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All entire functions which transform a class of holomorphic Zygmund-type spaces into weighted analytic Bloch space using the so-
called n-generalized superposition operator are characterized in this paper. Moreover, certain specific properties such as
boundedness and compactness of the newly defined class of generalized integral superposition operators are discussed and
established by using the concerned entire functions.

1. Fundamental Materials

Let D = fz : jzj < 1g be the known concerned open unit disk
in ℂ. Assume that Ξ and Ξ1 are two concerned metric spaces
of holomorphic-type functions both defined on the complex
unit disk D. Let ϕ be a concerned complex-valued function
defined on D. The known superposition operator Sϕ on the
concerned metric space Ξ is here defined by

Sϕ fð Þ = ϕ ∘ f ,  f ∈ Ξ: ð1Þ

When the operator Sϕ f ∈ Ξ1 for f ∈ Ξ1, we call that ϕ is
induced by the concerned superposition operator from Ξ
into Ξ1. When the concerned metric space Ξ contains specific
concerned linear functions, thus, ϕ must be a concerned
entire-type function. The symbol HðDÞ is supposed to be
the class of all concerned holomorphic functions on D. For
various emerging research studies on the superposition-
type operators, we refer to [1–14] and others.

The motivation of this current study arises from the
recent research of the theory of operators on the theory of
complex-type function spaces.

The nonlinear n-generalized superposition operator can
be defined in this current paper by

Sg,nϕ f
� �

n, zð Þ =
ðz
0
ϕ′ f ξð Þð Þg n−1ð Þ ξð Þdξ, whereg ∈H Dð Þ and n ∈ℕ:

ð2Þ

The operator Sg,nϕ will be called the n-generalized super-
position operator, where

g n−1ð Þ zð Þ = dn−1g zð Þ
dzn−1

, with}n − 1}‐order derivatives, n ∈ℕ:

ð3Þ

Remark 1.When n = 1 and g = f ′, the superposition operator
is obtained because the difference Sg,1ϕ − Sϕ is a positive con-

stant. Therefore, Sg,nϕ is a generalization of the superposition-

type operator. For good knowledge, the new operator Sg,nϕ is
defined and discussed in the present concerned manuscript
for the first time.
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Remark 2. It should be noted that the graph of the n-gener-
alized superposition operator Sg,nϕ is almost closed, but
because the new operator is a nonlinear operator, then there
is no guarantee to establish its boundedness. Nonetheless,
there are some spaces Ξ and Ξ1, for instance, holomorphic-
type Bergman, holomorphic Bloch, and holomorphic-type
Dirichlet spaces, which implies that the specific function ϕ
must belong to a specific concerned class of entire-type func-
tions, resulting in the boundedness-type property.

Definition 3 [9]. For a given nondecreasing bounded and
continuous function ν : ð0, 1Þ⟶ ð0,∞Þ, the concerned
function h ∈HðDÞ is said to be in the weighted concerned
space Bν when

hk kBν
≔ sup

z∈D
ν zj jð Þ h′ zð Þ�� �� <∞: ð4Þ

Remark 4. In the above definition, suppose that νðtÞ =
ð1 − tÞα, 0 < t <∞; then, we obtain the definition of α-Bloch
space, where 0 < α <∞.

The following new definition can also be introduced.

Definition 5. Let h ∈HðDÞ; then, h is said to be in the
weighted little ν-type concerned Bloch space Bν,0 when

lim
zj j⟶1−

ν zj jð Þ h′ zð Þ�� �� = 0: ð5Þ

Due to the result of Zygmund in [15] as well as the closed
graph theorem, we can deduce that

h ∈ Z⟺ sup
z∈D

1 − zj j2� �
h′′ zð Þ�� �� <∞: ð6Þ

It is obvious to see that the space Z is a Banach-type space
with the specific norm k∙kZ , where

hk kZ = h 0ð Þj j + h′ 0ð Þ�� �� + sup
z∈D

1 − zj j2� �
h′′ zð Þ�� ��: ð7Þ

Here, the concerned Zygmund-type space on D, denoted
by Z0, is a concerned closed subspace of the holomorphic-
type space Z that consists of all holomorphic-type functions
h, for which

lim
zj j⟶1

1 − zj j2� �
h′′ zð Þ�� �� = 0: ð8Þ

Using (7), it is very obvious to deduce that

h′ zð Þ − h′ 0ð Þ�� �� ≤ C hk kZ log 1
1 − zj j2 : ð9Þ

Some important and essential auxiliary results shall be
proved in the next lemmas.

