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All entire functions which transform a class of holomorphic Zygmund-type spaces into weighted analytic Bloch space using the so-
called n-generalized superposition operator are characterized in this paper. Moreover, certain specific properties such as
boundedness and compactness of the newly defined class of generalized integral superposition operators are discussed and

established by using the concerned entire functions.

1. Fundamental Materials

Let D={z: |z| < 1} be the known concerned open unit disk
in C. Assume that = and =, are two concerned metric spaces
of holomorphic-type functions both defined on the complex
unit disk D. Let ¢ be a concerned complex-valued function
defined on D. The known superposition operator S, on the

concerned metric space £ is here defined by

Ss(f)=¢<f, [feZ (1)

When the operator S,f € Z; for f € £, we call that ¢ is

induced by the concerned superposition operator from =
into Z,. When the concerned metric space = contains specific
concerned linear functions, thus, ¢ must be a concerned
entire-type function. The symbol H(D) is supposed to be
the class of all concerned holomorphic functions on D. For
various emerging research studies on the superposition-
type operators, we refer to [1-14] and others.

The motivation of this current study arises from the
recent research of the theory of operators on the theory of
complex-type function spaces.

The nonlinear n-generalized superposition operator can
be defined in this current paper by

¥4
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0

where g € H(D)andn € N.

(2)

The operator Sg’” will be called the n-generalized super-
position operator, where

with 7 — 1 -order derivatives, n € IN.

(3)

Remark 1. When n=1and g = f', the superposition operator
is obtained because the difference Sg’l — S, is a positive con-
stant. Therefore, Sg’" is a generalization of the superposition-
type operator. For good knowledge, the new operator SZ’" is

defined and discussed in the present concerned manuscript
for the first time.
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Remark 2. It should be noted that the graph of the n-gener-
alized superposition operator Sg’" is almost closed, but
because the new operator is a nonlinear operator, then there
is no guarantee to establish its boundedness. Nonetheless,
there are some spaces = and =, for instance, holomorphic-
type Bergman, holomorphic Bloch, and holomorphic-type
Dirichlet spaces, which implies that the specific function ¢
must belong to a specific concerned class of entire-type func-
tions, resulting in the boundedness-type property.

Definition 3 [9]. For a given nondecreasing bounded and
continuous function v : (0,1) — (0,00), the concerned

function h € H(D) is said to be in the weighted concerned
space 3B, when

I, = supv([z|I' ()] < co. @

Remark 4. In the above definition, suppose that v(t)=
(1-1)%0<t< oo; then, we obtain the definition of a-Bloch
space, where 0 < a < c0.

The following new definition can also be introduced.

Definition 5. Let he€ H(D); then, h is said to be in the
weighted little v-type concerned Bloch space B, , when

lim v(|z[)|h' ()| =0. (5)

|z|—1"

Due to the result of Zygmund in [15] as well as the closed
graph theorem, we can deduce that

heZ e sup(1-|z*)|[h" ()| < co0. (6)

It is obvious to see that the space Z is a Banach-type space
with the specific norm ||s||,, where

||h||z=|h(0)|+lh'(0)|+Szgug(1—\2‘\2)|h”(2)|- (7)

Here, the concerned Zygmund-type space on D, denoted
by Z,, is a concerned closed subspace of the holomorphic-
type space Z that consists of all holomorphic-type functions
h, for which

lim (1-|z[*)|r"(z)|=0. (8)

[z[—1

Using (7), it is very obvious to deduce that

1
|1’ (z) = h'(0)] < C||h||, log T (9)

Some important and essential auxiliary results shall be
proved in the next lemmas.
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Lemma 6. Let h € B, and w € D; then, the following inequality
can be obtained:

[h(2)] < [h(O)] + Al[]lp,» (10)

for some A which is independent of h, with

1
Iﬁj L (11)

o V(1)

Proof. Let |{w| > 1/2, w=r&, and £ € 0D. Then, we infer that

()

SJ1/2|w||h (tw)|dt (12)

1
<2l | vllewplwld:

Jl wh' (tw)dt

1/2

< AR,

Additionally, we deduce

[h(w)| < max [h(w)| + C||]p, - (13)

|w|<1/2

Let |w| < 1/2; then, applying the known mean value theo-
rem for the function h(w) — h(0) (cf. [16]) and considering
Jensen’s inequality, we deduce that

max |h(w) - h(0)| < 4”J|hl<3/4|h(w) — h(0)|dA(w)

|w|<1/2

< 4"J B (w)[dA(w,)  (14)
|w|<3/4

<3" h ?
‘;}gﬁ! (wy)[

where the homogeneous representation expansion of the
function h results in the second inequality.

