In a Sb-metric space ðX, SÞ, a sequence
fθng is called

(i) convergent if and only if Sðθn, θn, θÞ⟶ 0 as n
⟶∞, where θ ∈ X and is expressed as limn⟶∞
θn = θ

(ii) Cauchy if and only if Sðθn, θm, θÞ⟶ 0 as n,m
⟶∞, where θ ∈ X

(iii) complete Sb-metric space if every Cauchy sequence
fθng is convergent and converging to θ in X

We recall some types of α-admissible mappings in a met-
ric space ðX, dÞ.

Definition 6 (see [9]). Let A : X⟶ X and α : X × X⟶½0,
+∞Þ be functions. Here, A is said to be α-admissible if αðθ
, ϕÞ ≥ 1 implies αðAθ, AϕÞ ≥ 1 for all θ, ϕ ∈ X.

Definition 7 (see [15]). Let A, B : X ⟶ X and α : X × X
⟶ 0,+∞Þ are functions. Here, the pair of mappings ðA, B
Þ is said to be an α-admissible if αðθ, ϕÞ ≥ 1 implies αðAθ,
BϕÞ ≥ 1 and αðBθ, AϕÞ ≥ 1 for all θ, ϕ ∈ X.

Definition 8 (see [16]). Let A : X⟶ X and α : X × X⟶½0
,+∞Þ be functions. Here, A is known as triangular α
-admissible, if

(i) αðθ, ϕÞ ≥ 1, which implies αðAθ,AϕÞ ≥ 1, θ, ϕ ∈ X

(ii) αðθ, ϕÞ ≥ 1, αðϕ, ψÞ ≥ 1, which implies αðθ, ψÞ ≥ 1,
for all θ, ϕ, ψ ∈ X

Definition 9 (see [15]). Let A, B : X⟶ X and α : X × X
⟶½0,+∞Þ be functions. Here, the pair ðA, BÞ is said to be
a triangular α-admissible, if

(i) αðθ, ϕÞ ≥ 1, which implies αðAθ, BϕÞ ≥ 1 and αðBθ,
AϕÞ ≥ 1, θ, ϕ ∈ X

(ii) αðθ, ϕÞ ≥ 1, αðϕ, ψÞ ≥ 1, which implies αðθ, ψÞ ≥ 1,
for all θ, ϕ, ψ ∈ X

We extend the concept of α-admissible mapping to be
suitable for S-metric and Sb-metric spaces. Here, we consider
X as S-metric space or Sb-metric space.

Definition 10. Let A : X⟶ X and αs : X × X × X⟶½0,+∞Þ
are functions, then A is called αs-admissible, if θ, ϕ, ψ ∈ X,
αsðθ, ϕ, ψÞ ≥ 1 implies αsðAθ,Aϕ, AψÞ ≥ 1.

Example 11. Consider X = ½0,+∞Þ and define A : X⟶ X
and αs : X × X × X⟶½0,+∞Þ by Aθ = 4θ, for all θ, ϕ, ψ ∈ X
, and

αs θ, ϕ, ψð Þ = eψ/θϕ, if θ ≥ ϕ ≥ ψ, θ, ϕ ≠ 0,
0, if θ < ϕ < ψ:

(
ð1Þ

Then, A is an αs-admissible mapping.

Definition 12. Let A, B : X ⟶ X and αs : X × X × X⟶½0,+
∞Þ be three functions. The pair ðA, BÞ is called αs-admissi-
ble if θ, ϕ, ψ ∈ X such that αsðθ, ϕ, ψÞ ≥ 1, then we have αsð
Aθ, Aϕ, BψÞÞ ≥ 1 and αsðBθ, Bϕ, AψÞ ≥ 1.

2. Main Result

Here, we give various types of Meir-Keeler contractive map-
pings in order to extend various results of Gülyaz et al. [17]
in Sb-metric space. Throughout this paper, assume ðX, SÞ is a
Sb-metric space, b ≥ 1 is a real number, and A : X ⟶ X is a
mapping.