Lemma 6. Let h ∈ Bν andw ∈D; then, the following inequality
can be obtained:

h zð Þj j ≤ h 0ð Þj j + λ hk kBν
, ð10Þ

for some λ which is independent of h, with

Iν =
ð1
0

r dr
ν rð Þ <∞: ð11Þ

Proof. Let jwj > 1/2, w = r ξ, and ξ ∈ ∂D. Then, we infer that

h wð Þ − h
rξ
2

� �����
���� =

ð1
1/2
wh′ t wð Þdt

����
����

≤
ð1
1/2

wj j h′ t wð Þ�� ��dt
≤ 2 hk kBν

ð1
0
ν t wj jð Þ wj jdt

≤ λ hk kBν
:

ð12Þ

Additionally, we deduce

h wð Þj j ≤ max
wj j≤1/2

h wð Þj j + C hk kBν
: ð13Þ

Let jwj ≤ 1/2; then, applying the known mean value theo-
rem for the function hðwÞ − hð0Þ (cf. [16]) and considering
Jensen’s inequality, we deduce that

max
wj j≤1/2

h wð Þ − h 0ð Þj j ≤ 4n
ð

hj j≤3/4
h wð Þ − h 0ð Þj jdA wð Þ

≤ 4n
ð

wj j≤3/4
h′ w1ð Þ�� ��2dA w1ð Þ

≤ 3n max
wj j≤3/4

h′ w1ð Þ�� ��2,
ð14Þ

where the homogeneous representation expansion of the
function h results in the second inequality.

Therefore,

max
∣w∣≤1/2

h wð Þj j ≤ h 0ð Þj j +
ffiffiffi
3

p� �n
max
wj j≤3/4

h′ wð Þ�� ��
≤ h 0ð Þj j +

ffiffiffi
3

p� �n
ν

3
4

� �
hk kBν :

ð15Þ

Combining (13) and (15), we deduce

h wð Þj j ≤ h 0ð Þj j +
ffiffiffi
3

p� �n
ν

3
4

� �
hk kBν + λ hk kBν

≤ f 0ð Þj j +
ffiffiffi
3

p� �n
ν

3
4

� �
+ λ

� �
hk kBν

:

ð16Þ

The proof is therefore established completely.
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Hereafter, the letter Γ can be used to denote a concerned
planar domain and ∂Γ defines its boundary.

In view of the known Riemann mapping theorem [16],
for any Γ, there exists a holomorphic function h (that can
be called a concerned Riemann mapping) which maps D

onto Γ and the concerned origin to a prescribed concerned
specific point. The known Euclidean metric of the specific
point w to the concerned boundary Γ is denoted by dðw, ∂
ΓÞ; also, the concerned Riemann-type mapping h has the
next interesting concerned property:

1
4 ν wj jð Þ h′ wð Þ�� �� ≤ d h wð Þ, ∂Γð Þ ≤ ν zj jð Þ h′ wð Þ�� ��, for allw ∈D,

ð17Þ

which is comparatively similar to the concerned construc-
tions of the concerned connected domains as the concerned
images for specific classes of functions in different analytic-
type function spaces can be obtained in [4].

2. Auxiliary Results

The next lemmas establish some elementary properties of the
ν-Bloch-type spaces of analytic functions.

