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In our present investigation, by applying g-calculus operator theory, we define some new subclasses of m-fold symmetric analytic
and bi-univalent functions in the open unit disk % = {z € C : |z| < 1} and use the Faber polynomial expansion to find upper bounds

of |a,,,| and initial coefficient bounds for |a

mk+1 m+1

| and |a,,,,,| as well as Fekete-Szego inequalities for the functions belonging to

newly defined subclasses. Also, we highlight some new and known corollaries of our main results.

1. Introduction, Definitions, and Motivation

Let &/ denote the class of all analytic functions f(z) in the
open unit disk % = {z : |z| <1} and have the series expan-
sion of the form

flz)=z+ ianz”. (1)

By &, we mean the subclass of & consisting of univalent

functions. The inverse f~' of univalent function f can be
defined as

(@) =2z€%

(2)
fF W) =w, [wl <ro(f),ro(f) 2

>

o

where

g,(w) =f"(w)=w-aw + (211% - a3)w3

- (503 - 5aa; + ag)w'+. -

According to the Koebe one-quarter theorem [1], an
analytic function f is called bi-univalent in % if both f and
f' are univalent in %. Let X denote the class all bi-
univalent functions in %. For f € %, Lewin [2] showed that
|a,| <1.51 and Brannan and Cluni [3] proved that |a,| <
V/2. Netanyahu [4] showed that max |a,| = 4/3. Brannan
and Taha [5] introduced a certain subclass of bi-univalent
functions for class X. In recent years, Srivastava et al. [6],
Frasin and Aouf [7], Altinkaya and Yalcin [8, 9], and
Hayami and Owa [10] studied the various subclasses of ana-
Iytic and bi-univalent function. For a brief history, see [11].

In [12], Faber introduced Faber polynomials, and after
that, Gong [13] studied Faber polynomials in geometric
function theory. In their published works, some contribu-
tions have been made to finding the general coeflicient
bounds |a, | by applying Faber polynomial expansions. By
using Faber polynomial expansions, very little work has been
done for the coefficient bounds |a,,| for n >4 of Maclaurin’s
series. For more studies, see [14-17].

A domain % is said to be m-fold symmetric if

f(ei(zn/m)z) =@M f(2), zeUfed,meN. (4)
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The univalent function h(z) maps the unit disk % into a
region with m-fold symmetry and can be defined as

h(z)={/f(z"), feS. ()

A function f is said to be m-fold symmetric [18] if it has
the series expansion of the form

f@)y=2+ ) ™" (6)

k=1

The class of all m-fold symmetric univalent functions is
denoted by ™, and for m =1, then §” = &.

In [19], Srivastava et al. proved the inverse f,' series
expansion for f € ¥, , which is given as follows:

g(w) =f;11(w) =w-a,, w" + ((”" + l)afnu - “2m+1)w2m+1

- { (m+1)(3m+2)a5,,, — (3m+2)a,,1 00,1 + “3m+1> }wmﬂ

[

(7)

Here, we will denote m-fold symmetric bi-univalent
functions by X,. For m =1, equation (7) coincides with
equation (3) of the class X. The coeflicient problem for f €
X, is one of the favorite subjects of geometric function the-
ory in these days (see [20-23]).

The quantum (or g-) calculus has great importance
because of its applications in several fields of mathematics,
physics, and some related areas. The importance of ¢
-derivative operator (D,) is pretty recognizable by its
applications in the study of numerous subclasses of analytic
functions. Initially, in 1908, Jackson [24] introduced a ¢
-derivative operator and studied its applications. Further,
in [25], Ismail et al. defined a class of g-starlike functions;
after that, Srivastava [26] studied g-calculus in the context
of univalent function theory; also, numerous mathemati-
cians studied g-calculus in the context of univalent function
theory. Further, the g-analogue of the Ruscheweyh differen-
tial operator was defined by Kanas and Raducanu [27] and
Arif et al. [28] discussed some of its applications for multiva-
lent functions while Zhang et al. in [29] studied g-starlike
functions related with the generalized conic domain. Sri-
vastava et al. published the articles (see [30, 31]) in which
they studied the class of g-starlike functions. For some
more recent investigations about g-calculus, we may refer
to [32-34].

