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The goal of this manuscript is to establish strong convergence theorems for inertial shrinking projection and CQ algorithms to solve
a split convex feasibility problem in real Hilbert spaces. Finally, numerical examples were obtained to discuss the performance and
effectiveness of our algorithms and compare the proposed algorithms with the previous shrinking projection, hybrid projection,
and inertial forward-backward methods.

1. Introduction

Assume that Y is a real HS defined on the induced norm k:k
and the inner product h:, :i. Let C be a NCC subset of Y .

The mapping T : C⟶ C is called NE, if for all κ, ω ∈ C,
the following inequality holds:

Tκ − Tωk k ≤ κ − ωk k: ð1Þ

For the mapping T ,FðTÞ = fκ ∈ C : Tκ = κg refers to the
set of all FPs of it.

Here, we study the following inclusion problem:

Find ~κ ∈ Y so that 0 ∈ A~κ + B~κ, ð2Þ

where A : Y ⟶ Y and B : Y ⟶ 2Y are single-valued and
set-valued operators, respectively.

There are many important applications enjoyed by
approximating FP problems for NEMs, such as monotone
variational inequalities, image restoration problems, convex
optimization problems, and SCFPs, for example, see [1–3].
For more accuracy, these problems can be expressed as math-

ematical models such a machine learning and the linear
inverse problem.

In the past, the solution of problem (2) was described by
ðA + BÞ−1ð0Þ and it relied on the forward-backward splitting
method [4–10]. This technique is described as follows: κ1 ∈ Y
and

κn+1 = I + τBð Þ−1 κn − τAκnð Þ, n ≥ 1, τ > 0: ð3Þ

In this scene, we do not mean the sum of A and B in the
iterates, but each step of iterates includes only A as the for-
ward term and B as the backward term. As special cases, this
technique gets involved heavily in a study of the proximal
point algorithm [11–13] and the gradient method [14–17].

In 1979, a good splitting iterative scheme in a real HS was
introduced by Lions and Mercier [18]. It is described as
follows:

κn+1 = 2JAτ − I
� �

2JBτ − I
� �

κn, n ≥ 1, ð4Þ
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κn+1 = JAτ 2JBτ − I
� �

κn + I − JBτ
� �

κn, n ≥ 1, ð5Þ

where JSτ = ðI + τSÞ−1: In the previous literature, the algo-
rithm (4) is called Peaceman-Rachford [7] and the scheme
(5) is called Douglas-Rachford [19]. Generally, the conver-
gence of both procedures is weak [7].

In 2001, a heavy ball method involved for studying max-
imal monotone operators is introduced by Alvarez and
Attouch [20]; this idea was developed in [21, 22], where an
inertial term was added. This procedure is called the inertial
proximal point algorithm and it takes the shape

ωn = κn + θn κn − κn−1ð Þ,
κn+1 = I + τnBð Þ−1n ωn, n ≥ 1:

(
ð6Þ

They got the weak convergence for the mapping B, if
fτng is nondecreasing and fθng ⊂ ½0, 1Þ with

〠
∞

n=1
θn κn − κn−1k k2 <∞: ð7Þ

In particular, condition (7) is true for θn < 1/3. Here,
θn is an extrapolation factor and the inertia is represented
by the term θnðκn − κn−1Þ.

It should be noted that the inertial term improves and
increases the convergence speed of the algorithm [23–25].

An inertial proximal point algorithm improved by Mou-
dafi and Oliny [26], where the single-valued, cocoercive, and
Lipschitz continuous operator was added, is as follows:

ωn = κn + αn κn − κn−1ð Þ,
κn+1 = I + τnBð Þ−1n ωn − τnAωnð Þ, n ≥ 1:

(
ð8Þ

The problem of weak convergence still persists for the
algorithm (8) via stipulation (7) and τn < 2/L where L is the
Lipschitz constant of A.

Besides that, the strong convergence is of interest to
many researchers, but the study of convergence via norm
convergence in infinite-dimensional spaces is often much
more desirable than weak convergence [27].

