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The purpose of this article is to give the details of finding the transcendental entire solutions with finite order for the systems of nonlinear

partial differential-difference equations ððð∂f1ðz1, z2ÞÞ/∂z1Þ + ðð∂f1ðz1, z2ÞÞ/∂z2ÞÞn1 + P1ðzÞf2ðz1 + c1, z2 + c2Þm1 =Q1ðzÞ,
ððð∂f1ðz1, z2ÞÞ/∂z1Þ + ðð∂f1ðz1, z2ÞÞ/∂z2ÞÞn2 + P2ðzÞf1ðz1 + c1, z2 + c2Þm2 =Q2ðzÞ,

�
where

P1ðzÞ, P2ðzÞ,Q1ðzÞ, andQ2ðzÞ are polynomials in ℂ2; n1, n2,m1, andm2 are positive integers, and c = ðc1, c2Þ ∈ℂ2. We obtain that
there exist some pairs of the transcendental entire solutions of finite order for the above system, which is a very powerful supplement
to the previous theorems given by Xu and Cao and Xu and Yang.

1. Introduction

In 1970, Yang [1] proved that the functional equations f n +
gm = 1 have no nonconstant entire solutions, if m, n are posi-
tive integers satisfying ð1/mÞ + ð1/nÞ < 1. After this result,
with the aid of the Nevanlinna theory and the difference ana-
logues of the Nevanlinna theory (see [2–6]), there were rapid
developments on complex differential and difference equa-
tions in one and several complex variables. Some classical
results and topics in different fields are considered in differ-
ence versions, for example, difference Riccati equations, differ-
ence Painlevé equations, and difference Fermat equations (see
[7–14]). Recently, Cao and Xu [15–17] investigated the exis-
tence of the entire and meromorphic solutions for some
Fermat-type partial differential-difference equations by utiliz-
ing the Nevanlinna theory and difference Nevanlinna theory
of several complex variables [18, 19] and obtained the follow-
ing theorems which is an extension of the previous results
given by Liu and his collaborators (see [20–24]).

Theorem 1 (see ([16], Theorem 1.1)). Let c = ðc1, c2Þ ∈ℂ2.
Then, the Fermat-type partial differential-difference equation

∂f z1, z2ð Þ
∂z1

� �n

+ f z1 + c1, z2 + c2ð Þm = 1, ð1Þ

does not have any transcendental entire solution with finite
order, where m and n are two distinct positive integers.

Theorem 2 (see ([15], Theorem 3.2)). Let c = ðc1, c2Þ ∈ℂ \
f0g. Suppose that f is a nontrivial meromorphic solution of
the Fermat type partial difference equations

1
f z1 + c1, z2 + c2ð Þm + 1

f z1, z2ð Þm = A z1, z2ð Þf z1, z2ð Þn, ð2Þ

or

Hindawi
Journal of Function Spaces
Volume 2021, Article ID 5424284, 9 pages
https://doi.org/10.1155/2021/5424284

https://orcid.org/0000-0002-3928-3664
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/5424284


where m ∈ℕ, n ∈ℕ ∪ f0g, and Aðz1, z2Þ is a nonzero mero-
morphic function on ℂ2 with respect to the solution f , that is
Tðr, AÞ = oðTðr, f ÞÞ. If δf ð∞Þ > 0, then

lim sup
r⟶∞

log T r, fð Þ
r

> 0: ð4Þ

Remark 3. Let n = 0 and Aðz1, z2Þ = 1, then the above equa-
tions become

1
f z1 + c1, z2 + c2ð Þm + 1

f z1, z2ð Þm = 1,

1
f z1 + c1, z2 + c2ð Þm + 1

f z1 + c1, z2ð Þm + 1
f z1, z2 + c2ð Þm = 1,

ð5Þ

which can be called as the partial difference equations of Fer-
mat type.

In 2020, the first author and his coauthors discussed the
transcendental entire solutions with finite order for the sys-
tems of partial differential difference equations and gave the
conditions on the existence of the finite-order transcendental
entire solutions for the following systems, which are some
extension and improvements of the previous results given
by Xu and Cao and Gao [16, 25].

Theorem 4 (see ([26], Theorem 1.2)). Let c = ðc1, c2Þ ∈ℂ2,
andmj, njðj = 1, 2Þ be positive integers. If the following system
of Fermat-type partial differential-difference equations

∂f1 z1, z2ð Þ
∂z1

� �n1
+ f2 z1 + c1, z2 + c2ð Þm1 = 1,

∂f2 z1, z2ð Þ
∂z1

� �n2
+ f1 z1 + c1, z2 + c2ð Þm2 = 1,

8>>><
>>>:

ð6Þ

satisfies one of the conditions

(i) m1m2 > n1n2;

(ii) mj > ðnj/ðnj − 1ÞÞ for nj ≥ 2, j = 1, 2.