Definition 13. An αs-admissible mapping A in ðX, SÞ is
known as αs-Meir-Keeler contraction mapping of type I, if
there esists δ > 0 for all ε > 0 such that

ε ≤ S θ, ϕ, ψð Þ < ε + δ ð2Þ
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implies

αs θ, ϕ, ψð ÞS Aθ,Aϕ, Aψð Þ < ε

b
ð3Þ

for all θ, ϕ, ψ ∈ X.

Definition 14. An αs-admissible mapping A in ðX, SÞ is
known as αs-Meir-Keeler contraction mapping of type II, if
there exists δ > 0 for all ε > 0 such that

ε ≤ S θ, θ, ϕð Þ < ε + δ ð4Þ

implies

αs θ, θ, ϕð ÞS Aθ,Aθ, Aϕð Þ < ε

b
ð5Þ

for all θ, ϕ ∈ X.

Remark 15.

(i) If A is an αs-Meir-Keeler contraction of type I, then

αs θ, ϕ, ψð ÞS Aθ, Aϕ, Aψð Þ ≤ S θ, ϕ, ψð Þ
b

, ð6Þ

for all θ, ϕ, ψ ∈ X and equality is true, when θ = ϕ = ψ

(ii) If A is an αs-Meir-Keeler contraction of type II, then

αs θ, θ, ϕð ÞS Aθ,Aθ, Aϕð Þ ≤ S θ, θ, ϕð Þ
b

, ð7Þ

for all θ, ϕ ∈ X and equality is true, when θ = ϕ

Now, we introduce the following generalization of Meir-
Keeler mappings.

Definition 16. An αs-admissible mapping A in ðX, SÞ is
known as generalized αs-Meir-Keeler contraction mapping
of type AI, if there exists δ > 0 for all ε > 0 such that

ε ≤Λ θ, ϕ, ψð Þ < ε + δ ð8Þ

implies

αs θ, ϕ, ψð ÞS Aθ,Aϕ, Aψð Þ < ε

b
, ð9Þ

where

Λ θ, ϕ, ψð Þ =max S θ, ϕ, ψð Þ, S θ, θ, Aθð Þ, S ϕ, ϕ, Aϕð Þ, S ψ, ψ, Aψð Þf g
ð10Þ

for all θ, ϕ, ψ ∈ X.

Definition 17. An αs-admissible mapping A in ðX, SÞ is
known as generalized αs-Meir-Keeler contraction mapping
of type AII, if there exists δ > 0 for all ε > 0 such that

ε ≤Λ θ, θ, ϕð Þ < ε + δ ð11Þ

implies

αs θ, θ, ϕð ÞS Aθ, Aθ, Aϕð Þ < ε

b
, ð12Þ

where

Λ θ, θ, ϕð Þ =max S θ, θ, ϕð Þ, S θ, θ, Aθð Þ, S ϕ, ϕ, Aϕð Þf g ð13Þ

for all θ, ϕ ∈ X.

Definition 18. An αs-admissible mapping A in ðX, SÞ is
known as generalized αs-Meir-Keeler contraction mapping
of type BI, if there exists δ > 0 for all ε > 0 such that

ε ≤Λ θ, ϕ, ψð Þ < ε + δ ð14Þ

implies

αs θ, ϕ, ψð ÞS Aθ, Aϕ, Aψð Þ < ε

b
, ð15Þ

where

Λ θ, ϕ, ψð Þ =max S θ, ϕ, ψð Þ, S θ, θ, Aθð Þ, S ϕ, ϕ, Aϕð Þ, S ψ, ψ, Aψð Þ,f
1
4 S θ, θ, Aϕð Þ + S ϕ, ϕ, Aψð Þ + S ψ, ψ, Aθð Þð Þg

ð16Þ

for all θ, ϕ, ψ ∈ X.

