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In this paper, we discuss a class of fractional semilinear integrodifferential equations of mixed type with delay. Based on the theories
of resolvent operators, the measure of noncompactness, and the fixed point theorems, we establish the existence and uniqueness of

global mild solutions for the equations. An example is provided to illustrate the application of our main results.

1. Introduction

Fractional calculus can be used to describe some nonclassical
phenomena in natural science and engineering applications.
Fractional differential equations have been applied in differ-
ent fields ranging from engineering, finance, and physics in
the past few decades. Researchers have conducted extensive
explorations on this subject and have achieved fruitful results
for the fractional differential equations [1-13]. Zhu and Han
[10] and Chadha and Pandey [11] studied the fractional inte-
grodifferential equations and discussed the existence of mild
solutions. Based on the theory of the resolvent family and
fixed point theorems, Chen et al. [14-17] analyzed nonau-
tonomous evolution equations in a Banach space. Moreover,
some researchers considered sufficient conditions on the
existence of mild solutions for fractional differential equations
by the measure of noncompactness [4, 18, 19]. The initial
boundary value problem for the fractional integrodifferential
equations with delay has been investigated by using fixed point
theorems [4, 5, 18, 20]. In [3, 21-24], differential equations of
mixed type have been studied and some results have been
concluded.

Chen [22] studied the fractional nonautonomous evolu-
tion equations of mixed type:

u(t), Tu(t), Su(t)),

t e (0,al,

{ DPu(t) + A(tyu(t) = f(1,
u(0) :A_I(O)uo,
(1)

where

Tu(t) = JtK(t, s)u(s)ds,
° @)
Su(t) = J H(t, s)u(s)ds,

0

where the kernels K and H are linear functions. The operator
T is an integral with a variable upper limit, and the operator S
is an ordinary definite integral; accordingly, problem (1) is
called fractional semilinear integrodifferential equations of
mixed type.

Liand Jia [25] investigated the existence of mild solutions
for abstract delay fractional differential equations:

{ DPu(t) = Au(t) + L Pf(tu,), te[0,T], .

u(t)=¢(t), te[-r,0],


https://orcid.org/0000-0002-5744-058X
https://orcid.org/0000-0002-1091-6667
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/5519992

where f€(0,1), ]:713 is the Riemann-Liouville fractional
integral, the linear operator A is independent on t, and the
Lipschitz coefficient of f is constant.

To the best of our knowledge, there are no results on the
fractional integrodifferential equations of mixed type with
delay. Motivated by this idea, we consider the following
problem:

{ DPx(t) = A(O)x(t) + J1 PF(t, % Hxp, Hx), L]0, Ty,
x(t)= (1), te[-r0],

(4)

where € (0,1], CDf is the Caputo fractional derivative of
order f3, A(t) is a closed and linear operator with domain

D(A) defined on a Banach space E, ]}_ﬁ is the Riemann-
Liouville fractional integral of order 1 -, % and # are
defined by

(5)

where K : Dx C([-r,0]; E) — Eand H : D, x C([-1,0]; E)
— E are continuous and nonlinear functions, D= {(t,s)
€R*:0<s<t<Ty}, J=[0,Ty), Dy={(t,s) €R*: 0<t,s<
Ty}, ¢ € C[-r,0], f is to be specified later, and x, means
the element of C([-r,0]; E) defined by x,(0) =x(t +6), —r
<0<0, forx e C([-r, Ty] s E), t €].

We demonstrate the existence and uniqueness of global
mild solutions for problem (4) under the conditions of the
compact resolvent operator and noncompact resolvent oper-
ator, respectively. The kernels K and H of the operators #
and Z are nonlinear functions. In addition, the operator A
(t) is dependent on t. The rest of this paper is organized as
follows. Basic definitions and auxiliary results are presented
in Section 2. In Section 3, we prove the existence and unique-
ness of mild solutions via various fixed point theorems, the
measure of noncompactness, and the Banach contraction
mapping principle. An example is provided to illustrate the
main theorems in Section 4. Finally, Section 5 is the summary
of our results.