Then, system (6) does not have any pair of transcendental
entire solution with finite order.

Remark 5. Here, ð f , gÞ is called as a pair of finite-order tran-
scendental entire solutions for system

f n1 + gm1 = 1,
f n2 + gm2 = 1,

(
ð7Þ

if f , g are transcendental entire functions and ρ =max fρð f Þ,
ρðgÞg <∞.

Remark 6. The condition mj > ðnj/ðnj − 1ÞÞ implies mj > 1.
Thus, a question rises naturally: what will happen on the exis-
tence of transcendental entire solutions with finite order
when mj = 1, j = 1, 2 in system (6)?

In fact, we give the following example to explain that sys-
tem (6) has a pair of transcendental entire solutions with
finite order when m1 =m2 = 1 and n1 = n2 = 2, that is,

∂f1 z1, z2ð Þ
∂z1

� �2
+ f2 z1 + c1, z2 + c2ð Þ = 1,

∂f2 z1, z2ð Þ
∂z1

� �2
+ f1 z1 + c1, z2 + c2ð Þ = 1 rgb½ �0:00,0:00,1:00:

8>>>><
>>>>:

ð8Þ

Example 1. Let

f1 zð Þ = 1 − 1
4π

2 −
1
4 z

2
1 +

1
2 z1z2 −

πi
2 z2 + z1 − πið Þez2 − ez2 + 1

2 z2 − πið Þ
� �2

,

f2 zð Þ = 1 − 1
4π

2 −
1
4 z

2
1 +

1
2 z1z2 −

πi
2 z2 − z1 − πið Þez2 − ez2 −

1
2 z2 − πið Þ

� �2
:

ð9Þ

Then, f = ð f1, f2Þ is a pair of transcendental entire solu-
tions of system (8) with ðc1, c2Þ = ðπi, πiÞ and ρð f Þ = 1.

Corresponding to system (6), we further consider the fol-
lowing system of the partial differential difference equation

∂f1 z1, z2ð Þ
∂z1

+ ∂f1 z1, z2ð Þ
∂z2

� �n1
+ P1 zð Þf2 z1 + c1, z2 + c2ð Þm1 =Q1 zð Þ,

∂f2 z1, z2ð Þ
∂z1

+ ∂f2 z1, z2ð Þ
∂z2

� �n2
+ P2 zð Þf1 z1 + c1, z2 + c2ð Þm2 =Q2 zð Þ,

8>>><
>>>:

ð10Þ

where P1ðzÞ, P2ðzÞ are two nonzero polynomials in ℂ2

and obtained.

1
f z1 + c1, z2 + c2ð Þm + 1

f z1 + c1, z2ð Þm + 1
f z1, z2 + c2ð Þm = A z1, z2ð Þf z1, z2ð Þn, ð3Þ
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Theorem 7. Let c = ðc1, c2Þ ∈ℂ2, mj, njðj = 1, 2Þ be positive
integers satisfies one of the conditions

(i) m1m2 > n1n2;

(ii) mj > nj/ðnj − 1Þ for nj ≥ 2, j = 1, 2.

Then, system (10) does not have any pair of transcendental
entire solutions with finite order.

The following example shows that the conditions mj

> ðnj/nj − 1Þ for nj ≥ 2 and j = 1, 2 are precise and the
existence of finite-order transcendental entire solutions

for the system (10) when n1 = n2 = 2, m1 =m2 = 1 and P1
ðzÞ = P2ðzÞ =Q1ðzÞ =Q2ðzÞ = 1, that is,

∂f1 z1, z2ð Þ
∂z1

+ ∂f1 z1, z2ð Þ
∂z2

� �2
+ f2 z1 + c1, z2 + c2ð Þ = 1,

∂f2 z1, z2ð Þ
∂z1

+ ∂f2 z1, z2ð Þ
∂z2

� �2
+ f1 z1 + c1, z2 + c2ð Þ = 1:

8>>>><
>>>>:

ð11Þ

Example 2. Let

Then, f = ð f1, f2Þ is a pair of transcendental entire solu-
tions of system (11) with ðc1, c2Þ = ðπi, 2πiÞ and ρð f Þ = 1.

Remark 8. In Sections 3 and 4, we give the details proceeding
for obtaining a class of finite-order transcendental entire
solutions for systems (8) and (11).