Definition 19. An αs-admissible mapping A in ðX, SÞ is
known as generalized αs-Meir-Keeler contraction mapping
of type BII, if there exists δ > 0 for all ε > 0 such that

ε ≤Λ θ, θ, ϕð Þ < ε + δ ð17Þ

implies

αs θ, θ, ϕð ÞS Aθ, Aθ, Aϕð Þ < ε

b
, ð18Þ

where

Λ θ, θ, ϕð Þ =max S θ, θ, ϕð Þ, S θ, θ, Aθð Þ, S ϕ, ϕ, Aϕð Þ, 14 S θ, θ, Aθð Þð
�

+ S θ, θ, Aϕð Þ + S ϕ, ϕ, Aθð ÞÞg
ð19Þ

for all θ, ϕ ∈ X.
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Remark 20.

(i) Let A : X⟶ X be a generalized αs-Meir-Keeler con-
traction of type AI or BI. Then

αs θ, ϕ, ψð ÞS Aθ,Aϕ, Aψð Þ ≤ Λ θ, ϕ, ψð Þ
b

ð20Þ

for all θ, ϕ, ψ ∈ X, where the equality holds only when θ = ϕ
= ψ

(ii) Let A : X⟶ X be a generalized αs-Meir-Keeler
contraction of type AII or BII. Then

αs θ, θ, ϕð ÞS Aθ, Aθ,Aϕð Þ ≤ Λ θ, θ, ϕð Þ
b

, ð21Þ

for all θ, ϕ ∈ X, where the equality holds only when θ = ϕ

Lemma 21. Let ðX, SÞ be a Sb-metric space and fθng be a
sequence satisfying

(i) θm ≠ θn for all m ≠ n, m, n ∈ℕ
(ii) Sðθn, θn, θn+1Þ ≤ 1/bSðθn−1, θn−1, θnÞ, for all n ∈ℕ
Then, fθng is a Cauchy sequence in ðX, SÞ.

Proof. In order to show that sequence fθng is Cauchy, we
must prove that limn⟶∞Sðθn, θn, θn+kÞ = 0 for any k ∈ℕ.

From (ii), we have

S θn, θn, θn+1ð Þ ≤ 1
bn

S θ0, θ0, θ1ð Þ, for all n ∈ℕ: ð22Þ

Applying limit as n⟶∞, we get

0 ≤ lim
n⟶∞

S θn, θn, θn+1ð Þ

≤
1
bn

S θ0, θ0, θ1ð Þ∴ lim
n⟶∞

S θn, θn, θn+1ð Þ = 0:
ð23Þ

Now,

S θn, θn, θn+kð Þ ≤ 2bS θn, θn, θn+1ð Þ + b2S θn+1, θn+1, θn+kð Þ
≤ 2bS θn, θn, θn+1ð Þ + 2b3S θn+1, θn+1, θn+2ð Þ

+ b4S θn+2, θn+2, θn+kð Þ
≤ 2 bS θn, θn, θn+1ð Þ + b3S θn+1, θn+1, θn+2ð Þ�
+⋯+b2 k−1ð Þ+1S θn+k−1, θn+k−1, θn+kð Þ

o
≤ 2 b

S θ0, θ0, θ1ð Þ
bn

+ b3
S θ0, θ0, θ1ð Þ

bn+1

�

+⋯ + b2 k−1ð Þ+1 S θ0, θ0, θ1ð Þ
bn+k−1

�

= 2
bn−1

1 + b+⋯+bk
n o

S θ0, θ0, θ1ð Þ

=
2 bk − 1
� �

bn−1 b − 1ð Þ S θ0, θ0, θ1ð Þ∴ lim
n⟶∞

S θn, θn, θn+kð Þ

≤ lim
n⟶∞

2 bk − 1
� �

bn−1 b − 1ð Þ S θ0, θ0, θ1ð Þ = 0:

ð24Þ

Thus, fθng is a Cauchy sequence in Sb-metric space ðX
, SÞ.☐

Theorem 22. Let ðX, SÞ be a complete Sb-metric space and
αs : X × X × X⟶½0,+∞Þ be a mapping. Let A : X⟶ X sat-
isfy the following:

(i) A is a generalized αs-Meir-Keeler contraction map-
ping of type AI

(ii) A is αs-admissible

(iii) There is θ0 ∈ X so that αsðθ0, θ0, Aθ0Þ ≥ 1

(iv) A is continuous

Then, there exists a fixed point of A in X.