For a better understanding of the article, we recall some
concept details and definitions of the g-difference calculus.
Throughout the article, we presume that

0<g<l1. (8)
Definition 1. The g-factorial [n],! is defined as

= T W,

k=1

(neN), (9)
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and the g-generalized Pochhammer symbol [t], ., t € C, is
defined as

[t],, = (A, [t +1],[t+2], - [t+n=1], (neN). (10)

Remark 2. For n=0, then [n] ! =1, and [t], = 1.

Definition 3. The g-number [t], for q € (0, 1) is defined as

i:zt (teC),

=9 i (11)
qu (t=neNN).
k=0

Definition 4 (see [24]). The g-derivative (or g-difference)
operator D, of a function fis defined, in a given subset of
C, by

fo-faa)
(Df)(z)=4 (1-a)z (12)
'), z=0,

provided that f'(0) exists.

From Definition 4, we can observe that

f(z) - f(42)

lim (D,f)(z) = lim e

q—1" q—1"

=f'(),  (13)

for a differentiable function f in a given subset of C. It is also
known from (1) and (12) that

(Dyf)(z) =1+ OZO: [n]qanz”_l. (14)

Here, in this paper, we use the g-difference operator to
define new subclasses of m-fold symmetric analytic and bi-
univalent functions and then apply the Faber polynomial
expansion technique to determine the general coefficient
bounds |a,,,,| and initial coefficient bounds |a,,,;| and
|a,5,,.1] as well as Fekete-Szego inequalities.

Definition 5. A function f € X, is said to be in the class
R, (@, m,q) if and only if

1+ %(Darf(z) - 1) <9(2),
1+ %(Dqg(w) - 1) <p(w),

where ¢ € P, be C\ {0}, andz, w € %, andg(w) = f, (w) is
defined by (7).
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Remark 6. For g — 1™ and m = 1, then the class &, (¢, m, q)
reduces into the class %,(¢p) introduced by Hamidi and
Jahangiri in [35].

Definition 7. A function f € X, is said to be in the class
S5 (¢ q) if and only if

where ¢ € P, be C\ {0}, andz, w € %, andg(w) = f, (w) is
defined by (7).

Remark 8. Forq— 1", m=1,and ¢(z) = (1 + Az)/(1 + Bz),
then the class S5, (¢, q) reduces into the class (A, B), intro-

duced by Hamidi and Jahangiri in [36].

2. Main Results

Using the Faber polynomial expansion of functions f € &f of
the form (1), the coefficients of its inverse map g =f~' may
be expressed as [15] given by

(o)

1
+ Y ZK (ag a5, 0", (17
w ngz” o1 (82> a3, - )w (17)

=
E
I
=
B
I

for an expansion of K", (see [37]). In particular, the first
three terms of K", are

L.

§K12:_a2’

1 -3 2 18
ng =2a; - as, (18)

%K;‘1 = —(5a; - 5a,a5 + a,).

In general, for any p € N and 7 > 2, an expansion of K?_,
is as (see [15])

p!

plp-1) 3L
(p—3)!3!E"’1+

2

+ P' En—l
(p-n+D)l(n-1) "7

P _ 2
Kn—l _pan + En—l +

(19)

where Eﬁ_l = Eﬂ_l(az, a,, --+), and by [37],

2 m! B Py
E;n_l(az,...,an)z Zm(az') (an)' , formSn,
nm2 B o Mgy
(20)

while a, =1, and the sum is taken over all nonnegative
integers y,, ---, u,, satisfying

Pyt e, =,

42Utk (n =Dy, =n- L

(21)

Evidently, E'"}(a,, -
lently,

a,)=ay"" (see [14]), or equiva-

form<mn,

[2.8) m! a oL a Hy
Ei(aan e = 3 0
1" > Fnt

n=1

(22)

while a; =1, and the sum is taken over all nonnegative inte-

gers p,, -+, W, satisfying
+ Uy, = m,
it Ha (23)
P+ 2yt (n)py, = 1.

It is clear that El'(ay, -+, a,) = E}, and the first and last
polynomials are E" = al and E. =a,,.