The first contribution of researchers to the strong conver-
gence is the algorithm presented by Nakajo and Takahashi
[28]. They added the CQ terms to the Mann algorithm as fol-
lows: for an arbitrary point κ0 ∈ C, define the sequence fκng
iteratively by

ωn = αnκn + 1 − αnð ÞTκn,
Cn = p ∈ C : ωn − pk k ≤ κn − pk kf g,
Qn = p ∈ C : κ0 − κn, κn − ph i ≥ 0f g,
κn+1 = PQn∩Cn

κ0, n ≥ 0:

8>>>>><
>>>>>:

ð9Þ

They showed that the sequence fκng converges strongly
to PFixðTÞκ0, whenever the sequence fαng is bounded above
by 1:We highly recommend seeing [24, 29], for more details
on the CQ algorithms for NEMs.

Based on the algorithm (9), Dong et al. [30] introduced a
strong convergence result by implicating an inertial forward-
backward algorithm for monotone inclusions as the
following: assume that A : Y ⟶ Y is an α-ISM operator and
B : Y ⟶ 2Y is a MM operator so that ðA + BÞ−1ð0Þ ≠∅:
Suppose fαng ∈ℝ and fκng ∈ Y is a sequence maked itera-
tively by κ∘, κ1 ∈ Y ,

Recently, nice convergence analysis for NEMs via suit-
able stipulations has been discussed by Dong et al. [31]. They
extended the inertial Mann algorithm as follows:

ωn = κn + αn κn − κn−1ð Þ,
υn = κn + βn κn − κn−1ð Þ,
κn+1 = 1 − λnð Þωn + λnTυn, n ≥ 1,

8>><
>>: ð11Þ

where fαng, fβng, and fλng are real sequences that justify
the stipulations D1 and D2 [31].

Believing in the idea of strong convergence of algorithms
in this manuscript, the two-step inertial shrinking projection
algorithm is introduced which analyzes the strong conver-
gence. As an application to our main results, the SCFP is
solved. Finally, to see the behavior and performance of our
algorithms in terms of convergence, numerical results are
presented and discussed.

ωn = κn + αn κn − κn−1ð Þ,
υn = I + τnBð Þ−1 ωn − τnAωnð Þ,
Cn = p ∈H : υn − pk k2 ≤ κn − pk k2 − 2αn κn − p, κn−1 − κnh i + α2n κn−1 − κnk k2� �

,
Qn = p ∈H : κ0 − κn, κn − ph i ≤ 0f g,
κn+1 = PQn∩Cn

κ0, n ≥ 1:

8>>>>>>>><
>>>>>>>>:

ð10Þ
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2. Preliminaries

This section is devoted to collect some important preliminar-
ies, which we need in the sequel. Let C be a NCC subset of a
real HS Y and fκng be a sequence in Y . Here, the strong con-
vergence of fκng to a point κ is written as κn ⟶ κ. The met-
ric projection of Y onto C is described by PC , that is,
kκ − PCκk ≤ kκ − ωk for all κ ∈ Y and ω ∈ C.

Lemma 1 (see [32]). Let C be a NCC subset of a real HS Y , the
metric projection PC is firmly NE, i.e.,

PCκ − PCωk k2 ≤ PCκ − PCω, κ − ωh i, ð12Þ

for all κ, ω ∈ Y . Furthermore, for all κ ∈ Y and ω ∈ C, hκ −
PCκ, ω − PCωi ≤ 0 is satisfied.

Lemma 2 (see [32]). Assume that Y is a real HS. Then, we get

(i) kκ + ωk2 ≤ kκk2 + 2hω, κ + ωi
(ii) kρκ + ð1 − ρÞωk2 = ρkκk2 + ð1 − ρÞkωk2 − ρð1 − ρÞ

kκ − ωk2

for each κ, ω ∈ Y and for a real number ρ:

Lemma 3 (see [33]). Suppose that Y is a real HS and fκng is a
sequence in Y . Then, the following hypotheses hold:

(i) If κn ⇀ κ and kκnk⟶ kκk as n⟶∞, then κn
⟶ κ as n⟶∞; that is, the HS Y has the Kadec-
Klee property

(ii) If κn ⇀ κ as n⟶∞, then kκk ≤ lim infn→∞kκnk

Lemma 4 (see [34]). Let C be a NCC subset of a real HS Y . For
each κ, ω, υ ∈ Y and b ∈ℝ, the following set is closed and
convex:

δ ∈ C : ω − δk k2 ≤ κ − δk k2 + υ, δh i + b
� �

: ð13Þ

Lemma 5 (see [28]). Let C be a NCC subset of a real HS Y and
PC : Y ⟶ C be the metric projection. Then, for all κ ∈ Y and
ω ∈ C, the following inequality holds:

ω − PCκk k2 + κ − PCκk k2 ≤ κ − ωk k2: ð14Þ

Lemma 6 (see [35]). Let T be a NE self-mapping of a NCC
subset C of a real HS Y . The mapping I − T is demiclosed,
i.e., the sequence fκng in C weakly converges to some κ ∈ C
and the sequence fðI − TÞðκnÞg strongly converges to some ω
; it follows that ðI − TÞðκÞ = ω.