Proof. Suppose θ0 ∈ X and αsðθ0, θ0, Aθ0Þ ≥ 1. Define the
sequence fθng in X as

θn+1 = Aθn, for all n ∈ℕ: ð25Þ

Suppose θn0 = θn0+1 for some n0 ∈ℕ that is Sðθn0 , θn0 ,
θn0+1Þ = 0 implies that θn0 is a fixed point of A. Thus, assume
that θn ≠ θn+1 for all n ≥ 0. From (ii), we have

αs θ0, θ0, Aθ0ð Þ = αs θ0, θ0, θ1ð Þ ≥ 1 ð26Þ

implies that

αs Aθ0, Aθ0, Aθ1ð Þ = αs θ1, θ1, θ2ð Þ ≥ 1 ; ð27Þ

continuing on the same lines, we have

αs θn, θn, θn+1ð Þ ≥ 1, ∀n ∈ℕ: ð28Þ

Here, we need to show that sequence fθng satisfies the
conditions of Lemma 21. If we put θ = ϕ = θn and ψ = θn+1
in (9), for all ε > 0, there is δ > 0 satisfying

ε ≤Λ θn, θn, θn+1ð Þ < ε + δ ð29Þ

implies

αs θn, θn, θn+1ð ÞS Aθn, Aθn, Aθn+1ð Þ < ε

b
, ð30Þ
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where

Λ θn, θn, θn+1ð Þ =max S θn, θn, θn+1ð Þ, S θn, θn,Aθnð Þ, S θn+1, θn+1, Aθn+1ð Þf g:
ð31Þ

From Remark 20(ii), we have

S θn+1, θn+1, θn+2ð Þ = S Aθn, Aθn, Aθn+1ð Þ
≤ αs θn, θn, θn+1ð ÞS Aθn, Aθn, Aθn+1ð Þ
≤
Λ θn, θn, θn+1ð Þ

b
;

ð32Þ

due to the fact that θn ≠ θn+1, we see that equality does not
hold, hence,

S θn+1, θn+1, θn+2ð Þ < Λ θn, θn, θn+1ð Þ
b

: ð33Þ

If Λðθn, θn, θn+1Þ = Sðθn+1, θn+1, θn+2Þ for some n ∈ℕ,
then (11) implies

S θn+1, θn+1, θn+2ð Þ < S θn+1, θn+1, θn+2ð Þ
b

ð34Þ

which is not possible. Then, Λðθn, θn, θn+1Þ = Sðθn, θn, θn+1Þ
for all n ∈ℕ, so that (11) yields

S θn+1, θn+1, θn+2ð Þ < S θn, θn, θn+1ð Þ
b

, ð35Þ

which shows that Lemma 21(ii) is true.☐

Next, we consider the case for θn ≠ θm for all n ≠m.
If possible, let θn = θm for some m, n ∈ℕ. We have Sð

θn, θn, θn+1Þ ≥ 0 for some n ∈ℕ. In general, let m > n + 1:
We have Sðθm, θm, θm+1Þ = Sðθn, θn, θn+1Þ; by inequality

(12), we have

S θn, θn, θn+1ð Þ = S θm, θm, θm+1ð Þ < S θm−1, θm−1, θmð Þ
b

< S θm−2, θm−2, θm−1ð Þ
b2

⋯ < S θn, θn, θn+1ð Þ
bm−n

ð36Þ

becomes impossible. Thus, for some m ≠ n, λn = λm is not
true, and hence, it must be θn ≠ θm for all n ≠m. So, due to
Lemma 21, fθng is a Cauchy sequence in ðX, SÞ. Thus, fθn
g converges to u ∈ X, i.e.,

lim
n⟶∞

S θn, θn, uð Þ = 0: ð37Þ

By the continuity of A, we have

lim
n⟶∞

S Aθn, Aθn,Auð Þ = lim
n⟶∞

S θn+1, θn+1,Auð Þ = 0, ð38Þ

so fθng converges to Au. Since the limit is unique, Au = u.

