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In this paper, we consider the Brinkman equation in the three-dimensional thin domain Q¢ ¢ R*. The purpose of this paper is to
evaluate the asymptotic convergence of a fluid flow in a stationary regime. Firstly, we expose the variational formulation of the
posed problem. Then, we presented the problem in transpose form and prove different inequalities for the solution (u%, p®)
independently of the parameter ¢. Finally, these estimates allow us to have the limit problem and the Reynolds equation and

establish the uniqueness of the solution.

1. Introduction

Darcy’s law is a physical law that describes the flow of a fluid
along a porous medium. It is first named after the French
researcher Henri Darcy in 1947 who created a pipeline proce-
dure to supply water around a French town [1]. In 1949,
another researcher gave an extension to Darcy’s law to which
he added the term Brinkman. Thanks to this term, they dis-
covered a new fluid called Darcy-Brinkman [2], which was
used to account for transitional flow between boundaries.
This model describes a flow in porous media that is fast
enough where the drive for flow includes kinetic potential
related to fluid velocity, pressure, and gravitational potential.
They appear as a mix of Darcy’s law and the Stokes equations
and extend Darcy’s law to account for dissipation of kinetic
energy by viscous shear as in the Stokes equation. The aver-
age fluid flow through an array of sparse, spherical particles
can be modeled via the Brinkman equation [2, 3]. In addi-
tion, Brinkman’s equations describe transitions between
two flows, one slow and the other fast, where the first type
occurs in a porous medium subject to Darcy’s law, while
the second type occurs in channels subject to Stokes’ equa-

tions. His equation is

—uV2utVp + (o) u=f, (1)

where y is the Newtonian fluid viscosity, a® is the resistance
parameter, which is assumed constant (isotropic), u is the
fluid velocity, p is the pressure, and f represents the body
force density applied on the fluid.

In recent decades, many authors have studied the Brink-
man equation. For instance, Durlofsky and Brady in [4]
employ Stokesian dynamics to approximate the fundamental
solution or Green’s function for flow in random porous
media. The authors in [5] investigate a three-dimensional
model of flagellar swimming in a Brinkman fluid. In this
study, the utility of the Brinkman equation is to model the
mean flow rate of the fluid as well as the resistive effects of
fibers on the fluid. The fractional Brinkman-type fluid in a
channel under the effect of MHD with the Caputo-Fabrizio
fractional derivative was studied by Khana et al. in [6]. In
the same idea, Liu in [7] has investigated a biobarrier to
remove chlorobenzenes from slow-moving ground contami-
nated water. The goal of the present paper is not only to give
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existence and uniqueness solution of the boundary value
problems governed by the Brinkman fluid but also to obtain
rigorously the equation describing such a phenomenon in a
thin film flow by way of an asymptotic analysis in which a
small parameter ¢ is the width of the gap. Several authors
are interested in the study of asymptotic convergence of
Newtonian and non-Newtonian fluids. In the work of Dilmi
et al. 8], the authors studied the asymptotic convergence of a
Bingham fluid in a thin domain with the Fourier and Tresca
boundary condition on the bottom surface. The asymptotic
analysis of an incompressible Herschel-Bulkley fluid with
friction law is given by [9]. Many works have focused on
mechanics of the fluids in a thin domain in the stationary
case which is found in the works of [10, 11]. Other mechan-
ical contact problems similar to incompressible flows in thin
medium with friction can be found in [12, 13]. This paper is
divided into four sections: in a first step, we discussed the var-
iational formulation of the problem and demonstrate the
results of existence and uniqueness of the weak solution;
then, we move on to the study of asymptotic analysis. For
this, using the change in the variable x; and unknown news
to conduct the study on a domain Q does not depend on .
Then, we prove after an explicit work different inequalities
for the solution (uf, p?) which the thickness becomes infi-
nitely small in the variational formulation. Finally, these esti-
mates allow us to have the limit problem and the Reynolds
equation and establish the uniqueness of the solution.

2. The Problem Statement

In this section, we give an overview of the thin domain. Next,
we introduce the problem considered in this domain. Finally,
we explore the theorem of existence and uniqueness of the
weak solution.

