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This paper is aimed at presenting some coincidence point results using admissible mapping in the framework of the partial b-metric
spaces. Observed results of the article cover a number of existing works on the topic of “investigation of nonunique fixed points.”
We express an example to indicate the validity of the observed outcomes.

1. Introduction and Preliminaries

In 1974, Ćirić [1] published the first paper on nonunique
fixed point theory. Despite Banach’s theorem, Ćirić [1]
focused only on the existence of a fixed point, but not the
uniqueness. The motivation of Ćirić [1] was inspired by
Banach’s motivation. As it is known, Banach’s fixed point
theorem is abstracted from Picard’s paper, in which Picard
[2] analyzed both the existence and uniqueness of the solu-
tion of the certain differential equation (see [3–5]). On the
other hand, not all differential or integral equations have a
unique solution. In the differential/integral equations, non-
unique solutions are also crucial, for example, periodic solu-
tions. Consequently, Ćirić [1] investigated the corresponding
fixed point theorems that would be a tool in finding periodic
solutions of the differential/integral equations. In the last five
decades, a number of nonunique fixed point results have
been reported in two ways: either proposing a new contrac-
tion type or changing the structure. The first example for
the changing the contraction inequality, in the standard set-
up, was given by Achari [6] in 1976 and Pachpatte [7] in
1973. Fifteen years later, Ćirić and Jotić [8] proposed a new
type of contraction inequalities in the context of complete
metric space. This trend was followed by the attractive results

[9–13]. On the other hand side, in [14–17], the authors
observed several characterizations of the unique fixed point
results in the setting of complete b-metric spaces. Indeed,
among the several extensions of metric structure, the true
extension is the b-metric space. For this reason, observed
nonunique fixed theorems in the context of b-metric space
is very interesting and important, see also [18–20]. In addi-
tion, in [21–23], the characterization of fixed point theorems
in partial metric spaces is crucial due to the potential applica-
tion in the domain theory of computer science. Regarding the
applied mathematics, nonunique fixed point results in cone
metric spaces have taken attention [24].

In this paper, we consider a nonunique fixed point theo-
rem in the context of the very general frame, partial b-metric
spaces. An illustrative example is a set-up to indicate the
validity of the main theorem.

Let M be a nonempty set, a real number s ≥ 1, and ℕ =
f1, 2, 3,⋯g.In this case, the triplet ðM, pb, sÞ forms a partial
b -metric space, on short pb-ms.Undoubtedly, b-metric spaces
(and ordinary metric spaces) are closely related to partial b
-metric spaces. Definitely, a b-metric space (s ≥ 1) is a partial
b-metric space with zero self-distance and a partial metric
space is a partial b-metric space with s = 1. Moreover, a par-
tial b-metric can define a b-metric space. Indeed, for example,
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let pb be a partial b-metric onM. Then, the functions b′p, bp,
bp,m : M⟶M, where

bp u, vð Þ =
pb u, vð Þ, if u ≠ v,
0, if u = v,

(
ð1Þ

b′p u, yð Þ = 2pb u, yð Þ − pb u, uð Þ − pb y, yð Þ, ð2Þ

bp,m u, yð Þ = pb u, yð Þ −min pb u, uð Þ, pb y, yð Þf g ð3Þ
are b-metrics onM:

Definition 1. A function pb : M ×M⟶ ½0,∞Þ is a partial
b-metric on M if for all u, y,w ∈M, it satisfies the follow-
ing conditions:

ðpbÞ1u = y⟺ pbðu, uÞ = pbðu, yÞ = pbðy, yÞ
ðpbÞ2pbðu, uÞ ≤ pbbðu, yÞ
ðpbÞ3pbðu, yÞ ≤ pðy, uÞ
ðpbÞ4pbðu, yÞ ≤ s½pbðu,wÞ + pbðw, uÞ� − pbðw,wÞ

Example 1. (see [25]). Let pb be a partial metric on the setM.
Then, the functions pb : M ×M⟶ ½0,∞Þ are given for all
u, y ∈M by

(1) pbðu, yÞ = pðu, yÞ + bðu, yÞ is a partial b-metric on M
(where b is a b-metric (s > 1) on M)

(2) pbðu, yÞ = ½pðu, yÞ�r for r ≥ 1, define a partial b-met-
rics on M with coefficient s = 2r−1

Remark 2. From ðpbÞ1 and ðpbÞ2, it follows that if u, y ∈M are
such that pbðu, yÞ = 0, then u = y:

Definition 3. (see [26, 27]). Let fung be a sequence on the
pb‐msðM, pb, s ≥ 1Þ

(1) fung is pb-convergent to u ∈M if limn→∞pbðu, unÞ
= pbðu, uÞ

(2) fung is pb-Cauchy if limn,q→∞pbðun, uqÞ exists and is
finite

(3) fung is 0-pb-Cauchy if limn,q→∞pbðun, uqÞ = 0

(4) ðM, pb, s ≥ 1Þ is pb-complete if every pb-Cauchy
sequence in M is pb-convergent

lim
n,q→∞

pb un, uq
� �

= lim
n→∞

pb un, uð Þ = pb u, uð Þ ð4Þ

(5) ðM, pb, s ≥ 1Þ is 0-pb-complete if every 0-pb-Cauchy
sequence we can find u ∈M such that

lim
n,q→∞

pb un, uq
� �

= lim
n→∞

pb un, uð Þ = pb u, uð Þ = 0 ð5Þ

Moreover, in [26], the following interesting results were
proved.