Theorem 23. Let ðX, SÞ be a complete Sb-metric space and
αs : X × X × X⟶½0,+∞Þ be a mapping. Let A : X⟶ X be
a mapping such that

(v) for a pair of fixed points ðθ, ϕÞ of A, αsðθ, θ, ϕÞ ≥ 1

together with the four conditions of Theorem 22, then A has a
unique fixed point in X:

Proof. The existence of a fixed point is proved in Theorem
22. Now, for uniqueness, consider θ and ϕ as two different
fixed points of A in X.

By (9), we have

ε ≤Λ θ, θ, ϕð Þ < ε + δ ð39Þ

implies

αs θ, θ, ϕð ÞS Aθ, Aθ, Aϕð Þ < ε

b
, ð40Þ

where

Λ θ, θ, ϕð Þ =max S θ, θ, ϕð Þ, S θ, θ, Aθð Þ, S ϕ, ϕ, Aϕð Þf g
=max S θ, θ, ϕð Þ, 0, 0f g = S θ, θ, ϕð Þ: ð41Þ

By (v), αsðθ, θ, ϕÞ ≥ 1, since Sðθ, θ, ϕÞ > 0, Remark 20(ii)
becomes

S θ, θ, ϕð Þ = S Aθ, Aθ,Aϕð Þ ≤ αs θ, θ, ϕð ÞS Aθ, Aθ, Aϕð Þ
< Λ θ, θ, ϕð Þ

b
= S θ, θ, ϕð Þ

b
,

ð42Þ

which is a contradiction, hence, Sðθ, θ, ϕÞ = 0, i.e., θ = ϕ.
Thus, the fixed point of A is unique.☐

Definition 24. In Sb-metric space ðX, SÞ, αs : X × X × X⟶½
0,+∞Þ is a mapping. Then, Sb-metric space ðX, SÞ is known
as an α-regular if for any sequence fθng, limn⟶∞Sðθn, θn,
θÞ = 0 and αsðθn, θn, θn+1Þ ≥ 1 for all n ∈ℕ; we have αsðθn,
θn, θÞ ≥ 1 for all n ∈ℕ.

Theorem 25. In a complete Sb-metric space ðX, SÞ, b ≥ 1 is a
parameter and αs : X × X × X⟶½0,+∞Þ is an αs-admissi-
ble mapping. Let A : X ⟶ X be a generalized αs-Meir-Keeler
contraction of type AI satisfying the following:

(i) There is θ0 ∈ X so that αsðθ0, θ0, Aθ0Þ ≥ 1

(ii) The Sb-metric space ðX, SÞ is an α-regular, then there
exists a fixed point of A in X

(iii) For all pairs of fixed points, θ, ϕ ∈ X,αsðθ, θ, ϕÞ ≥ 1

Then, A has unique fixed point.

Proof. Suppose θ0 ∈ X such that αsðθ0, θ0,Aθ0Þ ≥ 1. Define a
sequence fθng ∈ X such that θn+1 = Aθn for all n ∈ℕ and
converges to u ∈ X uniquely.

As ðX, SÞ is αs-regular, αsðθn, θn, uÞ ≥ 1:
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By (9), we have

ε ≤Λ θn, θn, uð Þ < ε + δ ð43Þ

implies

αs θn, θn, uð ÞS Aθn, Aθn, Auð Þ < ε

b
, ð44Þ

where

Λ θn, θn, uð Þ =max S θn, θn, uð Þ, S θn, θn, Aθnð Þ, S u, u, Auð Þf g:
ð45Þ

On the other hand, from Remark 20(ii), we have

S θn+1, θn+1, Auð Þ = S Aθn, Aθn, Auð Þ
≤ αs θn, θn, uð ÞS Aθn, Aθn, Auð Þ
< Λ θn, θn, uð Þ

b
:

ð46Þ

We have

lim
n⟶∞

S θn+1, θn+1, Auð Þ = S u, u, Auð Þ: ð47Þ

Also,

lim
n⟶∞

Λ θn, θn, uð Þ = lim
n⟶∞

max S θn, θn, uð Þ, S θn, θn, Aθnð Þ, S u, u, Auð Þf g
= S u, u, Auð Þ:

ð48Þ

Taking the limit as n⟶∞ in (46), we have

S u, u, Auð Þ ≤ S u, u, Auð Þ
b

, ð49Þ

which conclude that Sðu, u, AuÞ = 0.☐

The uniqueness part is identical to Theorem 23.
Note: Theorems 22, 23, and 25 will be true for general-

ized αs-Meir-Keeler contraction mapping of type BI and BII.

Example 26. Let X = ½0,∞Þ be endowed with Sb-metric

S x, y, zð Þ = y + z − 2xj j, where b = 2: ð50Þ

Define A : X ⟶ X by

Ax =
x2

8 , x ∈ 0, 1½ �,
1
8 + log x, x ∈ 1,∞ð Þ,

8>><
>>:

αs x, y, zð Þ =
1, x, y, z ∈ 0, 1½ �,
0, otherwise:

( ð51Þ

Clearly, mapping A is αs-admissible and continuous
mapping. Let x, y ∈ ½0, 1�, without loss of generality, assume
that x ≤ y, then

S Ax, Ax, Ayð Þ = S
x2

8 , x
2

8 , y
2

8

� �
= y2

8 −
x2

8

				
				: ð52Þ

Now, to calculate

Λ x, y, zð Þ =max S x, y, zð Þ, S x, x, Axð Þ, S y, y, Ayð Þ, S z, z, Azð Þf g ;
ð53Þ

in our case, if we take x = y, then after a simple calculation,
we have

Λ x, x, yð Þ =max S x, x, yð Þ, S x, x, Axð Þ, S y, y, Ayð Þf g

=max y − xj j, x − x2

8

				
				, y − y2

8

				
				

� �
:

ð54Þ

Now, suppose that

ε <Λ x, x, yð Þ =max y − xj j, x − x2

8

				
				, y − y2

8

				
				

� �
< ε + δ

ð55Þ

for δ = 3ε: Now, observe that maxx,y∈½0,1�fjy − xjg = 1 and
maxx,y∈½0,1�fjy + xjg = 2, and assume that ε ∈ ð1/2, 1Þ, then
we have

y − xj j y + xj j
8 < 2

8 = 1
4 < ε

2 , ð56Þ

which implies that

S Ax, Ax, Ayð Þ = y2

8 −
x2

8

				
				 < ε

2 : ð57Þ

Since αsðx, y, zÞ = 1 for all x, y, z ∈ ½0, 1�; otherwise, αsðx, y, z
Þ = 0, and we have

0 = αs x, y, zð ÞS Ax, Ay, Azð Þ < ε

b
= ε

2 : ð58Þ

Hence, A satisfies the conditions of generalized αs-Meir-
Keeler contraction mapping of type AI. Also, all the condi-
tions of Theorem 22 are satisfied, and hence, x = 0 is the
unique fixed point of mapping A.

3. Consequences

Here, we consider some consequences of Theorems 22, 23,
and 25.

