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In this paper, we are interested in variational inequalities and fixed-point problems in Hilbert spaces. We present an iterative
algorithm for finding a solution of the studied variational inequalities and fixed-point problems. We show the strong

convergence of the suggested algorithm.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and
norm ||-||. Let C ¢ H be a nonempty closed convex set. Let f
:C—H, g:C—H, 9:C—C, and T:C—C be
four nonlinear operators. Use Fix(T) to denote the fixed-
point set of T.

In this paper, we will investigate the following variational
inequalities and fixed-point problems of finding a point u'
such that

u' € GVI(C, f, 9),

T , 1)
@(u") € VI(C, g) nFix(T),

where GVI(C, f, ¢) denotes the solution set of the general-
ized variational inequality (shortly, GVI) which is to find a
point x" € C such that

(f(x"),9(x) - 9(x")) 20, VxeC, )

and VI(C,g) means the solution set of the variational
inequality (shortly, VI) which is to find a point x € C such

that
(g(x"),x=x")>0, VxeC. (3)

Throughout, we use ® to denote the solution set of prob-
lem (1), that is,

©=GVI(C.f,9)[ )¢ (VI(C, g) NFix(T)).  (4)

It is well known that variational inequalities play key
roles and provide a useful mathematical framework, theory,
and method for studying many valuable problems arising in
water resources, finance, economics, medical images, and so
on ([1-6]). A lot of work and a great deal of algorithms for
solving GVI or VI have been introduced and investigated,
see, e.g., [7-15]. Among them, a basic and important algo-
rithm is the projected algorithm which generates a sequence
{x,} with the form

Xn+l = pI‘OjC[Xn - an(xn)]’ n=0, (5)
where «,, is step-size and proj. : H — C is the orthogonal
projection.

At the same time, we are also interested in the fixed-point
problem of finding a point u' such that Tu' = u'. Iterative
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solution for solving a fixed-point problem is an active
research field, see, e.g., [16-24]. Recently, iterative algorithms
for solving variational inequalities and fixed-point problems
have been investigated extensively by many authors [25-33].

Motivated by the work in this direction, in this paper, we
devote to research variational inequalities and fixed-point
problem (1). We introduce an iterative algorithm for finding
a solution of problem (1). We show the strong convergence
of the suggested algorithm.

2. Preliminaries

Let C be a nonempty closed convex subset of a real Hilbert
space H. Recall that an operator f : C — H is said to be

(i) strongly monotone if

(f(u) —f(v),u—v)z)&“u—v”z, Yu,veC (6)

(ii) 9-inverse strongly ¢-monotone if there exists a con-
stant 9 > 0 such that

Yu,veC
(7)

(f(u) = f(v), () = 9(v)) 2 9| f (w) = f(V)II",

(iii) relaxed (p, v)-cocoercive [34, 35], if there exist two
constants y > 0, v > 0 such that

Yu,veC

(8)

(F() = f (), =) 2 (=) f () = F )" + V]| = ]|,

An operator T : C — C is said to be

(i) pseudocontractive [36] if

IIT(uT) - T(VT)HZ <|u' - vT||2+||(I - T)i[r -(I- T)V*IIZ, vul,vieC

©)

(if) L-Lipschitz if

[T (u")-T("| <L|u"-u']|, vu',v'eC, (10)

where L >0 is a constant

If L < 1, then T is said to be L-contraction. If L = 1, then T
is said to be nonexpansive.

An operator A : H— 2 is said to be monotone if (x
—y,u—v) >0 forall x,y € dom (A), u € A(x), and v € A(y).
A monotone operator A on H is said to be maximal if its
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graph is not strictly contained in the graph of any other
monotone operator on H.
For Vx' € H, there exists a unique point in C, denoted by

proj[x'] satisfying

|x" = projc [x]|| < [[x-x"[|, VxeC. (11)

Moreover, proj., is firmly nonexpansive, that is,

[|proje[u] - proj: [v'] Hz < ({projc[u'] - projc [v'],u" =", Vu',v'eH.

(12)

Further, proj. has the following property:

(u" - projc[u'], x" = proj.[u']) <0, Vvu'eH,x"eC.

