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In this paper, we will prove some fundamental properties of the discrete power mean operator .Z,u(n) = (1/ny;_, u (k))"", for
nelcZ,, of order p, where u is a nonnegative discrete weight defined on 1 € Z, the set of the nonnegative integers. We also
establish some lower and upper bounds of the composition of different operators with different powers. Next, we will study the
structure of the generalized discrete class % (B) of weights that satisfy the reverse Holder inequality ./ g4 < BAM yu, for positive
real numbers p, ¢, and B such that 0 < p < q and B > 1. For applications, we will prove some self-improving properties of weights
from %}(B) and derive the self improving properties of the discrete Gehring weights as a special case. The paper ends by a

conjecture with an illustrative sharp example.

1. Introduction

In [1], Muckenhoupt introduced a full characterization of
the AP — class of weights in connection with the bounded-
ness of the Hardy-Littlewood maximal operator in the
space Lf (R,) with a weight w. Another important class
of weights, the Gehring class GY, for 1 < q < 0o, was intro-
duced by Gehring [2, 3] in connection with local integra-
bility properties of the gradient of quasiconformal
mappings. Due to the importance of these two classes in
mathematical and harmonic analysis, the structure of them
has been studied by several authors, and various results
regarding the relation between them and their applications
have been established. We refer the reader to the papers
[1-23] and the references cited therein.

In recent years, the study of the discrete analogues in har-
monic analysis becomes an active field of research. For exam-
ple, the study of regularity and boundedness of discrete
operator on ¥ analogues for L? — regularity, higher summa-
bility, and structure of discrete Muckenhoupt and Gehring
weights has been considered by some authors, and we refer

the reader to the papers [24-34] and the references they are
cited.

We confine ourselves, in this paper in proving some new
fundamental properties of a generalized discrete space of
weights that satisfy reverse Holder’s inequality and prove
some self-improving properties. As special cases, we will
derive the self-improving properties of the discrete Gehring
weights.

In the following, for the sake of completeness, we present
the background and the basic definitions that will be used in
this paper. Throughout this paper, Z, stands for the set of
nonnegative integers, ie., Z, ={1,2,---}. By an interval J,
we mean a finite subset of Z, consisting of consecutive inte-
gers,ie,J={a,a+1,---,a+n},aneZ, and|]| stands for
its cardinality. We assume that 1 < p < 0o and fix an interval
I cZ, of the form I={1,2,---, N}, where N a nonnegative
integer (or [1,N] Cc Z,). A discrete weight v defined on [ is
a sequence of nonnegative real numbers.

A discrete weight u defined on | € Z, belongs to the dis-
crete Muckenhoupt class &/*(A) for p>1 and A > 1, if the
inequality
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|}|Zu(k)sAu(k),foraer] (1)
ke]

holds for every subinterval J [, where |]| is the cardinality of
the set J. A discrete weight u defined on [ c Z, is said to
belong to the discrete Muckenhoupt class o/#(A) for p>1
and A > 1 if the inequality

izu(k) iz (k) p_1<A (2)
|]‘ keJ |]| keJ -

holds for every subinterval interval J c I. For a given expo-
nent p>1, we define the o/’ —norm by the following
quantity

Jcl keJ keJ

p-1
[/ ()] = sup <|%Z U(k)> Q%Z w’ll(k)> )

where the supremum is taken over all intervals J c [. Note
that by Hélder’s inequality [o/f(u)]>1 for all 1<p<oco
and the following inclusions are true:

if 1<p<q<oothend' c o’ c f9and [(u)] <[P (u)].
(4)

For a given exponent g>1 and a constant % > 1, a
discrete nonnegative weight u defined on [ belongs to
the discrete Gehring class &1(%) (or satisfies the reverse
Holder inequality) if for every subinterval J €[, we have

1 v 1
(mkduq(k)> <H <mk§ u(k)) : (5)

For a given exponent g > 1, we define the ©7—norm
by

4
-1

1 -1 1 % q
[¥7(u)] = sup (mzu(k)> (mzuq(k)> » (6)

Jcl keJ keJ

where the supremum is taken over all intervals J <[ and
represents the best constant for which the &7 - condition
holds true independently on the interval J Cl. Note that
by Hélder’s inequality [€9(u)]>1 for all 1<g<oo and
the following inclusion is true:

if 1<p<q<oo,then@?c @ and1<[E (u)]<[F(u).
(7)

By the generalized power mean operator .# u of order

q# 0 and nonnegative weight u defined on [, we mean an
operator of the form
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1/q
M = (ﬁZu%k)) , forjcl. (8)

keJ

In [27], Bottcher and Seybold considered the operator
(8) and proved that if

M yutl_gu <G, 9)

where p>1 and 1/p+ 1/q=1, then there exists a constant
8 >0 and €, < 0o depending only on p and u such that

My eyt < C My, (10)
for all €€0,8] and all J of the form |J|=2" with re N
(the set of natural numbers). In [34], the authors proved
that M _ju<.MyuMu> M, for all q>1,40u< M u,
for all g<1 and if p<gq, then

M yu < M yu, (11)

for any nonnegative weight u defined on [. In the present
paper, we consider the class 98j1(B) of all nonnegative
weights u that satisfy the reverse Holder inequality

M gu < BM ,u, for] C1, (12)

where the constant B> 1 is independent of p,g, and J and
q > p. The smallest constant B independent on the interval
J and satisfies the inequality (12) is called the 93; —norm
which is given by

i

(B (u)] = sup (M ,u)" (.%qu)%, forJ c . (13)
jcl
We say that u is a B} — weight if its 98] —norm is
finite, i.e.,

ve By < [Bi(u)] < +oo. (14)

