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In this paper, we discuss a class of fractional semilinear integrodifferential equations of mixed type with delay. Based on the theories
of resolvent operators, the measure of noncompactness, and the fixed point theorems, we establish the existence and uniqueness of
global mild solutions for the equations. An example is provided to illustrate the application of our main results.

1. Introduction

Fractional calculus can be used to describe some nonclassical
phenomena in natural science and engineering applications.
Fractional differential equations have been applied in differ-
ent fields ranging from engineering, finance, and physics in
the past few decades. Researchers have conducted extensive
explorations on this subject and have achieved fruitful results
for the fractional differential equations [1–13]. Zhu and Han
[10] and Chadha and Pandey [11] studied the fractional inte-
grodifferential equations and discussed the existence of mild
solutions. Based on the theory of the resolvent family and
fixed point theorems, Chen et al. [14–17] analyzed nonau-
tonomous evolution equations in a Banach space. Moreover,
some researchers considered sufficient conditions on the
existence of mild solutions for fractional differential equations
by the measure of noncompactness [4, 18, 19]. The initial
boundary value problem for the fractional integrodifferential
equations with delay has been investigated by using fixed point
theorems [4, 5, 18, 20]. In [3, 21–24], differential equations of
mixed type have been studied and some results have been
concluded.

Chen [22] studied the fractional nonautonomous evolu-
tion equations of mixed type:

cDβ
t u tð Þ + A tð Þu tð Þ = f t, u tð Þ, Tu tð Þ, Su tð Þð Þ, t ∈ 0, að �,

u 0ð Þ = A−1 0ð Þu0,

(

ð1Þ

where

Tu tð Þ =
ðt
0
K t, sð Þu sð Þds,

Su tð Þ =
ða
0
H t, sð Þu sð Þds,

ð2Þ

where the kernels K andH are linear functions. The operator
T is an integral with a variable upper limit, and the operator S
is an ordinary definite integral; accordingly, problem (1) is
called fractional semilinear integrodifferential equations of
mixed type.

Li and Jia [25] investigated the existence of mild solutions
for abstract delay fractional differential equations:

cDβ
t u tð Þ = Au tð Þ + J1−βt f t, utð Þ, t ∈ 0, T½ �,

u tð Þ = φ tð Þ, t ∈ −r, 0½ �,

(
ð3Þ
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where β ∈ ð0, 1Þ, J1−βt is the Riemann-Liouville fractional
integral, the linear operator A is independent on t, and the
Lipschitz coefficient of f is constant.

To the best of our knowledge, there are no results on the
fractional integrodifferential equations of mixed type with
delay. Motivated by this idea, we consider the following
problem:

cDβ
t x tð Þ = A tð Þx tð Þ + J1−βt f t, xt ,Kxt ,Hxtð Þ, t ∈ 0, T0½ �,

x tð Þ = ϕ tð Þ, t ∈ −r, 0½ �,

(

ð4Þ

where β ∈ ð0, 1�, cDβ
t is the Caputo fractional derivative of

order β, AðtÞ is a closed and linear operator with domain

DðAÞ defined on a Banach space E, J1−βt is the Riemann-
Liouville fractional integral of order 1 − β, K and H are
defined by

Kxt =
ðt
0
K t, s, xsð Þds,

Hxt =
ðT0

0
H t, s, xsð Þds,

ð5Þ

where K : D × Cð½−r, 0� ; EÞ⟶ E and H : D0 × Cð½−r, 0� ; EÞ
⟶ E are continuous and nonlinear functions, D = fðt, sÞ
∈ R2 : 0 ≤ s ≤ t ≤ T0g, J = ½0, T0�, D0 = fðt, sÞ ∈ R2 : 0 ≤ t, s ≤
T0g, ϕ ∈ C½−r, 0�, f is to be specified later, and xt means
the element of Cð½−r, 0� ; EÞ defined by xtðθÞ = xðt + θÞ, −r
≤ θ ≤ 0, for x ∈ Cð½−r, T0� ; EÞ, t ∈ J .