Therefore,
n ]
max [h(w) < [h(0)| + (V3) max |k (w)]

) (15)
< )+ (V3) " 3 Ikl .

Combining (13) and (15), we deduce

) < BO)|+ (V3)" (3 )l + Al

<|f(0)]+ ((ﬁ)ve) +A) Il

The proof is therefore established completely.

(16)
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Hereafter, the letter I' can be used to denote a concerned
planar domain and 0I" defines its boundary.

In view of the known Riemann mapping theorem [16],
for any I, there exists a holomorphic function h (that can
be called a concerned Riemann mapping) which maps D
onto I' and the concerned origin to a prescribed concerned
specific point. The known Euclidean metric of the specific
point w to the concerned boundary I is denoted by d(w, 0
I'); also, the concerned Riemann-type mapping h has the
next interesting concerned property:

%v(|w|)|h'(w)| <d(h(w), o) < v(|z|)|h' (w)|, forallweD,

(17)

which is comparatively similar to the concerned construc-

tions of the concerned connected domains as the concerned
images for specific classes of functions in different analytic-
type function spaces can be obtained in [4].

2. Auxiliary Results

The next lemmas establish some elementary properties of the
v-Bloch-type spaces of analytic functions.

Lemma 7. Let h € H(D), and assume that (11) holds. Then,
for the v-Bloch space B,,, we have the following:

(i) Every bounded concerned sequence (h,,) € B, is uni-
formly bounded on concerned compact sets

(ii) For any concerned sequence (h,) on B, with ||h,]| 5

— 0, then h, - h,(0) — 0 and the convergence is
of uniform type on concerned compact sets

Proof. If we U(0,r), r€ (0, 1); thus, the following inequal-
ities can be deduced

Utw|dt
<|h <Cllh,||5 -
H nHBvJOV(|tw|) H VIHBV

(18)

[hy(w) =1, (0)] =

1
J h(tw)wdt
0

Hence, the result follows.

Lemma 8. Assume that h, g € H(D) and ¢ : D — D. Thus,
for the n-generalized superposition operator SZ’" :B,— B,

which is a concerned compact operator and <:>8g’n : B,

— B, which is actually bounded for any bounded concerned
sequence (h,,), .y € B, with h, — 0 uniformly bounded on
concerned compact sets if n— oo, we obtain ||Sg’”hn||B

—> 0 as n— oo.

Proof. Now, the concerned assertions (7), (9), and (11) of
Lemma 3.7 in [17] can be satisfied for the analytic-type B,
space. In view of Lemma 7, thus, it is clear to show that the
concerned assertions (i) and (ii) hold. To clear that (ii) holds,

assume that the specific sequence (h,,) can be taken as a con-
cerned sequence in the specific closed unit ball of B, . There-
fore, using Lemma 7 implies that (h,) can be seen as
uniformly bounded on concerned compact sets. Hence,
applying the theorem of Montel [18], we can get a concerned
subsequence (h,, )(n; <n,<:--), for which h, — h which
indeed is uniformly bounded on concerned compact sets,
for some concerned functions h* € H(D). Then, it is enough
to clear that h* € B,,. From Fatou’s theorem [16] and the con-
cerned assumptions, we deduce that

v([wh|(h")" ()| = Tim v(jw])|(h,,)" ()| < Tim [k, [, <oco.

(19)

Therefore, in view of Lemma 3.7 in [17], we infer that the
. L. gih .
n-generalized superposition operator S5 : B, — B, is
compact & for any bounded concerned sequence (h,) € B,
with #,, — 0 uniformly bounded on compact sets as n —
00, |h,(6(0))|+ HSi’"hnH — 0, as n—> 00. Thus, the
BV

proof of Lemma 8 is clearly obtained.