When we fix a constant € > 1, the triple of real num-
bers (p,q, %) defines the 98] — discrete class:

ue BUE) < [Bl(w) <G, (15)

and we will refer to € as the 93; — constant of the class. It
is immediate to observe that the classes &/ and €7 are
special cases of the discrete class %} of weights as follows:

df =B, ,, and G = RB. (16)

In this paper, we aim to study the structure of the gen-
eral class 95’2 and use the new properties to prove some
self-improving properties. The paper is organized as fol-
lows: In Section 2, we state and prove some basic lemmas
concerning the bounds of the generalized power mean
operator .#,. In Section 3, we will establish some lower
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and upper bounds of the composition of operators by
using two special functions p, and p, (will be defined
later) and prove some inclusion properties. For example,
we prove that if u € Bj(B), then ./ u € L%’g(Bl) with exact
values of § and B,. In Section 4, we present some applica-
tions of the main results and prove the self-improving
property of a monotone weights from 9}, ie., we will
prove that if u € %83(B), then u € %2(31) with exact values
of A and B,. For illustrations, we will derive the self
improving property of the discrete Gehring weights as spe-
cial cases. The paper ends by a conjecture with the self-
improving of the Muckenhoupt weights with an illustrative
example.

2. Basic Lemmas

In this section, we state and prove the basic lemmas and
establish some properties of the power mean operators that
will be used to prove the main results later. We will assume
that 1 « {1,2,---, N} is a fixed finite subset of Z,, and we
recall the power mean operator % u that we will consider

in this paper is given by

o=(s

for any nonnegative weight u : | — R* and g € R\ {0} and
by #fu(k), we mean that (./lqu(k))p. For the sake of

conventions, we assume that 0-co =0 and 0/0 =0 and ¥'?_,
y(k) =0, whenever a > b, and

A(iy(k)) Sy S MR =y(m)-y(1).  (18)
k=1 k=1

:I'—‘

n 1/q
Z ) Jforalln e, (17)

The product rule in the discrete form is given by
A(u(k)v(k)) =
ulk+1) -

u(k)Av(k) + v(k +1)Au(k), (19)

where Au(k) =
is given by

i v(k+1)

u(k). The summation by parts now

n+1 i (20)

Lemma 1. Letp < qand p.q# 0, andu : | — R* is a nonneg-
ative weight. Then, the following

M:

A[(k— 1) Mlhu(k - 1)] = (n)M2u(n), (21)

T
o

M:

A[(k= D)ttfu(k=1)] = (mMju(n) — (22)

T
L

hold for all n € I.

Proof. By applying the second relation in (18) with u(k) =

(k= 1) M u(k — 1), we have

2 [ - 1) Mbu(k - )} = Zn: [(k)/%‘,;u(k)—(k—nﬂgu(k_1)}

(23)

which is the desired equations (21). Similarly, by applying
the second relation in (18) with u(k) = (k- 1)#ju(k - 1),
we have

Y. al(k=1-afuk=1)) = ¥ [
k=1 k=1
(n)Myu(n),

= (k= 1)Mgu(k-1)]

(24)

which is the equality (22). The proof is complete.

Lemma 2. Assume that u : | - R" be any nonnegative weight
and q € R\ {0}. Then, following properties hold:

(1) If u is nonincreasing, then M ,u is nonincreasing and
M u(n) = u(n), for all nel

(2) If u is nondecreasing, then M ,u is nondecreasing and
M yu(n) < u(n), for all nel

Proof. (1)). From the definition of .# U and the fact that u is
nonincreasing, we get for g =1 that

ﬂlu(n)=<%ki )sz ) (25)

For the general case when g # 1, we have also for all n €l

that
" 1/q n 1/q
1 1
=(=) ui(k — =u(n).

(26)
From this inequality, we get that

k), foralln e l. (27)

nul(n) < z ul

k=1

Now, by using (27) and the fact that u is nonincreasing,
we obtain that



[nznﬂ ui(k )]

1/q
uq(k)>

~[(n+ D)X, wi(k))
[n(n + 1)}
_ [m(n+ 1) + 3wl (k)] = (2wl (k) + S0 (k)]
[n(n+1)]"
_ [t (n) + n¥, wl ()]~ [n3, wi(k) + 3w (k)]
} [n(n+1)]"
o By (k) 4 nF wl(R)]" - [ wl(k) + Xy wi ()

[n(n+1)]"

1 n+l lig 1 n
‘o (0) o (E

l/q

=0,
(28)
and thus ./ u(n) is nonincreasing.

2). From the definition of . u(n) and the fact that u(n)
is nondecreasing, we have for g =1 that

Z % Z (29)

3\'—‘

For the general case when g # 1, we have also forall n €l

that
1/q 1/q
ul(k =u(n).
k=1 k=1

(30)
From this inequality, we see that

S|~
M=
S|
M=

nul(n) > » ul(k),forallnel. (31)

M:

k=1

Then, by using inequality (31) and the fact that u is non-
decreasing and proceeding as in the first case, we obtain that

1 n+1 liq 1 n liq
A(Myu(n)) = (”*1;1 Lﬂ(k)) (nz )
[rmn] - o+ )52 )

B [n(n+1)]"

(32)

We proceed as in the proof of the nonincreasing case to
get that A(# u(n)) >0, and thus ./ u(n) is nondecreasing.

The proof is complete.