2.1. The Domain. We denote by (y,y,) the vector of R?
whose y = (y,,y,) is the generic vector of R? and y; € R.

Let I', be a domain of the y plane and / be a bounded
continuous function defined on Iy, with h of class C' such
that 0 < h,, <h(y) <h,,,¥(y,0) € I',. The fluid is contained
between the lower I', and the upper surface I, defined by
y5 =¢h(y). Let

Q= {(y,y3) € R*such thaty € I'y,and 0 < % < h(y)}, (2)

where € €0, 1] is a small parameter that will tend to be zero.
The boundary of Q° is I'* = I, U I'; U T}, where I is the lat-
eral boundary.

Let v =(v,,V,,v;) be the unit outward normal to the
boundary I'*. The normal and tangential components of u*
are given by

e _ & _ e € _ & _ &
Uy = UV = UiV, U = U — U (3)

Similarly, for a regular tensor field o°, we denote by o?,
and 0% the normal and tangential components of 0 given by

0y, =(0"-v) - v=0}v;v, 0, =05V, -0V, (4)
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We introduce the following functional framework:

Ef= {VE (HI(QE))3suchthatv=00nF‘; Uff,v~v=00nfb},

E§;, = {v € E* such that div (v) =0},
LS(QS) — {q € Lz((QS) such thatJ qdydy, = 0}.
o
(5)

2.2. The Model Problem. The boundary value problem
describing the stationary flow for the incompressible Brink-
man fluid is described by the following:

It is supposed that the law of behavior follows the law of
Stokes:

of=—p°8.; +2ud..(u°),d S au’§+au§ 1<i,j<3
ij = 7P 0 pd; (1), ij(u)_i a)/j 3y, |’ (1<i,j<3),

where §; is the Krénecker symbol.
Our problem comes down to finding the solution (¢, p°)
which satisfies the following equations:

Problem 1. Find the velocity field u® : Q° — R® and the
pressure p® : Q° — R, such that

—udu+VpF + pu(af)u’ = in Q' (7)
div (1°) =0in Q%, (8)
u*=0onl%, 9)
u*=0onT7y, (10)
u*-v=0onT,, (11)
|0¢| = k*=3B > such that u° = —fo*,

Equation (7) represents the law of conservation of
momentum where f° : Q° — R’ is the external force. Rela-
tion (8) gives the law of behavior of the incompressible fluid.
The Dirichlet boundary conditions are given by (9) and (10).
The no-flux condition across I';, is given by equation (11).
Equation (12) is the condition of the Tresca friction law on
the part I, with k° being the friction coefficient (see [13]).

2.3. Weak Variational Formulations. Let u® be the solution of
(7)-(12), multiplying equation (7) by (¢ — u°) and then inte-
grating over Q°, and using Green’s formula and the condi-
tions (9)-(12), we can show that Problem 1 is equivalent to
the following variational problem:

Problem 2. Find the pair (uf, p°) € ES;, x L§(Q°), such that

Vo € EF,

(13)

a(u, @ —u®) = (p°, div @) + j() — j(u*) = (f*, 9 — uf),
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where
a(u'g—u) = [Qszﬂdij(”e)dij((/’i —up)dydy; + M[Qs(of)zu?(% - u;)dydys,

£ B £ a €
Wdivg)= | PO o)y
Q

it9)= | Kol (70 u)= | site, sy

Iy

(14)

Theorem 3. If k* € L°(T',) and f° € (I*(Q°))’, then there
exists a unique u® € ES, and p* € L2(QF) (to an additive con-
stant) solution to problem (13).

Proof. Since our goal in this work is to prove the asymptotic
convergence of the problem posed, we only give the steps
followed for the proof of this theorem. Let ¢ € E5, in (13);
we have the following:

Find u® € E§,, such that
(f5 9 —u),

a(u', ¢ —u’) +j(g) —j(u') Vo € Egy. (15)

Using the Cauchy-Schwartz inequality and Y
() < |Vur|?
continuous:

i,j=1
, we obtain that the bilinear from a(.,.) is

o) = | 2w )00y + | vy,
< (2 + @) [ ) ¥l (Ba)*

(16)

Y(uf,v) €

By Korn’s inequality, we obtain

2# Z Hdl] L2 (@)

i,j=1

> min (ZMCk, H(“S)Z) ||”£||§11 (Q)

2y, 12

+ p(a) ||us||L2(Q£)