(13)

Lemma 1 ([37]). Let C be a nonempty closed convex subset of
a real Hilbert space H. Let T : C— C be an L -Lipschitz
pseudocontractive operator. Then, Vx' € C and y' € Fix(T),
we have

[[(1=¢)x" +¢T[(1-1)x" + AT (x")] —yTHZ

<g(c= )| T[(1=1)x" + AT (x")] =« ||” + || = 51|

>

(14)

where 0<¢<A<1/(V1+L?+1).

Lemma 2 ([24]). Let C be a nonempty, convex, and closed sub-
set of a Hilbert space H. Let T : C — C be a continuous pseu-
docontractive operator. Then,

(i) Fix(T) c C is closed and convex

(ii) T is demiclosedness, i.e, u, —z and T(u,) — z'
imply that T(z) =z'

Lemma 3 ([23]). Let {®@, } € [0,00), {9,} € (0, 1), and {n, } be
real number sequences. Suppose the following conditions are
satisfied:

(i) @,,<(1-9,)0,+n,Yn=1
(i) Y0219, =00
(iii) lim sup,__, . (n,/9,) <0o0r Y2, |n, | <co

Then, lim @, =0.

n—aoo " n

Lemma 4 ([38, 39]). Let {x,} be a real number sequence.
Assume there exists at least a subsequence {x,, } of {x,} such

that
X, <X (15)

n = m+l>

for all k> 0. For every n > N,, define an integer sequence {y



Journal of Function Spaces

(n)} as

p(n)y=max {i<n:x, <x,,}. (16)

Then, y(n) — oo as n — oo and for all n> N,, max

{xy(n)’ xn} < Xu(n)+1-
3. Main Results

In this section, we present our iterative algorithm and con-
vergence theorem. Let C be a nonempty closed convex subset
of a real Hilbert space H. Assume that

(i) ¢ : C— Cis a p-contractive operator

(ii) ¢ : C— C is a weakly continuous and A-strongly
monotone operator such that its rang R(¢) =C

(iii) f : C— H is a Y-inverse strongly ¢-monotone
operator

(iv) g: C— H is an L,-Lipschitz and relaxed (u,v)
-cocoercive operator

(v) T:C— C is an L,-Lipschitz pseudocontractive
operator with L, > 1

Let {9,}, {¢,}, {A,}> and {7, } be four real number
sequences in [0,1] and {x,} and {y,} be two real number
sequences in (0, 00).

Now, we present our algorithm for solving problem (1).

Algorithm 5. Let x,€C be an initial value. Define the
sequence {x,} by the following form:

U, = 9,0(x,) + (1= 9,)projc[o(x,) — x,f (x,)];
Yu= (1 =6)tty + 6, T[(1 = Ay )by, + A, T ()],
2, = Projc[y, = Va9 (v,)ls
P(xpi1) = (1= 7,)0(x,) + 7,2,

(17)
n>0.

Theorem 6. Suppose that © + &. Assume that the following
conditions are satisfied:
(CI):lim 9,=0and Y9, =00

(C2):0<a,;<g,<c; <A, <b;<1/(\/1+L,?+1) for all
n=0

(C3):v>uLi and 0< a,<y, <b,<2(v-uL3)/L? for all
nz0

(C4):0<liminf, | 7,<limsup, 7,<I

(C5):0<p<A<29 and O<liminf, | x,<
lim sup,_,  x, <29

Then, the sequence {x,} generated by (17) converges
strongly to u' € ® verifying

($(u) - p(u),p(x") —p(u)) <0, Wx'ed®. (18)

Proof. Since ¢ is A-strongly monotone, we can get from (6)
that

Yu,veC. (19)

lp() = )] 2 Mju =],

Thus, VI (18) has a unique solution, denoted by u". It fol-
lows that u' € GVI(C, f, @) and ¢(u') € Fix(T) n VI(C, g).
Using inequality (13), we can obtain that ¢(u") = proj.[p(
u') —x,f(u")] forall n>0.