The following lemma will play an important rule in prov-
ing the main results.
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Lemma 3. Let o and [3 be positive numbers and g: | - R" be
any nonnegative weight such that

a(éi g(f)) <g (éi

Then, for every r, s € 0, N] such that r < s, we have that

67

),forallk el. (33)

k=1 k=1 k=1
(34)
Proof. The left-side of inequality (33) writes
1 1
9 Z < — g (35)

and by multiplying both sides by k *and summating from
k=m>1 to s, we have

Y Y o< Y kg (6)
k=m

The left-side of inequality (36) can be written in the
form

™M
~

1~

L
™M
S
2

Il
M-
N
~

13

L
M~
S
2

N—————
|
3
L
A/~
>

%

L
M~
«Q
=

N————

=
i
3
o
Ii
—
-
i
_

I\
M-
R

~
2
L
~
1=
«Q
—~
=
-
~
|
T
VS
~
2
KN
~ x> N
1M+
«Q
=S
=~
—
~

By applying Fubini’s Theorem on the right-hand side,
we have that

s s m—1 m—1
ZV“Zg =) gtk T gty 2 !
7=1 k=1 7=k k=1 ‘r—k+1

By using the inequality,

N (x—y)2x? —yY >y (x - y), forx 2y > 0,y > lory < 0,

(39)
with y=-a <0, and we have
s s —-a o —a —a
Zr""*1>zilAT*“_ki_(s+l) ZL_L,
= S o« o o o
m—1 m—1 — -
-1 k -1
T—Ot—l_ _A(T_l)fot:__ (m )
T=k+1 T=k+1 o o
(40)
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Then, (38) becomes

3 ) > La i _m71 k;a_(m_l)ia
e 3am= $ [ Tow- 8 [ - O
s k o S—a (m _ l)ﬂx m-1
k:Zm7 —;;akw p k;gac).
(41)

N - —a— -k
Y Koz Y kY g2 Y gk
k=m k=m =1 k=m
S—ot S 1 —a m—1
-—2 9k gk
k=1 k=1
(42)
which implies that
5@ s 1)—o¢ m—1
- alk g0, (43)
@ o k=1
which is equivalent to
Ury,_,g(k) s e« ryel
— - < (- =|- , 44
Usy,_,g(k) ~ r (s) (s) (44)

where r=m —1>0. This proves the left-side of inequality
(34). Now, the right-side of inequality (33) writes

IV

I~
"Q

(45)

=

and by multiplying both sides by k¥, and summating
from k=m>1 to s, we have

k s
AN CED) (46)

k=m k=m

ml'—‘

The left-side of inequality (46) can be written in the
form

zwlzg -y (¥

(47)

This implies by applying Fubini’s Theorem on the left-
hand side that

By using the inequality,

' N (x—y) 2’ —yY 2y N (x - ), forx 2y > 0,y > lory < 0,

(49)
with y=-<0, and we have
v ey Loyl KP s
2 e A
I i e S iy
(50)
Then, (48) becomes
s . k s -B s B
kZ kP Z{ g(7) < kz [7 - ?] g(k)
m=1 [ =B m—1)P
k=1 s , (51)
S B
= k;ﬂ ?g(k) - ?k; g(k)
m— -B m=1
e
By substituting (51) into (46), we have
s 1 s g k s k—/3
> 3 < Y KFY gy Y gk
k=m B k=m =1 k=m ﬁ
~ ﬁ s (m_ )—ﬁm—l
3 ;g(k) YR 2 g(k),
(52)

which implies that

_ 1)*/3 m-1

sB S m
_72 g(k) + (T gk)=0,  (53)
k=1

k=1

which is equivalent to

¥k g(k) _ s r AL
Mzr(s)ﬁ:(s)ﬁ : 54

where r=m —1>0. This proves the right-side of inequal-
ity (34). The proof is complete.



3. Fundamental Properties of Power
Mean Operators

In this section, we will prove some fundamental properties of
the generalized power mean operator .#,u(n) which is given

. 1p
/ﬂpu(n)=<lzup(k)> forallnel,  (55)

k=1

where p is assumed to be positive for the rest of the paper. In
order to prove the main results, we will use the properties of
the function

1p
P =(1-2) ".p>0 (56)
of the variable A € (—00,0) U p, 00). It is clear that the func-

tion p,(A) is continuous and increases from 1 to +co on (-
00, 0) and from 0 to 1 on [p, o) and for A # p, we have that

Ppy(M)p,(p—A) = (1 B IX)) 1/p(l B p%)t) 1p

A_p 1/p A 1/p
()

To understand the importance of the function p, (L), we

(57)

consider the sequence u,(1) = n~'/*. Then, we have

lp
M (1 ( Z k W> . (58)

We consider the different cases of the power —p/A + 1.
First, assume that 0 < —p/A+1 <1, and by employing the
inequality

T(x-y),forx>2y>0,0<y<1,
(59)

P (- y) < x —p <yyt

with y = —p/A + 1, we have
Ak =1)"PA = P (= 1) > (1 - pr KPR (60)

Then, we have

1/p 1 1 1/p
/A 1-p/A
M g (n ( Zkf’ ) S(;z Ak ’ )

k=1
(L e\
nl-p/A (1 p/A)l/P
_ Yo(m) ,foralln €.
N’
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Next, we consider the case when —p/A+1>1, and by
employing inequality (39) with y =1 — p/A > 1, we have

Ak - 1)Ph = jPh (- 1) < (1-%)1{% (62)

Then, we have that

1/p 1p
M (1 ( Z k P“) > < Ak - 1)11’“>

1 1-p/AN VP
= - (n ) ty (1) ,forallnel.
(1-p/A)"P\ n

| =
\M:
—
|

Ju—
2
=

(63)

The meaning of p,(1) now arises from the fact that the

sequence uy(n) = n~* satisfies the equivalence between .4 )

uy(n) and the fraction uy(n)/p,(A), for all n €. Let 0<p <

q and define the function S, (1) by
Pp(M)
Spq(A) = PP( W’ for A € (—=00,0) U (q,00).  (64)
q

The function C, ,(A) is continuous and increases on the

interval (—00,0) and decreases on the interval (g, co) with
C,4((B:00)) = (1,00). Therefore, for any B > 1, the equation