2. Preliminaries

Definition 1 [6, 26]. The Riemann-Liouville fractional inte-

gral If and derivative Df of a function f : (0,00) — R of
order 3> 0 are defined by

Lt —5)P1f (s)ds
gy~ s

D)= 1 @ J;(t g

TEf(t) =

f(s)ds,

n-1<f<n,

(6)
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where f(t) € L!
tion, and n € N.

((0, Ty) 5 E),

I'(-) denotes the gamma func-

Remark 2 [25]. DEF(t) = D) Pf(t), where D" = d”/d¢™
and J"Pf(t) e W™1((0,T,) ; E).

Definition 3 [26, 27]. The Caputo fractional derivative of
order 3> 0 of a function f : (0,00) — R is given by

t

o — )" P (5)ds

“DIf(t) =

n-1<p<n.
(7)
Remark 4 [25]. For the Riemann-Liouville fractional integral

operator and the Caputo fractional derivative operator, the
following conclusions are obtained:

- Sito)

(8)

Definition 5 [28, 29]. Let A(t) be a closed and linear operator
with domain D(A) defined on a Banach space E and 3> 0.
Let p[A(t)] be the resolvent set of A(t). A(t) is called the
generator of a S-resolvent family if there exist w >0 and
a strongly continuous function Ug : R? — B(E) such that

{A\P :Re A >w} cp(A) and
(Aﬂl - A(s)) 71x = Jo e M) Uﬁ(t, s)xdt, Re(A)>w,x€E.
9)

In this case, Ug(t,s) is called the f-resolvent family
generated by A(t).

Remark 6 [29, 30]. Ug(t, s) satisfies the following properties:

(1) Ug(s,s) =1 and Ug(t,s) =
<r<t<a

Ug(t, r)Ug(r,s), for 0<s

(2) (t,5) — Ug(t,s) is strongly continuous for 0 <s<t
<a

(3) If Ug(t,s) is compact for t, s > 0, then Up(t, 5) is con-
tinuous in the uniform operator topology

Lemma 7 [21]. Let BCC[J,E] be equicontinuous and

bounded; then, CoBc C[],E| is also equicontinuous and
bounded.
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Lemma 8 [24]. Let BCC[J,E] be equicontinuous and
bounded; then, a(B(t)) is continuous on J and

tx(LB(s)ds) < J]oc(B(s)ds), a(B) = rrtleajxoc(B(t)), (10)

where a denotes the measure of noncompactness.

Lemma 9 [21]. Let E be a Banach space and D CE be
bounded; then, there exists a countable set D, C D such that
a(D) < 2a(D,).

Lemma 10 [31]. Let E be a Banach space and D CE be a
bounded closed and convex set. Assume that Q : D— D is
a strict set contraction mapping; then, Q has at least one fixed
point in D.

Definition 11. A function x € C([-r, T,] ; E) is a mild solution
of problem (4), if x satisfies the following equations:

()= Up(t,0)$(0) + L Up(t,s)f (s, xp Hx,, Hx)ds,  t €0, Ty,

$(t), tel-r0].
(11)

3. Main Results

Let us introduce the operator ¥ : C([-r, T,]; E) — C([-1,
To]; E) by

Wx(t) - Up(t,0)¢(0) + J)OUﬁ(t, )f (s, x5 Hx, Hxg)ds, te[0, Ty,

(1), tel-n0].
(12)

Theorem 12. Assume that the following conditions hold:

(H,). The resolvent operator U(t, s) is compact for all t,
$>0,M* =max ||Ug(t,s)[| < +00,0<s<t < T,

(H,). K:DxC([-r,0]; E) — E and H : D, x C([-r, 0]
; E) — E are continuous; there exist nonnegative Lebesgue
integrable functions p, € L(J,R,)(i=1,2) such that |K(t,s,
l<p,Olxle(ropey and 1H(E, s, x)I<p,(H)Ixllc(ro,e) for
all (t,s) € D, (t,s) € Dy, x € C([-r,0] ; E).