Yu© € ES,,»
(17)

where C; > 0 independent of e. We deduce that a(., .) is coer-
cive on Ej; x Ej; . Moreover, j is convex and continuous on
E%;,- This ensures the existence and uniqueness of u® € E§,,
satisfying the variational inequality (15). In addition, using
the techniques of [14], we can prove the existence of p® € L2
(@Q°) for which (uf, p°) is a solution of (13). O

3. Dilatation in the Variable y,

In this section, we use the dilatation in the variable y, given
by y, = ze; then, our problem will be defined on a domain
Q which does not depend on ¢ given by

Q={(y,z) e R’suchthaty e I';and0<z<h(y)}, (18)

and its boundary '=T', UT; UT,,.

After this change, here are the new functions defined on
the fixed domain Q:

u(n2)=u;(yys),  (i=1,2),
w(0,2) =€ ' u5(y,73), (19)
PN (5 2) =P (12 y3)-

Likewise for new data,

fo, )—Szfs(y’ys)’

We denote by

E={ve(H'(Q) : 7=
Ey, ={v€E:div (v)=0},

L(Q)= {qdz(Q) J qdydy3=0}>

Oonfuufl,ﬁ-v:OOan},

Vv, = {@: (@, @,) € (I*(Q))*: 0%,

o € *(Q), ®=0onTl,U r,},

(21)
the Banach space with the norm

2 a(D 2 1/2
1ol = (3 i H ! @

According to (19) and (20), then Problem 2 leads to the
following:

Problem 4. Find (uA, pAf) € E x L3(Q), such that

J q div (un®)dydz =0,¥q € Lj(Q), (23)
Q

2 oue U 0
Eul 5t + =L | = pAdy | 5 (9~ f)dydz
i,/Zl JQ( (ayj ayi) ')

ouj  ,0u3\ 0 o
Lre? 22 ) (9, - )dyd
’ ,;.[Q'bl((?z e a)’) az((pl ur) yaz
2 o, omt\ , 0
+ 82—3 i 82— P dydz
;JQM< 9y, az> a)’x( 3)
U5 b}
2ue? — 3 e) 9
+IQ<P‘€ 5 P )az("’ i) dydz

2
+j K7~ [ )dy = Y | 7,8~ a)dpde
T, i-1JQ
+sJ f3(¢3 - u5)dydz, Vo € E.
Q

(24)



In the next, we will do the estimates of velocity uA® and
then on the pressure pA® solution of our variational problem
in the fixed domain.

Theorem 5. Assuming (19) and (20), the following estimate
on uN® is satisfied:

2

2 2

2 —~
ous
Z y " Z aZl 2
j=1 j LZ(Q) i=1 ’(Q)
ous ||’ o ||’
+e + ) |lE| +e 18517 o=sC
{ 0z 2(Q) = 119y 12(Q) 121: T e

(25)

Proof. Let u® be the solution of (15), we choose ¢ =0, and we
obtain

a( 1) < ij wdydy,, (26)

Now, a(uf, uf) = 2[,{]"([28dij(u‘s)dij(u‘s)dydy3 + /,tL]"qufufdy
dy,. By Korn’s inequality, there exists a constant C, > 0 inde-
pendent of &, such that

ZFJQS dij(u)d;;(u*)dydy; > 2uCy ||V’ HIZ}(QS) : (27)

We apply the Cauchy-Schwarz inequality and then the
Young inequality; we obtain the following:

(f5u) < (28)

4;4C )t hz 2”” Iz (@)

By the Poincaré inequality, we give
2 &2

£12
Vo2 ey + (0 ([0 < 4#C 1172 (29)

2 —1)1 712 :
As | f 12y = € Ifll2(q) € < 1 then we multiply the
last equation by &; we obtain

TP
: 2 €12 €12 M
min (uCy, pan )(8||Vu 72y + 14 HLZ(QE)) < aC, Hf 2@’

(30)
Writing this equation in terms of uA®, we deduce (25). O

Theorem 6. Assuming (19), the following estimates on p* are
satisfied:

OpN®
0z

<eCp, (31)
HY(Q
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OpA®
9y;

where C,; and C, denote the constants independent of e.