Lemma 4. (see [26]). Every pb-complete pb-ms ðM, pb, s ≥ 1Þ is
0 - pb -complete.

Lemma 5. (see [26]). The pb-ms ðM, pb, s ≥ 1Þ is 0 - pb -com-
plete if and only if the b -metric space ðM, bp, s ≥ 1Þ is com-
plete, where the b -metric bp was defined in (3).

They also showed that the converse affirmation does not
hold.

Let R, S to self-mappings on the set M: We say that

(i) S commutes with R on M if RSu = SRu for all u ∈M

(ii) a point z ∈M is a point of coincidence of R and S if we
can find u∗ ∈M such that z = Ru∗ = Su∗

(iii) a point u∗ ∈M is a common fixed point of R and S if
Ru∗ = u∗ = Su∗

We will use the following notations:

Cc R, Sð ÞM = u ∈M ∣ Ru = Suf gM∗ =M \ Cc R, Sð ÞM: ð6Þ

In [28], the notion of R-β-admissible mapping was introduced
as follows:

(i) Let the function β : M ×M⟶ ½0,∞Þ and R, S : M
⟶M. The mapping S is said to be R-β-admissible if

β Ru, Ryð Þ ≥ 1 impliesβ Su, Syð Þ ≥ 1, ð7Þ

for all u, y ∈M:
In case that R = IM , the mapping S is said to be β

-admissible.
Let ðM, pb, s ≥ 1Þ be a pb-ms and β ;M ×M⟶ ½0,+∞Þ.

The spaceM is β-regular if for every sequence fzng inM such
that zn ⟶ z and βðzn, zn+1Þ ≥ 1, there exists a subsequence
fznlg of fzng such that

β znl , z∗
� �

≥ 1, ð8Þ

for all l ∈ℕ.

Lemma 6. Let R, S : M⟶M such that S is a R-β-admissible.
If there exists u0 ∈M such that βðRu0, Su0Þ ≥ 1, then

β Run, Run+1ð Þ ≥ 1, ð9Þ

where the sequence fung in M is defined by Sun = Run+1, for
each n ∈ℕ ∪ f0g.

Proof. By the assumption βðRu0, Su0Þ ≥ 1, since the mapping
S is R-β-admissible, we get

β Ru0, Ru1ð Þ = β Ru0, Su0ð Þ ≥ 1 impliesβ Ru1, Ru2ð Þ = β Su0, Su1ð Þ ≥ 1,
ð10Þ
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and by induction, it follows that

β Run, Run+1ð Þ ≥ 1, ð11Þ

for n ∈ℕ ∪ f0g.

2. Main Results

Following the idea in [29], we state the following results use-
ful in the sequel.

Lemma 7. Let ðM, pb, s ≥ 1Þ be a pb-ms. If fung is a sequence
inM such that there exists fzng inM, satisfying the inequality

pb un, un+1ð Þ ≤ cpb un−1, unð Þ, ð12Þ

for any n ∈ℕ, then the sequence is fung and is 0-pb-Cauchy.

Proof. First of all, by (12), we get

pb un, un+1ð Þ ≤ cnpb u0, u1ð Þ, ð13Þ

for all n ∈ℕ. On the other hand, by using ðpbÞ4, we can
derive that

pb un, un+q
� �

≤ s pb un, un+1ð Þð
+ pb un+1, un+q

� �Þ − pb un+1, un+1ð Þ
≤ spb un, un+1ð Þ

+ s2 pb un+1, un+2ð Þð + pb un+2, un+2, un+q
� �

−−pb un+1, un+1ð Þ − pb un+2, un+2ð Þ⋯
≤ spb un, un+1ð Þ + s2pb un+1, un+2ð Þ+⋯

+sqpb un+q−1, un+q
� �

−−〠
q−1

l=1
pb un+l , un+lð Þ

≤ sq pb un, un+1ð Þ + pb un+1, un+2ð Þ+⋯½

+pb un+q−1, un+q
� ��−−〠

q−1

l=1
pb un+l, un+lð Þ:

ð14Þ

(1) If c ∈ ½0, 1/sÞ, by (13) and (14), we get

pb un, un+q
� �

≤ 〠
q−1

l=0
sl+1cn+lpb u0, u1ð Þ − 〠

q−1

l=1
pb un+l , un+lð Þ

≤ scn 〠
q−1

l=0
scð Þlpb u0, u1ð Þ

= scn
1 − scð Þq
1 − sc

⟶ 0 as n, q⟶∞:

ð15Þ

Therefore, fung is a 0-pb-Cauchy sequence.