We demonstrate the existence and uniqueness of global
mild solutions for problem (4) under the conditions of the
compact resolvent operator and noncompact resolvent oper-
ator, respectively. The kernels K and H of the operators K
and H are nonlinear functions. In addition, the operator A
ðtÞ is dependent on t: The rest of this paper is organized as
follows. Basic definitions and auxiliary results are presented
in Section 2. In Section 3, we prove the existence and unique-
ness of mild solutions via various fixed point theorems, the
measure of noncompactness, and the Banach contraction
mapping principle. An example is provided to illustrate the
main theorems in Section 4. Finally, Section 5 is the summary
of our results.

2. Preliminaries

Definition 1 [6, 26]. The Riemann-Liouville fractional inte-

gral Jβt and derivative Dβ
t of a function f : ð0,∞Þ⟶ R of

order β > 0 are defined by

Jβt f tð Þ = 1
Γ βð Þ

ðt
0
t − sð Þβ−1 f sð Þds,

Dβ
t f tð Þ = 1

Γ n − βð Þ
d
dt

� �nðt
0
t − sð Þn−β−1 f sð Þds,  n − 1 < β ≤ n,

ð6Þ

where f ðtÞ ∈ L1ðð0, T0Þ ; EÞ, Γð·Þ denotes the gamma func-
tion, and n ∈N .

Remark 2 [25]. Dβ
t f ðtÞ =Dm

t J
m−β
t f ðtÞ, where Dm

t = dm/dtm
and Jm−β

t f ðtÞ ∈Wm,1ðð0, T0Þ ; EÞ.

Definition 3 [26, 27]. The Caputo fractional derivative of
order β > 0 of a function f : ð0,∞Þ⟶ R is given by

cDβ
t f tð Þ = 1

Γ n − βð Þ
ðt
0
t − sð Þn−β−1 f nð Þ sð Þds, n − 1 < β < n:

ð7Þ

Remark 4 [25]. For the Riemann-Liouville fractional integral
operator and the Caputo fractional derivative operator, the
following conclusions are obtained:

cDβ
t f tð Þ =Dβ

t f tð Þ − 〠
m−1

k=0

tk

k!
f kð Þ 0ð Þ

 !
,

cDβ
t Jβt f tð Þ
� �

= f tð Þ,

Jβt
cDβ

t f tð Þð Þ
� �

= f tð Þ − 〠
m−1

k=0

tk

k!
f kð Þ 0ð Þ:

ð8Þ

Definition 5 [28, 29]. Let AðtÞ be a closed and linear operator
with domain DðAÞ defined on a Banach space E and β > 0.
Let ρ½AðtÞ� be the resolvent set of AðtÞ. AðtÞ is called the
generator of a β-resolvent family if there exist ω ≥ 0 and
a strongly continuous function Uβ : R2

+ ⟶ BðEÞ such that

fλβ : Re λ > ωg ⊂ ρðAÞ and

λβI − A sð Þ
� �−1

x =
ð∞
0
e−λ t−sð ÞUβ t, sð Þxdt,  Re λð Þ > ω, x ∈ E:

ð9Þ

In this case, Uβðt, sÞ is called the β-resolvent family
generated by AðtÞ.

Remark 6 [29, 30]. Uβðt, sÞ satisfies the following properties:

(1) Uβðs, sÞ = I and Uβðt, sÞ =Uβðt, rÞUβðr, sÞ, for 0 ≤ s
≤ r ≤ t ≤ a

(2) ðt, sÞ⟶Uβðt, sÞ is strongly continuous for 0 ≤ s ≤ t
≤ a

(3) If Uβðt, sÞ is compact for t, s > 0, then Uβðt, sÞ is con-
tinuous in the uniform operator topology

Lemma 7 [21]. Let B ⊂ C½J , E� be equicontinuous and
bounded; then, �CoB ⊂ C½J , E� is also equicontinuous and
bounded.
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Lemma 8 [24]. Let B ⊂ C½J , E� be equicontinuous and
bounded; then, αðBðtÞÞ is continuous on J and

α
ð
J
B sð Þds

� �
≤
ð
J
α B sð Þdsð Þ, α Bð Þ =max

t∈J
α B tð Þð Þ, ð10Þ

where α denotes the measure of noncompactness.