Lemma 9. Let h € H(D). The concerned closed set K € B,
is compact iff it is bounded and satisfies the next concerned
condition:

lim supv(|w|)|k' (w)| = 0. (20)

[wl—1 pex

Proof. Assume that K is compact, and let & > 0; thus, the
specific balls that centered at the specific elements of the
concerned K with radii e/2 cover K; then, by the help of
compactness, we can find functions hy, h,,---, h, € K, for
which the analytic function h € K yields that ||h—h||, <

/2 for some 1< j<mn; hence,

v([w)) |1 (w)| < v(|w))

f]'-(w)’ + ; (21)
Now, for each j, we can find r; € (0,1), for which

v(w))

wheneverr; < [w| < 1. (22)

, €
hj(w)‘ <,

By letting r = max {r,---,r,}, we obtain

v(|z])|h' (w)|<e, wheneverr<|w|<landheK. (23)

This establishes that (20) holds.

On the other hand, assume that K ¢ B, is closed and
bounded and satisfies (20).

Then, the set K can be a normal family. When (h,,) is a
concerned sequence in the set K, then passing to a specific
subsequence, we can suppose that h, — h with the
concerned uniformly converging on the concerned compact



subsets of D. Hence, we can clear that h, — hin B, . Then,
for a given € > 0, using (20), we can find r € (0, 1), for which

v([2))|h'(w)|< =, forallr<|w|<landallheK. (24)

N ™

Since the convergence h| — h' is uniformly bounded on
the concerned compact subsets of the disk D, it yields that the
type of convergence for h, — h' is pointwise on D. Addi-
tionally, we deduce that

v(|w|)’h'(w)| < forallr < |z] < 1. (25)

&

i)

Therefore,
V(lw))|hy(w) k' (w)|<e, Vr<|w|<l.  (26)

Because the convergence i, — h' is uniformly bounded

on D, then we can find a specific positive integer N, for
which

‘h'(w)—h'(u})|$s, forall lw|<randn>N. (27)

n

Hence,
v(|w|)|h;(w) - h’(w)| <e VweDandalln>N. (28)

Hence, h, — h in B,,. Because K is specifically closed,
then we can infer that h € K. Therefore, we deduce that the
concerned set K is a compact set. The proof of Lemma 9 is
therefore completely established.

3. Superpositions on Bloch and
Zygmund Spaces

In this section, some interesting and important properties of
the new class of the n-generalized superposition Sg’” acting

from the analytic-type Zygmund classes to the analytic v
-Bloch classes are clearly established.

Theorem 10. Let h, g € H(D) and ¢ : D —> D. Then, the n
-generalized  superposition — operator Sg’” :Z—B, is
bounded —

1
F =supv(|w|)|g" ! (w)| log ———— < c0. 29
supv([u)g" ()| log +— s (29)

Proof. Assume that (29) holds. Hence, for arbitrary weD
and h € Z, we deduce that

v(w))|(85"h)" (w)] = v(lw])|g" ™ (w)||¢' (h(w))|
<Gl v(wh|o " )] log
(30)
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From the above inequality (29) and because Sg’nh(O) =0,
we deduce that the operator

S?b’n :Z—B,, (31)
is a bounded operator.

On the other hand, suppose that S§":Z-— B, is
bounded. Set

1 \2
f(w)—(w—l)[<l+log m) +1], (32)
and also set the function

hb(w):f(}fw) <log 1_1|b|2> , (33)

where b e D with 1/4/2 < |b| < 1. Then, the easy calculation
gives

5 -1
W'y )‘1_21;0( g l—lbw> <1og1 1b|2> ,
(34)
which yields that
y 2 1 \? 1\ C
W) = <C+log 1_—“7|> (log 1_b2> < T har
(35)

with 1/4/2<|b|<1 and  sup
1/v/2<[b|<1
following inequality can be deduced:

lf]|, < co. Hence, the

Hsg’”h¢(b) HB =v(|wl) (Sghwb)) (w)l

> v(|b])|"(b) | log 2

L= |h(b)*

Hence, by using the maximum modulus principle, we
obtain (29). The proof is therefore completely established.