Definition 7. Assume that DðAÞ ⊂ Y is the domain of the
mapping A, then for all κ, ω ∈DðAÞ, the mapping A is called

(i) monotone if hκ − ω, Aκ − Aωi ≥ 0

(ii) σ-strongly monotone if there is β > 0 so that hκ − ω

, Aκ − Aωi ≥ σkκ − ωk2

(iii) α-ISM if there is α > 0 so that hκ − ω, Aκ − Aωi ≥ α
kAκ − Aωk2

Lemma 8 (see [5]). Let Y be a real HS, A : Y ⟶ Y be an
α-ISM operator, and B : Y ⟶ 2Y be a MM operator. For
each ℓ > 0, we consider

Tℓ = JBℓ I − ℓAð Þ = I + ℓBð Þ−1 I − ℓAð Þ, ð15Þ

then the following statements hold:

(i) for ℓ > 0,FðTℓÞ = ðA + BÞ−1ð0Þ
(ii) for 0 < s ≤ ℓ and κ ∈ Y , kκ − Tsκk ≤ 2kκ − Tℓκk

Lemma 9 (see [36]). Let H be a real HS, A : Y ⟶ Y be
an α-ISM operator and B : Y ⟶ 2Y be a MM operator,
then for all ℓ > 0 and all κ, ω ∈ Y , we have

Tℓκ − Tℓωk k2 ≤ κ − ωk k2 − ℓ 2α − ℓð Þ Aκ − Aωk k2: ð16Þ

3. Strong Convergence Results

From now on, we assume that C be a NCC subset of a real HS
Y ,A : Y ⟶ Y is α-ISM operator, B : Y ⟶ 2Y is MM oper-
ator, T : Y ⟶ Y is quasi-NEM so that I − T is demiclosed
at zero and Ω = ðA + BÞ−1ð0Þ.

Now, we build our algorithms to finding an element inΩ
as follows:

Now, we shall discuss the strong convergence of Algo-
rithm 1: by introducing the following theorem.

Theorem 10. Let the sequence fαng, fβng be bounded and
fγng be a sequence in ð0, 1� and fτng be a sequence of positive
real numbers so that the following two stipulations hold:

(i) infnfγng ≥ γ > 0

(ii) 0 < infnfτng ≤ supnfτng < 2α

IfΩ ≠∅, then the sequence fκng created by Algorithm 1:
converges strongly to Θ = PΩðκ1Þ.

Proof. The proof will be divided into the following steps:
Step (i). For each κ1 ∈H, Ω ⊂ Cn+1, and for n ≥ 0: Prove

that PCn+1
κ1 is well-defined.

From the stipulation (ii) and Lemma 9, we get Tτn
=

ðI + τnBÞ−1ðI − τnAÞ is NEM. Thus, it follows from Lemma
8 that the set Ω is closed and convex. Moreover, Lemma 4
leads that for all n ≥ 1,Cn+1 is closed and convex. Considering
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p ∈Ω, we get

ωn − pk k2 = κn − pð Þ − αn κn−1 − κnð Þk k2 = κn − pk k2
− 2αn κn − p, κn−1 − κnh i + α2n κn−1 − κnk k2:

ð17Þ

By the same manner, one can write

υn − pk k2 = κn − pk k2 − 2βn κn − p, κn−1 − κnh i + β2
n κn−1 − κnk k2:

ð18Þ

Furthermore, by Lemma 2 (ii) and Lemma 9, we obtain
that

μn − pk k2 = 1 − γnð Þωn + γn J
B
τn

υn − τnAυnð Þ − p
��� ���2

= 1 − γnð Þ ωn − pð Þ + γn Tτn
υn − p

� ��� ��2
= γn Tτn

υn − p
�� ��2 + 1 − γnð Þ ωn − pk k2

− γn 1 − γnð Þ Tτn
υn − ωn

�� ��2 ≤ 1 − γnð Þ ωn − pk k2

+ γn Tτn
υn − p

�� ��2 = 1 − γnð Þ ωn − pk k2

+ γn Tτn
υn − Tτn

p
�� ��2 ≤ 1 − γnð Þ ωn − pk k2

+ γn υn − pk k2 − τn 2α − τnð Þ Aυn − Apk k2� �
≤ 1 − γnð Þ ωn − pk k2 + γn υn − pk k2:

ð19Þ

Applying (17) and (18) in (19) and by stipulation (ii) of
Theorem 10, we can write

μn − pk k2 ≤ 1 − γnð Þ κn − pk k2 − 2αn κn − p, κn−1 − κnh i + α2n κn−1 − κnk k2� �
+ γn κn − pk k2 − 2βn κn − p, κn−1 − κnh i + β2

n κn−1 − κnk k2� �
= κn − pk k2 − 2 αn 1 − γnð Þ + γnβnð Þ κn − p, κn−1 − κnh i

+ 1 − γnð Þα2n + γnβ
2
n

� �
κn−1 − κnk k2:

ð20Þ

It can be easily obtained Ω ⊂ C1 = Y . For some n ≥ 1,
assume that Ω ⊂ Cn, then p ∈ Cn, and by (20), we conclude
that p ∈ Cn+1. Therefore, Ω ⊂ Cn+1 for all n ≥ 1, and this fin-
ishes the requirement of Claim 1.

Step (ii). Prove that the boundedness of fκng. BecauseΩ is
a NCC subset of Y , there is a unique u ∈Ω so that u = PΩκ1:

From κn = PCn
κ1,Cn+1 ⊂ Cn, and κn+1 ∈ Cn for all n ≥ 1,

we get

κn − κ1k k ≤ κn+1 − κ1k k, for all n ≥ 1: ð21Þ

Also, since Ω ⊂ Cn, we get

κn − κ1k k ≤ u − κ1k k, for all n ≥ 1: ð22Þ

By (21) and (22), we obtain that limn→∞kκn − κ1k
exists; this leads to fκng being bounded.

Step (iii). Prove that κn ⟶Θ as n⟶∞, for some Θ
∈ Y . By the structure of Cn, for m > n, one sees that κm =
PCm

κ1 ∈ Cm ⊂ Cn: From Lemma 5, we have

κm − κnk k2 ≤ κm − κ1k k2 − κn − κ1k k2: ð23Þ

From Step (ii), we obtain that kκm − κnk2 ⟶ 0 as m, n
⟶∞. This proves that the sequence fκng is a Cauchy.
Therefore, κn ⟶Θ as n⟶∞. In particular, we can obtain

lim
n→∞

κn+1 − κnk k = 0: ð24Þ

Step (iv). Prove that Θ ∈Ω. Because fαng and fβng are
bounded, then by (24), we have

ωn − κnk k = αnj j κn − κn−1k k⟶ 0 as n⟶∞, ð25Þ

υn − κnk k = βnj j κn − κn−1k k⟶ 0 as n⟶∞: ð26Þ

From (24), (25), and (26), we have

κn+1 − ωnk k ≤ κn+1 − κnk k + ωn − κnk k⟶ 0 as n⟶∞,
ð27Þ

κn+1 − υnk k ≤ κn+1 − κnk k + υn − κnk k⟶ 0 as n⟶∞:

ð28Þ

Let fαng,fβng, and fγng be sequences of real numbers. Select initial κ0, κ1 ∈ C1 = Y .
Step (1). Compute

ωn = κn + αnðκn − κn−1Þ,
υn = κn + βnðκn − κn−1Þ:

Step (2). Compute
μn = ð1 − γnÞωn + γnJ

B
τn
ðυn − τnAυnÞ:

Step (3). Compute
Cn+1 = fp ∈ Cn : kμn − pk2 ≤ kκn − pk2 − 2ðαnð1 − γnÞ + γnβnÞhκn − p, κn−1 − κni + ðα2nð1 − γnÞ + γnβ

2
nÞkκn−1 − κnk2g,

κn+1 = PCn+1
ðκ1Þ, n ≥ 1:

Algorithm 1: Shrinking projection algorithm.
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Since κn+1 ∈ Cn+1, we obtain that