Next, we continue to discuss the existence of the finite-
order transcendental entire solutions for several systems
including both the difference operator and the partial differ-
ential such as

∂f1
∂z1

� �n1
+ f2 z1 + c1, z2 + c2ð Þ − f1 z1, z2ð Þ½ �m1 = 1,

∂f2
∂z1

� �n1
+ f1 z1 + c1, z2 + c2ð Þ − f2 z1, z2ð Þ½ �m1 = 1,

8>>><
>>>:

ð13Þ

∂f1
∂z1

+ ∂f1
∂z2

� �n1
+ f2 z1 + c1, z2 + c2ð Þ − f1 z1, z2ð Þ½ �m1 = 1,

∂f2
∂z1

+ ∂f2
∂z2

� �n1
+ f1 z1 + c1, z2 + c2ð Þ − f2 z1, z2ð Þ½ �m1 = 1,

8>>><
>>>:

ð14Þ

where c1, c2 are constants inℂ. It is easy to find the finite-
order transcendental entire solutions for systems (13) and
(14). For c2 ≠ 0, system (5) has a pair of finite-order transcen-

dental entire solutions ð f1, f2Þ of the forms

f1 = az1 +
b + d − 2ac1

2c2
z2 +

d
2 + e πi/c2ð Þz2 ,

f2 = az1 +
b + d − 2ac1

2c2
z2 +

b
2 − e πi/c2ð Þz2 ,

8>>><
>>>:

ð15Þ

and for c2 ≠ c1, system (14) has a pair of finite-order tran-
scendental entire solutions ð f1, f2Þ of the forms

f1 = az1 +
b + d − 2ac1
2 c2 − c1ð Þ z2 − z1ð Þ + d

2 + e πi/ c2−c1ð Þð Þ z2−z1ð Þ,

f2 = az1 +
b + d − 2ac1
2 c2 − c1ð Þ z2 − z1ð Þ + b

2 − e πi/ c2−c1ð Þð Þ z2−z1ð Þ,

8>>><
>>>:

ð16Þ

where a, b, d ∈ℂ satisfy 1 − an1 = bm1 and 1 − an2 = bm2 . Fur-
thermore, we can give the finite-order transcendental entire
solutions for systems (13) and (14) when n1 = n2 = 2 and
m1 =m2 = 1 easily.

Example 3. The function

f = f1, f2ð Þ = z1 − z2 + eπiz2 , z1 − z2 − eπiz2
� �

, ð17Þ

is a pair of transcendental entire solutions with ρð f Þ = 1
for system (13) when ðc1, c2Þ = ð1, 1Þ, n1 = n2 = 2, and m1
=m2 = 1.

f1 zð Þ = 1 − 1
4π

2 −
1
4 z

2
1 +

1
2 z2 − z1ð Þ z1 − πið Þ + z1 − πið Þez2−z1 − ez2−z1 + 1

2 z2 − z1 − πið Þ
� �2

,

f2 zð Þ = 1 − 1
4π

2 −
1
4 z

2
1 +

1
2 z2 − z1ð Þ z1 − πið Þ − z1 − πið Þez2−z1 − ez2−z1 −

1
2 z2 − z1 − πið Þ

� �2
:

ð12Þ
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Example 4. The function

f = f1, f2ð Þ = 2z1 − z2 + eπi z2−z1ð Þ, 2z1 − z2 − eπi z2−z1ð Þ
	 


,

ð18Þ

is a pair of transcendental entire solutions with ρð f Þ = 1
for system (14) when ðc1, c2Þ = ð1, 2Þ, n1 = n2 = 2 and m1
=m2 = 1.

Corresponding to systems (13) and (14), we can also
obtain the solutions of the following systems

∂f1
∂z1

� �n1
+ f2 z1 + c1, z2 + c2ð Þ − f2 z1, z2ð Þ½ �m1 = 1,

∂f2
∂z1

� �n1
+ f1 z1 + c1, z2 + c2ð Þ − f1 z1, z2ð Þ½ �m1 = 1,

8>>><
>>>:

ð19Þ

∂f1
∂z1

+ ∂f1
∂z2

� �n1
+ f2 z1 + c1, z2 + c2ð Þ − f2 z1, z2ð Þ½ �m1 = 1,

∂f2
∂z1

+ ∂f2
∂z2

� �n1
+ f1 z1 + c1, z2 + c2ð Þ − f1 z1, z2ð Þ½ �m1 = 1,

8>>><
>>>:

ð20Þ
where c1, c2 are constants in ℂ. In fact, for c2 ≠ 0, then

systems (19) has a pair of solutions with the forms

f1, f2ð Þ = a1z1 +
b2 − a1c1

c2
z2 +G1 z2ð Þ, a2z1 +

b1 − a2c1
c2

z2 +G2 z2ð Þ
� �

,

ð21Þ

whereG1ðz2Þ,G2ðz2Þ are two period functions with period c2,
and for s≔ z2 − z1 and s0 ≔ c2 − c1 ≠ 0, then system (20) has a
pair of solutions with the forms

f1, f2ð Þ = a1z1 +
b2 − a1c1
c2 − c1

s + G1 sð Þ, a2z1 +
b1 − a2c1
c2 − c1

s +G2 sð Þ
� �

,

ð22Þ

where G1ðsÞ,G2ðsÞ are two period functions with period s0,
and a1, a2, c1, c2, d1, and d2 are constants satisfying

an11 + bm1
1 = 1, an22 + bm2

2 = 1: ð23Þ

2. Proof of Theorem 7

The following lemmas will be used in this paper.