Lemma 7. Let h ∈HðDÞ, and assume that (11) holds. Then,
for the ν-Bloch space Bν, we have the following:

(i) Every bounded concerned sequence ðhnÞ ∈ Bν is uni-
formly bounded on concerned compact sets

(ii) For any concerned sequence ðhnÞ on Bν with khnkBν

⟶ 0, then hn − hnð0Þ⟶ 0 and the convergence is
of uniform type on concerned compact sets

Proof. If w ∈Uð0, rÞ, r ∈ ð0, 1Þ; thus, the following inequal-
ities can be deduced

hn wð Þ − hn 0ð Þj j =
ð1
0
hn′ t wð Þwdt

����
���� ≤ hnk kBν

ð1
0

t wj jdt
ν t wj jð Þ ≤ C hnk kBν :

ð18Þ

Hence, the result follows.

Lemma 8. Assume that h, g ∈HðDÞ and ϕ : D⟶D. Thus,
for the n-generalized superposition operator Sg,nϕ : Bν ⟶ Bν

which is a concerned compact operator and ⟺Sg,nϕ : Bν

⟶ Bν which is actually bounded for any bounded concerned
sequence ðhnÞn∈N ∈ Bν with hn ⟶ 0 uniformly bounded on
concerned compact sets if n⟶∞, we obtain kSg,nϕ hnkBν
⟶ 0 as n⟶∞.

Proof. Now, the concerned assertions (7), (9), and (11) of
Lemma 3.7 in [17] can be satisfied for the analytic-type Bν
space. In view of Lemma 7, thus, it is clear to show that the
concerned assertions (i) and (ii) hold. To clear that (ii) holds,

assume that the specific sequence ðhnÞ can be taken as a con-
cerned sequence in the specific closed unit ball of Bν. There-
fore, using Lemma 7 implies that ðhnÞ can be seen as
uniformly bounded on concerned compact sets. Hence,
applying the theorem of Montel [18], we can get a concerned
subsequence ðhnkÞðn1 < n2<⋯Þ, for which hnk ⟶ h which
indeed is uniformly bounded on concerned compact sets,
for some concerned functions h∗ ∈HðDÞ. Then, it is enough
to clear that h∗ ∈ Bν. From Fatou’s theorem [16] and the con-
cerned assumptions, we deduce that

ν wj jð Þ h∗ð Þ′ wð Þ�� �� = lim
k⟶∞

ν wj jð Þ hnk
� �′ wð Þ�� �� ≤ lim

k⟶∞
hnk


 



Bν
<∞:

ð19Þ

Therefore, in view of Lemma 3.7 in [17], we infer that the
n-generalized superposition operator Sg,nϕ : Bν ⟶ Bν is
compact ⇔ for any bounded concerned sequence ðhnÞ ∈ Bν
with hn ⟶ 0 uniformly bounded on compact sets as n⟶
∞, jhnðϕð0ÞÞj + kSg,nϕ hnkBν

⟶ 0, as n⟶∞. Thus, the

proof of Lemma 8 is clearly obtained.

Lemma 9. Let h ∈HðDÞ. The concerned closed set K ∈ Bν,0
is compact iff it is bounded and satisfies the next concerned
condition:

lim
wj j⟶1

sup
h∈K

ν wj jð Þ h′ wð Þ�� �� = 0: ð20Þ

Proof. Assume that K is compact, and let ε > 0; thus, the
specific balls that centered at the specific elements of the
concerned K with radii ε/2 cover K ; then, by the help of
compactness, we can find functions h1, h2,⋯, hn ∈ K , for
which the analytic function h ∈ K yields that kh − hjkBν <
ε/2 for some 1 ≤ j ≤ n; hence,

ν wj jð Þ h′ wð Þ�� �� ≤ ν wj jð Þ f j′ wð Þ
��� ��� + ε

2 : ð21Þ

Now, for each j, we can find rj ∈ ð0, 1Þ, for which

ν wj jð Þ hj′ wð Þ
��� ��� < ε

2 , whenever rj < wj j < 1: ð22Þ

By letting r =max fr1,⋯, rng, we obtain

ν zj jð Þ h′ wð Þ�� �� ≤ ε, whenever r < wj j < 1 and h ∈ K: ð23Þ

This establishes that (20) holds.
On the other hand, assume that K ⊂ Bν,0 is closed and

bounded and satisfies (20).
Then, the set K can be a normal family. When ðhnÞ is a

concerned sequence in the set K , then passing to a specific
subsequence, we can suppose that hn ⟶ h with the
concerned uniformly converging on the concerned compact
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subsets of D. Hence, we can clear that hn ⟶ h in Bν,0. Then,
for a given ε > 0, using (20), we can find r ∈ ð0, 1Þ, for which

