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In this manuscript, we present further extensions of the best approximation theorem in hyperconvex spaces obtained by Khamsi.

1. Introduction

The importance of fixed point theory emerges from the fact
that it gives a unified approach and constitutes an essential
tool in resolving problems which are not necessarily linear.
A variant number of problems can be expressed as nonlinear
equations of the form f ðuÞ = u, where f is a self-mapping, see
[1–6]. Nevertheless, an equation of the type f ðuÞ = u does not
necessarily have a solution if f is a non-self-mapping. Let
ðX, dÞ be a metric space. Here, we search an optimal solution
in the sense that dðu, f ðuÞÞ is minimum. That is, we resolve a
problem of searching an element u ∈ X so that u is in best
proximity to f in some sense. A best proximity point result
presents the condition under which the optimisation problem,
i.e., infu∈Adðu, f ðuÞÞ, possesses a solution. The element u is
called the best proximity point of f : A⟶ B if dðu, f ðuÞÞ =
dðA, BÞ = inf fdða, bÞ, a ∈ A, b ∈ Bg. Observe that the best
proximity point is reduced to a fixed point if f is a self-
mapping. For more related works, see [7–11].

The concept of a hyperconvex space was initiated in [12]
by Aronszajn and Panitchpakdi. In hyperconvex spaces,
many results on coincidence points, fixed points, best
approximations, and coupled best approximations are
obtained. See, for example, [13–23]. For more details on the
best approximation and KKM principle, we refer readers to
the classic book [24]. Due to Aronszajn and Panitchpakdi

[12], the definition of a hyperconvex metric space is as
follows.

A metric space ðΛ, ωÞ is named to be a hyperconvex space
if for any set of points fℓαg of Λ and for any family of
nonnegative real numbers frαg with ωðℓα, ℓβÞ ≤ rα + rβ, we
have ∩ αBðℓα, rαÞ ≠∅, where Bðℓ, rÞ = fj ∈Λ : ωðℓ, jÞ ≤ rg
represents the closed ball with center ℓ ∈Λ and radius r.

Suppose that a subset A of Λ is bounded. Consider,

co Að Þ = ∩ B ⊆Λ : B is a closed ball so thatA ⊆ Bf g,
A ℓð Þ = A ⊆Λ : A = co Að Þf g,

ð1Þ

i.e., A ∈AðℓÞ iff A is an intersection of closed balls. Here, A is
named to be an admissible subset of Λ. In the linear case, the
notation convðAÞ describes the convex hull of A. Note that
coðAÞ is always defined and is in AðℓÞ. If ðΛ, ωÞ is a hyper-
convex space, then it is complete [17].

Let Λ be a nonempty set. We denote by hΛi and 2Λ the
set of all nonempty finite subsets of Λ and the set of all
nonempty subsets of Λ, respectively. Let Λ and Ω be
topological spaces with A ⊆Λ and B ⊆Ω. Given a set-
valued map F : Λ⟶ 2Ω, the image of A under F is the
set FðAÞ = ∪a∈AFðaÞ and the inverse image of B under F
is F−ðBÞ = fℓ ∈Λ : FðℓÞ ∩ B ≠∅g. The map F is lower
(upper) semicontinuous if, for each open (closed) set B ⊆Ω,
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F−ðBÞ is open (closed) set in Λ. The map F is continuous if F
is both upper semicontinuous and lower semicontinuous.

Let A be an admissible subset of Λ. The set-valued map
F : A⟶ 2Λ is named to be quasiconvex if for any admissi-
ble set A of Λ, F−ðAÞ is also admissible (see [15]). Observe
that if F is a quasiconvex map, then the set F−ðBðℓ, rÞÞ is
admissible for each closed ball Bðℓ, rÞ: Note that, if A ∈AðℓÞ,
then A + r ∈AðℓÞ (see [25]), where A + r = ∪a∈ABða, rÞ:

Khamsi [17] presented a hyperconvex version of the
KKM principle in hyperconvex spaces. As an application,
he gave a hyperconvex version of the best approximation
result of Fan for continuous single-valued maps. In this man-
uscript, we ensure the existence of a solution of a best
approximation problem for set-valued maps F and G: for a
set K , find ℓ0 ∈ K so that