For the next theorem, the analytic s-Bloch-type space is
considered as follows:

|[h(w) || =sup (1 - [w*)’|h' (w)| <00, whereO<s<1.
weD
(37)

Theorem 11. Assume that v(|lw|) = (1 - |w|?)’, where 0<
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s< 1. Suppose that h,ge H(D) and ¢:D — D. Then,
the operator Sy : Z — B’ is a compact operator iff S§" : Z
— B is bounded, and the following condition holds:

1
li 1-wP)’|g" D (w)|log ——— =0. (38
lim (1= fwf’) g w) % T - 09

Proof. Assume the boundedness for the operator SJ" : Z
— B® holds as well as condition (38) holds too. There-
fore, since the operator Sg’" is bounded with ¢(w)=w,
we deduce that

M, = (1-|wP)’

g<”_1) (w)’ < 00. (39)

Let (). be a concerned sequence in the Zygmund
space Z, for which

iu]g |h]l, <n, wherenisa positive constant, (40)
€

and h;, — 0 is uniformly bounded on a concerned com-

pact subset of D as k — co. Using (38), we obtain that
for every &> 0, there is a constant & € (0, 1), such that §
< |h(w)| < 1, which implies that

—w?)’[g" V' (w)]| 1o 41 f
(1= ) [g" " w)] log sz <5 (D)

Now, set k={w, €D :|w,|<38}. By (9), we deduce
that

s3], = sop (1= o)’

¢ilh(w))(g(w)"")|

< sup (1= [w)’|#4(h(w))||g" " w)|

h(w)<é
+ sup (1= [P |gih(w))]|g" ) (w)]
d<h(w)<1
<M, sup|gi(w,)]
w, €k
+C s 1-|w/?)’|g" Y (w)| log ——
I8l sup (1= ful®) g )] tog s

<M, su;;‘(b;c(wl)} +eC.
w, €
(42)

Applying the known Cauchy’s estimate, when we have
the specific sequence (h;),. that has a uniform type that
converges to zero on a specific compact concerned subset
of D, we obtain that the specific sequence (¢';), con-
verges to zero on a specific compact concerned subset of
D as k — 00. Because k is actually compact, it yields that

lim sup|¢,'<(w1)| =0. (43)

k—00 w, ek

Letting k — 0o in the last inequality, we deduce that

lim sup Hsg’”th <eC. (44)
k—00 B

Because the number ¢ is an arbitrary and positive, this
yields that

lim sup HS;’"hk

k—00

= 0. (45)

.

The concerned specific implication is therefore proved.
On the other hand, assume that Sg’" : Z — B’ is a com-
pact operator. Remarking that the function h, given by (33)
has a uniform type that converges to zero on a specific com-
pact concerned subset of D as |b | —1. In addition, we have

¢,(b) =log foreachbe D\ {0}. (46)

1
1= |p*’
Let (wy), be a concerned specific sequence in the disk

D, for which |h(w; )] — 1 when k — co. The test function
(¢1)reny can be defined by
h(ww -1

1 2
h(wp) [(”log l—h(wk)z> +11

. -1
llog ——M .
( 8 1—|h<wk)|2>

From the proof steps in Theorem 10, we deduce that
sup||¢; ||, < C. Furthermore, the specific function ¢, con-
keN

¢ (w) =
(47)

verges to zero uniformly on a concerned compact subset of
the disk D. Then, using Lemma 7, we obtain that the operator
IISg’”hkllBs — 0, when k — 00. Moreover,

[s7m], = sup (1 - ikt gt
> (1= i) [gilh(w)||g" D (we)| ()

ot

Therefore, we can obtain

1
. _ 2\%| ,(n-1) —
kl;n})o(l |wi]*) ’g (wk)’ log TP 0. (49)

Thus, the concerned proof of our result is obtained
clearly.

Now, we give the following characterizations concerning
the boundedness of the n-generalized superposition operator
Sg’" : Z —> B, , on the boundary of the unit disk.