ν zj jð Þ h′ wð Þ�� �� ≤ ε

2 ,  for all r < wj j < 1 and all h ∈ K: ð24Þ

Since the convergence hn′⟶ h′ is uniformly bounded on
the concerned compact subsets of the diskD, it yields that the
type of convergence for hn′⟶ h′ is pointwise on D. Addi-
tionally, we deduce that

ν wj jð Þ h′ wð Þ�� �� ≤ ε

2 ,  for all r < zj j < 1: ð25Þ

Therefore,

ν wj jð Þ hn′ wð Þ − h′ wð Þ�� �� ≤ ε, ∀r < wj j < 1: ð26Þ

Because the convergence hn′⟶ h′ is uniformly bounded
on r�D, then we can find a specific positive integer N , for
which

hn′ wð Þ − h′ wð Þ�� �� ≤ ε, for all ∣w∣ ≤ r and n ≥N: ð27Þ

Hence,

ν wj jð Þ hn′ wð Þ − h′ wð Þ�� �� ≤ ε, ∀w ∈D and all n ≥N: ð28Þ

Hence, hn ⟶ h in Bν. Because K is specifically closed,
then we can infer that h ∈ K . Therefore, we deduce that the
concerned set K is a compact set. The proof of Lemma 9 is
therefore completely established.

3. Superpositions on Bloch and
Zygmund Spaces

In this section, some interesting and important properties of
the new class of the n-generalized superposition Sg,nϕ acting
from the analytic-type Zygmund classes to the analytic ν
-Bloch classes are clearly established.

Theorem 10. Let h, g ∈HðDÞ and ϕ : D⟶D. Then, the n
-generalized superposition operator Sg,nϕ : Z⟶ Bν is
bounded ⟺

F ≔ sup
w∈D

ν wj jð Þ g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
<∞: ð29Þ

Proof. Assume that (29) holds. Hence, for arbitrary w ∈D
and h ∈ Z, we deduce that

ν wj jð Þ Sg,nϕ h
� �

′ wð Þ
��� ��� = ν wj jð Þ g n−1ð Þ wð Þ

��� ��� ϕ′ h wð Þð Þ�� ��
≤ C ϕk kZ ν wj jð Þ g n−1ð Þ wð Þ

��� ��� log 1
1 − h wð Þj j2

:

ð30Þ

From the above inequality (29) and because Sg,nϕ hð0Þ = 0,
we deduce that the operator

Sg,nϕ : Z⟶ Bν, ð31Þ

is a bounded operator.
On the other hand, suppose that Sg,nϕ : Z⟶ Bν is

bounded. Set

f wð Þ = w − 1ð Þ 1 + log 1
1 −w

� �2
+ 1

" #
, ð32Þ

and also set the function

hb wð Þ = f �bw
� �
�b

log 1
1 − bj j2

 !−1

, ð33Þ

where b ∈D with 1/
ffiffiffi
2

p
< jbj < 1. Then, the easy calculation

gives

hb′ wð Þ = log 1
1 − �bw

� �2
log 1

1 − bj j2
 !−1

,

h′′b wð Þ = 2�b
1 − �bw

log 1
1 − �bw

� �2
log 1

1 − bj j2
 !−1

,

ð34Þ

which yields that

h′′b wð Þ = 2
1 − wj j C + log 1

1 − bj j
� �2

log 1
1 − bj j2

 !−1

≤
C

1 − wj j ,

ð35Þ

with 1/
ffiffiffi
2

p
< jbj < 1 and sup

1/
ffiffi
2

p
<jbj<1

khbkZ <∞. Hence, the

following inequality can be deduced:

Sg,nϕ hϕ bð Þ



 




Bν

= ν wj jð Þ Sgϕhϕ bð Þ
� �

′ wð Þ∣

≥ ν bj jð Þ g n−1ð Þ bð Þ
��� ��� log 1

1 − h bð Þj j2
:

ð36Þ

Hence, by using the maximum modulus principle, we
obtain (29). The proof is therefore completely established.