ω G ℓ0ð Þ, F ℓ0ð Þð Þ ≤ ω G ℓð Þ, F ℓ0ð Þð Þ for all ℓ ∈ K: ð2Þ

Let Λ be a metric space and K ⊂Λ. A multivalued map
H : K ⟶ 2Λ is said to be a KKM map if

co Að Þ ⊂H Að Þ for anyA ∈ Kh i: ð3Þ

Theorem 1 (see [17], KKM principle). Let Λ be a hypercon-
vex space, K be an arbitrary subset of Λ, and H : K ⟶ 2Λ

be a KKM map so that Hðℓ0Þ is compact for some ℓ0 ∈ K
and HðℓÞ is closed for any ℓ ∈ K . Then,

T
ℓ∈K HðℓÞ ≠∅:

Theorem 2 (see [17], best approximation). Let Λ be a hyper-
convex space and K ∈AðℓÞ be compact. Given a continuous
map f : K ⟶Λ, there is ℓ0 ∈ K so that

ω ℓ0, f ℓ0ð Þð Þ = inf
ℓ∈K

ω ℓ, f ℓ0ð Þð Þ: ð4Þ

This result has been generalized to other forms of maps.
For more details, see [13–16, 18, 22].

Now, we give the definition of a measure of noncompact-
ness of Pasicki [26].

Definition 3 (see [26]). Let Λ be a metric space. An arbitrary
function θ : 2Λ ⟶ ½0,∞� is named to be a measure of non-
compactness on Λ if

(1) θðAÞ = 0 iff A is a totally bounded set

(2) for A, B ∈ 2ΛA ⊆ B, implies θðAÞ ≤ θðBÞ
(3) for all A ⊆Λ and ℓ ∈Λ, θðA ∪ fℓgÞ = θðAÞ

Definition 4 (see [19]). Let Λ be a metric space, θ be a mea-
sure of noncompactness on Λ, and K ⊂Λ. The map H : K
⟶ 2Λ is condensing if for any ε > 0, there is A ∈ hKi so that
θðTa∈A HðaÞÞ < ε: A condensing map H : K ⟶ 2Λ is a con-
densing KKM map if it is a KKM map.

In this paper, we present further extensions of the best
approximation result (Theorem 2) obtained by Khamsi.

Finally, we present a problem related to the Schauder
conjecture.

2. Results

The following result generalizes Theorem 1. The proof is
essentially the same as Theorem 3.1 in [19].

Theorem 5. Let θ be a measure of noncompactness on Λ a
hyperconvex space, K be an arbitrary subset of Λ, and H : K
⟶ 2Λ be a condensing KKM map such that each HðℓÞ is
closed, then

T
ℓ∈K HðℓÞ is nonempty and compact set.

We introduce the concept of a φ-quasiconvex map in
hyperconvex spaces.

Definition 6. Let Λ be a hyperconvex space and K ∈AðℓÞ. A
set-valued map G : K ⟶ 2Λ is said to be a φ-quasiconvex
if for any ℓ ∈ K and r > 0,

coG− B ℓ, rð Þð Þ ⊆G− B ℓ, φ rð Þð Þð Þ, ð5Þ

where φ : ½0,∞Þ⟶ ½0,∞Þ is a continuous monotone
increasing function so that φðuÞ ≥ u for any u ≥ 0 and
φð0Þ = 0.

Let iω : ½0,∞Þ⟶ ½0,∞Þ be the identity map and Iω : K
⟶ 2K be the identity set-valued map so that IωðℓÞ = fℓg
for any ℓ ∈ K . Note that a quasiconvex map is iω-quasicon-
vex and Iω is iω-quasiconvex in hyperconvex spaces.

If ðΛ, ωÞ is a linear metric space, then Iω may not be
iω-quasiconvex.