Theorem 12. Assume that v(|w|) = (1 [w|?)’, where 0<s
< L. Suppose that h, g€ H(D) and ¢ : D — D. Then, the



operator Si’” : Z—> B} is a bounded operator iff condition
(38) holds as well as

lim (1- |w‘2)“‘g(”’1>(w)‘ =0. (50)

|w]—1

Proof. First, assume that conditions (38) and (50) hold. Using
condition (38), thus, for every constant € >0, we can get r
€ (0, 1), for which

(1-|w*)’ <g  (51)

(n=1) 1
o w)|log Ty

with r < |h(w)| < 1. By (38), we can get p € (0, 1), for which

(1= fwP)’

&

< log (1/(1-12))’ (52)

9" (w)

when p < |w| < 1.
Therefore, when p<|w|<1 and r<|h(w)|<1, we
deduce that
(1= )" (@) log - <e. (53)
1 - |h(w)[*

If p < |w| < 1and |h(z)| <r, then we can infer that

s _ 1
(1= [w*)’|g" " (w)| log ———
’ 1- |h(w)|? (54)
— 1wl gn-b
<(1-w*)|g (w)‘logl_r2<8.
From (53) and (54), we deduce

1
lim (1-|w])’|g" Y (w)|log—— =0. (55
\w|ﬁ1( ) o )‘ g1—|h(w)\2 (55)

From (55), using the known maximum modulus theorem
as well as Theorem 10, the concerned property of bounded-
ness for the concerned operator Sg’” :Z— B can be
obtained.

Assuming f € Z and using (9), we get

(1= wP)’

(527) )| <Clgl, (1 - Py

1
"D (w)| log ——.
o w)|log 1 s

(56)

In view of (55), we can deduce that the operator Sg’" €B;,

for each h € Z. Because Bj is a concerned closed subset of the
analytic space B’, it follows therefore that

Si" (w) By, (57)

Hence, the boundedness of the operator SZ’" : Z— B
can be obtained immediately.

For the converse direction of the proof, assuming that the
operator Sg’" : Z— By holds the boundedness property,
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then for ¢(z) = z, we infer that (50) holds. Now suppose that
the concerned condition (38) does not hold. Therefore, we
can have g, >0 and a concerned sequence (wy), . € D, for
which klim |h(w;)| = 1. Also, we have

(1- |wk|2)s}g”_1(wk)} log - > >2g,>0.  (58)

v
[ (w,)]

Then, by choosing a sufficiently large k, the following
specific inequalities can be directly obtained:

>1-|h(z)l;

L= B keN.  (59)

Then, for every nonnegative defined integer m, mostly we
can find one wy, for which

1

l—z—msh(wk)<1— (60)

om+l '

Then, there is m, € N, such that for any concerned
Carleson window,

Q:{rei9;0<1—r<l(9), |6—90|<Z(Q)}, (61)
and m € N; thus, we can almost find m, elements in
{h(wy) € Q: 27" Q) <1 - |h(wy)| <27"(Q)}.  (62)

Hence, (h(wy))in 1is an interpolating concerned
specific sequence for the analytic space B’.

Then, we may have some certain functions P(w) € B’, for
which

P(h(wy)) =log keN. (63)

L= [h(wy)|*

Assume that ¢(h(w)) = jg(w)P(E)dE. Therefore, in view

of the definition of the analytic Bloch space B° and ana-
lytic Zygmund functions, we deduce that heZ. Hence,
we infer that

(1= Jwel?)’

(557) (wo)| = (1= fwi?)’|g" (w9 (h(uwy)
(1= i) 9" (i) [P(h(wy))
= (1= Jw?)’

2¢g,>0.

1
(n-1)
9" (wy)| log
’ 1— [h(wy)?

(64)

Because klim |h(wy)| =1 which yields that klim |w|
—00 —00
=1, therefore, using the above inequality, we deduce that
Sg’” €B;,, which is a contradiction. The proof of Theorem
12 is completely finished.
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Theorem 13. Suppose that h, g € H(D) also assumes that ¢
defines a concerned entire-type function. Thus, the considered
operator Sg’" : B, — B,, is a compact operator iff

~

HSZ’"(prB —0, as|b|— L (65

Proof. Assuming that the compactness property for the oper-
ator S : B, — B, is satisfied. Therefore, {g,(w): b€ D}
can be viewed as a concerned bounded set in the analytic
Bloch space B,, and the specific function ¢, — b — 0, where
the convergence is of uniform type on specific compact con-
cerned sets when |b| — 1.