Lemma 9 ([27, 28]). Let f be a nonconstant meromorphic func-
tion on ℂn and let I = ði1,⋯, inÞ be a multi-index with length
∣I ∣ =∑n

j=1 ij. Assume that Tðr0, f Þ ≥ e for some r0. Then,

m r, ∂
I f
f

 !
= S r, fð Þ, ð24Þ

holds for all r ≥ r0 outside a set E ⊂ ð0,+∞Þ of finite logarithmic
measure

Ð
E ðdt/tÞ <∞, where ∂I f = ð∂∣I∣ f Þ/ð∂zi11 ⋯ ∂zinn Þ:

Lemma 10 ([18, 19]). Let f be a nonconstant meromorphic
function with finite order on ℂn such that f ð0Þ ≠ 0,∞, and
let ε > 0. Then, for c ∈ℂn,

m r, f zð Þ
f z + cð Þ

� �
+m r, f z + cð Þ

f zð Þ
� �

= S r, fð Þ, ð25Þ

holds for all r ≥ r0 outside a set E ⊂ ð0,+∞Þ of finite logarith-
mic measure

Ð
E ðdt/tÞ <∞.

Lemma 11 (see [29]). Let f be a nonconstant meromorphic
function on ℂn. Take a positive integer m and take polyno-
mials of f and its partial derivatives:

P fð Þ =〠
p∈I

ap f
p0 ∂i1 f
	 
p1 ⋯ ∂il f

	 
pl , pð Þ = p0,⋯, plð Þ,

Q fð Þ =〠
q∈I

cq f
q0 ∂j1 f
	 
q1 ⋯ ∂jl f

	 
ql , qð Þ = q0,⋯, qlð Þ,

B fð Þ = 〠
m

k=0
bk f

k,

ð26Þ

where I, J are finite sets of distinct elements and ap, cq, and bk
are meromorphic functions on ℂn with bm≡0. Assume that f
satisfies the equation

B fð ÞQ fð Þ = P fð Þ, ð27Þ

such that Pð f Þ,Qð f Þ, and Bð f Þ are differential polyno-
mials, that is, their coefficients a satisfy mðr, aÞ = Sðr, f Þ.
If deg ðPð f ÞÞ ≤m = deg ðBð f ÞÞ, then

m r,Q fð Þð Þ = S r, fð Þ, ð28Þ

holds for all r possibly outside of a set E with finite loga-
rithmic measure.

Proof. Let ð f1, f2Þ be a pair of transcendental entire functions
with finite-order satisfying system (10). Here, we will discuss
two following cases.

Case 1. n1n2 >m1m2. In view of Lemma 10, the following
conclusions that

m r,
f j z1, z2ð Þ

f j z1 + c1, z2 + c2ð Þ

 !
= S r, f j
	 


, j = 1, 2, ð29Þ

holds for all r > 0 outside of a possible exceptional set
Ej ⊂ ½1,+∞Þ of finite logarithmic measure

Ð
Ej
ðdt/tÞ <∞.

Thus, we can deduce from (29) that
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for all r∈E≕ E1 ∪ E2. By using Lemma 9 and Lemma 11,
it follows from (30) that

for all r∈E. Similarly, we have

n2T r, f1ð Þ ≤m2T r, f2ð Þ +O log rð Þ + S r, f1ð Þ + S r, f2ð Þ, r∈E: ð32Þ

In view of (31) and (32), it yields

n1n2 −m1m2ð ÞT r, f j
	 


≤O log rð Þ + S r, f1ð Þ + S r, f2ð Þ, r∈E: ð33Þ

In view of n1n2 >m1m2, this is impossible since f1, f2 are
transcendental entire functions.