Example 1. Denote by S the linear space of real sequences.
The Fréchet metric ωF for S is given as follows (see [27]):

Let ℓ = ðℓ1, ℓ2,⋯, ℓn,⋯Þ, j = ðj1, j2,⋯, jn,⋯Þ, and 0 =
ð0, 0,⋯, 0,⋯Þ,

dF ℓ, jð Þ = 〠
+∞

n=1

1
2n

ℓn − jnj j
1 + ℓn − jnj j , ð6Þ

then, we obtain

convB 0, 13

� �
⊆ B 0, 13

� �
: ð7Þ

Namely, for ℓ = ð1, 0, 1, 0,⋯Þ and j = ð1/2, 1/2,⋯Þ , we
have that ℓ ∈ Bð0, 1/3Þ, j ∈ Bð0, 1/3Þ, and ðℓ + jÞ/2 ∉ Bð0, 1/3Þ:

Note that for any ℓ ∈ S and r > 0, one writes

convB ℓ, rð Þ ⊆ B ℓ, 2rð Þ: ð8Þ

So, in the linear metric space ðS, ωFÞ, the map Iω
is not iω-quasi-convex and Iω is φ-quasiconvex, where
φðuÞ = 2u, u ∈ ½0,∞Þ:

Theorem 7. Let ðΛ, ωÞ be a hyperconvex space, K ∈AðℓÞ
be closed, θ be a measure of noncompactness on Λ, F,G : K
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⟶AðℓÞ be continuous maps with compact values and
G be φ -quasi-convex. If for any u > 0 there is j ∈ K so that

θ ℓ ∈ K : ω G ℓð Þ, F ℓð Þð Þ ≤ φ ω G jð Þ, F ℓð Þð Þð Þf gð Þ ≤ u, ð9Þ

then, there is ℓ0 ∈ K so that

ω G ℓ0ð Þ, F ℓ0ð Þð Þ ≤ inf
ℓ∈K

φ ω G ℓð Þ, F ℓ0ð Þð Þð Þ: ð10Þ

Proof. Define H : K ⟶ 2Λ by

H jð Þ = ℓ ∈ K : ω G ℓð Þ, F ℓð Þð Þ ≤ φ ω G jð Þ, F ℓð Þð Þð Þf g: ð11Þ

From condition φðtÞ ≥ t, we obtain

ω G jð Þ, F jð Þð Þ ≤ φ ω G jð Þ, F jð Þð Þð Þfor all j ∈ K , ð12Þ

so HðjÞ is a nonempty set for all j ∈ K, because j ∈HðjÞ:
From condition (9), one asserts that H is a condensing

map.
Since F and G are continuous maps and φ is a continuous

function, we get that HðjÞ is a closed set for all j ∈ K .
The map j⟼HðjÞ is KKM. Indeed, suppose that for

some A ∈ hKi,

co Að Þ ⊈H Að Þ: ð13Þ

Then, there is j ∈ coðAÞ so that j ∉HðaÞ for any a ∈ A.
Thus,

ω G jð Þ, F jð Þð Þ > φ ω G að Þ, F jð Þð Þð Þfor all a ∈ A: ð14Þ

The function φ is increasing, so

φ−1 ω G jð Þ, F jð Þð Þð Þ > ω G að Þ, F jð Þð Þ for all a ∈ A: ð15Þ

Let ε > 0 be so that

φ−1 ω G jð Þ, F jð Þð Þð Þ − ε ≥ ω G að Þ, F jð Þð Þ for all a ∈ A: ð16Þ

Then,

A ⊆ G− F jð Þ + φ−1 ω G jð Þ, F jð Þð Þð Þ − ε
� �

, ð17Þ

and hence,

co Að Þ ⊆ co G− F jð Þ + φ−1 ω G jð Þ, F jð Þð Þð Þ − ε
� �� �

: ð18Þ

Since G is φ-quasiconvex, one gets from (18),

co Að Þ ⊆G− F jð Þ + φ φ−1 ω G jð Þ, F jð Þð Þð Þ − ε
� �� �

: ð19Þ

Since j ∈ coðAÞ, we deduce that

ω G jð Þ, F jð Þð Þ ≤ φ φ−1 ω G jð Þ, F jð Þð Þð Þ − ε
� �

: ð20Þ

Consequently,

φ−1 ω G jð Þ, F jð Þð Þð ÞÞ ≤ φ−1 ω G jð Þ, F jð Þð Þð Þ − ε, ð21Þ

which is not possible. Therefore, H must be a KKM map.
Now, form Theorem 5, there is ℓ0 ∈ K so that

ℓ0 ∈
\

ℓ∈K

H ℓð Þ: ð22Þ

Therefore,

ω G ℓ0ð Þ, F ℓ0ð Þð Þ ≤ inf
ℓ∈K

φ ω G ℓð Þ, F ℓ0ð Þð Þð Þ: ð23Þ

Taking the set K to be compact, we state from Theorem 7
the next results.