Similarly, using the Faber polynomial expansion of func-
tions f € of of the form (6), that is,

(0]
flz)=z+ ZKIIJM(“Z’%’ ""“k+1)zmk+1- (24)
k=1

The coefficients of its inverse map g=f,' may be
expressed as

[e¢]
1 1 —(mk+1)
z)= Z)=w+ K
g() fm() ];(mk"'l) k (25)
’ (am+1’ Am+1> """ amk+1>WMk+l'

Theorem 9. For be C\ {0}, let f € R, (¢, m, q)be given by
(6), and ifa,,;,; =0, 1<j<k—1, then

2|b|

Sl forkz2, (26)

|amk+1| <

Proof. By definition, for the function f € %, (¢, m, q) of the
form (6), we have

X [1+mk
1+ % (Df(2) 1) =1+ ;%amkﬂzmk’ (27)

=1

. 1
and for its inverse map g=f, , we have

1 & (1 + mk] .
1+ 5 (Dyg(w) = 1) =1+ ZTqukHw’" , (28)
k=1
where
1 ~(mk+1)
A1 = 1 Nk (@pmsrs Bpmers =5 Qi) k=21
(29)



On the other hand, since f € #,(p, m,q) and g=f,' €
R, (@, m, q) by definition, we have

p(2)=c 2" + 2"+ = Y g2,
= (30)
q(w) =d,w" + dyw+-- = Y dw™™,
k=1
where
oo k .
p(p(z)) =1+ Z Z‘Pngc(Cv 6 )2 (31)
k=11=1
oo k
P(q(w)) =1+ Y Y K (dy dy, -+, diJw"™. (32)

Comparing the coefficients of (27) and (31), we have

1 k-1

b[l +mk]qamk+1 = Z¢1K§((C1,C2,--',Ck). (33)
=1

Similarly, comparing coefficients of (28) and (32), we
have

] k-1
5 L+ Mkl A = Y eiKi(dydy e dy). (34)

I=1

Note that for a,,;,; =0, 1 <j<k—1, we have

mj+
A1 = = Opier 1> (35)
and so
1
b [1+ mk]qamkH =91% (36)
1
—E[1+mk]qamk+l =g, d,. (37)

Now taking the absolute of (36) and (37) and using the
fact that |@,| <2, [¢] <1, and |d;| < 1, we have

i € el =
P e mk] TR Ui TR
(38)
il
| s | < T+ mk
q
which completes the proof of Theorem 9. O

For m=1and k=n -1, in Theorem 9, we obtain the fol-
lowing corollary.
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Corollary 10. For b e C\ {0}, let f € (¢, q), and ifa;,; = 0,
1<j<n, then

2|b]

\an|sw, forn=3. (39)
q

For g— 17, m=1, and k=n—-1, in Theorem 9, we
obtain the following known corollary.

Corollary 11 (see [35]). For be C\ {0}, let f € &, (¢), and
ifaj.; =0, 1<j<n, then

||

2|b
< 7‘ forn>3. (40)

Theorem 12. For b e C\ {0}, let f € B, (p, m, q) be given by
(6), and then

2/b| ,
b b T aNTA 71
m+ 1], bl < (m+D)zm+1],
|am+1| <
Lb', lf |b‘ > ¥’
(m+1)[2m+1}q (m+1)[2m+1]q
2|b| 2m+ )b .
Zm+1] 7 Pl <o
| | q ([m+1]q) q
Aomei] S
[ijl] ’ if b= [2m2+ 1,°
q q
4|b|
|y = (m+ D)as, | < Cm+ 1],
q
Aoy — (m ! 1> ai/l+1 < ﬂ
2 2m+1],
(41)

Proof. Replacing k by 1 and 2 in (33) and (34), respectively,
we have

1
E [m + l]qamﬂ =916 (42)
! ¢ 43
E[2m+ 1]qaZmH =@6 +@yC0, ( )
1
2 m 1] = yds (44)

1
E[2m+ l]q{(m+ l)aim _a2m+1} =¢,d, +‘Pzd%- (45)
From (42) and (44), we have

L |b]
[m+1] [m+1]

2|b|

[m+1]q'

lpic1] = |p,dy| <

|am+1| <

q q
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Adding (43) and (45), we have