Lemma 9 [21]. Let E be a Banach space and D ⊂ E be
bounded; then, there exists a countable set D0 ⊂D such that
αðDÞ ≤ 2αðD0Þ.

Lemma 10 [31]. Let E be a Banach space and D ⊂ E be a
bounded closed and convex set. Assume that Q : D⟶D is
a strict set contraction mapping; then, Q has at least one fixed
point in D.

Definition 11. A function x ∈ Cð½−r, T0� ; EÞ is a mild solution
of problem (4), if x satisfies the following equations:

x tð Þ = Uβ t, 0ð Þϕ 0ð Þ +
ðt
0
Uβ t, sð Þf s, xs,Kxs,Hxsð Þds, t ∈ 0, T0½ �,

ϕ tð Þ, t ∈ −r, 0½ �:

8><
>:

ð11Þ

3. Main Results

Let us introduce the operator Ψ : Cð½−r, T0� ; EÞ⟶ Cð½−r,
T0� ; EÞ by

Ψx tð Þ = Uβ t, 0ð Þϕ 0ð Þ +
ðt
0
Uβ t, sð Þf s, xs,Kxs,Hxsð Þds, t ∈ 0, T0½ �,

ϕ tð Þ, t ∈ −r, 0½ �:

8><
>:

ð12Þ

Theorem 12. Assume that the following conditions hold:
(H1). The resolvent operator Uβðt, sÞ is compact for all t,

s > 0,M⋆ =max kUβðt, sÞk < +∞,0 ≤ s ≤ t ≤ T0.
(H2). K : D × Cð½−r, 0� ; EÞ⟶ E and H : D0 × Cð½−r, 0�

; EÞ⟶ E are continuous; there exist nonnegative Lebesgue
integrable functions pi ∈ LðJ , R+Þði = 1, 2Þ such that ∥Kðt, s,
xÞ∥≤p1ðtÞ∥x∥Cð½−r,0�;EÞ and ∥Hðt, s, xÞ∥≤p2ðtÞ∥x∥Cð½−r,0�;EÞ, for
all ðt, sÞ ∈D, ðt, sÞ ∈D0, x ∈ Cð½−r, 0� ; EÞ.

(H3). f : J × Cð½−r, 0� ; EÞ × Cð½−r, 0� ; EÞ × Cð½−r, 0� ; EÞ
⟶ E is continuous; there exist nonnegative Lebesgue inte-
grable functions a, Li ∈ LðJ , R+Þði = 1, 2, 3Þ such that ∥f ðt,
x1, x2, x3Þ∥≤aðtÞ +∑3

i=1LiðtÞ∥xi∥Cð½−r,0�;EÞ, for all t ∈ J , xi ∈ C
ð½−r, 0� ; EÞ.

Then, problem (4) has at least one mild solution x ∈ C
ð½−r, T0� ; EÞ.

Proof. Let us set the notation R1 > 0 such that

R1 ≥
M⋆ϕ0 +M⋆Ð T0

0 a sð Þds
1 −M⋆ Ð T0

0 L1 sð Þds + Ð T0
0 L2 sð ÞÐ T0

0 p1 νð Þdνds + Ð T0
0 L3 sð ÞÐ T0

0 p2 νð Þdνds
� � ,

ð13Þ

where ϕ0 = kϕð0Þk and ðÐ 0 T0L1ðsÞds +
Ð T0
0 L2ðsÞ

Ð T0
0 p1ðνÞdν

ds +
Ð T0
0 L3ðsÞ

Ð T0
0 p2ðνÞdνdsÞ−1 >M⋆.