(Hy). f:]xC(]-r,0];E) x C([-r,0]; E) x C([-r, 0] ; E)
— E is continuous; there exist nonnegative Lebesgue inte-
grable functions a,L; € L(J,R,)(i=1,2,3) such that |f(t,
X Xy x3)I<a(t) + Zf:ILi(t)||xi||c([,r)0];E), for all te],x;eC
([=r, 0 E).

Then, problem (4) has at least one mild solution x € C
([=r. Tyl s E).

Proof. Let us set the notation R, > 0 such that

R > M*¢, +M*f§°a(s)ds
Y (.[(?”Ll(s)ds + [1oL,(s) [Top, (v)dvds + [ToLs(s), gopz(v)dvds)

(13)

>

where ¢, =¢(0)|| and ([, "oLy(s)ds + [4°Ly(s) [4°p, (v)dv
ds + jg°L3 (s) g"pz (v)dvds)™ > M*.

First of all, we consider the set By ={x € C([-, T, E)
s Ixlleqrr, ) S R} and show that WBp C Bp . By using
conditions (H,) and (H;), for all x € By, > we have

1(#x)(1)]| < || Ug(t, 0)¢(0) || + JOHUﬁ(t, f (5,0 Hx T x,)||ds
Mg, +M*Jt £ (s, %o Ky, T x)||ds < M* ¢,
0

+M*L(ﬂ($) +Ly(S)llxll + Lo ()| F || + L (s) | x| ) s

<M* ¢, +M*Jta(s)ds +M” <JtL1(s)ds + Jth(s)

0 0

s t T,
[ wavas [ 1| p2<v>dvds)nxucqfnm£>

T, T, T,

"Ly (s)ds+ [ Ly(s)

£M*¢0+M*‘
. 0

a(s)ds + M* (J

0 Jo
TO

TO
Ls(s) [0 pz(v)dvds> \|x||c([7r‘T0];E) <R,.

(14)

. JTOpl(v)dvds + J
Jo .

0

So, we conclude that ¥ maps By into itself.

Second, we prove that ¥ : By — By is continuous.

Let {x,}," c C([-r, Ty|;E), with x, — x(n—00), x
€ C([-r, Ty] s E). Using the fact that K : Dx C([-r,0]; E)
—E, H: DyxC([-r,0];E) —E, and f : J x C([-1,0];
E) x C([-1,0]; E) x C([-1,0] ; E) — E are continuous, we
obtain

F (6 () H (%) X (%)) — f (1 %0 Hxpp Hx,) (n——00),
(15)

for any t € ] uniformly. That is, for any &> 0, there exists
a natural number N, for n> N, t € ], such that

I (s oo ) 7 050)) = (630 Fx 70| < e

(16)

>

which implies that

[(Fx,) (1) = (Fx) ()] = LUﬂ(t» (s (%n)o F () H (x,),) s

ot
- J Ug(t, s)f (s, X Hxy, Hx,)ds

0

sMLW@m»%m»%mm

. €
—f(s,x,, Kx, x,)||ds <M TOM*_TO =e

(17)

In consequence, ¥ : By — By is continuous.
Furthermore, we prove that l1”(BR1) is equicontinuous.



To do this, let L(s) = L;(s) + L,(s) g‘)pl(v)dv +L,(s) g
p,(v)dv. Obviously, it is a nonnegative Lebesgue integrable
function. For all x € By , t,, 1, € J(t; <t,), we have

[[(#2)(12) = () (1)1 (Up(t5, 0) = Up(t1, 0)) $(0)
+ J Uﬁ ty, $)f (s, X X, Hx;)ds
+ Jo Ug(ty,s) = Ug(ty,s))f (s x,, Hxg, Hx)ds

<¢OHU (tZ’ ) U[3 tl’ || +M" J ||f(5’xs"%xs’%xs)”ds
+51€1})’|Uﬁ(t2, s) — Uﬁ t,s HJ ILf (s, x Hx, HX,)||ds
S

< @[ Ug(t2,0) - Ug(t,,0 ||+MJ (a(s) + L(s)R, )ds

t

+sup||Ug(ty,s) = Up(ty, s HJ )+ L(s)R,)ds

seJ

=1 +1,+I;.