Case 2. mj > ðnj/ðnj − 1ÞÞ, nj ≥ 2, j = 1, 2. In view of the
Nevanlinna second fundamental theorem concerning small
functions, Lemma 10, and system (11), we can deduce
that

that is,

m1 − 1ð ÞT r, ∂f1
∂z1

+ ∂f1
∂z2

� �
≤ T r, f2 z + cð Þð Þ +O log rð Þ

+ S r, f1ð Þ + S r, f2ð Þ:
ð35Þ

Similarly, we have

m2 − 1ð ÞT r, ∂f2
∂z1

+ ∂f2
∂z2

� �
≤ T r, f1 z + cð Þð Þ +O log rð Þ

+ S r, f1ð Þ + S r, f2ð Þ:
ð36Þ

On the other hand, in view of system (10) and Lemma 10,
it follows that

T r, f j z1, z2ð Þ
	 


=m r, f j z1, z2ð Þ
	 


≤m r,
f j z1, z2ð Þ

f z1 + c1, z2 + c2ð Þ
� �

+m r, f j z1 + c1, z2 + c2ð Þ
	 


+ log 2

=m r, f j z1 + c1, z2 + c2ð Þ
	 


+ S r, f j
	 


= T r, f j z1 + c1, z2 + c2ð Þ
	 


+ S r, f j
	 


, j = 1, 2,
ð30Þ

n1T r, f2 z1, z2ð Þð Þ ≤ n1T r, f2 z1 + c1, z2 + c2ð Þð Þ + S r, f2ð Þ ≤ T r, P1 zð Þf2 z1 + c1, z2 + c2ð Þn1ð Þ + S r, f2ð Þ
= T r, ∂f1

∂z1
+ ∂f1
∂z2

� �m1

−Q1 zð Þ
� �

+ S r, f2ð Þ =m1T r, ∂f1
∂z1

+ ∂f1
∂z2

� �
+O log rð Þ + S r, f2ð Þ + S r, f1ð Þ

=m1m r, ∂f1
∂z1

+ ∂f1
∂z2

� �
+O log rð Þ + S r, f2ð Þ + S r, f1ð Þ ≤m1 m r, ∂f1/∂z1ð Þ + ∂f1/∂z2ð Þ

f1

� �
+m r, f1ð Þ

� �
+O log rð Þ + S r, f1ð Þ + S r, f2ð Þ =m1T r, f1ð Þ +O log rð Þ + S r, f1ð Þ + S r, f2ð Þ,

ð31Þ

m1T r, ∂f1
∂z1

+ ∂f1
∂z2

� �
= T r, ∂f1

∂z1
+ ∂f1
∂z2

� �m1
� �

+ S r, f1ð Þ ≤ �N r, 1
∂f1/∂z1ð Þ + ∂f1/∂z2ð Þð Þm1

� �
+ �N r, 1

∂f1/∂z1ð Þ + ∂f1/∂z2ð Þð Þm1 −Q1 zð Þ
� �

+ S r, f1ð Þ ≤ �N r, 1
∂f1/∂z1ð Þ + ∂f1/∂z2ð Þð Þm1

� �
+ �N r, 1

P1 zð Þf2 z1 + c1, z2 + c2ð Þn1
� �

+ S r, f1ð Þ ≤ �N r, 1
∂f1/∂z1ð Þ + ∂f1/∂z2ð Þ

� �

+ �N r, 1
f2 z1 + c1, z2 + c2ð Þ

� �
+O log rð Þ + S r, f1ð Þ ≤ T r, ∂f1

∂z1
+ ∂f1
∂z2

� �
+ T r, f2 z1 + c1, z2 + c2ð Þð Þ +O log rð Þ + S r, f1ð Þ + S r, f2ð Þ,

ð34Þ
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n1T r, f2 z1 + c1, z2 + c2ð Þð Þ +O log rð Þ = T r, P1 zð Þf2 z1 + c1, z2 + c2ð Þn1ð Þ
+ S r, f2ð Þ = T r, ∂f1

∂z1
+ ∂f1
∂z2

� �m1

−Q1 zð Þ
� �

+ S r, f2ð Þ =m1T r, ∂f1
∂z1

+ ∂f1
∂z2

� �
+O log rð Þ

+ S r, f1ð Þ + S r, f2ð Þ:
ð37Þ

Similarly, we have

n2T r, f1 z1 + c1, z2 + c2ð Þð Þ =m2T r, ∂f2
∂z1

+ ∂f2
∂z2

� �
+O log rð Þ

+ S r, f1ð Þ + S r, f2ð Þ:
ð38Þ

In view of (35)–(38), we obtain that

n1 −
m1

m1 − 1

� �
T r, f2 z1 + c1, z2 + c2ð Þð Þ ≤O log rð Þ + S r, f1ð Þ + S r, f2ð Þ,

n2 −
m2

m2 − 1

� �
T r, f1 z1 + c1, z2 + c2ð Þð Þ ≤O log rð Þ + S r, f1ð Þ + S r, f2ð Þ:

ð39Þ

The fact that mj > ðnj/ðnj − 1ÞÞ can lead to a contradic-
tion since f1, f2 are transcendental entire functions.