First of all, we consider the set BR1
= fx ∈ Cð½−r, T0� ; EÞ

: kxkCð½−r,T0�;EÞ ≤ R1g and show that ΨBR1
⊂ BR1

. By using
conditions (H2) and (H3), for all x ∈ BR1

, we have

Ψxð Þ tð Þk k ≤ Uβ t, 0ð Þϕ 0ð Þ�� �� + ðt
0
Uβ t, sð Þf s, xs,Kxs,Hxsð Þ�� ��ds

≤M⋆ϕ0 +M⋆
ðt
0
f s, xs,Kxs,Hxsð Þk kds ≤M⋆ϕ0

+M⋆
ðt
0
a sð Þ + L1 sð Þ xsk k + L2 sð Þ Kxsk k + L3 sð Þ Hxsk kð Þds

≤M⋆ϕ0 +M⋆
ðt
0
a sð Þds +M⋆

ðt
0
L1 sð Þds +

ðt
0
L2 sð Þ

�

�
ðs
0
p1 νð Þdνds +

ðt
0
L3 sð Þ

ðT0

0
p2 νð Þdνds

�
xk kC −r,0½ �;Eð Þ

≤M⋆ϕ0 +M⋆
ðT0

0
a sð Þds +M⋆

ðT0

0
L1 sð Þds +

ðT0

0
L2 sð Þ

�

�
ðT0

0
p1 νð Þdνds +

ðT0

0
L3 sð Þ

ðT0

0
p2 νð Þdνds

�
xk kC −r,T0½ �;Eð Þ ≤ R1:

ð14Þ

So, we conclude that Ψ maps BR1
into itself.

Second, we prove that Ψ : BR1
⟶ BR1

is continuous.
Let fxng∞0 ⊂ Cð½−r, T0� ; EÞ, with xn ⟶ xðn⟶∞Þ, x

∈ Cð½−r, T0� ; EÞ. Using the fact that K : D × Cð½−r, 0� ; EÞ
⟶ E, H : D0 × Cð½−r, 0� ; EÞ⟶ E, and f : J × Cð½−r, 0� ;
EÞ × Cð½−r, 0� ; EÞ × Cð½−r, 0� ; EÞ⟶ E are continuous, we
obtain

f t, xnð Þt ,K xnð Þt ,H xnð Þt
� �

⟶ f t, xt ,Kxt ,Hxtð Þ n⟶∞ð Þ,
ð15Þ

for any t ∈ J uniformly. That is, for any ε > 0, there exists
a natural number N0, for n >N0, t ∈ J , such that

f t, xnð Þt ,K xnð Þt ,H xnð Þt
� �

− f t, xt ,Kxt ,Hxtð Þ�� �� ≤ ε

M⋆T0
,

ð16Þ

which implies that

Ψxnð Þ tð Þ − Ψxð Þ tð Þk k =
ðt
0
Uβ t, sð Þf s, xnð Þs,K xnð Þs,H xnð Þs

� �
ds

����
−
ðt
0
Uβ t, sð Þf s, xs,Kxs,Hxsð Þds

����
≤M⋆

ðt
0

f s, xnð Þs,K xnð Þs,H xnð Þs
� ���

− f s, xs,Kxs,Hxsð Þkds ≤M⋆T0
ε

M⋆T0
= ε:

ð17Þ

In consequence, Ψ : BR1
⟶ BR1

is continuous.
Furthermore, we prove that ΨðBR1

Þ is equicontinuous.
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To do this, let LðsÞ = L1ðsÞ + L2ðsÞ
Ð T0
0 p1ðνÞdν + L3ðsÞ

Ð T0
0

p2ðνÞdν. Obviously, it is a nonnegative Lebesgue integrable
function. For all x ∈ BR1