(2) If c ∈ ½1/s, 1Þ, thus cn ⟶ 0 (as n⟶∞). Moreover,
there exits l ∈ℕ such that cl < 1/s. This means l > −
log s/log c. Again, by (13) together with (14), we have

pb unl , u n+1ð Þl
� �

≤ sl pb unl, unl+1ð Þ+⋯+pb unl+l−1, u n+1ð Þl
�h i

−−〠
l−1

j=1
pb unl+j, unl+j
� �

≤ sl 〠
l−1

j=0
cnl+jpb u0, u1ð Þ − 〠

l−1

j=1
pb unl+j, unl+j
� �

≤ slcnl 〠
l−1

j=0
pb u0, u1ð Þ

≤ cnl
sl · pb u0, u1ð Þ

1 − c
⟶ 0 as n⟶∞:

ð16Þ

Thereby, letting λ = cl < 1/s by Case (i), we get that the
sequence funlg is 0-pb-Cauchy sequence, which means that

lim
n,q→∞

pb unl , uql
� �

= 0: ð17Þ

On the other hand,

pb ul n/l½ �, un
� �

≤ s pb ul n/l½ �, ul n/l½ �+1
� ��

+ pb ul n/l½ �+1, un
� ��

− pb ul n/l½ �+1, ul n/l½ �+1
� �

≤ sl pb ul n/l½ �, ul n/l½ �+1
� �

+⋯+pb un−1, unð Þ
h i
−− pb ul n/l½ �+1, ul n/l½ �+1

� �
+⋯+pb un−1, un−1ð Þ

� �
,

ð18Þ

and using (13), we have

pb ul n/l½ �, un
� �

≤ sl cl n/l½ �+⋯+cn−1
h i

pb u0, u1ð Þ

≤ slcl n/l½ � pb u0, u1ð Þ
1 − c

⟶ 0 as n⟶∞:
ð19Þ

Finally, combining relations (19) and (17) and keeping in
mind ðpbÞ4, we have

pb un, uq
� �

≤ s pb un, ul n/l½ �
� �h

+ pb ul n/l½ �, uq
� �i

− pb ul n/l½ �, ul n/l½ �
� �

≤ spb un, ul n/l½ �
� �

+ s2pb ul n/l½ �, ul q/l½ �
� �

+ s2pb ul q/l½ �, uq
� �

−−pb ul n/l½ �, ul n/l½ �
� �

− pb ul q/l½ �, ul q/l½ �
� �

≤ spb un, ul n/l½ �
� �

+ s2pb ul n/l½ �, ul q/l½ �
� �

+ s2pb ul q/l½ �, uq
� �

⟶ 0 as n, q⟶∞:

ð20Þ

Thereupon, the sequence fung is 0-pb-Cauchy.
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Theorem 8. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and two
mappings R, S : M⟶M. Suppose that there exists κ ∈ ð0, 1Þ
such that

β Ru, Ryð Þ min pb Su, Syð Þ, pb Sy, Ryð Þf g
−− min bp Su, Ryð Þ, bp Sy, Ruð Þ� �

≤ κ max pb Ru, Ryð Þ, pb Su, Ruð Þf g,
ð21Þ

for all u, y ∈M, such that u ≠ y when u, y ∈ CcðR, SÞM . Suppose
also that

(a) SðMÞ ⊂ RðMÞ and ðRðMÞ, pb, sÞ is a 0-pb-complete
pb-ms

(b) S is R-β-admissible, and there exists u0 ∈M such that
βðRu0, Su0Þ ≥ 1

(c) M is β-regular

Then, the mappings S and R have a point of coincidence.

Proof. Let u0 be an arbitrary point in M, such that βðRu0, S
u0Þ ≥ 1. Thus, since SðMÞ ⊂ RðMÞ, there exists u1 ∈M such
that Su0 = Ru1: Thereupon, Su1 ∈ SðMÞ ⊂ RðMÞ and we can
find u2 ∈M such that Su1 = Ru2. In this way, we can build a
sequence fung ⊆M as follows:

having defined un ∈M, we let un+1 ∈M such that Sun = Run+1,
ð22Þ

for all n ∈ℕ ∪ f0g. Letting u = un and y = un+1 in (ref1T1)
and taking into account Lemma 6, we have

min pb Sun, Sun+1ð Þ, pb Sun+1, Run+1ð Þf g
−− min bp,m Sun, Run+1ð Þ, bp,m Sun+1, Runð Þ� �

≤ β Run, Run+1ð Þ min pb Sun, Sun+1ð Þ, pb Sun+1, Run+1ð Þf g
−− min bp Sun+1, Runð Þ� �

≤ κ max pb Run, Run+1ð Þ, pb Sun, Runð Þf g:
ð23Þ

Keeping in mind (22), we get

min pb Run+1, Run+2ð Þ, pb Run+1, Runð Þ, pb Run+2, Run+1ð Þf g
−− min bp Run+1, Run+1ð Þ, bp Run+2, Runð Þ� �

≤ κ max pb Run, Run+1ð Þ, pb Run+1, R unð Þð Þf g
= κpb Run, Run+1ð Þ,

ð24Þ

which is equivalent with

min pb Run+1, Run+2ð Þ, pb Run+1, Runð Þf g
−− min bp Run+1, Run+1ð Þ, bp Run+2, Runð Þ� �

≤ κpb Run, Run+1ð Þ:
ð25Þ

Therefore, we get

pb Run+1, Run+2ð Þ ≤ κpb Run, Run+1ð Þ, ð26Þ

for any n ∈ℕ ∪ f0g.Let now fzng be a sequence in M, with
zn = Run+1 = Sun, n ∈ℕ ∪ f0g. First of all, we mention that
zn ≠ zn+1 for every n ∈ℕ. Indeed, if we suppose that there
exists m0 ∈ℕ ∪ f0g such that zm0