Therefore, this completes the proof of Theorem 7.

3. Entire Solutions for System (8)

Now, the details that we obtain a pair of finite-order tran-
scendental entire solutions for system (8) will be given below.

Let ð f1, f2Þ be a pair of finite-order transcendental entire
solutions for system (8). Differentiating both equations in
system (8) for z1, we deduce

2 ∂f1 z1, z2ð Þ
∂z1

∂2 f1 z1, z2ð Þ
∂z21

+ ∂f2 z1 + c1, z2 + c2ð Þ
∂z1

= 0,

2 ∂f2 z1, z2ð Þ
∂z1

∂2 f2 z1, z2ð Þ
∂z21

+ ∂f1 z1 + c1, z2 + c2ð Þ
∂z1

= 0:

8>>>><
>>>>:

ð40Þ

Let F1ðz1, z2Þ = ð∂f1ðz1, z2ÞÞ/∂z1 and F2ðz1, z2Þ = ð∂f2
ðz1, z2ÞÞ/∂z1, then it follows from (18) that

2F1 z1, z2ð Þ ∂F1 z1, z2ð Þ
∂z1

= −F2 z1 + c1, z2 + c2ð Þ,

2F2 z1, z2ð Þ ∂F2 z1, z2ð Þ
∂z1

= −F1 z1 + c1, z2 + c2ð Þ rgb½ �0:00,0:00,1:00:

8>>><
>>>:

ð41Þ

By Lemmas 9–11, it yields that ð∂Fjðz1, z2ÞÞ/∂z1 = S

ðr, f jÞ for j = 1, 2. Thus, we can assume that

∂F1 z1, z2ð Þ
∂z1

= a1,
∂F2 z1, z2ð Þ

∂z1
= a2, ð42Þ

where a1, a2 ∈ℂ. Solving Equation (42), we have

F1 z1, z2ð Þ = a1z1 + φ1 z2ð Þ, F2 z1, z2ð Þ = a2z1 + φ2 z2ð Þ, ð43Þ

where φ1ðz2Þ, φ2ðz2Þ are finite-order transcendental entire
functions in z2. Due to Equations (41) and (42), we obtain that

F1 zð Þ = −
1
2a1

F2 z + cð Þ, F2 zð Þ = −
1
2a2

F1 z + cð Þ: ð44Þ

Substituting (43) into (44), we can deduce that

a1z1 + φ1 z2ð Þ = −
1
2a1

a2z1 + a2c1ð Þ − 1
2a1

φ2 z2 + c2ð Þ,

a2z1 + φ2 z2ð Þ = −
1
2a2

a1z1 + a1c1ð Þ − 1
2a2

φ1 z2 + c2ð Þ,

8>>><
>>>:

ð45Þ

which implies that a31 = a32 = −ð1/8Þ. It would be well if a1 =
a2 = −ð1/2Þ. So, it follows that

F1 z1, z2ð Þ = −
1
2 z1 + φ1 z2ð Þ, F2 z1, z2ð Þ = −

1
2 z1 + φ2 z2ð Þ,

φ1 z2 + c2ð Þ = φ2 z2ð Þ + 1
2 c1, φ2 z2 + c2ð Þ = φ1 z2ð Þ + 1

2 c1:

ð46Þ

This means that

φ1 z2 + 2c2ð Þ − φ1 z2ð Þ = c1, φ1 z2 + 2c2ð Þ − φ1 z2ð Þ = c1, ð47Þ

which imply

φ1 z2ð Þ =G1 z2ð Þ + c1
2c2

z2, φ2 z2ð Þ =G2 z2ð Þ + c1
2c2

z2, ð48Þ

where G1ðz2Þ,G2ðz2Þ are finite-order entire period func-
tion with period 2c2 satisfying G2ðz2 + c2Þ = G1ðz2Þ.

Solving the following system

∂f1 z1, z2ð Þ
∂z1

= F1 z1, z2ð Þ = −
1
2 z1 + φ1 z2ð Þ,

∂f2 z1, z2ð Þ
∂z1

= F2 z1, z2ð Þ = −
1
2 z1 + φ2 z2ð Þ,

8>>><
>>>:

ð49Þ

we obtain that

f1 z1, z2ð Þ = −
1
4 z

2
1 + z1φ1 z2ð Þ + ψ1 z2ð Þ,

f2 z1, z2ð Þ = −
1
4 z

2
1 + z1φ2 z2ð Þ + ψ2 z2ð Þ,

8>><
>>: ð50Þ
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where ψ1ðz2Þ, ψ2ðz2Þ are finite-order entire functions in
z2. Substituting (50) into (8), and combining with the period-
icity of φ1ðz2Þ and φ2ðz2Þ, it yields that