_(1-p)!?
Spy (V) = o _B (65)

has exactly two roots: a positive root A" € (g,00) and a nega-
tive root A~ €(—00,0). The nonnegative weight v : | — R* is
said to be belong to %} (B) if v satisfies the reverse Holder
inequality

ﬂqv(n) < B.%Pv(n),

1

M
for all n €[, where the constant B > 1 is independent of p,g,
and g > p. Now, we are ready to state and prove the main

properties of the operator (55) and the composition of differ-
ent operators with different powers.

forallnel; (66)

that is,

M=

1/q 1 1/p
vq(k)> sB(—Z vP(k)> , (67)

1 i3

Theorem 4. Let 0< p < q, and u : | — R* be any nonnega-
tive, monotone weight. If u € %} (B) for B> 1, then

%qu(n)

p, (A7) < W <p,(X"), forallnel,  (68)

where A" and A~ are the roots of (65).



Journal of Function Spaces

Proof. By applying the product rule (19) on the term A[(k —
lg/%gu(k - 1)} with u=k -1 and v=#u(k - 1), we obtain
that

(69)

Now, we find the estimate of the second term in (69) and
consider two cases of the behavior of the monotone weight u.
First, we assume that u is nondecreasing. Then, by Lemma 2,
we have that

is also nondecreasing and by applying the elementary
inequality (59), for y =p/q < 1, we obtain

=l =

k 1/q
> ul(s ) (70)

=1

@

1& plg-1 k-1 (s K s
22““”(%; zﬂ(s)> <( )Xo :(k(—)u Yt ul(s ))
1 P (k) - K ud(s

= g(k_ 1) <k; uq(s)> ( ( ]){(kgsi) ( ))
k plg-1 k rlq
- f,q’ <11(S_ZI uq(s)) (k) - ‘g (}i; z,ﬂ(s)>
(71)

By combining (71) and (69), we obtain

k- 1t (qqp> <Zs lkm(s)>Pq

plg-1
Jcﬁﬂg ().

q
(72)

Next, we assume that u is nonincreasing. Then, by
Lemma 2, we see that ./ u(k) is nonincreasing and by

employing the inequality (59) again, we have that

(73)

By combining (69) and (73), we again obtain the inequal-
ity (72). Now, by summing (72) from 1 to n, and applying
(21), we obtain

From the definition of ./Z gl We see that the first term in
(74) is given by

1 1¢ r
W2 (EZ uq<s>) - [, ()] )

By applying reverse Holder’s inequality for p/q <1 and
p!(p— q), we obtain that

o

=1

“©

1 k plq-1
Y u%s)) w (k)



By substituting (75) and (77) into (74), dividing by
pl, (M u)(n)]P and then applying (66), we obtain

1MQI)1 [Ayu(n)]
P,y o~ ) T a T ) )]
S (L1 g [ u(m)]*
2(50) [l () ()]
(78)
By setting
A
Y gy o) - gy 7

we see that the inequality (78) can be written in the form

B [ [, (A1) ()] - wquw)q
[t () (m)]
:B—q[ [t ()] r/p <1-1,1 [ u(n)]”
[, (M) (m)]” P by (M) (m)]
<1- g (1 B [/%qu(n)],” )
P\ [, ()]
-1_1 ([ﬂp(ﬂq”x"ﬂp B [/%q”(”)y)
p EACDIO]
(80)
This inequality can be written now as
(B0 @
or equivalently
S,,(A)= M <B, forallp<gq. (82)
P (l_q/A)l/ =

This means that A€ (—00,A"]UA", +00). The proper-
ties of p, imply that

pp(/\+) SPP(A)SPP(A_)’ (83)

and since
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B (1 [y L) ) - [ <n>]”>
p0=(-3) (1 oy ()]
= (1 -1+ [ gu(m)]” >Up
[ty (A ) ()]
_ ()]
/%P(.%qu)(n)
(84)
we obtain that
. [/% u(n)] ~
pp(A7) < W <pp(A), (85)

which is the desired inequality (68). The proof is complete.

Theorem 5. Let 0< p < q, and u : | - R be any nonnegative,
monotone weight. If u € $B}(B) for B> 1, then

ﬂpu(n)

p (A1) < A <p (A7), forallnel, (86)
a\"%p

where A" and A~ are the roots of (65).
Proof. By applying the product rule (19) on the term A[(k —

1) M} u(k—1)], with u =k — 1 and v = #}u(k - 1), we obtain
that

(k= 1) iu(

= alp
A (k—l 5; up(s)> .
(87)

First, we assume that u is nonincreasing. Then, by
Lemma 2, we have then .#,u(k) that is nonincreasing. By

employing inequality (39) with y = g/p > 1, we obtain

sl w(s)\ "
v 520)
_ w3 w() "
“““”Kﬁ) T
1 & q/p-1
(5]
q/p q/p-1
()" 3 )0

(88)
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By substituting (88) into (87), we obtain

A[(k = 1)k~ 1)]

_(rma\ (2w, (Zhwe\",
_< ’ )( X ) +I; X P (k).