= zm0+1, thus by (22),
we have

Rum0+1 = Sum0
= zm0

= zm0+1 = Sum0+1, ð27Þ

so that zm0+1 is a point of coincidence. Thus, zn ≠ zn+1 for
every ℕ ∪ f0g and (28) can be rewritten as

pb zn, zn+1ð Þ ≤ κpb zn−1, znð Þ: ð28Þ

Therefore, according to Lemma 7, the sequence fzng is 0
-pb-Cauchy. Since the space is 0-pb-complete, it follows
that there is z ∈M such that

lim
n,q→∞

pb zn, zq
� �

= lim
n→∞

pb zn, zð Þ = pb z, zð Þ = 0: ð29Þ

But, on the other hand, since zn = Run+1 and the space
ðRðMÞ, pb, sÞ is 0-pb-complete, we can find u∗ ∈M, with
z = Ru∗. Thus,

lim
n→∞

pb Sun, Ru∗ð Þ = lim
n→∞

pb Run, Ru∗ð Þ = pb Ru∗, Ru∗ð Þ = 0:

ð30Þ

Supposing that Ru∗ ≠ Su∗ for u = unl and y = u∗ and taking
into account the β-regularity of the space M, we have

min pb Sunl , Su∗
� �

, pb Su∗, Ru∗ð Þ� �
−min bp Sunl , Ru∗

� �
, bp Su∗, Runl

� �� �
≤ ≤β znl , z

� �
min pb Sunl , Su∗

� �
, pb Su∗, Ru∗ð Þ� �

−min bp Sunl , Ru∗
� �

, bp Su∗, Runl
� �� �

= β Runl , Ru∗
� �

min pb Sunl , Su∗
� �

, pb Su∗, Ru∗ð Þ� �
−min bp Sunl , Ru∗

� �
, bp Su∗, Runl

� �� �
≤ κ max pb Runl , Ru∗

� �
, pb Sunl , Runl

� �� �
:

ð31Þ

If min fpbðSunl , Su∗Þ, pbðSu∗, Ru∗Þg = pbðSu∗, Ru∗Þ, the
above inequality becomes

pb Su∗, Ru∗ð Þ −min pb Sunl , Su∗
� �

, pb Su∗, Ru∗ð Þ� �
−min bp Sunl , Ru∗

� �
, bp Su∗, Runl

� �� �
≤ κ max pb Runl , Ru∗

� �
, pb Sunl , Runl

� �� �
:

ð32Þ

Letting l⟶∞ and taking into account (28) and (30), we get

pb Su∗, Ru∗ð Þ = 0, ð33Þ
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and by ðpbÞ1, ðpbÞ1, we have Su∗ = Ru∗.Ifmin fpbðSunl , Su∗Þ,
pbðSu∗, Ru∗Þg = pbðSunl , Su∗Þ, we find that liml→∞pbðSunl ,
Su∗Þ = 0: On the other hand, by ðpbÞ4,

pb Su∗, Ru∗ð Þ ≤ s pb Su∗, Sunl
� �

+ pb Sð unl , Ru∗
� �� 	

− pb Sð unl , Sunl
� �

,
ð34Þ

and then, pbðSu∗, Ru∗Þ = 0, as l⟶∞. This proves that z
= Su∗ = Ru∗, that is, z is a point of coincidence for S
and R.

Example 2. Let M = ½0,∞Þ and pb : M ×M⟶ ½0,∞Þ be a
partial b-metric, where pbðu, yÞ = ðmax fu, ygÞ2. Let the
mappings S, R : M⟶M,

Su =
u + 1
2 , if u ∈ 0, 1½ �,

3, if u > 1,

8<
:

Ru =

u + 2
4 , if u ∈ 0, 1½ �,

u + 5
10 , if u > 1,

8>><
>>:

ð35Þ

and the function β : M ×M⟶ ½0,∞Þ,

β x, vð Þ =

2, for x = v = 1
2 ,

3, for x = v = 3,
1, for x, v ≥ 4,
0, otherwise:

8>>>>>><
>>>>>>:

ð36Þ

Obviously, since x = Ru ≥ 4 for u ≥ 35 we have

(i) For u, y ≥ 35

β Ru, Ryð Þ = 1⟹ β Su, Svð Þ = β 3, 3ð Þ = 3 > 1,

β
1
2 ,

1
2


 �
= β R 0ð Þ, R 0ð Þð Þ = 2⟹ β S 0ð Þ, S 0ð Þð Þ = β

1
2 ,

1
2


 �
= 2,

β 3, 3ð Þ = β R 25ð Þ, R 25ð Þð Þ = 3⟹ β S 25ð Þ, S 25ð Þð Þ = β 3, 3ð Þ = 3:
ð37Þ

Moreover,

β Ru, Ryð Þ min pb Su, Syð Þ, pbb Sy, Ryð Þf g
−− min bp Su, Ryð Þ, bp Sy, Ruð Þ� �

≤min pb 3, 3ð Þ, pb 3, Ryðf g
= 9, ≤ κ · 16 ≤ κ · max pb Ru, Ryð Þ, pb Su, Ruð Þf g,

ð38Þ

for any 9/16 < κ < 1:

(ii) All other cases are uninteresting due to the way the
function β was defined

Consequently, by Theorem 8, the mappings S, R have
points of coincidence. These are 1/2 = Sð0Þ = Rð0Þ, respec-
tively, 3 = Sð25Þ = Rð25Þ.