Theorem 8. Let ðΛ, ωÞ be a hyperconvex space, K ∈AðℓÞ be
compact, F,G : K ⟶AðℓÞ be continuous maps with com-
pact values, and G be φ-quasiconvex. Then, there is ℓ0 ∈ K so
that

ω G ℓ0ð Þ, F ℓ0ð Þð Þ ≤ inf
ℓ∈K

φ ω G ℓð Þ, F ℓ0ð Þð Þð Þ: ð24Þ

Theorem 9. Let ðΛ, ωÞ be a hyperconvex space, K ∈AðℓÞ be
compact, F,G : K ⟶AðKÞ be continuous maps with com-
pact values, and G be φ-quasiconvex onto a map. Then, there
is ℓ0 ∈ K so that Gðℓ0Þ ∩ Fðℓ0Þ ≠∅:

Theorem 10. Let ðΛ, ωÞ be a hyperconvex space, K ∈AðℓÞ be
compact, and F,G : K ⟶AðℓÞ be continuous maps with
compact values. If there is λ ≥ 1 such that for any ℓ ∈ X and
r > 0,

coG− B ℓ, rð Þð Þ ⊆G− B ℓ, λrð Þð Þ, ð25Þ

then there is ℓ0 ∈ K so that

ω G ℓ0ð Þ, F ℓ0ð Þð Þ ≤ inf
ℓ∈K

λω G ℓð Þ, F ℓ0ð Þð Þ: ð26Þ

Theorem 11. Let ðΛ, ωÞ be a hyperconvex space, K ∈AðℓÞ be
compact, and F : K ⟶AðℓÞ be a continuous map with com-
pact values so that FðℓÞ ∩ K ≠∅ for any ℓ ∈ K . Then, there is
ℓ0 ∈ K so that ℓ0 ∈ Fðℓ0Þ:

Remark 12. If F is a single-valued map, we deduce from The-
orem 11 the main theorem of Park [22] (Theorem 5. (iv)).

Theorem 13 (see [18], Theorem 3.2). Let ðΛ, ωÞ be a hyper-
convex space, K ∈AðℓÞ be compact, F,G : K ⟶AðℓÞ be
continuous maps with compact values, and G be quasiconvex.
Then, there is ℓ0 ∈ K so that

ω G ℓ0ð Þ, F ℓ0ð Þð Þ ≤ inf
ℓ∈K

ω G ℓð Þ, F ℓ0ð Þð Þ: ð27Þ

Theorem 14 (see [16], Theorem 2.9). Let ðΛ, ωÞ be a hyper-
convex space, K ∈AðℓÞ be compact, and F : K ⟶AðℓÞ be
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a continuous map with compact values. Then, there is ℓ0 ∈ K
so that

ω ℓ0, F ℓ0ð Þð Þ = inf
ℓ∈K

ω ℓ, F ℓ0ð Þð Þ: ð28Þ

Finally, we give the following problems.

Problem 15.Does for every linear metric space ðΛ, ωÞ and for
a compact subset K of Λ, there is a map φ so that the identity
map Iω : K ⟶ 2K (i.e., IωðℓÞ = fℓg, ℓ ∈ K) is φ-quasiconvex?

In other words, does for a linearmetric space, there is a con-
tinuous monotone increasing function φ : ½0,∞Þ⟶ ½0,∞Þ so
that φðuÞ ≥ u for any u ≥ 0, φð0Þ = 0 and

convB ℓ, rð Þ ⊆ B ℓ, φ rð Þð Þ, ð29Þ

for any ℓ ∈ K and r > 0?
In 2001, Cauty [28] obtained the affirmative solution to

the Schauder conjecture as follows:

Problem 16. Let K be a compact convex subset of a
(metrizable) topological vector space. Does any continuous
map f : K ⟶ K have a fixed point?

Remark 17. Note that if Problem 15 is affirmative, then
Problem 16 is affirmative.
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