For the next theorem, the analytic s-Bloch-type space is
considered as follows:

h wð Þk kBs = sup
w∈D

1 − wj j2� �s
h′ wð Þ�� �� <∞, where 0 < s < 1:

ð37Þ

Theorem 11. Assume that νðjwjÞ = ð1 − jwj2Þs, where 0 <
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s < 1. Suppose that h, g ∈HðDÞ and ϕ : D⟶D. Then,
the operator Sg,nϕ : Z⟶ Bs is a compact operator iff Sg,nϕ : Z
⟶ Bs is bounded, and the following condition holds:

lim
∣h wð Þ∣⟶1

1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
= 0: ð38Þ

Proof. Assume the boundedness for the operator Sg,nϕ : Z
⟶ Bs holds as well as condition (38) holds too. There-
fore, since the operator Sg,nϕ is bounded with ϕðwÞ =w,
we deduce that

M1 ≔ 1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� <∞: ð39Þ

Let ðhkÞk∈ℕ be a concerned sequence in the Zygmund
space Z, for which

sup
k∈ℕ

hkk kZ ≤ η, where η is a positive constant, ð40Þ

and hk ⟶ 0 is uniformly bounded on a concerned com-
pact subset of D as k⟶∞. Using (38), we obtain that
for every ε > 0, there is a constant δ ∈ ð0, 1Þ, such that δ
< jhðwÞj < 1, which implies that

1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − h zð Þj j2
< ε

η
: ð41Þ

Now, set k = fw1 ∈D : jw1j < δg. By (9), we deduce
that

Sg,nϕ hk



 




Bs
= sup

w∈D
1 − wj j2� �s

ϕk′ h wð Þð Þ g wð Þð Þ n−1ð Þ
��� ���

≤ sup
h wð Þ≤δ

1 − wj j2� �s
ϕk′ h wð Þð Þ�� �� g n−1ð Þ wð Þ

��� ���
+ sup

δ<h wð Þ≤1
1 − wj j2� �s

ϕk′ h wð Þð Þ�� �� g n−1ð Þ wð Þ
��� ���

≤M1 sup
w1∈k

ϕk′ w1ð Þ�� ��
+ C ϕkk kZ sup

δ<h wð Þ≤1
1 − wj j2� �s

g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
≤M1 sup

w1∈k
ϕk′ w1ð Þ�� �� + εC:

ð42Þ

Applying the known Cauchy’s estimate, when we have
the specific sequence ðhkÞk∈ℕ that has a uniform type that
converges to zero on a specific compact concerned subset
of D, we obtain that the specific sequence ðϕ′kÞk∈ℕ con-
verges to zero on a specific compact concerned subset of
D as k⟶∞. Because k is actually compact, it yields that

lim
k⟶∞

sup
w1∈k

ϕk′ w1ð Þ�� �� = 0: ð43Þ

Letting k⟶∞ in the last inequality, we deduce that

lim
k⟶∞

sup Sg,nϕ hk



 




Bs
≤ εC: ð44Þ

Because the number ε is an arbitrary and positive, this
yields that

lim
k⟶∞

sup Sg,nϕ hk



 




Bs
= 0: ð45Þ

The concerned specific implication is therefore proved.
On the other hand, assume that Sg,nϕ : Z⟶ Bs is a com-

pact operator. Remarking that the function hb given by (33)
has a uniform type that converges to zero on a specific com-
pact concerned subset of D as ∣b ∣⟶1. In addition, we have

ϕb′ bð Þ = log 1
1 − bj j2

,  for each b ∈D \ 0f g: ð46Þ

Let ðwkÞk∈ℕ be a concerned specific sequence in the disk
D, for which jhðwkÞj⟶ 1 when k⟶∞. The test function
ðϕkÞk∈ℕ can be defined by