Since f is O-inverse strongly ¢-monotone, for any u € C,
we have

(9(0) = xf () = (9 (u") = xf (")) [
= [lp(u) = @ (u') ||* = 26 (u) = £ (u"). () ~ p(u))
@£ () = F ()| < [lo(w) — 9 (u") ||
= 208)| () = f (") ||*+ 7| f () = £ ()
—(u’ )H + k(= 29) || f (u) - f (u'

[§
< lp(u) )’
(20)

Based on (20), we deduce

() = (2,)) = (") = xf (")) ||
< H(P(xn) - (P(MT) H2 + Kn(Kn - 29)|‘f(xn)
< [lo@x,) - ()|’

>

-f(h)|*

(21)

Knenf (5,)) |

= 29)1f (xp1) = f ()|
(22)

((P( n) -

xn)||2 + Kn+1( n+1

H(P(xnﬂ) - Kn+1f(xn+1) -
< [lp(xn) = ¢

By (17), (19), and (21), we derive

[ty = @ (") || = 1192¢(x,.) + (1 = 9,)projc[@(x,) = ruf (x,,)]
—PYOJ'c[ (") = wof (u")] |

!
)=o) + an u'))

slesee
)((P(xn WS (x) = (9(u")
-wJ@»\

9, 9(x) ~ 6 (') | +8,[9(u") ~ (")
+ K, f (1 )H+ (1=9)[(e(x,) = uf (%))
—<<>—mf Dl ple, |
8, (6") ~ (') + ()]

—9,,>Hso<xn —<p<u )< 9,2 o)
) || +9,[[¢(u") —p(u') +x.f (u")
=9,)[lo(x,) — ()
=P—O—Q%Mwn%¢WM+%WWU
—(u") + xf (u')]| < [1 - (1 - %)9,1] ()
=@ (u") ||+ 9, ([[¢ (") = @(u) || +29] £ (u") |)-
(23)



According to (21) and (23), we obtain

et = (") 12 < 19, (9(x,) —@(u") + &, f (u")) + (1-9,)
(@) = xuf () = (9(u") = xf (1)) P
<8, 19(x,) = 9 (u") + 5, f (u") I
+ (1= 9)(p(x,) = r0uf () = (@(u) = s, f (u")) I?
<9,llo(x,) —o uT) + ;c,Lf(u’L)II2 +(1-9,)

(
lo(x,) = @(uh) I + 5, (1, = 29)1f (x,,) = f (u")IP].-
(24)

Applying Lemma 1 to (17), we have

Wy, = @ (") I* =11 = 6, )uy + 6, T[(1 = A, )t + A, T(w,)] = p (") I
<l = @(u")IP +6,(6, = ADIT[(1 = A, e, + A, T (1)) = 2,1
<M, — o (u")I?.
(25)

Since g is relaxed (u, v)-cocoercive and L, -Lipschitz, for
all u, v € C, we have

I =y,9)u~-I-y,g)I°
= llu=vI* = 2y,(g(u) = g(v), u~v) +y;lg(u) - g(v)
< llu=vI? =2y, [~pllg(u) = g(V)I* +Vliu=vI*] +y;llg(u) - g)I?
<l = vI? + 29, 1Ll — VI = 29, vl — vl + y2L2

2
l

= (1 + 2ynyL% -2y,v+ yflLf) llu —v|%.
(26)

Since 0<y,<2(v-uL})/L}, 1+2y,ult -2y v+y:L3
< 1. Thus, from (26), we obtain

I(I-y,9)u-I-y,g)vI<lu—-vl, VYu,veC. (27)

Hence,

Iz, = @ (") = Iprojc(I = v,9)y, — projc(I = v,9)¢(u")]
<I(T=7,9)y, — (T =y,9)9(u)]
<lly, o).
(28)

Combining (17), (23), (25), and (28), we obtain

)
)
)
- D)8 Jlot) ~ () I+,9,
- u*)ll+29||f(u7)ll)
- [1- (1= D)oot 1
- o 160 — () 129U (1)1
1-p/A

(29)
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By induction, we have

||<P(Xn) _(P(uf)” < max {”‘P(Xo) _ gD(qu)”, II¢(Z¢T) ( )”*29“1‘(147)”}

1-p/A
(30)

It follows that

1
e, = u'll < S llo(x,) — o (u")l

s% ox Lot - (a1, 40

@ (") 1+290f (") }
1-p/A ‘
(31)

So, {p(x,)}> {x,}, {¥,}> {2,}, and {u, } are bounded.

From (17), we have

(P(xnﬂ) _(P(xn) :Tn(zn _(P(xn))’ n=0. (32)

It follows that

(P(%p1) = 9(x,) 9(x,) - @(u")) =7, (2, - @(x,), 9(x,,) —9(u")).