Corollary 9. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and two
mappings R, S : M⟶M. Suppose that there exists κ ∈ ð0, 1Þ
such that

min pb Su, Syð Þ, pb Sy, Ryð Þf g
−− min bp Su, Ryð Þ, bp Sy, Ruð Þ� �

≤ κ max pb Ru, Rvð Þ, pb Su, Ruð Þf g,
ð39Þ

for every u, y ∈M, such that u ≠ y when u, y ∈ CcðR, SÞM. If S
ðMÞ ⊂ RðMÞ and ðRðMÞ, pb, sÞ is a 0-pb-complete pb-ms, then
the mappings S and R have a point of coincidence.

Proof. It is enough to choose βðu, yÞ = 1 in Theorem 8.

Theorem 10. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and a
mapping S : M⟶M. Suppose that there exists κ ∈ ð0, 1Þ
such that

β u, yð Þ min pb Su, Syð Þ, pb Sy, yð Þf g
−− min bp Su, yð Þ, bp Sy, uð Þ� �
≤ κ max pb u, yð Þ, pb Su, uð Þf g,

ð40Þ

for every u, y ∈M, such that u ≠ y. Suppose also that

(a) S is β-admissible, and there exists u0 ∈M such that β
ðu0, Su0Þ ≥ 1

(b) M is β-regular

Then, the mapping S has a fixed point.

Proof. Put R = IM in Theorem 8.

Corollary 11. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and a
mapping S : M⟶M. Suppose that there exists κ ∈ ð0, 1Þ
such that

min pb Su, Syð Þ, pb Sy, yð Þf g
−− min bp Su, yð Þ, bp Sy, uð Þ� �
≤ κ max pb u, yð Þ, pb Su, uð Þf g,

ð41Þ

for every u, y ∈M,u ≠ y. Then, the mapping S has a fixed point.

Proof. It is enough to choose βðu, yÞ = 1 in Theorem 10.

Theorem 12. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and two
mappings R, S : M⟶M. Suppose that there exist κ ∈ ð0, 1Þ
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and a > 0 such that

β Ru, Ryð ÞM1
S u, yð Þ − a ·N1

S,R u, yð Þ ≤ κpb Su, Ruð Þpb Sy, Ryð Þ,
ð42Þ

where

M1
S,R u, yð Þ =min pb Su, Syð Þ½ �2, pb Sy, Ryð Þ½ �2� �

,

N1
S,R u, yð Þ =min bp Su, Ryð Þbp Sy, Ruð Þ, pb Su, Ryð Þpb Su, Syð Þ, pb Sy, Ruð Þpb Ru, Ryð Þ� �

,

ð43Þ

for every u, y ∈M, such that u ≠ y when u, y ∈ CcðR, SÞM .
Suppose also that:

(a) SðMÞ ⊂ RðMÞ and ðRðMÞ, pb, sÞ is a 0-pb-complete
pb-ms

(b) S is R-β-admissible, and there exists u0 ∈M such that
βðRu0, Su0Þ ≥ 1

(c) M is β-regular

Then, the mappings S and R have a point of coincidence.

Proof. Starting with a point u0 ∈M such that βðRu0, Su0Þ ≥ 1,
we build the sequences fung, fzng as in Theorem 8,

zn = Run+1 = Sun, for all n ∈ℕ: ð44Þ

Using the same arguments, we can assume that zn ≠ zn+1,
also, for all n ∈ℕ. Thus, for u = un, y = un+1,

and taking into account Lemma 6, (42) becomes

M1
S,R un, un+1ð Þ ≤ β Run, Run+1ð ÞM1

S,R un, un+1ð Þ − a ·N1
S,R un, un+1ð Þ

≤ κpb Sun, Runð Þ · pb Sun+1, Run+1ð Þ:
ð47Þ

Taking into account (46), the above inequality turns into

pb zn, zn+1ð Þ½ �2 ≤ κpb zn, zn−1ð Þpb zn+1, znð Þ, ð48Þ

or equivalent (since zn ≠ zn+1)

pb zn, zn+1ð Þ ≤ κpb zn, zn−1ð Þ: ð49Þ

Accordingly, from Lemma 7, it follows that the sequence
fzng is 0-pb-Cauchy and due to the completeness of the
space, there exists z ∈M such that limn⟶∞pbðznÞ, zÞ
= pbðz, zÞ = 0. Following the corresponding lines in Theo-
rem 8, we can find u∗ ∈M such that Ru∗ = z. Supposing
that Ru∗ ≠ Su∗ for u = unl and y = u∗ and taking into
account the assumption (c),

M1
S,R unl , u∗
� �

≤ β Runl , Ru∗
� �

M1
S,R unl , u∗
� �

− a ·N1
S,R unl , u∗
� �

≤ κpb Sunl , Runl
� �

· pb Su∗, Ru∗ð Þ,
ð50Þ

where

M1
S,R un, un+1ð Þ =min pb Sun, Sun+1ð Þ½ �2, pb Sun+1, Run+1ð Þ½ �2� �

=min pb zn, zn+1ð Þ�2, pb zn+1, znð Þ½ �2� �
= pb zn+1, znð Þ½ �2,

ð45Þ

N1
S,R un, un+1ð Þ =min

bp Sun, Run+1ð Þbp Sun+1, Runð Þ, pb Sun, Run+1ð Þpb Sun, Sun+1ð Þ,
pb Sun+1, Runð Þpb Run, Run+1ð Þ

