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In the present article we obtain the boundedness for commutators of rough p-adic Hardy operator on p-adic central Morrey spaces.
Furthermore, we also acquire the boundedness of rough p-adic Hardy operator on Lebesgue spaces.

1. Introduction

The classical Hardy operator for a non-negative function
f : R" — R"is given as

1 X
%f(x)=—Jf(t)dt, x> 0. (1)
In [1], Hardy defined the above operator which satisfies

,
1l ey S 7 Il 1<r<c0. ()

The constant r/(r—1) in (2) is sharp. In [2], Faris
extended the Hardy operator in R" by

= | g 3)
1" J Boxp)

In this day and age, the Hardy operator has received a
relentless consideration, see for example [3-7]. Moreover,
the publications [8-12] and the references therein will do
world of good to comprehend the Hardy type operators.

The past few years has seen an immense attention
towards mathematical physics [13, 14] along with harmonic
analysis in the p-adic field [15-23]. Furthermore, the applica-

tions of p-adic analysis are seen mainly in string theory [24],
quantum gravity [25, 26], quantum mechanics [14] and
spring glass theory [27, 28].

Suppose p is a prime number, r € Q, we introduce the p
-adic norm ||, by a rule

|0|p=0’ |r|p=p_a’ (4)

where the integer a=a(r) is defined by the following
notation

r=p“m/n, (5)

integers m, n and p are coprime to each other. |-|, has many
properties of a real norm together with

|r+s|p£max{|r|p, |s|p}. (6)
We denote the completion of Q in the norm ||, by Q,.

Any nonzero p-adic number can be written in series form
as (see [14]):

r=p* Y yp (7)

i=0
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where y,a € Z,y, € ZIpZ,,y, # 0. The series (7) is conver-
gent as [p*yp'|,=p~*7".

The space Q; contains all n-tuples of Q,. The norm on
this space is

|r|, = max|r],. (8)

1<k<n

Represent by B, (a) the ball with radius p* and center at a
and S, (a) its sphere:

B,(a) = {rE(Q; : |r—a\PSp“},Sa(a)= {reQ; : |r—a|P:p"‘}.
)

Since Qj is a locally compact Hausdorff space, then there
exists the Haar measure dx on additive group Qj and is nor-
malized by

| ax=ppyo), =1, (10)
B,(0)

where |E|,; denotes the Haar measure of a measurable subset
E of Q;. Moreover, it is not hard to see that |B,(a)[,, =p""

and [S,(a)|, =p"(1-p™"), forany a € Q.
Suppose L*(Q})(1 <s<c0) is the space of all complex-
valued functions f on Qj such that

1/s
Wl () = (Ly |f(x)|sdx> < 0. (11)

In what follows author in [29] introduced the Hardy
operator in the p-adic field as for f € L;,.(Q}), we have

HS ()= o
P

J Flt)dt. (12)
B(0.}x|,)

For better understanding of Hardy type operators in the p
-adic field we refer the publications [12, 29-32] and the refer-
ences therein. From here on, we discuss the rough kernel ver-
sion of an operator which is also considered an important
topic in analysis, see for instance [20, 33-37]. In [10], Fu
et al. studied the roughness of Hardy operator in the real
field. In the p-adic setting, the rough Hardy operator and
its commutator are defined and studied in [20]. Suppose
f:Q—R b:Q— R and O:5 — R are measur-

able mappings, then

_ ! J
|X|p B(0)x],)

R INCC R ORI ICES

I
(13)

HY f(x) Q (|t| pt) f(t)dt
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respectively, whenever

JB(O,XP) ‘Q<|t|pt>f(t)’dt <00

JB(0,|XP) 6O (Je],t)(0)|dt < co.

In [20], authors showed the weighted estimates of Hf)’b on
two weighted Herz-Morrey spaces. In the present article, we
acquire the A — central bounded mean oscillations (CMO™
(Qy)) estimate of H‘;;b on p-adic central Morrey spaces. In

addition, we open up our results with a lemma which shows
the boundedness of rough p-adic Hardy operator on Lebes-
gue spaces. Throughout this paper, we have no intention to
obtain the best constants in the inequalities. The occurrence
of a letter C does not mean a same constant, its value may
vary at different positions.