Thanks to (33), we deduce

()~ 9 (4" P-Tp(%,) ~ () P-Ip(%001) — 95, I
=1, Iz, - 9 (u")P-lp(x,) - o (u") =l - p(x,)IP].
(34)

Combining (32) and (34), we obtain

() = o () IP=lg(x,) = o (")
=7, [I2, =9 (u")IP=lp(x,) = @ (") IP~lz,, = p(x,) ]

+ 7z, — @(x,) I

=7, [lz, — o (u") P=llp(x,) — o (u")I’] - 7,(1-1,)lz,
—o(x,)I°
<7, [lu, - () IP-lp(x,) - (") IP] = 7,(1-7,)lz,
—o(x,)I*.
(35)

By virtue of (23), we get

I, = ()P < [1= (1= B)8, [ lo(x,) — 0 ()P
19 (u') — o (u')1+291f (') 1\
(- . (oY

1-p/A

(36)

Now, we consider two cases.
Case 1. There exists some integer N, > 0 such that {]l¢(
) —@(u")||} is decreasing when n > N,. Then, lim

() - plu

n—scoll®

)| exists. According to (35), (36), and (C1), we
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have

70 (1) 2~ () I < l9(x,) ~ 9 (1) P lp(yyy) () I

7, [l = (") P-llp(x,) - o ("))

<lp(x,) = (") P=lg(x,1) - (') I
1

1) =
g (u") = (u") 1+290f (')
+(,§>9n<()¢() ())

—0.

(37)

1-p/A

This together with (C4) implies that

x,)=0.

JHm 2, —o( (38)

Therefore, by (32), we have

n@mll(P(x”*l) _(P(xn)" =0. (39)

By (24), we have

lp(ena) =@ (") P =1(1-7,)(¢ (x) o(u') + (2, - p(u"))I?
<(1-1,)le(x, (p(u )||2+T llz,, —(p(u.T)ll2
<(1-T1,)lo(x,) = (u")I? +7,llu, — o(u")I?
<(1-1)le(x,) - (u )||2+T 9,ll¢(x,,)
() +x0,f (u) P +7,(1-9,)x,(x, - 29)

||f( ~fu)I+7, (1 9)lo(x,) —o(u")I?
<llo(x,) — @ (u")I? +7,9,16(x,) — @(u")

+an( I+ 7, (1= 9, )k, (k, — 29)If (x,)

- f(IP

(40)

It results in that

7,(1= 9,5, (29— ) If (x,,) — f (u) I
<lp(x,) = (") IP~l(x,1) = (") I* +7,9,l9(x,)
—p(u") +x,f (uh)IP
< (hp(x,) = @ (") IH1p(%,01) = @ () )9 (6,1) = 95,
+7, 9,19 (x,) = p(u") + K, f (") I> — 0.

(41)
Hence,

Tim [ (x,) ~ f (') =0. (42)
Set v, = p(x,) K (x,) — (@(u') — e, (u")) forall n 2 .

Using (13) and (21), we have

lproj[p(x,) - J-o(un)I?
= Iprojc[p(x > an(xn} proje [o(u") = uf (u")]I?
<<v Projclp(x,) = k,f (x,)] — ¢ (u")
,{"V IP+lIprojclp(x,) = .f (x,)]
= (") IP=le(x,) = projclep(x,) = x.f (x,)]
—«(f( = f(u")I*}
S—{Il<p - (u") IP+lprojc[p(x,) = x.f (x,)]

—o(u )lz lp(x,) = projc[e ( 2) = Kf (3,12
- llf (%, f(MT>||+2K x,) —

projc
X [p(x,) =, f (x,)]> ( Nt
(43)
It yields
Iprojcle(x,) = xuf (x,)] = o (u") I
<llp(x,) =@ (u")I? = < lIf (x,) = f (u") I-lo(x,) (44)

= projc[e(x,) = 6, (x,)]I* + 2k, (¢(x,)
= Proje[p(x,) — 0, f (x,)]s £ (x,) = f (u)).