Proof. Lety € H;(Q); putting in (24) ¢, =
@, =15y, we deduce

2 8u3 ous \ oy ot oy
ZJ sy( E 3y dydz+J (28[16 p/\) dydz

i=1

i (fori=1,2)and

+ szyoc/\zj wydydz = eJ Favdydz.
Q

Q
(33)

Therefore,

2
Oy 2 085 oy
jp/\ _dydz_ZJQw< e P ) = dydz

i=1 ay] a)’,

ot oy
262, % 2 2| =
+ JQ Eha 5 dydz + €*pan JQuﬂldde

—-& ]731//dydz.
Q

(34)

Using Green’s formula and the Cauchy-Schwarz inequal-

ity, we have
2 2 1/2 5
< ety +€ F(Z
= 2 =1

o ~ R
+2e%u a—; +sz;4a/\2||u§HLz(Q)+st3
1*(Q)

Oun au/\s

U 9pr ——ydxdz
Q 0z

2 12
LZ(Q>>

LZ(Q):| 1Vl

(35)

0x;

From Theorem 5, we deduce the inequality (31).
Taking in (24) ¢} =% + v, y in Hy(Q); ¢, =u5,i=2,3;
we have

e 0y oy  ,0u5\ oy
Jp/\ 3 dydz = J y(az +é& 3 >6zd dz

+ J 2eu ot a—Wdydz
Q

0y, 0y,
ous Buz) oy
£ —dydz
JQ M(% oy, ) oy, 7

+ pux/\zj uSydydz - J fiwdydz.
Q Q

(36)

In the same way, by the chosen ¢, =], ¢, =15, and
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¢, =15+ v, yin Hy(Q), we have

ous  ,0us\ oy
Jp/\ —dydz J ‘u<$+s ay)a dydz

ou; oy
+ | 2% 2 —dydz
JQ 0y, 0y

+J 82‘u<au1+ >awdd
Q ay, Oy) oy

+ ‘uoc/\ZJ wSydydz — J fowdydz.
Q Q

We use the same technical in (36) and (37) to obtain
inequality (32). O

Thanks to the estimations (25)-(32), we have the follow-
ing convergence result:

Theorem 7. Suppose that the estimations (25)-(32) hold.
There exists (u*, p*) = ((u}, u3),p*) in V, x L2(Q) such that
we have the following:

ul—ul inV, I1<i<2, (38)
o; 0 inl*(Q), 1<ij<2 (39)
& _— m L, ]S4,
ayj ]
L nI*(Q) (40)
0z ’
2% nl’(Q), 1<i<2 (41)
9y; I
el —0 inl*(Q), (42)
pr —p" inLg(Q). (43)

Proof. Using the estimate (25) and Poincaré’s inequality in
the domain Q:

~c112
ot

0z

<C(i=1,2), (44)

+ 13117 q
e @

we deduce (38). Also, equations (39)-(42) follow from (25)
and div (uA®) = 0. Finally, the weakly convergences (43) fol-
low from (31) and (32) and [15]. O

4. Study of the Limit Problem

To reach the desired goal, we need in the rest of this para-
graph the results of previous convergences.

We go to the limit in (24), and using (23) (¢ — 0), we
find

2 ou; 0 . 09 a(p
p———(@;,—uf dydz—J p*( ! Z)d dz

ZJ 0z E)z( ) Q \9, 0y,

# Y| @)y k (@-uyiy= (7.6 )

(45)

Ly

Moreover, if

00 00
P =— )+ Py=—(y) |dydz=0v0 € Co(T,), (46
[ (a0 + sy ) (), (46)

then
2 dur 0
L (. —udyd
;JQM 55 (9 uf)dydz
2 -~
+ Z;wj u?(%-u:‘)dyd“kj (9] - " )dy
i=1 Q I,
2 -~
Zj 7A@, - u)dydz ¥ € TI(E),
i=1 JQ
(47)
where

1(E) = {‘V: (V1 v,) € (HI(Q))Z 23y suchthaty = (¥, ¥, ¥3) EE}-
(48)

Lemma 8. If the estimations (25)-(32) hold, then (
isfy

u*, p*) sat-

2

" J ‘ai dydz + ‘uoc/\ZJ‘ \u* Pdydz + EJ \u*|dy - J Fu*dydz =0,
al 02 Q T, Q
(49)
a(P PN 7 ~
J P —dydz + pan J u*pdydz + kJ |p|dy
@ o (50)

fsodydz Vo € X(E),

where 3(E) = {p € I1(E): @ satisfies condition (32)}.