Definition 1 [32]. Suppose A € R and 1< r < 0o. The p-adic
space BM(Q;‘) is defined as follows

1/r
1
Ay = SU _— X rdX 0,
HfHB (QP) iEIZj,(‘BV‘H—Ar JB ‘f( )| ) < (15)

H Y

where B, = B,,(0). Interestingly Br’A(Q;) reduces to {0} for
-1/r>A.

Definition 2 [32]. Suppose A < 1/n and 1 < r < 00. The p-adic
space CM O”‘((Q;’) is given by
1/r
dx> < 00,

(16)

HchMoM(Q;) = ?}‘elg <|B’11+,\rj ‘f(x) _fo
vIH

B,

where fo = 1/|By|Hfof(x)dx, B, |, is the Haar measure of
By.

Remark 3. If A =0, then CMO”A(Q;) is reduced to CMO"
(Q)) (see [29]).

2. Boundedness for Commutators of Rough p-
Adic Hardy Operator on Central Morrey
Spaces

In the present section (CM O“"(Q;‘)) estimates of H’;jb on

central Morrey spaces in the p-adic field are obtained.
However, to prove the result we need few lemmas.
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Lemma 4 [32]. Let b e CMO“)‘(Q;’) and i,j € Z, A > 0. Then

A
Bj|H}'

(17)

’bB,- - ij’ Spnli_jH'b”CMoﬂ)t(Q;‘) max {‘Biml’

Lemma 5. Suppose 1<s<oo and 1/s+1/s' = 1. Then the
inequality

1Hof

(@) SC”fHLf(Q;) (18)

holds for all f € Lj, (Q,) and Q € L*(S,).

Proof. Firstly, we set

. 1

anP'_lf(IX;lf)df,erg. (19)

Obviously f(x) =f(|x|;l). In what follows we take this

function a radial function on p-adic Lebesgue space. It is
not hard to see that

Hi (F) (%) = HO () (x). (20)

In [29], it is shown that ||]~‘HL,»(Q;) < ||f||L,»<Q;). Therefore,

Iy _ 1]
M@y~ |7

I Qn

(21)

LS Qn

This implies that f = f providing f is a radial function.
Consequently, the norm of an operator H?, along with its

restriction to the function f have the same operator norm.
So, we assume f to be a radial function in the rest of the
proof.

By the change of p-adic variables t = |x|;1y, we have

s 1/s
dx)

s 1/s
dx) .

(22)

1

7; JB(0,|XP)Q (‘t|pt)f(t)dt

JB(0,1>Q('Y ) (115 'y ) dy

sl -

(l

Now by using Minkowski’s inequality and Holder’s
. . !
inequality (1/s+ 1/s’' = 1), we get

1Hof

1/s
() L( 2(lyly) <JQn £ (Iy1;'x) rdx> dy
(], 0, 2078 )
( i J Q(PjY)P_nﬂde> Hf”Ls((Q;)
J j

IN

0 1/s 1/s'
< Z p*]nls (J ‘Q(pjy) ‘sdy> (J dy)
Jj==c0 5 5;
: Hf”LS(Q;)'
(23)
We handle the first part of sum as follows
Jloenlas=| lo@pprascr e
S; z|,=1
Hence inequality (23) takes the following form
P
Pl <y

which completes the proof of a lemma.
Now, we turn towards our key result.

Theorem 6. Suppose 1 <r, <o, r,' <r, <00, n(1/r,—1/r;)

<nlr, Ury+1lr,=1/r, =1/r; <A, <0, A=A, + A, and 0<
A, < Iin. If r," < s< oo, then the below inequality

<Cllf

b
(=43

i Wiy @)
holds for b e CMO™ i /=ri)M:H Q) and Q € L¥(S,).
Proof. We suppose f eBrl’Al(Q;‘). We also take y € Z and

without any brevity we consider |||, om (rasnlsri o) (@) =
P

1. Applying Minkowski’s inequality to have

1/r
1 r
<|B |1+/\VJ ’H{(’)’b (X)’ dX)
(e,
|B |1+/\r 5,
1
s |B |1+/\r[
Y
(el
|B |1+)tr 5,

=I+1I.