In the light of (17) and (44), we have

it = (u")I? < 9,1 (x,) = 9 (u")I* + (1 = 9,)lIprojc
e () = wuf ()] = @(u") 1P
<9,l9(x,) =@ (u") I + (1= 9,)lp(x,)
—p(u") I + 2%, lp(x,) - projc
[p(a) = muf (eI () = £ (u)
=1 =9,)llg(x,) = projcle(x,) = K,f (x,)]I.
(45)
Based on (40) and (45), we obtain

lop(x1) —p(u")IP<(1-7 )II(P(x )= (u") I + 7w, — (") I?

<llg(x,) = p(u)I? +7,9,16(x,) - o (u") I
( 9,)lp(x,) = projcp(x,) = 6.f (x,)]IP
+ 27,6, l9(x,) = Projcle(x,) = . f (x,)IIf (x,)
~f (")l
(46)
Then,
7,(1 = 9,)llg(x,) = proje[e(x,) = K, f (x,)]II°
< (lo(x,) = @ (") 1+ l9(x01) = @ (1) 1) I 9(x,01) (47)
= p(x,) 1479, (x,) — @ () I + 27,5, lp(,)
= projc[p(x,) = e f (x)If (x,) = f ()]



According to (C1), (C4), (39), (42), and (47), we deduce

lim_llp(x,) = proje[p(x,) = #af (x,)]1 =0.  (48)

n—~oo

Since u, — ¢(x,) = (1= 9,)(projc[ep(x,) — x,f(x,)] - ¢(
x,)), from (38), (39), and (48), we have

Tim p(x,) = sl = T lg(x,01) =, = lim 2, =10,] =0,

(49)
From (26) and (28), we get

Iz, — @ (u")I* < lly, -

+vlly, = @) I +yillg(r,) - g (e (u")I?
<=0 ()P + (2002 22 gt

- g(e(u")IP.
(50)

It follows that

lo(x01) =@ ()17 < (1= 7,) () =
—pu)I*+z, <2w S
Ng(r,) = g(e(u"))I%

(p(u*) I +7,lu,
Zynv>
L

(51)

which together with (49) implies that

2y, v
[ 2p,+ 72 = ) Ig(r,) - 9 (0 (")) P
Ll

< (1-7,) (lg(x,) ~ (") P~llg(x,s1) ~ (") IP)
7, (It = 9 () P~p(%,1) ~ 9 (")) — 0
(52)

Therefore,

Jim llgy,) - g(p("))1=0. )

Since proj. is firmly nonexpansive, from (12) and (28),
we have

o(uh)I” =2y, [-ullg(y,) - g(@(u))I?
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Iz, = 9 (u")I? = lIprojc(I - v,9)y, = proic(I - y,g)@(u") I’
< (U=, — I=7,9)0(u"), 2, —9(u'))
= % (1T =v,9)y, = T =1,9)p (") I*+lz, =@ (u") I
I =7,9)y, = (I =v,9)9(u") = (2, — 9 (u")) I’}
< 2 Iy, - @ () Polz, = o)1y, 2,
~¥u(90r) - 9(e(u"))) I}
<3 Ly - o () P+, - o () Pl 2,2
=7alg(v,) = g (e (u))I?

+2y,(90,) - 9(@(u)), 70— 20}
(54)

which yields

Iz, — @ (") I < llw, = @ (u") IP=lly,, — 2,17 + 2y,19(7,)
- g(‘P(uT)) My, —z,ll.
(55)

This together with (40) implies that

o(u)IP < (1-7,)lp(x,) = @(u")I? +7,llu,
—o(u)I’ =1,ly, - z,I° +27,9,19(y,)
- g(e(u)llly, -z,

(1) =

(56)
It follows that

Ty, =2l < (1=7,)lo(x,) = @ (u") I’ +7,lu, - o (u") I
_”(P(xnﬂ) - (P(uT) ”2 + ZTnY,,”g( )
~ g(9(u"))llly, - 2, — 0(by (49) and (53)).