( )

=min
bp zn, znð Þbp zn+1, zn−1ð Þ, pb zn, zn+1ð Þpb zn, zn+1ð Þ,

pb zn+1, un−1ð Þpb un−1, znð Þ

( )
= 0,

ð46Þ

M1
S,R unl , u∗
� �

=min pb Sunl , Su∗
� �� 	2, pb Su∗, Ru∗ð Þ½ �2

n o
,

N1
S,R unl , u∗
� �

=min bp Sunl , Ru∗
� �

bp Su∗, Runl
� �

, pb Sunl , Ru∗
� �

pb Su∗, Sunl
� �

, pb Su∗, Runl
� �

pb Ru∗, Runl
� �� �

:

ð51Þ
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Since liml→∞N1
S,Rðunl , u∗Þ = 0 and liml→∞ = pbðSunl , RunlÞ ·

pbðSu∗, Ru∗Þ = 0 (by) letting l⟶∞ in (50), we have

either pb Su∗, Ru∗ð Þ½ �2 = 0 or lim
l→∞

pb Sunl , Su∗
� �� 	2 = 0: ð52Þ

(1) If ½pbðSu∗, Ru∗Þ�2 = 0, it follows that Su∗ = Ru∗.

(2) If liml→∞½pbðSunl , Su∗Þ�
2 = 0, by ðpbÞ4

pb Ru∗, Su∗ð Þ ≤ s pb Ru∗, Sunl
� �

+ pb Sunl , Su∗
� �� 	

− pb Sunl , Sunl
� �

≤ s pb Ru∗, Sunl
� �

+ pb Sunl , Su∗
� �� 	

⟶ 0 as l⟶∞,
ð53Þ

so pbðRu∗, Su∗Þ = 0.
Thereupon, Ru∗ = Su∗ = z and z is a point of coincidence

of R and S.

Example 3. Let M = fα1, α2, α3, α4, α5g and the partial b
-metric pb : M ×M⟶ ½0,+∞Þ defined as follows (Table 1).

Let the function β : M ×M⟶ ½0,+∞Þ, with

β u, yð Þ =
1, for u, yð Þ ∈ α5, α3ð Þ, α3, α2ð Þf g,
2, for u, yð Þ = α2, α2ð Þ,
0, otherwise,

8>><
>>: ð54Þ

and two mappings S, R : M⟶M (Table 2).
First of all, we remark that

β α5, α3ð Þ = β Rα2, Rα5ð Þ = 1⟹ β Sα2, Sα5ð Þ = β α3, α2ð Þ = 1,
β α3, α2ð Þ = β Rα5, Rα4ð Þ = 1⟹ β Sα5, Sα4ð Þ = β α2, α2ð Þ = 2,
β α2, α2ð Þ = β Rα4, Rα4ð Þ = 2⟹ β Sα4, Sα4ð Þ = β α2, α2ð Þ = 2,

ð55Þ

which shows as that (b) holds. Also, it is easy to see that (a)
and (c) are satisfied, so it remains to be verified (42). We
distinguish two cases as follows:

(1) ðu, yÞ = ðα2, α5Þ

(2) ðu, yÞ = ðα5, α4Þ

So, for any κ ∈ ð0, 1Þ, the inequality (42) holds. Therefore,
the mappings S, R have a point of coincidence, which is z = α2
.

Corollary 13. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and two
mappings R, S : M→M. Suppose that there exist κ ∈ ð0, 1Þ

and a > 0 such that

M1
S,R u, yð Þ − a ·N1

S,R u, yð Þ ≤ κpb Su, Ruð Þpb Sy, Ryð Þ, ð58Þ

where

M1
S,R α2, α5ð Þ =min pb Sα2, Sα5ð Þ½ �2, pb Sα5, Rα5ð Þ½ �2� �

=min pb α3, α2ð Þ½ �2, pbb α2, α3ð Þ½ �2� �
= 9,

N1
S,R α2, α5ð Þ =min bp Sα2, Rα5ð Þbp Sα5, Rα2ð Þ,⋯� �

=min bp α3, α3ð Þbp α2, α5ð Þ,⋯� �
= 0,

pb Sα2, Rα2ð Þpb Sα5, Rα5ð Þ = pb α3, α5ð Þpb α2, α3ð Þ = 22 · 3 = 66:

ð56Þ

M1
S,R α5, α4ð Þ =min pb Sα5, Sα4ð Þ½ �2, pb Sα4, Rα4ð Þ½ �2� �

=min pb α2, α2ð Þ½ �2, pb α2, α2ð Þ½ �2� �
= 1,

N1
S,R α5, α4ð Þ =min bp Sα5, Rα4ð Þbp Sα4, Rα5ð Þ,⋯� �

=min bp α2, α2ð Þbp α2, α3ð Þ,⋯� �
= 0,

pb Sα5, Rα5ð Þpb Sα4, Rα4ð Þ = pb α2, α3ð Þpb α2, α2ð Þ = 3 · 1 = 3:

ð57Þ

M1
S,R u, yð Þ =min pb Su, Syð Þ½ �2, pb Sy, Ryð Þ½ �22� �

,

N1
S,R u, yð Þ =min bp Su, Ryð Þbp Sy, Ruð Þ, pb Su, Ryð Þpb Su, Syð Þ, pb Sy, Ruð Þpb Ru, Ryð Þ� �

,
ð59Þ

7Journal of Function Spaces



for every u, y ∈M, such that u ≠ y when u, y ∈ CcðR, SÞM .
Then, the mappings S and R have a point of coincidence pro-
viding that SðMÞ ⊂ RðMÞ and ðRðMÞ, pb, sÞ is a 0-pb-com-
plete pb-ms.