, t1, t2 ∈ Jðt1 < t2Þ, we have

Ψxð Þ t2ð Þ − Ψxð Þ t1ð Þ∥≤∥ Uβ t2, 0ð Þ −Uβ t1, 0ð Þ� �
ϕ 0ð Þ�� ��

+
ðt2
t1

Uβ t2, sð Þf s, xs,Kxs,Hxsð Þds
�����

�����
+
ðt1
0

Uβ t2, sð Þ −Uβ t1, sð Þ� �
f s, xs,Kxs,Hxsð Þds

����
����

≤ ϕ0 Uβ t2, 0ð Þ −Uβ t1, 0ð Þ�� �� +M⋆
ðt2
t1

f s, xs,Kxs,Hxsð Þk kds

+ sup
s∈J

Uβ t2, sð Þ −Uβ t1, sð Þ�� ��ðt1
0

f s, xs,Kxs,Hxsð Þk kds

≤ ϕ0 Uβ t2, 0ð Þ −Uβ t1, 0ð Þ�� �� +M⋆
ðt2
t1

a sð Þ + L sð ÞR1ð Þds

+ sup
s∈J

Uβ t2, sð Þ −Uβ t1, sð Þ�� ��ðt1
0
a sð Þ + L sð ÞR1ð Þds

≕ I1 + I2 + I3:

ð18Þ

In view of condition ðH1Þ, compactness of the resolvent
operator Uβðt, sÞðt, sÞ > 0 implies the continuity in the uni-
form operator topology. That is, for any ε > 0, there exists
δ1 > 0, for any jt2 − t1j < δ1, t1, t2 ∈ J , such that I3 < ε/3.
Hence, for the above ε > 0, by using properties of Uβðt, sÞ
and the above inequalities, there exists δ > 0 (δ < δ1) such
that kðΨxÞðt2Þ − ðΨxÞðt1Þk < ε, for any jt2 − t1j < δ, t1, t2 ∈ J
. Consequently, ΨðBR1

Þ is equicontinuous.
In the end, we prove that ΨðBR1

Þ is precompact.
For any fixed tðt ∈ ½−r, T0�Þ and 0 < ε < t, the operator

ðΨεxÞðtÞ is defined by

Ψεxð Þ tð Þ = Uβ t, 0ð Þϕ 0ð Þ +
ðt−ε
0
Uβ t, sð Þf s, xs,Kxs,Hxsð Þds, t ∈ 0, T0½ �,

ϕ tð Þ,  t ∈ −r, 0½ �:

8><
>:

ð19Þ

Since Uβðt, sÞðt, sÞ > 0 is a compact resolvent operator,
then the set Y εðtÞ = fðΨεxÞðtÞ: x ∈ BR1

g is relatively com-
pact in E for any ε (0 < ε < t).

Moreover, for any x ∈ BR1
, one can find that

Ψxð Þ tð Þ − Ψεxð Þ tð Þk k =
ðt
t−ε
Uβ t, sð Þf s, xs,Kxs,Hxsð Þds

����
����

≤M⋆
ðt
t−ε

f s, xs,Kxs,Hxsð Þds
����

����
≤M⋆

ðt
t−ε

a sð Þ + L sð ÞR1ð Þds

≤M⋆ a sð Þk k + L sð Þk kR1ð Þε:
ð20Þ

Thus, YðtÞ = fðΨxÞðtÞ: x ∈ BR1
g is totally bounded. Hence,

YðtÞ is relatively compact in E, and so, based on the Arzelà-
Ascoli theorem, Ψ : BR1

⟶ BR1
is completely continuous.

As all the assumptions of the Schauder fixed point theorem
are satisfied, the conclusion implies that the operator Ψ has
a fixed point x in Cð½−r ; T0�, EÞ, which is a global mild solu-
tion of problem (4). This completes the proof.

Next, we develop the existence of global mild solutions
for problem (4) via the measure of noncompactness and
fixed point theorem. Furthermore, we employ the nota-
tions: TR = fx ∈ Cð½−r, T0� ; EÞ: kxkCð½−r,T0�;EÞ ≤ Rg, k0 = sup
fkKðt, s, xsÞk: ðt, s, xsÞ ∈D × Cð½−r, 0� ; EÞg, h0 = sup fkHðt,
s, xsÞk: ðt, s, xsÞ ∈D0 × Cð½−r, 0� ; EÞg, and R ≥max fT0k0,
T0h0g.