ϕk wð Þ =
�h wkð Þw − 1

�h wkð Þ 1 + log 1
1 − �h wkð Þz

� �2
+ 1

" #

� log 1
1 − h wkð Þj j2

 !−1

:

ð47Þ

From the proof steps in Theorem 10, we deduce that
sup
k∈ℕ

kϕkkZ ≤ C. Furthermore, the specific function ϕk con-

verges to zero uniformly on a concerned compact subset of
the diskD. Then, using Lemma 7, we obtain that the operator
∥Sg,nϕ hk∥Bs ⟶ 0, when k⟶∞. Moreover,

Sg,nϕ hk



 




Bs
= sup

w∈D
1 − wkj j2� �s

ϕk′ h wkð Þð Þ g wkð Þð Þ n−1ð Þ
��� ���

≥ 1 − wkj j2� �s
ϕk′ h wkð Þð Þ�� �� g n−1ð Þ wkð Þ

��� ���
≥ 1 − wj j2� �s

g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
:

ð48Þ

Therefore, we can obtain

lim
k⟶∞

1 − wkj j2� �s
g n−1ð Þ wkð Þ
��� ��� log 1

1 − h wkð Þj j2
= 0: ð49Þ

Thus, the concerned proof of our result is obtained
clearly.

Now, we give the following characterizations concerning
the boundedness of the n-generalized superposition operator
Sg,nϕ : Z⟶ Bν,0 on the boundary of the unit disk.

Theorem 12. Assume that νðjwjÞ = ð1 − jwj2Þs, where 0 < s
< 1. Suppose that h, g ∈HðDÞ and ϕ : D⟶D. Then, the
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operator Sg,nϕ : Z⟶ Bs
0 is a bounded operator iff condition

(38) holds as well as

lim
wj j⟶1

1 − wj j2� �α
g n−1ð Þ wð Þ
��� ��� = 0: ð50Þ

Proof. First, assume that conditions (38) and (50) hold. Using
condition (38), thus, for every constant ε > 0, we can get r
∈ ð0, 1Þ, for which

1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
< ε, ð51Þ

with r < jhðwÞj < 1. By (38), we can get ρ ∈ ð0, 1Þ, for which

1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� < ε

log 1/ 1 − r2ð Þð Þ , ð52Þ

when ρ < jwj < 1.
Therefore, when ρ < jwj < 1 and r < jhðwÞj < 1, we

deduce that

1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
< ε: ð53Þ

If ρ < jwj < 1 and jhðzÞj ≤ r, then we can infer that

1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2

< 1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − r2
< ε:

ð54Þ

From (53) and (54), we deduce

lim
wj j⟶1

1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
= 0: ð55Þ

From (55), using the knownmaximummodulus theorem
as well as Theorem 10, the concerned property of bounded-
ness for the concerned operator Sg,nϕ : Z⟶ Bs can be
obtained.

Assuming f ∈ Z and using (9), we get

1 − wj j2� �s
Sg,nϕ

� �
′ wð Þ

��� ��� ≤ C ϕk kZ 1 − wj j2� �s
g n−1ð Þ wð Þ
��� ��� log 1

1 − h wð Þj j2
:

ð56Þ

In view of (55), we can deduce that the operator Sg,nϕ ∈ Bs
0,

for each h ∈ Z. Because Bs
0 is a concerned closed subset of the

analytic space Bs, it follows therefore that

Sg,nϕ wð Þ ⊆ Bs
0: ð57Þ

Hence, the boundedness of the operator Sg,nϕ : Z⟶ Bs
0

can be obtained immediately.
For the converse direction of the proof, assuming that the

operator Sg,nϕ : Z⟶ Bs
0 holds the boundedness property,

then for ϕðzÞ = z, we infer that (50) holds. Now suppose that
the concerned condition (38) does not hold. Therefore, we
can have ε0 > 0 and a concerned sequence ðwkÞk∈ℕ ∈D, for
which lim

k⟶∞
jhðwkÞj = 1. Also, we have

1 − wkj j2� �s
gn−1 wkð Þ�� �� log 1

1 − h wkð Þj j2
≥ ε0 > 0: ð58Þ

Then, by choosing a sufficiently large k, the following
specific inequalities can be directly obtained:

1 − h wk−1ð Þj j
2 > 1 − h zkð Þj j,  k ∈ℕ: ð59Þ

Then, for every nonnegative defined integerm, mostly we
can find one wk, for which

1 − 1
2m ≤ h wkð Þ < 1 − 1

2m+1 : ð60Þ

Then, there is m0 ∈ℕ, such that for any concerned
Carleson window,

Ω = reiθ : 0 < 1 − r < l Ωð Þ, θ − θ0j j < l Ωð Þ
n o

, ð61Þ

and m ∈ℕ; thus, we can almost find m0 elements in

h wkð Þ ∈Ω : 2−m−1l Ωð Þ < 1 − h wkð Þj j < 2−ml Ωð Þ� �
: ð62Þ

Hence, ðhðwkÞÞk∈ℕ is an interpolating concerned
specific sequence for the analytic space Bs.

Then, we may have some certain functions PðwÞ ∈ Bs, for
which

P h wkð Þð Þ = log 1
1 − h wkð Þj j2

, k ∈ℕ: ð63Þ

Assume that ϕðhðwÞÞ = Ð hðwÞ0 PðξÞdξ. Therefore, in view
of the definition of the analytic Bloch space Bs and ana-
lytic Zygmund functions, we deduce that h ∈ Z. Hence,
we infer that

1 − wkj j2� �s
Sg,nϕ

� �
′ wkð Þ

��� ��� = 1 − wkj j2� �s
g n−1ð Þ wkð Þ
��� ���ϕ′ h wkð Þð Þ

= 1 − wkj j2� �s
g n−1ð Þ wkð Þ
��� ���P h wkð Þð Þ

= 1 − wkj j2� �s
g n−1ð Þ wkð Þ
��� ��� log 1

1 − h wkð Þj j2
≥ ε0 > 0:

ð64Þ

Because lim
k⟶∞

jhðwkÞj = 1 which yields that lim
k⟶∞

jwkj
= 1, therefore, using the above inequality, we deduce that
Sg,nϕ ∈Bs

ω,0, which is a contradiction. The proof of Theorem
12 is completely finished.
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Theorem 13. Suppose that h, g ∈HðDÞ also assumes that ϕ
defines a concerned entire-type function. Thus, the considered
operator Sg,nϕ : Bν ⟶ Bν is a compact operator iff

Sg,nϕ φb




 



Bν

⟶ 0, as bj j⟶ 1: ð65Þ

Proof. Assuming that the compactness property for the oper-
ator Sgϕ : Bν ⟶ Bν is satisfied. Therefore, fφbðwÞ: b ∈Dg
can be viewed as a concerned bounded set in the analytic
Bloch space Bν and the specific function φb − b⟶ 0, where
the convergence is of uniform type on specific compact con-
cerned sets when jbj⟶ 1.

Hence, applying Lemma 8, we deduce that

lim
bj j⟶1

Sg,nϕ φb




 



Bν
= 0: ð66Þ

On the other hand, assume that

lim
bj j⟶1

Sg,nϕ φb




 



Bν

= 0, as bj j⟶ 1: ð67Þ

Let ðhnÞ be a concerned bounded sequence in the
analytic-type space Bν, for which hn ⟶ 0 is uniformly
bounded on concerned specific compact sets, when n⟶
∞. Then, we can clear that

lim
n⟶0

Sg,nϕ hn



 




Bν

= 0: ð68Þ

Assume that ε > 0 is given also fixing 0 < δ < 1, for which
jbj > δ; hence, we obtain

Sg,nϕ φb




 



Bν

< ε, ð69Þ

which implies that for any w0 ∈D, jϕðw0Þj > δ and
kSg,nϕ φϕðw0ÞkB < ε.