(57)
So,
im Jy, 2,1 =0. (58)
By (49) and (58), we have
nl'gnoollyn —u,ll=0. (59)
In view of (25) and (59), we get
Su(Aw = GITI(L = A, )1ty + A, T (1)) = 10, |
< llu, = (u")IP=lly, — (") I? (60)
< Ny =yl (I, =@ (") 141y, — (")) — 0
It follows from (C2) and (60) that
n@@"ﬂ@‘%)%*’%ﬂ%)] —u,ll=0. (61)
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Since T is L,-Lipschitz, we have

1T (u,) = u,ll <IT(u,) - T[(1-A,)u, +A,T(u)]I+IT
’ [(1 - )Ln)un + )LnT(un)] - un" < AnLZHT(un)
U T = A, )ty + A, T(1,)] — ]

(62)
Hence,
IT() =l T ITIC = At +,T(0,)] = ]
(63)
Owing to (C2), (61) and (63), we deduce
Jim T () = u,ll = 0. (64)
Next, we show that lim sup, (¢(u") — p(u'), u, — ¢(

u')) <0. Let {u, } be a subsequence of {u,} such that

lim sup<¢(1ﬂ) —<p(uT), u, —(p(u")> = lim <¢(u*) —<p(zﬂ), u, —(p(u*)>.

(65)

Since {x,, } is bounded, there exists a subsequence {x, }
1 l]‘

of {x, } which converges weakly to some point z € C. With-
out loss of generality, we may assume that x, — z. This
implies that ¢(x, ) — ¢(z) due to the weak continuity of ¢.
Thus, u, —¢(z), y, —¢(z), and z, —¢(z). Applying
Lemma 2 to (64) to deduce ¢(z) € Fix(T).

Now, we show that ¢(z) € VI(C, g). Let

g(v)+Nev, veC,

)= { 2, v C. (€6)

Since g is relaxed (p, v)-cocoercive, for all x,y € C, we
have

(9(x) = 90)s x=y) 2 (=1)l9(x) = g ) + viix =1
> (v- ‘uLZ) lx - y* >0,
(67)
which implies that g is monotone and so S, is maximal

monotone. Let (v, u) € G(S;). Owing to u — g(v) € N-v and
z, € C, we get

(v=z,u-g(v))=0. (68)

According to z, = proj.(I - y,g)y,, we obtain

<V_ Zy>Zp — (I - Yng)yn> =0. (69)

Then,

<v—zn, Z"y_y” +g(yn)> 2 0. (70)

It follows that

(v=z,,u)2(v=2,,9(v) - 9(2,))

(v alen) -9(n) ) - < zn,,y-nyn,>
> <v—2n,>9(zn,) - g(y"f)> - <V_z"” %>

Since z,, —¢(2), lz,,, - Vn, |[—0, it follows from (71)
that (v—¢(z), u) > 0. Therefore, ¢(z) € S;'(0) and ¢(z) €
VI(C, g).

Next, we prove z € GVI(C, f, ¢). Let

veC,

(72)

. {f(V) # N,

g, veC.

It is known that S, is maximal @-monotone. Let (v, w)
€ G(S,). Since w— f(v) € N¢(v) and x, € C, we have (p(v)

—¢(x,)w=f(v)) 0. Set  w,=projc[p(x,) =1, (x,)].

Then,
(p(v) —w,, w, = [p(x,) - K,f(x,)]) 2 0. (73)
It follows that
(o) =, 20 ) )20
Thus,

(o(v) - 9(x,, ) w) = ((v) = 9(x, ). f(v) = f (%))
+(2(V) = ¢ (%) f (x1,))

Since flg(x, ) —w, [—0 and ¢(x, ) — ¢(z), we deduce
that (¢(v) — ¢(z), w) > 0 by taking i —> o0 in (75). Thus, z
€ S,'(0) by the maximal p-monotonicity of S,. Hence, z €
GVI(C, f, ¢). Therefore, z € ¢~ (Fix(T) N VI(C, g)) (| GVI(
C.f.e)=0.



From (49) and (65), we obtain

tim sup (¢(u") ~ p(u), u, ~ 9 (u"))
= lim <¢( ) (P( ) (xnl) _¢(“T)> (76)
=(@(#) —o(u'). p(2) o (u')) <0.

i—00

By (17), we have

I, — (") I =119, (¢(x,,) — @ (u >>+<1 9,)
w0f (

- (projele(x,) = x.f (x,)] = @ (")) I?
<(1- >upr%[< W) = uf (5] = @ () I

+29<¢ —o(u')u,—p(u'))
<(1- ||<p )= (u")I?