(89)

Next, we assume that u is nondecreasing. Then, by
Lemma 2, we have that .#,u(k) is nondecreasing and by
applying the inequality (39) with y =q/p > 1, we get

Y ur(s)\ "
o va(Z2)

q 1 SR wp(s) + Kt (s)
< (k-1) (EZ uP(s)) )

(90)

Now, by combining (87) and (90), we obtain again (89).
Now, by summing (89) from 1 to n and applying (22), we
obtain that

alp
up(s)> = [ (M) (m)]T. (92)

Now, we simplify the second term

15 (1500

q/p-1
) ! (K), (93)

in (91), by applying Hoélder’s inequality for g/p > 1 and g/(q
—p), to obtain

(94)

By substituting (92) and (94) into (91), dividing by ¢
[ M ((M ,u)(n)]? and applying (66), we obtain

[ yu(n)]" <<1_1)+1 [ yu(m)]”
gty ()W) \a p) o p [l () ()]
BRI A LC)
‘<q P) p [ty (ttyu)(m)]"
(95)

Inequality (95) now takes the form

21-%+ - L
Mo (M) ()] q [y (M yu) (m)]
()] - (]
[ty (M yu)(m)]*
(96)
By setting
o [‘/%q (/”p”) (”)}q
R T e AT
we see that inequality (96) becomes
O
or equivalently,
1-p/A)'P
Spy() = # <B, (99)

This means that A € (—co,A"] U A*, +00). The properties
of p, implies that

py(\) < p, (M) < p, (1), (100)
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and since

p
=[1- [ yu(n)]" )Uq
(1 () ()]
_ [ yu(m)] )
[ty (M) ()]
(101)
we obtain that
N M yu(n) B
p,(A") < W <p,(A), (102)

which is the required inequality (86). The proof is complete.

The assumptions and the conclusions of Theorems 4 and
5 will be used in proving the following theorems.

Theorem 6. Assume that the conditions in Theorems 4 and 5
hold. Then, the compositions

(n)”)r/%q(/ﬂpu) (n), and(n)”’r/%}, (/%qu) (n) (103)
are nonincreasing for all n €1, and the compositions
(n)lw./%p (,/%qu) (n), and(n)lw M, (./%pu) (n) (104)

are nondecreasing for all n € [.

Proof. Raise the inequality (68) to the power p, we get that

(-5 o2

(105)

(vksk wi(r)"
UsTioy (VKZE ()

Setting

1 k plq
m@a%wm=gzu%0 L (10)

we see that g(k) satisfies the inequality (34) in Lemma 3 with
~(1- L2 -(1-L£
a= (1 /\Jr) and 8 (1 )L_>'

Therefore, we see that

()

(107)

/
w1 UsYi (l/kzl;l uq(‘r))pq
<

- /
UrEi, (VkEE, wir)™

< (f)ﬁfl, (108)

r
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and so we have that

s rlq
_%< /sy, (UkZ];:l ”q(T))

S\ =
s(—) .
/ r

) Ur¥i, (“kZiczl ”q(7)>pq

(109)

()

If raised the last inequality to the power —1/p, we see that
this inequality is equivalent to the monotonicity of the com-
positions

()"l (M i) (n). (110)

Analogously, the inequality (86) and the same proof
imply the monotonicity of the compositions

()" Al (M) (n). (111)

The proof is complete.

Theorem 7. Let 0< p < q and u be any nonnegative weight,
and A" and A~ are the roots of equation (65).

(i) If ue B}(B) for B>1and A< A" and L # 0, then

PsA) %)
M yu € %’;‘ (Pj(/ﬁ) , and M ju € %’; (Pi(”) . (112)

(ii) If u € B}(B) for B> 1 and A> A", and A # 0, then

M € Zh (Z:E;;) , and M ju € B, (‘ZE;;) . (113)

Proof. (1). Since A is either positive or negative, we will discuss
the two cases:

(1) Assume that A > 0. By raising (86) to the power A, we
obtain for m < n that

m’m_pg()ﬁ) [ml/)‘_‘/%q(/%pu)(m)]l

+ + A
< (/%pu(m))A <m™MA pg(/\f) {m”’\ My (M) (m)|
(114)
By using the monotonicity of
n”’rﬂq(ﬂpu)(n), andn”’vﬂq(ﬂpu)(n), (115)
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(see Theorem 6), we have that

w0 [t (tty) ()]
A

< (Mt yu(m))* <m™ ph(A7) [n””/ﬂq (Ml ) (n)]

(116)

Since A < A", by summing (116) from m = 1 to 1, dividing
by 7, and raising it to the power 1/A > 0, we get

_ 1/A
(pzwn“ () )] S m)
n

m=1

n 1/A
(23 %u(m»‘)
1/A
< ) [nl/rﬂq (ﬂpu)(n)r i A
(117)

Since —1 < —A/A* <0, we have that 0 < —A/A" + 1 < 1. By
applying (59) with y = -A/A" + 1 < 1, we have

A(m _ 1)7A/A++1 — m—/\//\*-ﬁ—l _ (m

_ 1)7A/)ﬁ+1 > (—A/A+ + l)m—)\/)\*’

(118)
and then
Zn: MY < Zn: Am A/A*ﬂ AT
“= —A/A* 14 S (M) L
(119)
So, we have
P/\(A*) {nl//\‘”% (% u :| n "
1 z M
n m=1
. 2 1/
3 p;(}tf) [nw My (M) (n)} oML
- n (—)WU) +1
1 1/
_ A
= (PQ(A ) [y (A pu) ()] m)
Pa(A7)
= p:(}“) My (M) (1)
(120)

Similarly, since A~ <0, then —A/A” >0 and hence —A/
A" +1>1. By applying (39) with py=-A/A"+1>1, we
have

11
A(m _ 1)—/\//\’+1 _ m*/\//\’Jrl _ (m _ 1)—/\//\’+1 < (_A/Af + l)mf/\/hi,
(121)
and then
i _ 1)y M+ ~MAT+1
Y mh e net A 1) =t (22
o’ (=MA™ +1) (=MA”+1)
In this case, we have
A4+ [ 1A " 1A
py(A") [ Ay (M pu) Z v
h m=1
AN [0 (e Y
S Py (A") [ () ()] n
- n (-MA +1)
py(A")
= — M, (M u)(n
pa(A7) Q( ? )
(123)