Proof. Put βðu, yÞ = 1 in Theorem 12.

Theorem 14. Let ðM, pb, s ≥ 1Þ be a complete pb-ms a map-
ping S : M⟶M. Suppose that there exists κ ∈ ð0, 1Þ and
a > 0 such that

β u, yð ÞM1
S u, yð Þ − a ·N1

S u, yð Þ ≤ κpb Su, uð Þpb Sy, yð Þ, ð60Þ

where

M1
S u, yð Þ =min pb Su, Syð Þ½ �2, pb Sy, yð Þ½ �2� �

,

N1
S u, yð Þ =min bp Su, yð Þbp Sy, uð Þ, pb Su, yð Þpb Su, Syð Þ, pb Sy, uð Þpb u, yð Þ� �

,

ð61Þ

for every u, y ∈M,u ≠ y. Suppose also that

(a) S is β-admissible, and there exists u0 ∈M such that β
ðu0, Su0Þ ≥ 1

(b) M is β-regular

Then, the mapping S possesses a fixed point.

Proof. Choose R = IM in Theorem 12.

Corollary 15. Let ðM, pb, s ≥ 1Þ be a complete pb-ms a map-
ping S : M⟶M. Suppose that there exists κ ∈ ð0, 1Þ and
a > 0 such that

M1
S u, yð Þ − a ·N1

S u, yð Þ ≤ κpb Su, uð Þpb Sy, yð Þ, ð62Þ

where

M1
S u, yð Þ =min pb Su, Syð Þ½ �2, pb Sy, yð Þ½ �2� �

,

N1
S u, yð Þ =min bp Su, yð Þbp Sy, uð Þ, pb Su, yð Þpb Su, Syð Þ, pb Sy, uð Þpb u, yð Þ� �

,

ð63Þ

for every u, y ∈M, u ≠ y. Then, the mapping S possesses a
fixed point.

Proof. Put βðu, yÞ = 1 in Theorem 14.

Theorem 16. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and two
mappings R, S : M⟶M. Suppose that there exist κ ∈ ð0, 1Þ
and a > 0 such that

β Ru, Ryð ÞM2
S,R u, yð Þ ≤ κ ·N2

S,R u, yð Þ, ð64Þ

where

M2
S,R u, yð Þ = pb Su, Syð Þpb Sy, Ryð Þ − a · min bp Su, Ryð Þ, bp Sy, Ruð Þ� �

,

N2
S,R u, yð Þ = pb Ru, Ryð Þ · max pb Su, Ruð Þ, pb Sy, Ryð Þ, pb Su, Ryð Þ + pb Sy, Ruð Þ

2s

� 

,

ð65Þ

for every u, y ∈M, such that u ≠ y when u, y ∈ CcðR, SÞM .
Suppose also that

(a) SðMÞ ⊂ RðMÞ and ðRðMÞ, pb, sÞ is a 0-pb-complete
pb-ms

(b) S is R-β-admissible and there exists u0 ∈M such that
βðRu0, Su0Þ ≥ 1

(c) M is β-regular

Then, the mappings S and R have a point of coincidence.

Proof. We will only sketch the proof, because, basically, we
use the same technique that was used in the above theorems.
Indeed, for u = un, y = un+1, where the sequences fzng, fung
are defined in Theorem 8, we have

M2
S,R un, un+1ð Þ = pb Sun, Sun+1ð Þpb Sun+1, Run+1ð Þ

−−a · min bp Sun, Run+1ð Þ, bp Sun+1, Runð Þ� �
= pb zn, zn+1ð Þpb zn+1, znð Þ

− a · min bp zn, znð Þ, bp zn+1, zn−1ð Þ� �
= pb zn, zn+1ð Þ½ �2,

Table 1

pb u, yð Þ α1 α2 α3 α4 α5

α1 0 2 6 30 42

α2 2 1 3 21 31

α3 6 3 2 14 22

α4 30 21 14 5 7

α5 42 31 22 7 6

Table 2

α1 α2 α3 α4 α5
S α5 α3 α2 α2 α2

R α1 α5 α1 α2 α3
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N2
S,R un, un+1ð Þ = pb Run, Run+1ð Þ · max

pb Sun, Runð Þ, pb Sun+1, Run+1ð Þ,
pb Sun, Run+1ð Þ + pb Sun+1, Runð Þ

2s

8><
>:

9>=
>;

=max
pb zn−1, znð Þ, pb zn, zn+1ð Þ,
pb zn, znð Þ + pb zn+1, zn−1ð Þ

2s

8><
>:

9>=
>;

≤ pb zn−1, znð Þ · mpb zn−1, znð Þ · max

�
pb zn−1, znð Þ, pb zn, zn+1ð Þ,

pb zn, znð Þ + s pb zn+1, znð Þ + pb zn, zn+1ð Þ½ � − pb zn, znð Þ
2s

8><
>:

9>=
>;