2 b{g01(62+d2) +‘P2(C%+d%)}_

= 4
fme1 (m+1)2m+1], (47)
Taking the absolute value (47), we have
8|b
|am+1| < ‘ | (48)

(m+1)[2m+l]q'

Now, the bounds given for |a,,,,| can be justified since

m+1

8|b| 8
PV moemry P G
(m+1)2m+ ]q (m+1)2m+ ]q
(49)
From (43), we have
_bllpe | 4|
(o= =05 0, Cpmel, (50)
Next, we subtract (45) from (43), and we have
2[2m+1]q (m+1) ,
T{aZWH—l_ Tanwl} (51)
=¢,(c,—d,) + ¢, (C% - d%) =¢,(c; — dy)s
or
m+1 b(c,—d
a2m+1 = ( 2 ) fn+1 g021[2(”12+ 1}2) . (52)
q

After some simple calculation and by taking the abso-
lute, we have

[Pullblle —dy| | (m+1)
2(2m+1) 2

‘a2m+l| < afn+1|' (53)

Using the assertion (46), we have

2B, 2(m+ )b

|21 | < (54)
2m+1], ([m+ l]q)2
From (50) and (54), we note that
2|b| 2(m+1)|b|? .4kl i b < 2
2m+1], ([m N l]q)Z 2m+1], 2m+1],
(55)

Now, we rewrite (45) as

1
E[2m+ 1]q{(m+ 1)“3n+1 _“2m+1} :‘P1d2+‘/’zd%- (56)
Taking the absolute value, we have

4|b
s =+ ) 51 (57)

2m+1]q'

Finally, from (51), we have

22m+1 m
w {a2m+1 - %ufm—l} =9 (62 - d2) (58)

Taking the absolute value, we have

(m+1)
Am+1 — T“fnn

2b|

< e (59)

O

For m=1 and k=#n -1, in Theorem 12, we obtain the
following corollary.

Corollary 13. For be C\ {0}, let f € B,(¢,q) be given by
(1), and then

W et
ER A

4o 4
S
13, 13,
2
200, 46F e 2

a5 < % (21,) B (60)

4|b . 2
M) 1f|b|2W’
q

|a,| <

2 1 4l

|a; - 2a;,,,| < 3,

2|b]

|a2m+1 - afn+1| < [3]

For g— 17, m=1, and k=n—1, in Theorem 12, we
obtain the following corollary.



Corollary 14 (see [35]). For be C\ {0}, let f € %B,(¢p) be
given by (1), and then

. 4
o i<
|a,| <
4]b| 4
) j b 2 )
O =
2|b . 2
A ewr i<,
|as| < m (61)
) j b 2 )
: if o
4/b|
2a3] < =1,
|a3 a; 3
2|b|
2
—-d| <
‘a3 2[= 73

Theorem 15. Let fe€ S5 (¢.q)be given by (6), and
ifa,;. =0, 1<j<k—1, then

2
|@pisr]| € —=> fork=2. (62)

[mk]q

Proof. By definition, for the function f € S5 (¢,q) of the
form (6), we have

zD_f(2) S .
q‘f =1- Z Fk(am+1’ Dym+1> "5 amk+1)z k’ (63)
f(2) P

where the first few coefficients of F.(a,,,1> G115 > Ges1)
are

Fi=-a,,,
_ 2
F2 S (m + 1)a2m+1’

Fy= {_“fnn +(2m+1)a,, a5, — (2m+ 1)a3m+1}'

(64)
In general,
Fi(mst> Gamet> > Qa1
= Z {A(il’ 3% PR ik)(aerl)ll (azmﬂ)l2 (“mk+1)1k}’
i +2iy+ ki =k
(65)
where

(ki (1 + i+ o+ — Dk
COICHRRUY
(66)

A(iy iy iy oo i) = (_1)<k)+2i1+-

Journal of Function Spaces

For the inverse map g=f, € S5 (¢, q), we obtain

zD_g(w) &
I S T E F.(b_..,b, ..,--,b w'k, 67
g(w) Pt k( m+1> Y2m+1 mk+1) ( )
where
Ak - 7(mk+1>(a s apats 5 Oppiesr )» - K21
mk+1 mk+ 1 k m+1> *2m+1 mk+
(68)