) 1/r
r 1r
dx)
r 1/r
dx)

(27)

! J O(It],t) f(t)(b(x) - b(t))dt| dx
(0x],)

‘X|Z B

1 J (0,|x\p)Q(|t|Pt)f(t) (b(x)_bgy)dt

‘X|; B

1 J (0,\x\P)Q(|t| 00 (b(t) —b3y>dt

\x|; B




For the evaluation of I, we make use of Lemma (5) which
shows that H?, is bounded from L'(Qy) to L'(Qp),
(1 < r<o0). By Holder’s inequality (1 =r/r, +r/r,), we have

1/r, 1/r
I<|B| " A(L ‘b(x)—bBy b x> (JB |Hgf(x)y’ldx>
1r, 1r,
<8, *(] ORI x) (j If(X)”dX)

= C||J[H1;wAl (@)
(28)

In order to estimate II, we proceed as follows
1
II'< t],t b(t) - by )dt
WW[ 5 al S ICICORCY

IX)
‘B; ¥ j (j o(jtt f<>(b<t>-”3y)d">d"

r

1
dx

[x];

k r
n(1-r Q b d
‘B 1o [1+Ar k—z—:oop (]ZOO J; | ) By> t|>
k r
‘B T Z P (}ZL |(P')f (1) (b(v) - ij)du)
k r
kn(1-r) _
|B 15 I1+Ar k_z;)op - <]Zoo .L] | Q(pjt)f(t) (bB] bBy)dt | >
=11, +1I,.
(29)
For j, k € Z with j < k, we have
JS |Q(pft) |Sdt = Jl | \Q(z)|5pj”dz < Cpkn. (30)
i zP:I

To evaluate II,, we apply Holder’s inequality together
with (30) to get

ne i Sa X 3 (] ewora)

Bl | S
1/r,q "
by Zdt) }

(J) (1

b4 k r
S el gy X p"”“’“’”{ ) IBJ-I”“”‘“”Z”Z}
1Byl = o
Ar) _ n(1+Ar)
|B |1+Ar||f||3 (Q) Z p M = |B |l+/\r HfHB l( )py 1+
- C”fHBM‘ (@)

(31)

The convergence of above series is eminent from A,
+ A+ Ur 4 1ry2 A +1=1/s>—1/r+1-1/s=1/r,' = s
> 0.
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For II,, we use Lemma 4, inequality (30) and Holder’s
inequality to obtain

c ¢ k : '
1, = {B |1+M Z pkn(lr)< Z J |Q(pft)f(t) (bB} —bBy>dt|>

i =—00 j=—00 J§;
5 |C1W > Pk"(“)[ 2 J Q(PO)f(1)(y-j)|B, !Azdt}

VCH ) - ) | | .
= sz prri=n) [Z (Y_J)J Q(p’t)f(t)dt]

Ylg k= j=—00 Sj

C y k 4 . 1/s
] P Iy

‘BV |H k=-co Jj=—co 5;

« <L‘| Fo[ dt) " (L dt> ”H—m] r

i k r
T2 [T [ 11 (@) _Z plri=rerhs) [ Z (y_j)|Bj‘Al+1—1/s}
Y

j=—c0

1B|

n(l-r+rls r A +1-1/s)r
1+Aer||B (@) z pk & H)(V—k) |Bk|( +1-1/s)
{B| k=—00
)4

Wl gy Xy k)
‘ V| k=-c0

pynr(l/r+/\l)

|1+A p Hf||3 (@) = CHfHB“Al (@)

{B
(32)

where we notice that 0 < A; + 1 — 1/s together with A, + 1/r,
+1/ry>1/r,>0= A, + 1/r. From (28), (31) and (32), we get

<Clf

b
|Hef

(@) B (@) (33)

3. Conclusion

We mainly focused on the boundedness for commutators of
rough p-adic Hardy operator on p-adic central Morrey
spaces. Besides, we also obtained the boundedness of rough
p-adic Hardy operator on p-adic Lebesgue spaces.
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