Thus, we have

ψ2 z2 + c2ð Þ = 1 − 1
4 c

2
1 −

c21
2c2

z2 − c1G1 z2ð Þ − c1
2c2

z2 + G1 z2ð Þ
� �2

,

ψ1 z2 + c2ð Þ = 1 − 1
4 c

2
1 −

c21
2c2

z2 − c1G2 z2ð Þ − c1
2c2

z2 + G2 z2ð Þ
� �2

,

ð52Þ

which mean that

ψ2 z2ð Þ = 1 + 1
4 c

2
1 −

c21
2c2

z2 − c1G2 z2ð Þ − c1
2c2

z2 − c2ð Þ +G2 z2ð Þ
� �2

,

ð53Þ

ψ1 z2ð Þ = 1 + 1
4 c

2
1 −

c21
2c2

z2 − c1G1 z2ð Þ − c1
2c2

z2 − c2ð Þ +G1 z2ð Þ
� �2

:

ð54Þ
In view of (48)–(54), it follows that

f1 z1, z2ð Þ = 1 + 1
4 c

2
1 −

1
4 z

2
1 +

c1
2c2

z1z2 −
c21
2c2

z2 + z1 − c1ð ÞG1 z2ð Þ,

−
c1
2c2

z2 − c2ð Þ +G1 z2ð Þ
� �2

,

f2 z1, z2ð Þ = 1 + 1
4 c

2
1 −

1
4 z

2
1 +

c1
2c2

z1z2 −
c21
2c2

z2 + z1 − c1ð ÞG2 z2ð Þ,

−
c1
2c2

z2 − c2ð Þ +G2 z2ð Þ
� �2

,

ð55Þ

where G1ðz2Þ,G2ðz2Þ are finite-order transcendental
entire period functions with period 2c2 satisfying G2ðz2 + c2Þ
=G1ðz2Þ. Substituting ð f1, f2Þ into system (2), it is easy to
confirm that ð f1, f2Þ is a solution of system (8).

4. Entire Solutions for System (11)

Let ð f1, f2Þ be a pair of finite-order transcendental entire
solutions of system (13). Next, the detail that we obtain one
form of ð f1, f2Þ is listed as follows. Differentiating system

(13) for z1, z2, respectively, we have

2F1 z1, z2ð Þ ∂F1 z1, z2ð Þ
∂z1

+ ∂F1 z1, z2ð Þ
∂z2

� �
+ F2 z1 + c1, z2 + c2ð Þ = 0,

2F2 z1, z2ð Þ ∂F2 z1, z2ð Þ
∂z1

+ ∂F2 z1, z2ð Þ
∂z2

� �
+ F1 z1 + c1, z2 + c2ð Þ = 0,

8>>><
>>>:

ð56Þ

where

F1 z1, z2ð Þ = ∂f1 z1, z2ð Þ
∂z1

+ ∂f1 z1, z2ð Þ
∂z2

, for j = 1, 2: ð57Þ

In view of Lemmas 9–11, it follows that ð∂Fjðz1, z2ÞÞ/∂
z1 = Sðr, f jÞ for j = 1, 2. For the convenience, assume that

∂Fj z1, z2ð Þ
∂z1

+
∂Fj z1, z2ð Þ

∂z2
= bj, j = 1, 2, ð58Þ

where bj ∈ℂ. The characteristic equations for Equation
(58) are

dz1
dt

= 1, dz2
dt

= 1,
dFj

dt
= bj: ð59Þ

In view of the initial conditions: z1 = 0, z2 = s, and Fj =
Fjð0, sÞ≔ FjðsÞwith a parameter s, we thus obtain the follow-
ing parametric representation for the solutions of the charac-
teristic equations: z1 = t, z2 = t + s,

Fj =
ðt
0
bjdt + μj sð Þ = bjt + μj sð Þ, ð60Þ

where μjðsÞ, j = 1, 2 are entire functions with finite order
in s. Thus, it follows that

Fj z1, z2ð Þ = bjz1 + μj z2 − z1ð Þ, j = 1, 2: ð61Þ

In view of (56) and (58), it follows that

2b1F1 z1, z2ð Þ = −F2 z1 + c1, z2 + c2ð Þ,
2b2F2 z1, z2ð Þ = −F1 z1 + c1, z2 + c2ð Þ:

(
ð62Þ

−
1
2 z1 +

c1
2c2

z2 +G1 z2ð Þ
� �2

−
1
4 z1 + c1ð Þ2 + z1 + c1ð Þφ2 z2 + c2ð Þ + ψ2 z2 + c2ð Þ = 1,

−
1
2 z1 +

c1
2c2

z2 +G2 z2ð Þ
� �2

−
1
4 z1 + c1ð Þ2 + z1 + c1ð Þφ1 z2 + c2ð Þ + ψ1 z2 + c2ð Þ = 1:

ð51Þ
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Substituting (61) into (62), we have that

2b21z1 + 2b1μ1 sð Þ = −b2 z1 + c1ð Þ − μ2 s + s0ð Þ,
2b22z1 + 2b1μ1 sð Þ = −b1 z1 + c1ð Þ − μ1 s + s0ð Þ,

(
ð63Þ

where s = z2 − z1 and s0 ≔ c2 − c1. This implies that b31 =
b32 = −ð1/8Þ. Let us assume that b1 = b2 = −ð1/8Þ. Thus, it
yields that

μ2 s + s0ð Þ = μ1 sð Þ + 1
2 c1,

μ1 s + s0ð Þ = μ2 sð Þ + 1
2 c1:

8>><
>>: ð64Þ

This means

μj sð Þ =Gj sð Þ + τs, j = 1, 2, ð65Þ

G2 s + s0ð Þ =G1 sð Þ, ð66Þ
where G1ðsÞ,G2ðsÞ are finite-order transcendental entire

period functions with period 2s0, and τ = c1/ð2ðc2 − c1ÞÞ.
Then, in view of (61) and (65), we deduce

Fj z1, z2ð Þ = −
1
2 z1 +Gj z2 − z1ð Þ + τ z2 − z1ð Þ, j = 1, 2,

ð67Þ

that is,

∂f j z1, z2ð Þ
∂z1

+
∂f j z1, z2ð Þ

∂z2
= −

1
2 z1 +Gj z2 − z1ð Þ + τ z2 − z1ð Þ:

ð68Þ

By making use of the characteristic equations for Equa-

tion (68) again, let

dz1
dt

= 1, dz2
dt

= 1,
df j
dt

= −
1
2 z1 + Gj z2 − z1ð Þ + τ z2 − z1ð Þ:

ð69Þ

In view of the initial conditions: z1 = 0, z2 = s, and f j =
f jð0, sÞ≔ f jðsÞ with a parameter s, we can deduce that the
parametric representation for the solutions of the character-
istic equations: z1 = t, z2 = t + s, and

f j =
ðt
0

−
1
2 t + Gj sð Þ + τs

� �
dt + νj sð Þ = −

1
4 t

2 + t Gj sð Þ + τs
� �

+ νj sð Þ, j = 1, 2,

ð70Þ

where νjðsÞ is an entire function with finite order in s.
Substituting t = z1 and s = z2 − z1 into the above form, we
have that

f j z1, z2ð Þ = −
1
4 z

2
1 + z1 Gj z2 − z1ð Þ + a3 z2 − z1ð Þ� �

+ νj z2 − z1ð Þ, j = 1, 2:

ð71Þ

Substituting (71) into (13), and combining with the peri-
odicity of GjðsÞ, it follows that

ν1 sð Þ = 1 − 1
4 c

2
1 − c1G2 s − s0ð Þ − τc1 s − s0ð Þ − G2 s − s0ð Þ + τ s − s0ð Þ½ �2,

ð72Þ

ν2 sð Þ = 1 − 1
4 c

2
1 − c1G1 s − s0ð Þ − τc1 s − s0ð Þ − G1 s − s0ð Þ + τ s − s0ð Þ½ �2:

ð73Þ
Thus, in view of (66) and (71)–(73), we obtain that a pair

of entire solutions of system (13) are of the forms

where G1ðsÞ,G2ðsÞ are finite-order transcendental entire
period functions with period 2s0 and satisfy (66). Let

G1 sð Þ = e πi/ c2−c1ð Þð Þs,G2 sð Þ = −e πi/ c2−c1ð Þð Þs: ð75Þ

Thus, ð f1, f2Þ is a pair of finite-order transcendental
entire solutions of system (13).

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflict of interest.

f1 z1, z2ð Þ = 1 + 1
4 c

2
1 −

1
4 z

2
1 +

c1
2 c2 − c1ð Þ z2 − z1ð Þ z1 − c1ð Þ + z1 − c1ð ÞG1 z2 − z1ð Þ − G1 z2 − z1ð Þ + c1

2 c2 − c1ð Þ z2 − z1 − c2 − c1ð Þð Þ
� �2

,

f2 z1, z2ð Þ = 1 + 1
4 c

2
1 −

1
4 z

2
1 +

c1
2 c2 − c1ð Þ z2 − z1ð Þ z1 − c1ð Þ + z1 − c1ð ÞG2 z2 − z1ð Þ − G2 z2 − z1ð Þ + c1

2 c2 − c1ð Þ z2 − z1 − c2 − c1ð Þð Þ
� �2

,
ð74Þ
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