Theorem 13. Assume that (H1) and the following conditions
hold:

(H4). The function f : J × TR × TR × TR ⟶ E is bounded
and continuous, which satisfies

lim
R→∞

sup M Rð Þ
R

< 1
T0M

⋆ , ð21Þ

where MðRÞ = sup fk f ðt, x1, x2, x3Þk: ðt, x1, x2, x3Þ ∈ J × TR
× TR × TRg.

(H5). For any R, there exist nonnegative Lebesgue integra-
ble functions qi ∈ LðJ , R+Þ, ði = 1, 2, 3, 4, 5Þ such that for any
equicontinuous and countable set Di ⊂ TRði = 1, 2, 3Þ, αð f ðt,
D1,D2,D3ÞÞ ≤ ∑3

i=1qiðtÞαðDiÞ, αðKðt, s,D2ÞÞ ≤ q4ðtÞαðD2Þ,
and αðHðt, s,D3ÞÞ ≤ q5ðtÞαðD3Þ.

(H6). 2M⋆Ð T0
0 ðq1ðsÞ + q2ðsÞ

Ð T0
0 q4ðνÞdν + q3ðsÞ

Ð T0
0 q5ðνÞd

νÞds < 1:
Then, problem (4) has at least one mild solution.

Proof. By (H4), there exists 0 < μ < 1/T0M
⋆ and R0 > 0, for

any R ≥ R0, such that

M Rð Þ < μR: ð22Þ

Let R⋆ =max fR0,M⋆ϕ0ð1 −M⋆T0μÞ−1g; we first con-
sider the set BR⋆ = fx ∈ Cð½−r, T0� ; EÞ: kxkCð½−r,T0�;EÞ ≤ R⋆g
and show that ΨBR⋆ ⊂ BR⋆ . From the above inequality, for
all x ∈ BR⋆ , we have

Ψxk kC −r,T0½ �;Eð Þ ≤ Uβ t, 0ð Þϕ 0ð Þ�� �� + ðt
0
Uβ t, sð Þ�� �� f s, xs,Kxs,Hxsð Þk kds

≤M⋆ϕ0 +M⋆T0M R⋆ð Þ ≤M⋆ϕ0 +M⋆T0μR
⋆ ≤ R⋆:

ð23Þ

Meanwhile, applying the arguments employed in the
proof of Theorem 12, we conclude that Ψ is a continuous
and bounded operator on BR⋆ .
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Then, we prove that ΨðBR⋆Þ is equicontinuous. For any
x ∈ BR⋆ , t1, t2 ∈ Jðt1 < t2Þ, we have

Ψxð Þ t2ð Þ − Ψxð Þ t1ð Þ ≤k k Uβ t2, 0ð Þ −Uβ t1, 0ð Þ� �
ϕ 0ð Þ�� ��

+
ðt2
t1

Uβ t2, sð Þf s, xs,Kxs,Hxsð Þ�� ��ds
+
ðt1
0

Uβ t2, sð Þ −Uβ t1, sð Þ� �
f s, xs,Kxs,Hxsð Þ�� ��ds

≤ ϕ0 Uβ t2, 0ð Þ −Uβ t1, 0ð Þ�� �� +M⋆ t2 − t1ð ÞM R⋆ð Þ
+ sup

s∈J
Uβ t2, sð Þ −Uβ t1, sð Þ�� ��M R⋆ð Þt1:

ð24Þ

By (H1), the compactness of Uβðt, sÞ, for ðt, sÞ > 0,
implies the continuity in the uniform operator topology.
Namely, for any ε > 0, there exists δ1 > 0, for any ∣t2 − t1 ∣ <
δ1, t1, t2 ∈ J , such that

sup
s∈J

Uβ t2, sð Þ −Uβ t1, sð Þ�� ��M R⋆ð Þt1 <
ε

3 : ð25Þ

Therefore, for the above ε > 0, there exists δ > 0 (δ < δ1)
such that kðΨxÞðt2Þ − ðΨxÞðt1Þk < ε, for all x ∈ BR⋆ , jt2 − t1j
< δ, t1, t2 ∈ J , which shows that ΨðBR⋆Þ is equicontinuous.
In view of Lemma 7, �CoΨðBR⋆Þ ⊂ BR⋆ is bounded and
equicontinuous.