= pb zn−1, znð Þ · max

� pb zn−1, znð Þ, pb zn, zn+1ð Þ, pb zn+1, znð Þ + pb zn, zn+1ð Þ
2

� 

= pb zn−1, znð Þ · max pb zn−1, znð Þ, pb zn, zn+1ð Þf g:

ð66Þ

Thus, the inequality (64) becomes

pb zn, zn+1ð Þ½ �2 ≤ κpb zn−1, znð Þ · max pb zn−1, znð Þ, pb zn, zn+1ð Þf g:
ð67Þ

Since for the case max fpbðzn−1, znÞ, pbðzn, zn+1Þg = pbðzn,
zn+1Þ we get ½pbðzn, zn+1Þ�2 ≤ κpbðzn−1, znÞ · pbðzn, zn+1Þ, or
pbðzn, zn+1Þ ≤ κpbðzn−1, znÞ < pbðzn−1, znÞ, which is a contra-
diction, we conclude that max fpbðzn−1, znÞ, pbðzn, zn+1Þg =
pbðzn−1, znÞ and then (67) becomes

pb zn, zn+1ð Þ ≤ κpb zn−1, znð Þ, ð68Þ

for any n ∈ℕ. Therefore, by Lemma L2A and using similar
arguments as in Theorems 8 and 12, there exists u∗ ∈M
such that

lim
n→∞

pb Sun, Ru∗ð Þ = lim
n→∞

pb Run, Ru∗ð Þ = pb Ru∗, Ru∗ð Þ = 0:

ð69Þ

Finally, we claim that Su∗ = Ru∗. From the assumptions (c),
there exists a subsequences funlg of fung such that βðunl ,
u∗Þ ≥ 1. Thus, replacing u by unl and y by u∗, we get (as
l⟶∞)

lim
n→∞

M2
S,R unl , u∗
� �

= lim
n→∞

pb Sunl , Su∗
� �

pb Su∗, Ru∗ð Þ�
−−a · min bp Sunl , Ru∗

� �
, bp Su∗, Runl

� �� �	
= pb Su∗, Ru∗ð Þ · lim

n→∞
pb Sunl , Su∗
� ��

,

lim
n→∞

N2
S,R unl , u∗
� �

= lim
n→∞

pb Runl , Ru∗
� �

· max
pb Sunl , Runl
� �

, pb Su∗, Ru∗ð Þ,

pb Sunl , Ru∗
� �

+ pb Su∗, Runl
� �

2s

8><
>:

9>=
>; = 0:

ð70Þ

Consequently, (64) becomes pbðSu∗, Ru∗Þ · limn→∞½pbðSunl ,

Su∗Þ = 0 and the rest is just a verbatim repetition of the lines
in the previous proofs.

Corollary 17. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and two
mappings R, S : M⟶M. Suppose that there exist κ ∈ ð0, 1Þ
and a > 0 such that

M2
S,R u, yð Þ ≤ κ ·N2

S,R u, yð Þ, ð71Þ

where

M2
S,R u, yð Þ = pb Su, Syð Þpb Sy, Ryð Þ − a · min bp Su, Ryð Þ, bp Sy, Ruð Þ� �

,

N2
S,R u, yð Þ = pb Ru, Ryð Þ · max pb Su, Ruð Þ, pb Sy, Ryð Þ, pb Su, Ryð Þ + pb Sy, Ruð Þ

2s

� 

,

ð72Þ

for every u, y ∈M, such that u ≠ y when u, y ∈ CcðR, SÞM . If S
ðMÞ ⊂ RðMÞ and ðRðMÞ, pb, sÞ is a 0-pb-complete pb-ms, then,
the mappings S and R have a point of coincidence.

Proof. Let βðu, yÞ = 1 in Theorem 16.

Theorem 18. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and a
mapping S : M⟶M. Suppose that there exist κ ∈ ð0, 1Þ
and a > 0 such that

β u, yð ÞM2
S u, yð Þ ≤ κ ·N2

S u, yð Þ, ð73Þ

where

M2
S u, yð Þ = pb Su, Syð Þpb Sy, yð Þ − a · min bp Su, yð Þ, bp Sy, uð Þ� �

,

N2
S u, yð Þ = pb u, yð Þ · max pb Su, uð Þ, pb Sy, yð Þ, pb Su, yð Þ + pb Sy, uð Þ

2s

� 

,

ð74Þ

for every u, y ∈M: Suppose also that

(i) S is β-admissible, and there exists u0 ∈M such that
βðRu0, Su0Þ ≥ 1

(ii) M is β-regular

Then, the mapping S admits a fixed point.

Proof. Choose R = IM .

Corollary 19. Let ðM, pb, s ≥ 1Þ be a complete pb-ms and two
mappings R, S : M⟶M. Suppose that there exist κ ∈ ð0, 1Þ
and a > 0 such that

M2
S u, yð Þ ≤ κ ·N2

S u, yð Þ, ð75Þ

where
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M2
S u, yð ÞM2

S u, yð Þ = pb Su, Syð Þpb Sy, yð Þ − a · min bp Su, yð Þ, bp Sy, uð Þ� �
,

N2
S u, yð Þ = pb u, yð Þ · max pb Su, uð Þ, pb Sy, yð Þ, pb Su, yð Þ + pb Sy, uð Þ

2s

� 

,

ð76Þ

for every u, y ∈M: Then, the mapping S has a fixed point.
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