By substituting (120) and (123) into (117), we obtain
that

A A
};igx\’g My (M) (1) < My (M) () < Il::E/V; My (M) (),
(124)
which implies that
A PaA)
My € B (m (M)), (125)

that is the first relation in (112) holds for A > 0.
(2). Assume that A < 0. By raising (86) to the power A, we
obtain for m < n that

; A
—/\//\ P:} ()U—) |:m1/A %q (‘%pu) (m):|
> (ﬂpu(m)))‘ > m’M’Vpg(/\’) [mlw/%q (M yu) (m)} g
(126)
By using the monotonicity of
n'N Ay (M yu) (n), andnlwﬂq (M ,u)(n),

(127)

(see Theorem 6), we have that
m*/\/l’ A /\Jr 1/&7‘% /A A
Py ( )[” a( p”)(”)}

> (Myu(m))* =m0 [t u)(n)r.

p
(128)
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Since A < A", by summing (128) from m = 1 to n, dividing
by n, and raising it to the power 1/A > 0, we get

(129)

Since 0 < —A/A, then —A/A" + 1 > 1 and by applying (39)
with y =-A/A" + 1, we have

A(m _ 1)—A/A++l — m*/\/f”rl _ (m _ l)—A/)L++1 < (_A/A+ + 1)m*/\//1+,

(130)
and then
i m_h//v S 1 i A(m B 1)7/\/A++1 _ nfl/)\++1
= T M1 A “MAT+1
(131)
Since A < 0, we have that
Ay [,1/A" "
P [y ()] 0
Z m
n -1
e " A 1/A
3 py(A )[n“ ﬂq(ﬂpu)(n)} o MAT+
- n —AMAT +1 (132)
_ L T1A
pq(/\ ) —“AAT+1
= M, (M ,u)(n) -
p,\(/\ ) q( P ) “MATH
Pa(A)

Similarly, since A~ <0 and A <0, then —A/A” <0 and —-A
/A" +1<1.If0<-A/A" + 1< 1, we apply inequality (59) to
obtain

A(Wl _ 1)7/\M7+1 _ m*/\//\'Jrl _ (m _ 1)7/\//\’+1 > (_A/Af + l)mf)llk_’

(133)

and then

i o i Am =1y M+ = n VA
ML +1 “MA+1°

m=1

(134)
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1/A
m—A/A)

(pg () [0t () ()] [})

Since A < 0, we have that

_M=

n

(pé(k*) [n“)rﬂ (M yu)

n -MA”+1

-AA” +1:| /A pq (A+)

/%q(/%p”)(”){ O NS )/% (M yu) (n).

(135)

If -A/A” +1 <0, we apply (39) to obtain

Am = 1)V 2 WV (g )V < (A 4 DY
(136)
and then
i m M < 1 i A(m— 1)+ s L)_Hl
m=1 “MA +1 -AMA+1
(137)

In this case, we have

(pzw "] m)

(PW) (W (M) ()] o )” (138)

\%

n -MA” +1

A‘F
P ; EA; M (M) (n).

From the two cases, we conclude that for all A, we have

Ayt 1//\ A
(w ) [ A () Zm)
" (139)

)

m=1

pq(/\) ujn

By substituting (132) and (139) into (117), we have

2 ()
/:zgkg M (M yu) (1) < My (M) () < Zz(/v) My (M yu) (7).
(140)
This gives us that
A PeA)
Myu € B) (m (F)), (141)
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which is the first relation in (112) in the case A < 0. Similarly,
we can prove the first relation in (112) by using relation (68).
Analogously, we prove the two relations in (113) by using the
same technique and inequalities (68) and (86). The proof is
complete.

4. Self-Improving Properties

In Theorem 7, we proved that the power mean operators
Myu and Myu of the weight ue B} satisfy the reverse

Holder inequality with some better exponents. However,
the fact that the mean .#,u or ., u belongs to some class

%’Zi does not imply that the weight u itself belongs to 95’;:.

Thus, Theorem 7 does not guarantee the self-improvement
of the summability exponents of the weight u € %}. But if
we additionally assume the condition of the monotonicity
of the weight u, then we can obtain the following results for
self-improving of exponents.

Theorem 8. Let 0< p < q and u be any nonnegative weight
belongs to B} (B) for B> 1, and \* and A~ are the roots of
equation (65).

(1) If u is nonincreasing, and A < A*, then

() N )
“ <PA APy (”))’ o (Pp (A)6 (”)) '

(142)

(2) If u is nondecreasing, and A > 1™, then
A)py (A A)py (A
ueE %?\ (Pq()ipi()>, uce %ﬁ (M) . (143)
Py(X") )

Proof. (1). Since u is nonincreasing, then Lemma 2 implies
that .Z ,u(n) is also nonincreasing and /%qu(n) >u(n), and
hence

M (M) (1) = M yu(n). (144)

By applying the second relation in (112), we obtain that

(145)

My (M gu) (1) < M, (M ) (1)

By applying the left-inequality in (68) and since . ,u(n)
is nonincreasing (see Lemma 2), we from (144) and (145)
that

13
2\
Myu(n) < My (M yu) (n) < :’)PE/V; M, (M ) (1)
A s (146)
P L
P(A)pp (A7) 1
That is,
Pr(A)
ueg%;\ (PA(/\{)PP(/\+)>) (147)

which is the first relation in (142). Similarly, since # is nonin-
creasing, we have .#,u(n) > u(n), and so
My (M yu) (1) = M yu(n). (148)

By applying the first relation in (112), we obtain that

(149)

My (M yu(n)) < M o (M u(n)).