Finally, we prove that Ψ : �CoΨðBR⋆Þ⟶ �CoΨðBR⋆Þ is a
condensing operator. By Lemma 9, for any D ⊂ �CoΨðBR⋆Þ,
there exists a countable set D0 = fxng ⊂D such that

α Ψ Dð Þð Þ ≤ 2α Ψ D0ð Þð Þ: ð26Þ

By using condition (H5) and Lemma 8, we obtain

α Ψ D0ð Þ tð Þð Þ = α
ðt
0
Uβ t, sð Þf s, D0ð Þs,K D0ð Þs,H D0ð Þs

� �
ds

� �

≤M⋆
ðt
0
α f s, D0ð Þs,K D0ð Þs,H D0ð Þs
� �� �

ds

≤M⋆
ðt
0
q1 sð Þα D0ð Þs

� �
+ q2 sð Þα K D0ð Þs

� ��
+ q3 sð Þα H D0ð Þs

� �Þds
≤M⋆

ðt
0

q1 sð Þ + q2 sð Þ
ðs
0
q4 νð Þd νð Þ

�

+ q3 sð Þ
ðT0

0
q5 νð Þd νð Þ

�
dsα Dð Þ:

ð27Þ

In addition, using Lemma 8, we have

α Ψ D0ð Þð Þ =max
t∈J

α Ψ D0ð Þ tð Þð Þ: ð28Þ

Consequently,

α Ψ Dð Þð Þ ≤ 2M⋆
ðT0

0
q1 sð Þ + q2 sð Þ

ðT0

0
q4 νð Þd νð Þ

�

+ q3 sð Þ
ðT0

0
q5 νð Þd νð Þ

�
dsα Dð Þ:

ð29Þ

By (H6), we obtain that Ψ is a condensing operator on
�CoΨðBR⋆Þ. By Lemma 10, there exists at least one fixed point
x ∈ �CoΨðBR⋆Þ ⊂ Cð½−r, T0� ; EÞ forΨ. In conclusion, problem
(4) has at least one global mild solution. This completes the
proof.

Remark 14. Theorems 12 and 13 above are concluded under
the conditions that Uβðt, sÞ is compact for t, s > 0 and the
functions f , K , and H satisfy corresponding conditions; in
contrast, when the resolvent operator Uβðt, sÞ is noncom-
pact, we could obtain Theorem 15 if f , K , and H meet the
Lipschitz conditions.

Theorem 15. Assume that the following conditions hold:
(H7). f : J × Cð½−r, 0� ; EÞ × Cð½−r, 0� ; EÞ × Cð½−r, 0� ; EÞ

⟶ E is continuous; there exist nonnegative Lebesgue inte-
grable functions gi ∈ LðJ , R+Þði = 1, 2, 3Þ, for all t ∈ J , ui, vi ∈
E, such that

f t, u1, u2, u3ð Þ − f t, v1, v2, v3ð Þk k ≤ 〠
3

i=1
gi tð Þ ui − vik kC −r,0½ �;Eð Þ:

ð30Þ

(H8). K : D × Cð½−r, 0� ; EÞ⟶ E and H : D0 × Cð½−r, 0�
; EÞ⟶ E; there exist nonnegative Lebesgue integrable func-
tions g4, g5 ∈ LðJ , R+Þ, for all u, v ∈ E, ðt, sÞ ∈D, ðt, sÞ ∈D0
such that

K t, s, uð Þ − K t, s, vð Þk k ≤ g4 tð Þ u − vk kC −r,0½ �;Eð Þ,
H t, s, uð Þ −H t, s, vð Þk k ≤ g5 tð Þ u − vk kC −r,0½ �;Eð Þ:

ð31Þ

(H9). M⋆Ð T0
0 ðg1ðsÞ + g2ðsÞ

Ð T0
0 g4ðνÞdν + g3ðsÞ

Ð T0
0 g5ðνÞd

νÞds < 1:
Then, problem (4) has a unique mild solution.