On the other hand, since f € S5 (¢,q) and g= fle
S5 (¢ q) by definition, we have

[ee]
p(z) =" + 2"+ = Y g™,
k=1
N (69)
q(w) =dw" + dyw* +--- = Z dw™,
k=1

where

o dw™, (71)

Comparing the coefficients of (63) and (70), we have

k-1

_[mk]qamkH = Z PG (€1 oo ) (72)
=1

Similarly, comparing the coefficients of (67) and (71), we
have

k-1
—[mk] byers = Z(PlKi(dl’dz’ s dy) (73)
=1

Note that for a,,;,; =0, 1 <j< k-1, we have

mj+

A1 = k1> (74)

and so
—[mk] a1 = P10 (75)
[mk] @pges1 = @6y (76)

Taking the absolute values of (75) and (76) and using the
fact that |@,| <2, |¢| <1, and |d;| < 1, we have
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1 1
|| < W|€"1Ck| = W\%dk\’
q q (77)
< —.
|amk+1| = [mk]q
Hence, Theorem 15 is complete. O

For g— 17, m=1, and k=n-1, in Theorem 15, we
obtain the following corollary.

Corollary 16. f € §*(¢), and ifa;

s =0, 1<j<n, then

2
a|<——, fornx>3. 78
" 1
n—

il <
am 1= 73>
o [ml,
_AmrD) 2
a —_ bl
| 2m+1| m[Zm]q [Zm]q
(79)
. [m]q(2m+1) : 4
m+ m+l| — >
[Zm}q [Zm]q
LI
m+ m+l| = :
[Zm]q [2m]q

Proof. Replacing k by 1 and 2 in (72) and (73), respectively,
we have

[m}qamﬂ =96 (80)

2] s ~ 1], =91 + 0l (81)

=[], a0 = 91dys (82)

(], (2m + V), = [2m) a5, = 91y + 9, (83)

From (80) and (82), we have

1 1 2
< — =—|o,d|| < —. 84
‘am+1| < [m]q |(p1C1| [ |(P1 1| < [m]q ( )

m] g
Adding (81) and (83), we have

2 (1’1(62+d2)+§02(ci+d%) .

a; . .= 2] (85)

m+l
q

Taking the absolute value (85), we have

|am+1‘ <

mm]

7
Next, we subtract (83) from (81), and we have
{202m] a5 = 20m] (m+ D)a,, | )
=¢(ca—dy) + ‘Pz(ci - d%)’
or

[m],(m+1) o —d
a2m+1 = [[12}’}’[] fn+1 + (plz([;m] 2> . (88)

q q

After some simple calculation of (88) and by taking the
absolute, we have

o1 |c; — d,| " [m]q(m +1)

| Byt | < @y (89)
m+ Z[Zm]q [Zm]q m+1|
Using the assertion (86), we have
4m+1) 2
< + . 90
|a2m+l| m[zm]q [zm]q ( )

For the third part, we rewrite (83) as

2

’[m]q(Zm +1)a,.,, - [zm]qa2m+l = }‘P1dz + gozdﬂ. (91)

Taking the absolute value, we have

[m]q(Zm +1) 5
Dym+1 ~ [2711] i1
q

4

[2m], '

(92)

Finally, from (87), we have

[m]q(m +1) 5
Bme1 ~ [Zm] A1
q

z[zm]q =l (ca—dy)|- (93)

Taking the absolute value, we have

[m]q(m +1)
Dom+l ~ Wamﬂ
q

2
<

",

(94)

O

Forqg— 17, m=1,and k=n -1, in Theorem 17, we get
the following corollary.



Corollary 18. Let f € $*(¢) be given by (1), and then

|a;| <2,
|as| <5,

3
2
as;— -a,

<2,
2

‘a3 —a§| <1.

3. Conclusion

In this paper, we have applied g-calculus operator theory to
define some new subclasses of m-fold symmetric analytic
and bi-univalent functions in open unit disk % and used
the Faber polynomial expansion to find upper bounds |
4,01 and initial coefficient bounds |a,,,,| and |a,,,,,| as
well as Fekete-Szego inequalities for the functions belonging
to newly defined subclasses of m-fold symmetric analytic
and bi-univalent function. Also, we highlighted some new
and known consequences of our main results.
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