+29 <q5 ~¢(u"), u, —g(u'))

+29,(¢(u ) o(u), u, —o(u'))
< (1-9,)%ll9(x,) — (") I? +29, 2 lg(x,)
—@(u)ll, - o(u) 1+29, (¢ (u")
—p(u), u, - o(u'))
< (1-9,l9(x,) - @ (u')I? +9, % lp(x,)
— (') +9, 2, — 9 (u") I +29,

(O() o (), — ().

(77)
It follows that
e, = (u")I? < [1 - %} lo(x,) — @ (u")I?
+ g—m lo(x,) - p(u) P
19 np/A<¢( N -o(')u, —p(u")).
(78)

Set M =sup, [lp(x,,) — ¢(u')||*. Therefore,

(1) =@ (u")IP < (1= 7,)lp(x,) = @(u")I? + 7,1, — o (")
< [1 _ %} lo(x,) - o(u")I1?

1-9,p/A
9
e ORI CH
29,
* g (00 o) u - )

_ (1 P/A)snfn _ Y112 Z(I_P/)L)Sn‘[vx
_[1 o9 pon | loC) ()P =g

g {ﬁ M+ ﬁw@*) ()., w(u*»}.
(79)
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By Lemma 3 and (79), we conclude that ¢(x,,) — ¢(u")
and x, — u'.

Case 2. For any N, there exists an integer #, > N such that
lo(x,, ) = @(uh)lI<l(x, 1) — ("Il Let v, = {lp(x,) - (
u")|*}. Then, we have Y, SV, - Let {g,} be an integer

sequence defined by, for all n > n,,

p(n)=max {{e N|ny<l<n,y, <y, }. (80)

Note that y(n) is nondecreasing and satisfies lim
(n) =00 and Viin) < Vagmye Y1 2 1.
Similarly, we can deduce

ﬂ—)OO[/l

lim sup<¢(u*) - (p(uT), Uy ()~ ¢(uT)> <0 (81)

n—=o00

2(1=p/A)9,(n)T,(n) 2(1=p/A)9,(n)T,(n)
Vi = {1‘ 41—9,,(2)13//\—# } um 41_9,,(2);»/—1“

9,(n
" {2<1'1p/A>M+

Note that Youn) S Vumn

(90 =0, ) - p(a))
(82)
. By (82), we have

9,(1)
u
Vim) = 2(1-p/))

o ($() () )~ ()

(83)
Based on (81) and (83), we derive
li,?l?;lopw”(") <0, (84)
and thus,
lim y, ., =0. (85)
From (81) and (82), we can deduce
lim supy, ., <lim supy, . (86)
n—s00 n—s00
This together with (85) implies that
Yy =0 ®)
By Lemma 4, we obtain
0<y, <max {Wy(n)’ w‘u(n)+l}' (88)

Therefore, v, — 0. That is, ¢(x,) — ¢(u") and thus
x, — u'. This completes the proof.

In Algorithm 5, choose ¢ =1, identity operator, and f
: C — H is a 9-inverse strongly monotone operator. Then,
we have the following algorithm and corollary.
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Algorithm 7. Let x,€C be an initial value. Define the
sequence {x,} by the following form:

u, = Sn(p(xn) + (1 - Sn)projc[xn - an(xn)]’
In = (1 - Cn)"ln + CnTKl - /\n)un + /\nT(un)]’
Zy = pYOjC[)/n - yng(yn)]’

Xne1 = (1 - Tn)xn T TuZn>

(89)
n>0.

Corollary 8. Suppose that ©, := VI(C, f) n VI(C, g) N Fix(T
) # D. Assume that conditions (C1)-(C5) are satisfied. Then,
the sequence {x,} generated by (89) converges strongly to v’

= projo, (v").

Algorithm 9. Let x,€C be an initial value. Define the
sequence {x,} by the following form:

U, = 9,0(x,) + (1= 9,)proje[g(x,) = r.f (x,)];
2y = prOjC[un - Yng(un)}’ (90)

(P(xn+1) = (1 - Tn)(P(xn) +7,2,, nz0.

Corollary 10. Suppose that ®,:=GVI(C, f,¢) N ¢ ! (VI(C,
g)) # D. Assume that conditions (C1) and (C3)-(C5) are sat-
isfied. Then, the sequence {x,} generated by (90) converges
strongly to u' € ®, verifying

($(u") —o(u") p(x") —o(u')) <0, Vx'e®, (91)
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