Corollary 27. Let ðX, SÞ be complete Sb-metric space and A
: X ⟶ X be an αs-admissible mapping satisfying the
following:
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(i) For all ε > 0, there exists δ > 0 such that

ε ≤N θ, ϕ, ψð Þ < ε + δ ð59Þ

implies

αs θ, ϕ, ψð ÞS Aθ,Aϕ, Aψð Þ < ε

b
, ð60Þ

where

N θ, ϕ, ψð Þ =max S θ, ϕ, ψð Þ, 1
3
S θ, θ, Aθð Þ + S ϕ, ϕ, Aϕð Þ + S ψ, ψ, Aψð Þ½ �

� �

ð61Þ

for all θ, ϕ, ψ ∈ X

(ii) There exists θ0 ∈ X such that αsðθ0, θ0, Aθ0Þ ≥ 1

(iii) A is continuous or Sb-metric space ðX, SÞ is αs
-regular

Then, A has a fixed point in X.
Also,

(iv) for every pair of fixed points ðθ, ϕÞ of A, if αsðθ, θ, ϕ
Þ ≥ 1

Then, the fixed point of A is unique in X.

Proof. As Nðθ, ϕ, ψÞ ≤Λðθ, ϕ, ψÞ for all θ, ϕ, ψ ∈ X, the proof
is obvious from Theorems 22, 23, and 25.☐

Corollary 28. Let ðX, SÞ be complete Sb-metric space and A
: X⟶ X be an αs-Meir-Keeler contraction of type I; that
is, there exists δ > 0 for every ε > 0 such that

ε ≤ S θ, ϕ, ψð Þ < ε + δ ð62Þ

implies

αs θ, ϕ, ψð ÞS Aθ,Aϕ, Aψð Þ < ε

b
ð63Þ

for all θ, ϕ, ψ ∈ X.
If A is continuous or Sb-metric space ðX, SÞ is α-regular,

then A has a fixed point. Further, with condition (v) in The-
orem 23, the fixed point of A is unique.

Proof. The proof follows easily from the relation Sðθ, ϕ, ψÞ
≤Λðθ, ϕ, ψÞ for all θ, ϕ, ψ ∈ X.☐

Taking αðθ, ϕ, ψÞ = 1 in Theorem 25, we get the
following.

Corollary 29. Let ðX, SÞ be a complete Sb-metric space and
A : X⟶ X be a continuous mapping. If there exists δ > 0
for every ε > 0 such that

ε ≤Λ θ, ϕ, ψð Þ < ε + δ ð64Þ

implies

S Aθ, Aϕ, Aψð Þ < ε

b
, ð65Þ

where

Λ θ, ϕ, ψð Þ =max S θ, ϕ, ψð Þ, S θ, θ, Aθð Þ, S ϕ, ϕ, Aϕð Þ, S ψ, ψ, Aψð Þf g
ð66Þ

for all θ, ϕ, ψ ∈ X. Then, the fixed point of A is unique.

Corollary 30. Let ðX, SÞ be a complete Sb-metric space and
A : X⟶ X be a continuous mapping. If there exists δ > 0
for every ε > 0 such that

ε ≤N θ, ϕ, ψð Þ < ε + δ ð67Þ

implies

S Aθ, Aϕ, Aψð Þ < ε

b
, ð68Þ

where

N θ, ϕ, ψð Þ =max S θ, ϕ, ψð Þ, 1
3
S θ, θ, Aθð Þ + S ϕ, ϕ, Aϕð Þ + S ψ, ψ, Aψð Þ½ �

� �

ð69Þ

for all θ, ϕ, ψ ∈ X. Then, A has a unique fixed point.
The Meir-Keeler contraction can be stated on Sb-metric

spaces as follows.

Corollary 31. Let ðX, SÞ be a complete Sb-metric space and
A : X⟶ X be a continuous Meir-Keeler mapping. If there
exists δ > 0 for every ε > 0 such that

ε ≤ S θ, ϕ, ψð Þ < ε + δ ð70Þ

becomes

S Aθ, Aϕ, Aψð Þ < ε

b
ð71Þ

for all θ, ϕ, ψ ∈ X. Then A has a unique fixed point.

4. Conclusion

In this article, we define Meir-Keeler contraction in Sb
-metric spaces using the concept of α-admissible mapping.
Further, we define generalized αs-Meir-Keeler contraction.
Using these definitions of contractive mappings, we prove
theorems for the existence and uniqueness of fixed points.
We show that obtained results are potential generalizations
of various results in the literature.
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