Proof. As in [16], by choosing ¢ =0 in (47), we find that the
second member of this inequality is an upper bound of its
first member. Then, for ¢ =2u* in the same inequality, we
get the reverse, which therefore gives equality (49). Now,
for 9 =u*+ ¢ in (47), we deduce directly the inequality
(50). It is shown reciprocally that (49) and (50) imply (47).



For this, we consider the mapping:
A Z(E) — LN(T})%
¢ — A(P) = k.
Let us define F as
F(Ea) = ”J aa”* aajdydz + WAZJ u* dydz - J Fdydz.
Q 0% 0z Q Q

(52)

For all ¥ € Z(E), we choose ¢ = - in (49):
)F(EQ/)’ sJ k|| dy. (53)
Iy

By (53), F is a continuous linear function on the subspace

of (L'(T';)))” which is the image of Z(V) by A. Then, by the
Han-Banach theorem, there exists y € (L°(I',))%, with |y|
<1, such that
F(?E@) = —J xkydy. (54)
I,
In particular, from (50) and (54), we get
J K|u*|dy = J xku*dy. (55)
I r,
Also,
ou* oy .~ —n ~
J ——dydz + pan J u*ydydz - J fydydz + J xkydy=0.
0z 0z Q Q r,

(56)

Then, from (49) and (56), we have

ou* [0y ou’ o e
yJQ 5 <az az)dydz+yoc/\ JQu (¥ —u")dydz
—J f- u*)dydz+J k(|v| - u])dy =0,
Q I,
(57)
which gives (47). |

Theorem 9. With the same assumptions as Theorems 5 and 6,

the pair (u*, p*) satisfies
p e H'(Iy), (58)
o’u;  op* 206 _F 12 59
“Ho gt o, +uanu; = f,inL*(I'}). (59)

Proof. We choose in (24) ¢, =5 + ¢ with v in Hy(Q) and
¢, =1u; (for i=1,2); we give (34). Using the convergence
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limit ((38) and (40)-(42)) in (34), we find

J P a—u/dyalz =0, VyeH)(Q), (60)
qQ 0z
then,

A

5 =0inH ' (Q). (61)

Choosing @, = ¢ + y (for i = 1,2) with y, in Hj(Q) and

¢, =15 leads to

2 ous U oy
Eul =+ -2 —pNSy; | 5 dydz
,-,jz;'l JQ( <a}’j a)’z a)’j

2 ~ ~ 2
ou;  ,0u3\ oy 2-¢
+ ;JQy (a_z +€ a_)/,> a—zdydz + ;JanA sy, dydz

2
= J fiwdydz.
i=1JQ

(62)

Using (38), (39), (41), and (43) and choosing y; = 0 and
¥, € H}(Q) and then with v, = 0 and v, in Hy(Q), we find

2 2
. w, ou; oy;
Z [ dydz+ Z[ . dydz + Z[ pan uly,dydz

i=1 Q
2
=3 | Fwipd=
i=1JQ
(63)
By Green’s formula, we deduce
J —‘uazu?wdydz+J o’ ZJ uly,dydz
Q 0z2 ! Q 9 Q
:J fidydz,
Q
(64)
Then,
_ o'u; +ap* +uan?u’ = f,in HH(Q i=1,2). (65)
Ly 3y, pan“u; = fi (Q (i=12).

To prove p* € H'(I',), we see from Theorem 6 that p*
does not depend on z. Then, as in [16], we choose v,(y, z)
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=z(z—-h(y))y(y) in (63); with y € H}(I'},), we obtain

o g
L J —P" 5 (2(z=h(y))) y(y)dydz

) dur
+JrJ y”aazl (22— h(y))y(v)dydz

»J 0
h(y) (66)
" J J pan'u; (z(z = h(y))y(y))dydz
r,Jo
h)_
[ [T e oo
Using the Green formula, we deduce
0 h3 h(y)
éJ o * %,@)dy - ZP‘Lb JO ui (y,2)y(y)dydz
LU
+J J paniu; (z(z = h(y))y(y))dydz (67)
r,Jo
h(y)
-[ [ o2 o)y
Then,
éLhP* % dy - ZMLbh(y)ﬂZ‘ yO)dy + Lh,ua/\zﬂ;‘y(y)dy
= | Fyoray
(68)
where
i 1 (" h(y)
0= gy ), w2 = | 0212tz )