μn − κn+1k k ≤ κn − κn+1k k2 − 2 αn 1 − γnð Þ + γnβnð Þ κn − κn+1, κn−1 − κnh i
+ 1 − γnð Þα2n + γnβ

2
n

� �
κn−1 − κnk k2 ≤ κn − κn+1k k2

+ 2 αn 1 − γnð Þ + γnβnj j κn − κn+1k k κn−1 − κnk k
+ 1 − γnð Þα2n + γnβ

2
n

� �
κn−1 − κnk k2:

ð29Þ

Thus, from the boundedness of fαng, fβng, and fγng and
(24), (29), we obtain that

μn − κn+1k k⟶ 0: ð30Þ

By (24), (30), (27), and (28) and the following inequalities

μn − κnk k ≤ μn − κn+1k k + κn − κn+1k k,
μn − ωnk k ≤ μn − κn+1k k + ωn − κn+1k k,
μn − υnk k ≤ μn − κn+1k k + υn − κn+1k k,

ð31Þ

we get that

μn − κnk k⟶ 0, μn − ωnk k⟶ 0, μn − υnk k⟶ 0: ð32Þ

We now have

Tτn
υn − υn

�� �� = 1
γn

μn − 1 − γnð Þωn½ � − υn

����
����

= 1
γn

γnυn + 1 − γnð Þωn − μnk k

= 1
γn

γn υn − μnð Þ + 1 − γnð Þ ωn − μnð Þk k

≤
1
γn

γn υn − μnk k + 1 − γnð Þ ωn − μnk k½ �:

ð33Þ

Again using the stipulation (i) and (32), we get

lim
n→∞

Tτn
υn − υn

�� �� = 0: ð34Þ

As lim infn→∞τn > 0, there is ε > 0 so that τn ≥ ε and

ε ∈ ð0, 2αÞ for all n ≥ 1: Hence, from Lemma 8 (ii) and
(34), one can write

Tευn − υnk k ≤ 2 Tτn
υn − υn

�� ��⟶ 0 as n⟶∞: ð35Þ

Based on (32), as κn ⟶Θ, we get υn ⟶Θ: Because
Tε is NE, Tε is continuous mapping. Hence, using (35),
we have Θ ∈Ω.

Step (v). Prove that Θ = PΩðκ1Þ. Since κn = PCn
κ1, and Ω

⊂ Cn, we obtain that

κ1 − κn, κn − ph i ≥ 0, ∀p ∈Ω: ð36Þ

By taking the limit in (36), we have

κ1 −Θ,Θ − ph i ≥ 0, ∀p ∈Ω: ð37Þ

This shows that Θ = PΩκ1 and this finishes the
requirement.

Next, we shall discuss the strong convergence of Algo-
rithm 2: by presenting the following theorem.

Theorem 11. Let the sequence fαng, fβng be bounded and
fγng be a sequence in ð0, 1� and fτng be a sequence of positive
real numbers so that the following two stipulations hold:

(i) infnfγng ≥ γ > 0

(ii) 0 < infnfτng ≤ supnfτng < 2α

IfΩ ≠∅, then the sequence fκngmarked by Algorithm 2:
converges strongly to Θ = PΩðκ1Þ.

Proof. In the same way as proving Theorem 10, we will dis-
cuss the following steps:

Step (i). Prove that for all κ1 ∈ Y , Ω ⊂Qn ∩ Cn and for
each n ≥ 0:fκng∞n=0 is well-defined.

It is clear that Cn is closed and a convex subset of Y (by
Lemma 4). So, we can rewrite the set Qn in the shape

Qn = p ∈ Y : κ1 − κn, ph i ≤ κ1 − κn, κnh if g: ð38Þ

Let fαng,fβng, and fγng be sequences of real numbers. Select initial κ0, κ1 ∈ Y .
Step (1). Compute

ωn = κn + αnðκn − κn−1Þ,
υn = κn + βnðκn − κn−1Þ:

Step (2). Compute
μn = ð1 − γnÞωn + γn J

B
τn
ðυn − τnAυnÞ:

Step (3). Compute
Cn = fp ∈ Y : kμn − pk2 ≤ kκn − pk2 − 2ðαnð1 − γnÞ + γnβnÞhκn − p, κn−1 − κni + ðα2nð1 − γnÞ + γnβ