(18)

In view of condition (H,), compactness of the resolvent
operator Upg(t,s)(t,s) >0 implies the continuity in the uni-
form operator topology. That is, for any & >0, there exists
8, >0, for any |t,—t;| <8, ¢, t, €], such that I; <e/3.
Hence, for the above &> 0, by using properties of Ug(t,s)
and the above inequalities, there exists 6 >0 (§ <J;) such
that || (¥x)(t,) — (Px)(t,)|| <& for any |t, — ;| < 5, ¢, t, €]
. Consequently, ¥(By ) is equicontinuous.

In the end, we prove that ¥(By, ) is precompact.

For any fixed #(t € [-r, T]) and 0< e <t, the operator
(¥.x)(t) is defined by

rf—¢

Up(t,s)f (s, x Fx, Hxg)ds,  te0,Ty),

()= { R
8(t), te[-n0l.

(19)

Since Up(t,s)(t,s) >0 is a compact resolvent operator,
then the set Y, () = {(¥.x)(t): x € B } is relatively com-
pact in E for any € (0<e<t).

Moreover, for any x € By , one can find that

t
J Up(ts )f (s % FHx Z x;)ds

t—e

1#2)(6) ~ (P )(0)] = \

t
<M J f(s x5 Hx, Hx,)ds

t—¢

IN

M J (a(s) + L(s)R,)ds

t—¢

<M ([la(s)] + IL(s)[[R,)e-
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Thus, Y(t) = {(¥x)(t): x € B } is totally bounded. Hence,
Y (¢) is relatively compact in E, and so, based on the Arzela-
Ascoli theorem, ¥ : By — By is completely continuous.
As all the assumptions of the Schauder fixed point theorem
are satisfied, the conclusion implies that the operator ¥ has
a fixed point x in C([-r; T}, E), which is a global mild solu-
tion of problem (4). This completes the proof.

Next, we develop the existence of global mild solutions
for problem (4) via the measure of noncompactness and
fixed point theorem. Furthermore, we employ the nota-
tions: Ty ={x€C([-r, To|; E): |[x[|c(—p.r, 5y < R}> Ko =sup
{IK(% 5, x| (8,5, %) € Dx C([=r, 0] s E)}, hy = sup {||H(¢,

x,)||: (t.s,x,) € Dy x C([-1,0];E)}, and R >max {Tk,,
Tohy}-

Theorem 13. Assume that (H,) and the following conditions
hold:

(H,). The function f : ] x Ty x Ty x Ty — E is bounded
and continuous, which satisfies

) M(R) 1
RILHSO sup —— < TN (21)

where M(R) = sup {||f(£,x;, x5 x3)||: (£, %}, x5, x3) €
X Tpx Ty}

(H;). For any R, there exist nonnegative Lebesgue integra-
ble functions q; € L(J, R, ), (i=1,2, 3,4,5) such that for any
equicontinuous and countable set D; C Tp(i=1,2,3), a(f(t,

D}, D;,Dy) < ¥L,q,(t)a(D;),  a(K(t,5, D)) < q,(H)a(D),
and oa(H(t, 5’D3))<‘J5( )o(D).
(He). 2M* [%(q,(s) + 4, (s

v)ds< 1.
Then, problem (4) has at least one mild solution.