Particularly, we have

ϕ′ φϕ w0ð Þ
� ���� ��� g n−1ð Þ w0ð Þ

��� ���ν w0j jð Þ < ε: ð70Þ

Therefore, considering n ∈ℕ and w0 ∈D, as well as jϕ
ðw0Þj > δ, (70) gives

Sg,nϕ hn



 




Bν

= sup
w∈D

ϕ′ hn w0ð Þð Þ�� �� g n−1ð Þ w0ð Þ
��� ���ν w0j jð Þ ≤ ε const:

ð71Þ

The concerned set K1 = fz : jzj ≤ δg is a concerned
compact subset of the disk D. Also, the convergence of ϕn
′⟶ 0 is uniformly bounded on specific compact concerned
sets:

sup
z∈K1

ϕn′ zð Þ�� ��⟶ 0, when n⟶∞: ð72Þ

Hence, we can find n0 which can be chosen to be large
enough; then, jðϕ′ðhnÞÞj < ε, for any n > n0, with z ∈D, for
which jhðzÞj ≤ δ. Hence,

Sg,nϕ hn



 




Bν

= ϕ′ hnð Þ
� ���� ��� g n−1ð Þ zð Þ

��� ���ν zj jð Þ

< ε g n−1ð Þ zð Þ
��� ���ν zj jð Þ

≤ ε∥g∥Bν

< ε const:

ð73Þ

Then, where n ≥ n0,

Sgϕ f n



 




Bν

< ε const: ð74Þ

Therefore, combining equations (71) and (74), we
deduce that

Sg,nϕ hn



 




Bν

< ε const:, for n ≥ n0: ð75Þ

Therefore, (75) gives kSg,nϕ hnkBν

⟶ 0 as n⟶∞.

Hence, in view of the concerned Lemma 8, we deduce that
the operator Sg,nϕ : Bν ⟶ Bν is actually a compact operator.

Corollary 14. Let 0 < s < 1 and h, g ∈HðDÞ and let ϕ be a
holomorphic-type self-mapping on D. Thus, Sg,nϕ : Bν ⟶ Bs

is a compact operator iff

Sg,nϕ φb




 



Bν

⟶ 0, as bj j⟶ 1: ð76Þ

Proof. The proof of this corollary can be obtained immedi-
ately from the proof of Theorem 13 by setting νðjwjÞ =
ð1 − jwjÞs, 0 < s < 1, in the image of the operator Sg,nϕ .

4. Conclusions

An interesting approach for defining and discussing a new
class of integral superposition-type operators is provided in
this concerned manuscript. This class of operators is based
on both an inducing entire function and a concerned analytic
function of “n − 1”-order derivatives, where n ∈ℕ.

Essential results of the nonlinear n-generalized superpo-
sition operator defined for the first time are introduced in
the present manuscript. Using the new class of operators, cer-
tain classical and recent classes of analytic-type function
spaces such as Zygmund and ν-Bloch classes are studied.
Careful foundations for the concerned weighted analytic-
type function class theoretic results are devoted to laying
and discussing properties of the operator Sg,nϕ such as the
usual properties of boundedness and compactness. Both the
new operator Sg,nϕ and the concerned analytic function space
ultraproduct constructions are studied in detail.

7Journal of Function Spaces



For the n-generalized superposition operator Sg,nϕ , the
next useful important remarks are stated as unsolved inter-
esting future research.

Remark 15. Can one discuss some certain specific properties
such as boundedness and compactness for the operator Sg,nϕ

on some other types of analytic function spaces such as
Besov- and Q-type spaces?

Remark 16. How about estimating the essential norms of the
n-generalized superposition operator Sg,nϕ ?

In addition, there are some interesting recent studies on
some types of Morrey spaces by applying some certain classes
of operators (see [19, 20]). Is it possible to apply the n-gen-
eralized superposition operator Sg,nϕ in lieu of the considered
operators in such studies?

Remark 17. There are some recent interesting and important
studies of some hypercomplex function spaces using quater-
nion techniques (see [21–24]). On the other hand, there is no
specific study with the help of operators on such hypercom-
plex spaces.
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