Hence, applying Lemma 8, we deduce that

lim Hsg’”q)bHB =0. (66)

‘b‘—»l
On the other hand, assume that

el o s @

Let (h,) be a concerned bounded sequence in the
analytic-type space B,, for which h, — 0 is uniformly
bounded on concerned specific compact sets, when n —
00. Then, we can clear that

lim

n—>0

",

=0. (68)

v

B,

Assume that € > 0 is given also fixing 0 < § < 1, for which
|b| > &; hence, we obtain

e, < @

which implies that for any w,eD, |¢(w,)|>3 and

15" P I <&
Particularly, we have

¢ (940 )|| 9" wo) y(wiy <& (0)

Therefore, considering #n € N and w, € D, as well as |¢
(wy)| > 8, (70) gives

v(|wy]|) < € const.
(71)

The concerned set K; ={z:|z| <8} is a concerned
compact subset of the disk D. Also, the convergence of ¢,

— 0 is uniformly bounded on specific compact concerned
sets:

gih
Hs¢ h,

= sup['(hy(wy))|| g™ (wo)
v weD

!

sup |¢;(z)f — 0, whenn— oco. (72)
zeK,

Hence, we can find n, which can be chosen to be large
enough; then, |(¢'(h,))| <e, for any n > ny, with z € D, for
which |h(z)| < 8. Hence,

gin
Hs¢ h,

=|(¢'(n)||g" " @)|v(12)

<e|g" () |v(l2]) 73)
<elglg,

< g const.

BV

Then, where n > ny,

< gconst. (74)

v

Hsgf" B

Therefore, combining equations (71) and (74), we
deduce that

HSi’" h, , <econst, forn>n,. (75)

Therefore, (75) gives ||Sg’nhn|\3 —0 as n— oco.

Hence, in view of the concerned Lemma 8, we deduce that
the operator Si’" : B, — B, is actually a compact operator.

Corollary 14. Let 0<s< 1 and h, g€ H(D) and let ¢ be a
holomorphic-type self-mapping on D. Thus, Sg’" :B,—B°
is a compact operator iff

Hsg’”%HB —0, as|b|—1. (76)

Proof. The proof of this corollary can be obtained immedi-
ately from the proof of Theorem 13 by setting v(Jw|) =
(1-w|)’, 0<s<1,in the image of the operator Sg’".

4. Conclusions

An interesting approach for defining and discussing a new
class of integral superposition-type operators is provided in
this concerned manuscript. This class of operators is based
on both an inducing entire function and a concerned analytic
function of “n — 1”-order derivatives, where n € N.

Essential results of the nonlinear n-generalized superpo-
sition operator defined for the first time are introduced in
the present manuscript. Using the new class of operators, cer-
tain classical and recent classes of analytic-type function
spaces such as Zygmund and v-Bloch classes are studied.
Careful foundations for the concerned weighted analytic-
type function class theoretic results are devoted to laying
and discussing properties of the operator Sg’" such as the
usual properties of boundedness and compactness. Both the
new operator SZ’” and the concerned analytic function space

ultraproduct constructions are studied in detail.



For the n-generalized superposition operator S7", the

next useful important remarks are stated as unsolved inter-
esting future research.

Remark 15. Can one discuss some certain specific properties
such as boundedness and compactness for the operator Si’"

on some other types of analytic function spaces such as
Besov- and Q-type spaces?

Remark 16. How about estimating the essential norms of the
n-generalized superposition operator Sg’"?

In addition, there are some interesting recent studies on
some types of Morrey spaces by applying some certain classes
of operators (see [19, 20]). Is it possible to apply the n-gen-
eralized superposition operator Sg’" in lieu of the considered

operators in such studies?

Remark 17. There are some recent interesting and important
studies of some hypercomplex function spaces using quater-
nion techniques (see [21-24]). On the other hand, there is no
specific study with the help of operators on such hypercom-
plex spaces.
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