2
nÞkκn−1 − κnk2g,

Qn = fp ∈ Y : hp − κn, κ1 − κni ≤ 0g,
κn+1 = PCn∩Qn

ðκ1Þ, n ≥ 1:

Algorithm 2: CQ algorithm.
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It follows that Qn is closed and convex subset of Y too. Thus,
Qn ∩ Cn is also closed and convex, for each n ≥ 0:

Let p ∈Ω. One can obtain by similar way of Theorem 10
that

μn − pk k2 ≤ κn − pk k2 − 2 αn 1 − γnð Þ + γnβnð Þ κn − p, κn−1 − κnh i
+ 1 − γnð Þα2n + γnβ

2
n

� �
κn−1 − κnk k2:

ð39Þ

Hence, p ∈ Cn for all n ≥ 1 ; this implies that Ω ⊂ Cn:
When n = 1, we get Q1 = Y , and hence, Ω ⊂ C1 ∩Q1.

Suppose that Ω ⊂ Cl ∩Ql for some l ≥ 1. It follows from
κl+1 = PCl∩Ql

ðκ1Þ that

κl+1 − a, κ1 − κl+1h i ≥ 0, ð40Þ

for each a ∈ Cl ∩Ql: Since Ω ⊆ Cl ∩Ql, and p ∈Ω, we have

κl+1 − p, κ1 − κl+1h i ≥ 0: ð41Þ

This yields p ∈Ql+1, and hence, Ω ⊆Ql+1: This implies
that Ω ⊆ Cl+1 ∩Ql+1, and hence, fκng is well-defined as
well as Ω ⊂ Cn ∩Qn:

Step (ii). Prove that the boundedness of fκng. Based on
Algorithm 2:, one gets

ξ − κn, κ1 − κnh i ≤ 0, ∀ξ ∈Qn, n ≥ 1: ð42Þ

This implies that κn = PQn
ðκ1Þ: Since Ω ⊂Qn, we have

κn − κ1k k ≤ κ1 − ξk k, ∀ξ ∈Ω: ð43Þ

Also, since κn+1 ∈Qn, we can write

κn − κ1k k ≤ κn+1 − κ1k k: ð44Þ

By (43) and (44), we obtain limn→∞kκn − κ1k exists, and
hence, fκng is bounded.

Step (iii). Prove that kκn+1 − κnk⟶ 0 as n⟶∞.
Because κn+1 ∈Qn and κn = PQn

ðκ1Þ, it follows from
Lemma 5 that

κn+1 − κnk k2 ≤ κn+1 − κ1k k2 − κn − κ1k k2 ⟶ 0: ð45Þ

This implies that ∥κn+1 − κn∥⟶0 as n⟶∞.
Step (iv). Prove that Θ = PΩðκ1Þ. In the same manner as

the proof of Step (iv) of Theorem 10, we can write

Tεvn − vnk k⟶ 0, vn − κnk k⟶ 0, ð46Þ

where ε ∈ ð0, 2αÞ. It follows from the nonexpansivity of
Tε that

Tεκn − κnk k = Tεκn − Tεvnk k + Tεvn − vnk k + vn − κnk k
≤ 2 vn − κnk k + Tεvn − vnk k:

ð47Þ

From (46) and (47), we can get

Tεκn − κnk k⟶ 0: ð48Þ

By the boundedness of fκng, there exists a subse-
quence fκnkg of fκng so that κnk ⇀ κ∗. This combines
with (48), and from Lemma 6, we have κ∗ ∈ FðTεÞ; this
means that κ∗ ∈Ω.

Since Θ = PΩðκ1Þ and κ∗ ∈Ω, (43) and Lemma 3 (ii)
imply that

κ1 −Θk k ≤ κ1 − κ∗k k ≤ lim inf
k→∞

κnk − κ1
�� ��

≤ lim sup
k→∞

κnk − κ1
�� �� ≤ κ1 −Θk k: ð49Þ

Since the nearest point Θ is unique, then we have Θ = κ∗.
Also, we get kκnk − κ1k⟶ kκ1 −Θk: Applying Lemma 3 (i),
we have κnk ⟶Θ as k⟶∞. Again, the uniqueness of Θ
leads to κn ⟶Θ as n⟶∞.

This finishes the requirement.