Jx Ty

)dv +q;(s) [1°q5(v)d

fo (v

Proof. By (H,), there exists 0 <y <1/T;M* and R, >0, for
any R > R, such that

M(R) < uR. (22)

Let R* =max {Ry, M*¢,(1 - M*Tou)™'}; we first con-
sider the set By ={x€C([-r, To|; E): |[x[lc(r,r,p) S R'}
and show that WBy. C Bg.. From the above 1nequa11ty, for
all x € Bg., we have

¥l ey < [[Up (1 0)$(0) | + LHU/s(f) |If (s x Fx, Hx,) || ds

<M* ¢y + M*TyM(R*) < M* ¢y + M* TouR* <R*.

(23)

Meanwhile, applying the arguments employed in the
proof of Theorem 12, we conclude that ¥ is a continuous
and bounded operator on Bi-.
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Then, we prove that ¥(By.) is equicontinuous. For any
X € Bpe, t), 1, € J(t; < t,), we have

[[(F2)(12) = () (11) <[ (Up (12, 0) = Up(11,0))$(0) |

+ Jtz H Up(ty, s)f (s, X Fxy, Hx,) Hds

3

1
+ JO || (Uﬁ(tz,s) - Uﬁ(tl,s))f(s, X KX, %xs)Hds
< ¢0|‘Uﬁ(t2)0) - Uﬁ(tl»O)H +M"(t, — t;) M(R")
+ su})HUﬁ(tz,s) - Uﬁ(tl,s)HM(R*)tl.
NS

(24)

By (H,), the compactness of Ug(t,s), for (ts)>0,
implies the continuity in the uniform operator topology.
Namely, for any & > 0, there exists §; >0, for any |t, — t; | <
8., 1, t, €], such that

sup||Up(t25) = Ug(t109) [ MR )1, < @
S€

Therefore, for the above & > 0, there exists § >0 (6 < 9J,)
such that ||(¥x)(t,) — (¥x)(t,)]| <&, for all x € By., |t, — t,]
<0, t;,t, € J, which shows that ¥(Bg.) is equicontinuous.
In view of Lemma 7, Co¥(Bg.)C By is bounded and
equicontinuous.

Finally, we prove that ¥ : Co¥(Bg.) —> Co¥(By-) is a
condensing operator. By Lemma 9, for any D ¢ Co¥(Bg.),
there exists a countable set D, = {x,} ¢ D such that

a((D)) < 2a(¥(Dy)). (26)

By using condition (Hs) and Lemma 8, we obtain

a(¥(Dy)(t)) =« <L Ug(t:5)f (s, (Do) F (Do) # (D0)5>ds>

O“(f(s’ (Dy) > F (Dy),» %(Do)s))ds

O(%(S)“((Do)s) + Q2(S)“(%(Do)s)

+45(s)a (X (D), ) )ds

t

<M*

<M*

S

(ql(S) 0,9 a0

0

<M*

+q3<s>j0°q5<v>d<v>>dsrx(D).
27)

In addition, using Lemma 8, we have

a(¥(Dy)) = maxa(¥(Dy)(t))- (28)

te]

Consequently,

T,

v 2t [ (a0 + 0.0 g

N (29)

“a,6) q5<v>d<v>)dsa<D>-

By (Hg), we obtain that ¥ is a condensing operator on
Co¥ (Bg-). By Lemma 10, there exists at least one fixed point
x € Co¥(Bg.) c C([-r, T, ; E) for ¥. In conclusion, problem
(4) has at least one global mild solution. This completes the
proof.

Remark 14. Theorems 12 and 13 above are concluded under
the conditions that Ug(t,s) is compact for £,s>0 and the

functions f, K, and H satisfy corresponding conditions; in
contrast, when the resolvent operator Ug(t,s) is noncom-

pact, we could obtain Theorem 15 if f, K, and H meet the
Lipschitz conditions.