By applying the left-inequality in (86), and using (148),
(149), and the fact that .#,,u(n) is nonincreasing (see Lemma
2), we have that

-
My (u(n)) < My (M yu(n)) < ;):EM; My (M yu(n))
- P)
“on0)p, ()
(150)

That is,

Py(A)
ue B —41 2|, (151)
g (m (A)py (1)
which is the second relation in (142).
(2). Since u is nondecreasing, then Lemma 2 implies that
M yu(n) is nondecreasing and ./ ,u(n) < u(n), and we have
that

My (M yu) (1) < Myu(n). (152)

By applying the first relation in (113), we obtain that

)

(153)

A"’
iEA_; M, (ﬂpu) (n).

By applying the right-inequality in (86), we have that
P (1) P (1))

Pa(A7) Pa(A)pa(A7)
(154)

My (M yu) (1) =

o

My (M yu) (1) =

My (M) (1) =
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By combining (152) and (154), we have that
A A
M yu(n) < M/ﬂw(m) ; (155)
Py(A)
that is,
A A
ue B <’W>, (156)
Py(1)

which is the second relation in (143). Again, since u is nonde-
creasing, then Lemma 2 implies that ./, u(n) is nondecreas-
ing and ./ ju(n) < u(n), and so

My (M gu) (1) < Myu(n). (157)

By applying the second relation in (113), we obtain that

=

A'F
,\E)\_g M, (M ) (1).

By applying the right-inequality in (68), we have that

My (M gu) (1) = (158)

o

A’+
My () (1) = My (M) (1) = %/ﬂp (M 1) (n)

. (159)
pp(A) Y
> o)y et
By combining (157) and (159), we have that
P,(A7)pa(A7)
M < M . 160
qu(n> pp(/\+) /\u( ) ( )
That is,
Pp(A7)pr(A)
we gt (20T (161)
A( P (A) )

which is the first relation in (143). The proof is complete.

Now, we derive the self-improving properties of the class
g1:= 1.

Theorem 9. Let q> 1 and u be any nondecreasing weight,
add weight after nondecreasing $(B) for B> 1. Then, u €
©M(B,") for A€ qA"), where A" is the root of the equation

()

Proof. Since ©1:=%%, then equation (65) becomes Ciq

(x)=B," which writes

(162)

Journal of Function Spaces

() () -

which is the desired equation (162), and the constant
B," is obtained from (142) and given by

(163)

B, = PrEJAE) 1(2_2§15A_> : (164)

The proof is complete.

Remark 10. Our technique is only applicable in the case when
0 < p < g, and it remains an open problem to prove the main
results for all p and g such that p < g and p.q # 0 to be able to
get the main results of Muckenhoupt weights similar to the
Gehring weights. This leads to the following conjecture.

Theorem 11. Let p < q such that p.q # 0 and u be any nonneg-
ative weight that belongs to %(B) for B> 1, and A* and -
are the roots of equation (65).

(1) If u is nonincreasing, and A < A", then

e\ (e
=% (m (A)p, (W)’ “ (Pp (A7)0 (”)) '

(165)

(2) If u is nondecreasing, and A > A~ then

A )py (A oy (A
uegsg<%>, ue%ﬁ(%). (166)

P
From this theorem, we can obtain the following sharp
result.

Theorem 12. Let p > I and ube any nonnegative and nonde-

creasing belong tosf? (B) for B> 1. Then, u € o/*(B,") for A
€ (x7,p), where x~ is the root of the equation

PX pyt= 1.

(167)

s

Proof. Since off = %}/l_p, then equation (65) becomes
C,.(x)=B," which is written by

Pq
_ p-1
(xf 1) ((p(l—) 1)?}: 1) =5

By applying the transform A — 1/(1 —x), we see that
A~ is determined from the equation

(168)
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as)

2 B =1,

:1 (169)

aS)

which is the desired equation (167), and the constant Bz”
is obtained from (143) and given by

B," = Pi(A)pr(A7) _

The proof is complete.

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This project was supported financially by the Academy of
Scientific Research and Technology (ASRT), Egypt (Grant
No. 6426), and ScienceUP program (ASRT) is the 27 o ffilia-
tion of this research.

References

[1] B. Mucheknhoupt, “Weighted norm inequalities for the hardy
maximal function,” Transactions of the American Mathemati-
cal Society, vol. 165, pp. 207-226, 1972.

[2] F. W. Gehring, “The I — integrability of the partial derivatives
of a quasiconformal mapping,” Bulletin of the American Math-
ematical Society, vol. 97, pp. 465-466, 1973.

[3] F. W. Gehring, “The L? — integrability of the partial derivatives
of a quasi-conformal mapping,” Acta Mathematica, vol. 130,
pp. 265-277, 1973.

[4] L. Basile, L. D'Apuzzo, and M. Squillante, “The limit class of
Gehring type €_,” The Bollettino dell'Unione Matematica
Italiana, vol. 11, pp. 871-884, 1997.

[5] B.Bojarski, C. Sbordone, and I. Wik, “The Muckenhoupt class
\(A),” Studia Mathematica, vol. 101, pp. 155-163, 1991.

[6] R.R. Coifman and C. Fefferman, “Weighted norm inequalities
for maximal functions and singular integrals,” Studia Mathe-
matica, vol. 51, no. 3, pp. 241-250, 1974.

[7] R. Corporente, Weighted Integral Inequalities, [Ph.D. thesis],
BMO-Spaces and Applications, 2007.

[8] D. Cruz-Uribe and C. J. Neugebauer, “The structure of the
reverse Holder classes,” Transactions of the American Mathe-
matical Society, vol. 347, no. 8, pp. 2941-2960, 1995.

[9] L.D'Apuzzo and C. Sbordone, “Reverse Holder inequalities. A
sharp result,” Rendiconti di Matematica e delle sue Applica-
zioni, vol. 10, pp. 357-366, 1990.

[10] V.D. Didenko and A. A. Korenovskiii, “Power means and the
reverse Holder inequality,” Studia Mathematica, vol. 207,
no. 1, pp. 85-95, 2011.