Proof. For any u, v ∈ Cð½−r, T0� ; EÞ,

Ψuð Þ tð Þ − Ψvð Þ tð Þk k ≤M⋆
ðt
0
f s, us,Kus,Husð Þk

− f s, vs,Kvs,Hvsð Þkds ≤M⋆
ðt
0
g1 sð Þ us − vsk kð

+ g2 sð Þ Kus −Kvsk k + g3 sð Þ Hus −Hvsk kÞds ≤M⋆
ðT0

0

� g1 sð Þ + g2 sð Þ
ðT0

0
g4 νð Þdν

�
+g3 sð Þ

ðT0

0
g5 νð Þdν

�
ds u − vk kC −r,T0½ �;Eð Þ:

ð32Þ

By (H9), we have kΨu −ΨvkCð½−r,T0�;EÞ < ku − vkCð½−r,T0�;EÞ.
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These arguments enable us to conclude that the operatorΨ is
a contraction mapping. Hence, the operator Ψ has a unique
fixed point x⋆ ∈ Cð½−r, T0� ; EÞ, which implies that problem
(4) has a unique global mild solution. This completes the
proof.

Remark 16. In Theorem 15, we develop the uniqueness of the
mild solution for problem (4) via the Banach contraction

mapping principle. In conditions (H7) and (H8), gi ∈ LðJ ,
R+Þði = 1, 2, 3, 4, 5Þ turn out to be nonnegative Lebesgue inte-
grable functions instead of constants.

4. An Application

In order to show the application of the main results, we con-
sider the following problem:

where 0 < β < 1, cDβ
t is the Caputo fractional derivative of

order β, J1−βt is the Riemann-Liouville fractional integral of
order 1 − β, Ω ⊂ℝn is a bounded domain with regular
boundary ∂Ω, and φ ∈ Cð½−r, 0� ; EÞ, E = Cð�Ω ;ℝÞ, �Ω =Ω

S
∂Ω:

By setting xðtÞ = xð·, tÞ, problem (33) can be rewritten as
the following abstract form:

cDβ
t x tð Þ = A tð Þx tð Þ + J1−βt f t, xt ,Kxt ,Hxtð Þ, t ∈ 0, 1½ �,

x tð Þ = φ tð Þ, t ∈ −r, 0½ �,

(

ð34Þ

where xt = xðt + θÞ, f ðt, xt ,Kxt ,HxtÞ = ððt/ð1 + t2ÞÞxt + ð1/
ð1 + t2ÞÞÐ t0aðsÞxsds + ð1/ð1 + etÞÞÐ 10bðsÞxsdsÞ, and

D Að Þ = x ∈ C �Ω, R
� �

: x′′ ∈ C �Ω, R
� �n o

,

A tð Þx = x′′, t ∈ −r, 0½ �:

8<
: ð35Þ

It is well known that the operator AðtÞ generates a β
-resolvent family Uβðt, sÞ [23, 25]. Let equation (34) satisfy
the conditions of Theorems 12–15; then, problem (34) has
a global mild solution, which means that problem (33) has
a mild solution.

5. Conclusion

In this paper, we study the existence and uniqueness of the
global mild solutions for the fractional integrodifferential
equations of mixed type with delay. Under the condition of
the compact resolvent operator, we obtain Theorems 12
and 13, respectively, via various fixed point theorems and
the measure of noncompactness. Theorem 15 is established
by using the Banach contraction mapping principle under
the condition of the noncompact resolvent operator. Further-
more, an example is provided to illustrate the main theorems.

The kernels K and H of the operators K and H are nonlin-
ear functions; meanwhile, the operator AðtÞ is dependent on
t. As a consequence, our main theorems improve and gener-
alize many corresponding results by using different methods.
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