(69)
whence
h3 ap* ~ % 2~% T -1
5 —2uh(y)u; + pan“u; =f;inH " (I}). (70)

Asf, € [*(Q) and u} € V, then in L*(Q), therefore f, ii},
and @} are in L*(I'},). In addition, from (70), we get p* in
HY(T,). So as f, belongs to L*(Q) from (61), we have 0*u;/
0z? € L*(Q), whence (59) holds, and we also have du;/9z in
V,. O

z

Theorem 10. Suppose that the assumptions of the previous
theorem hold; then, the solution (u*,p*) satisfies the weak

generalized equation of Reynolds:

J, L’iw* ehi” )~ 50+ & (500 - [ UG

+EQ)|Vp0)dy=0, VpeH'(Q).
(71)

- 1 (h0) h it (¢
Fo)= | ROvde= 5B, U000 = [ [ 0 0)det,
I 2 oJo
! (’* * * * au*
F(y,t)= Jojofi(y, 0)dodi, s* (y) =u"(y, 0)and t*(y) = 5 (9, 0).
(72)
Proof. By integrating expression (59) from 0 to z, it becomes

ou;

—Hu; (v 2) + i (9, 0) + pz == (5, 0) +

+ (,wc/\2 J

2> op*
2 9y;

(73)

z (¢

Lu; (y, t)dtd{ = JZJ;f,.dtdc.

0

In particular for z = h, we obtain

2

W2 op* e h
ys* (y) + uht* (y) + > a‘; + ‘uoc/\zjojou;" (y, t)dtd¢ = Jojofi(y, 1)dtdq.

i

(74)
Integrating (73) from 0 to h, we get
h h2 h3 a *
x * B« p
— *(y, t - _
] w0 ode e ns )+ S0y ¢
h ¢l pt h (¢ et
+;40c/\2J J J u; (y, G)dedtdCzj J in(y, 0)dodtdq.
oJoJo oJoJo
(75)
As @i} (y) = I/hfgmu;‘ (y, t)dt, we have
—phi; (y) + phs™ () +p =7 () + =3

M h(y)
+ pan J J J ul (v, G)detdC:J

0J0JO 0

F(y, t)dt.

From (74)-(76), we deduce (71), which ends the proof
requested. d

Theorem 11. Suppose that the assumptions of the previous
theorem hold; then, the solution (u*, p*) of the limit problem
(45) is unique in V, x L(Q).

Proof. Suppose that problem (47) admits two solutions that
we denote by (u*!,p*!) and (u*!,p*?). Using classical tech-
niques, we choose in (47) ¢ =u*' and then ¢ = u*? as test



functions; then, by summing the two inequalities obtained,
we find

i[,[ ‘— uPt—ui?) dydz+ Z‘uoc/\J w—u?Pdydz <0.
i=1 Q
(77)
Then,
‘i(u*,l_u*,Z) : +| w2 2 <0. (78)
0z 2@ (@~

Consequently, this last inequality ensures the uniqueness
of the solution u* in V.

Similarly, we take in the Reynolds equation (71) the pres-
sure value p* = p*! and then p* = p*?, respectively, at the end
by subtracting the equations obtained; it becomes

W o
er 12Mv(p -p™*)Vody = 0. (79)

Finally, by performing the change of variable ¢ = p*! —
p*? and then by the Poincaré inequality, we obtain

(80)

#,2 _
" HHl(r,,) =0
We deduce the desired result. O

5. Conclusions

The purpose of this paper is to study the asymptotic conver-
gence of an incompressible Brinkman-type fluid in thin
medium with the Tresca friction on the bottom surface.
One of the objectives of this study is to obtain a two-
dimensional equation that allows a reasonable description
of the phenomenon occurring in the three-dimensional
domain by passing the limit to 0 on the small thickness of
the domain (3D). We show the existence and uniqueness
results of the weak solution. We proceed to the study of the
convergence analysis. To do this, we use the scale change fol-
lowing the third component and new unknowns to conduct
the study on a fixed domain. Then, we prove different
inequalities for the solution (u¢, p°). Finally, these estimates
allow us to have the limit problem and establish the unique-
ness of the solution.
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