[11] V. D. Didenko and A. A. Korenovskii, “The reverse Holder
inequality for power means,” Journal of Mathematical Sci-
ences, vol. 183, no. 6, pp. 762-771, 2012.

15

[12] M. Dindo§ and T. Wall, “The sharp &/ constant for weights in
a reverse Holder class,” Revista Matemdtica Iberoamericana,
vol. 25, pp. 559-594, 2009.

[13] J. Garcia-Cuerva and J. L. Rubio de Francia, Weighted Norm
Inequalities and Related Topics, North-Holland Mathematics
Studies, Amsterdam, Netherlands, 1985.

[14] R. Hunt, B. Muckenhoupt, and R. Wheeden, “Weighted norm
inequalities for the conjugate function and Hilbert transform,”
Transactions of the American Mathematical Society, vol. 176,
pp. 227-251, 1973.

[15] R.Johnson and C.]J. Neugebauer, “Homeomorphisms preserv-
ing dp,” Revista Matemdtica Iberoamericana, vol. 3, pp. 249—
273, 1987.

[16] A. A.Korenovskii, “The exact continuation of a reverse Holder
inequality and Muckenhoupt's conditions,” Mathematical
Notes, vol. 52, no. 6, pp. 1192-1201, 1992.

[17] A. A. Korenovskii and V. V. Fomichev, “Self-improvement of
summability factors of functions satisfying the reverse Holder
inequality in limit cases,” Ukrainian Mathematical Journal,
vol. 62, no. 4, pp- 552-563, 2010.

[18] N. A. Malaksiano, “The exact inclusion of Gehring classes in
Muckenhoupt classes,” Matematicheskie Zametki, vol. 70,
pp. 742-750, 2001.

[19] N. A. Malaksiano, “The precise embeddings of one-
dimensional Muckenhoupt classes in Gehring classes,” Acta
Scientiarum Mathematicarum, vol. 68, pp. 237-248, 2002.

[20] A.Magyar, E. M. Stein, and S. Wainger, “Discrete analogues in
harmonic analysis: spherical averages,” The Annals of Mathe-
matics, vol. 155, no. 1, pp. 189-208, 2002.

[21] A. Popoli, “Sharp integrability exponents and constants for
Muckenhoupt and Gehring weights as solution to a unique
equation,” Annales Academice Scientiarum Fennice Mathema-
tica, vol. 43, pp. 785-805, 2018.

[22] A. Popoli, “Limits of the A constants,” Journal of Mathemati-
cal Analysis and Applications, vol. 478, no. 2, pp. 1218-1229,
2019.

[23] S. H. Saker, D. O'Regan, and R. P. Agarwal, “A higher inte-
grability theorem from a reverse weighted inequality,” The
Bulletin of the London Mathematical Society, vol. 51,
no. 6, pp. 967-977, 2019.

[24] . Bober, E. Carneiro, K. Hughes, and L. B. Pierce, “On a dis-
crete version of Tanaka's theorem for maximal functions,”
Proceedings of the American Mathematical Society, vol. 140,
no. 5, pp. 1669-1680, 2012.

[25] A. Bottcher and I. Spitkovsky, “Wiener-Hopf integral oper-
ators with PC symbols on spaces with Muckenhoupt
weight,” Revista Matemdtica Iberoamericana, vol. 9,
pp. 257-279, 1993.

[26] A. Bottcher and I. Spitkovsky, “Pseudodifferential operators
with heavy spectrum,” Integral Equations and Operator The-
ory, vol. 19, no. 3, pp. 251-269, 1994.

[27] A. Bottcher and M. Seybold, Wackelsatz and Stechkin's
inequality for discrete Muckenhoupt weights, Preprint no. 99-
7, TU Chemnitz, 1999.

[28] A. Bottcher and M. Seybold, “Discrete Wiener-Hopf operators
on spaces with Muckenhoupt weight,” Studia Mathematica,
vol. 143, no. 2, pp. 121-144, 2000.

[29] A. Bottcher and M. Seybold, “Discrete one-dimensional zero-

order pseudodifferential operators on spaces with Mucken-
houpt weight,” Algebra i Analiz, vol. 13, pp. 116-129, 2001.



16

(30]

(31]

(32]

(33]

[34]

J. Madrid, “Sharp inequalities for the variation of the discrete
maximal function,” Bulletin of the Australian Mathematical
Society, vol. 95, no. 1, pp. 94-107, 2017.

S. Saker, M. Krnic, and J. Pecaric, “Higher summability the-
orems from the weighted reverse discrete inequalities,”
Applicable Analysis and Discrete Mathematics, vol. 13,
no. 2, pp. 423-439, 2019.

S. H. Saker and M. Krni¢, “The weighted discrete Gehring
classes, Muckenhoupt classes and their basic properties,”
Proceedings of the American Mathematical ~ Society,
vol. 149, no. 1, pp. 231-243, 2021.

S. H. Saker and I. Kubiaczyk, “Higher summability and dis-
crete weighted Muckenhoupt and Gehring type inequalities,”
Proceedings of the Edinburgh Mathematical Society, vol. 62,
no. 4, pp. 949-973, 2019.

S. H. Saker, S. S. Rabie, J. Alzabut, D. O'Regan, and R. P.
Agarwal, “Some Basic properties and fundamental relations
for discrete Muckenhoupt and Gehring classes,” Advances
in Difference Equations, vol. 2021, no. 1, Article ID 8, 2021.

Journal of Function Spaces



	Properties of a Generalized Class of Weights Satisfying Reverse Hölder’s Inequality
	1. Introduction
	2. Basic Lemmas
	3. Fundamental Properties of Power Mean Operators
	4. Self-Improving Properties
	Data Availability
	Conflicts of Interest
	Acknowledgments