4. Application to Solve Split Convex
Feasibility Problem

This part is devoted to applying our methods to find a solu-
tion to the SCFP. Assume that T : Y1 ⟶ Y2 is a bounded
linear operator and T∗ its adjoint defined on real HSs Y1
and Y2. Let C ⊂ Y1 and Q ⊂ Y2 be a NCC sets. Censor and
Elfving [37] formulated the SCFP as follows:

Find �κ ∈ C so thatT �κð Þ ∈Q: ð50Þ

Censor and Elfving in [37] have introduced the SCFP in
HSs while using a multidistance approach to find an adaptive
approach for resolving it. Many of the problems that emerge
from state retrieval and restoration of medical image can be
formulated as split variational feasibility problems [38, 39].
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Figure 1: Numerical computational behavior of Algorithm 1:,
Algorithm 2:, and Algorithm (4.2) while κ0 = κ1 = 2t + 3.
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This problem is also used in a variety of disciplines like image
restoration, dynamic emission tomographic image reconstruc-
tion, and radiation therapy treatment planning [40–42]. Let
consider

A κð Þ = ∇
1
2 Tκ − PQ Tκð Þ�� ��2	 


= T∗ I − PQ

� �
Tκ, ð51Þ

where PQ is the metric projection on to Q, ∇ is the gradient,
and B = ∂iC: Due to the above construction, the problem
(50) has an inclusion format as described in (2). It can be seen
thatA is Lipschitz which continues with constant L = ∥T∥2 and
B is MM, see, for example, [43].

For any NCC subset C of a real HS Y , the indicator func-
tion iC of C is defined by

iC κð Þ =
0, if κ ∈ C,
∞, otherwise:

(
ð52Þ

Now, on the basis of the main results, we can deduce the
following results for a SCFP.

Theorem 12. Let fκng be a sequence iterated as follows:
choose initial points κ0, κ1 ∈ C1 = Y and let fαng, fβng be
bounded sequences and fγng be a sequence in ð0, 1�. Consider
that fτng is a sequence of positive real numbers so that the fol-
lowing assumptions are fulfilled:

(i) infnfγng ≥ γ > 0

(ii) 0 < infnfτng ≤ supnfτng < 2α

Step (1). Compute

ωn = κn + αn κn − κn−1ð Þ,
υn = κn + βn κn − κn−1ð Þ:

ð53Þ

Step (2). Compute

μn = 1 − γnð Þωn + γnPC υn − τnT
∗ I − PQ

� �
Tυn

� �
: ð54Þ
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Figure 2: Numerical computational behavior of Algorithm 1:, Algorithm 2:, and Algorithm (4.2) while κ0 = κ1 = ð5 + t2Þ/5.
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Step (3). Compute

Cn+1 = p ∈ Cn : μn − pk k2 ≤ κn − pk k2 − 2 αn 1 − γnð Þ + γnβnð Þ�
� κn − p, κn−1 − κnh i + α2n 1 − γnð Þ + γnβ

2
n

� �
κn−1 − κnk k2g,

κn+1 = PCn+1
κ1ð Þ,  n ≥ 1: ð55Þ

If the solution set ΓSCFP is nonempty, then the sequence
fκng converges weakly to an element of solution set ΓSCFP:

Theorem 13. Let fκng be a sequence iterated as follows:
choose initial points κ0, κ1 ∈ C1 = Y and let fαng, fβng be
bounded sequences and fγng be a sequence in ð0, 1�. Consider
that fτng is a sequence of positive real numbers so that the fol-
lowing assumptions are fulfilled:

(i) infnfγng ≥ γ > 0

(ii) 0 < infnfτng ≤ supnfτng < 2α

Step (1). Compute

ωn = κn + αn κn − κn−1ð Þ,
υn = κn + βn κn − κn−1ð Þ:

ð56Þ

Step (2). Compute

μn = 1 − γnð Þωn + γnPC υn − τnT
∗ I − PQ

� �
Tυn

� �
: ð57Þ

Step (3). Compute

Cn = p ∈ Y : μn − pk k2 ≤ κn − pk k2 − 2 αn 1 − γnð Þ + γnβnð Þ�
� κn − p, κn−1 − κnh i + α2n 1 − γnð Þ + γnβ

2
n

� �
κn−1 − κnk k2g,

Qn = p ∈ Y : p − κn, κ1 − κnh i ≤ 0f g,κn+1 = PCn∩Qn
κ1ð Þ, n ≥ 1:

ð58Þ

If the solution set ΓSCFP is nonempty, then the sequence
fκng converges weakly to an element of solution set ΓSCFP:
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Figure 4: Numerical computational behavior of Algorithm 1:, Algorithm 2:, and Algorithm (4.2) while κ0 = κ1 = 3et sin ðtÞ.
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Algorithm 2:, and Algorithm (4.2) while κ0 = κ1 = ð2t3 − 3etÞ cos ðtÞ.
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5. Supportive Numerical Examples

This section is the mainstay of the paper as it studies the
behavior and performance of our algorithms numerically
and graphically. The program used here is MATLAB
R2014a running on an HP Compaq 510, Core™ 2 Duo
CPU T5870 with 2.0GHz and 2GB RAM.

Example 14. Let Y1 = Y2 = L2ð½0, 2π�Þ be two HSs with an
inner product

x, yh i≔
ð2π
0
x tð Þy tð Þdt, ∀x, y ∈ L2 0, 2π½ �ð Þ, ð59Þ

and the induced norm defined by

xk k≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2π
0

x tð Þj j2dt
s

, ∀x ∈ L2 0, 2π½ �ð Þ: ð60Þ

Next, consider the feasible set C ⊂ Y1 as

C = x ∈ Y1 :
ð2π
0
x tð Þdt ≤ 1

� 
, ð61Þ

and Q ⊂ Y2 is

Q = x ∈ Y2 :
ð2π
0

x tð Þ − sin tð Þj j2dt ≤ 16
� 

: ð62Þ

Consider the mapping T : Y1 ⟶ Y2 so that ðTxÞðsÞ =
xðsÞ, x ∈ Y1: Then, ðT∗xÞðsÞ = xðsÞ and kTk = 1: So, we wish
to solve the following problem:

Find �κ ∈ C so thatT �κð Þ ∈Q: ð63Þ

We can also observe that since ðTxÞðsÞ = xðsÞ, x ∈ Y1, the
above problem is actually a SCFP in the form of

Find �κ ∈ C ∩Q: ð64Þ

Figures 1–5 and Table 1 show the numerical compu-
tational results of Algorithm (4.2) by Dong et al. in [30]
(St-Alg1), Algorithm 1: (St-Alg2), and Algorithm 2: (St-Alg3)
by assuming Dn = kκn − κn−1k ≤ 10−4:

Remark 15. It is important to note that the different choices
of initial points have substantial effect on the CPU (time)
and a number of iterations on the proposed algorithms and
also for those existing algorithms that are used for compari-
son. These facts can be seen from Figures 1–5 and Table 1.
We conclude from these numerical results that our algo-
rithms are faster in convergence than their counterpart pre-
sented by Dong et al. in [30].

6. Conclusion

The quality of the algorithm is measured by twomain factors:
velocity in convergence and time. When the convergence is
faster in a short time, the results are faster and more accurate.
Given the importance of algorithms in many applications in
real society, many researchers have studied this logic and try
to obtain a strong convergence, which has a prominent role
in studying the efficiency and effectiveness of these algo-
rithms. On the basis of this principle, in this paper was
studied the effect of shrinking projection and CQ term on
two inertial terms to get the strong convergence of new
algorithms called two inertial shrinking projection and CQ
algorithms. These results have been implicated to obtain a
solution to SCFP in HSs. Finally, some numerical results
were formulated to illustrate the efficiency and effectiveness
of algorithms.

Abbreviations

HSs: Hilbert spaces
NCC: Nonempty closed convex
NEMs: Nonexpansive mappings
FPs: Fixed points
SCFPs: Split convex feasibility problems
ISM: Inverse strongly monotone
MM: Maximal monotone.
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Table 1: Numerical computational results of Algorithm 1:, Algorithm 2:, and Algorithm (4.2).

Number of iterations Execution time in seconds
Initial point (κ0 = κ1) St-Alg1 St-Alg2 St-Alg3 St-Alg1 St-Alg2 St-Alg3

2t + 3 27 25 20 0.0497 0.0184 0.0184

5 + t2/5 25 28 16 0.0497 0.0184 0.0184

3e2t t4 39 32 21 0.0497 0.0184 0.0184

3et sin tð Þ 47 43 26 0.0497 0.0184 0.0184

2t3 − 3et
� �

cos tð Þ 55 40 30 0.0497 0.0184 0.0184
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