Theorem 15. Assume that the following conditions hold:

(H,). f:]xC([-r,0];E)xC([-r,0];E)x C([-r,0];E)
— E is continuous; there exist nonnegative Lebesgue inte-
grable functions g, € L(J,R,)(i=1,2,3), for all t € J,u;,v; €
E, such that

3

f (bt s us) = f (8, v v v3)[| < D gi(8) |t = Ville(-rape)-
i=1

(30)

(Hg). K: Dx C([-r,0]; E) — E and H : Dy x C([-, 0]

; E) — E; there exist nonnegative Lebesgue integrable func-

tions g, gs €L(J,R,), for all u,veE,(ts)eD,(ts)eD,
such that

[K(t, s, u) = K(t:5,v)[| < g4 () |4 = V]| o(-r,08)
[H(t, s, u) = H(t,s,v) || < gs ()[4 = Vlie(r o)

(31)

(Hy). M*[*(g,(5) + 9.() [5 9, (vV)dv + g5(5) [ 595 (v)d
v)ds< 1.
Then, problem (4) has a unique mild solution.

Proof. For any u,v € C([-r, To| ; E),
t
1(u)(£) - (%) (8) < M*jouﬂs, g Ht, )
t
— f(s, v v, %mudssM*j (04(5) 11, v,
0
.T0
+ 9(5)| Hu, — Fv,|| + ga(5) |, - %vsn)dssM*J
0

Ty

Ty
: (91(S) +0,09] a,vvra, o) o (v)dv) P T

(32)

By (Hy), we have [[¥u = V|| ¢y 1) < 14 = Vilorryie)-



These arguments enable us to conclude that the operator ¥ is
a contraction mapping. Hence, the operator ¥ has a unique
fixed point x* € C([-r, T, ; E), which implies that problem
(4) has a unique global mild solution. This completes the
proof.

Remark 16. In Theorem 15, we develop the uniqueness of the
mild solution for problem (4) via the Banach contraction

2
cnB _ 0 1-B
Dix(z, t) = tzﬁx(z, t)+]; <

ze0,0¢€[-10],
x(z,0)=9(2,0), ze0,0¢[-r,0],

t
1+t2x(z,l‘+6)+

0<t<l,

where 0< f< 1, CDE is the Caputo fractional derivative of

order 3, ] :_ﬁ is the Riemann-Liouville fractional integral of
order 1-, QcR" is a bounded domain with regular
boundary 90, and ¢ € C([-,0]; E), E=C(Q;R),Q=0Q|J
0Q.

By setting x(¢) = x(-, t), problem (33) can be rewritten as
the following abstract form:

{qfqg=Aayaw4T%quz%w%%; telo,1],

x(t)=¢(t), te[-r0],

(34)

where x, = x(t +0), f(t, x, Fx, Hx,)=((t/(1+*))x, + (1/
(1+ tz))ﬁ)a(s)xsds +(1/(1+ e’))f(l)b(s)xsds), and

D(4)= {x e C(QR): x" e C(AR) |,
(35)
A(t)x=x"", tel-r0].
It is well known that the operator A(t) generates a 8
-resolvent family Ug(t,s) [23, 25]. Let equation (34) satisfy
the conditions of Theorems 12-15; then, problem (34) has
a global mild solution, which means that problem (33) has
a mild solution.

5. Conclusion

In this paper, we study the existence and uniqueness of the
global mild solutions for the fractional integrodifferential
equations of mixed type with delay. Under the condition of
the compact resolvent operator, we obtain Theorems 12
and 13, respectively, via various fixed point theorems and
the measure of noncompactness. Theorem 15 is established
by using the Banach contraction mapping principle under
the condition of the noncompact resolvent operator. Further-
more, an example is provided to illustrate the main theorems.

1+
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mapping principle. In conditions (H,) and (Hg), g; € L(J,
R,)(i=1,2,3,4,5) turn out to be nonnegative Lebesgue inte-
grable functions instead of constants.

4. An Application

In order to show the application of the main results, we con-
sider the following problem:

Jta(s)x(z, s+0)ds+ %et Jl b(s)x(z,s + O)ds) ,

0 0 (33)

The kernels K and H of the operators % and # are nonlin-
ear functions; meanwhile, the operator A(t) is dependent on
t. As a consequence, our main theorems improve and gener-
alize many corresponding results by using different methods.
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