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In this work, the solution of the linear, nonlinear, and coupled system fractional singular two-dimensional pseudoparabolic
equation is examined by using a three-dimensional Laplace Adomian decomposition method (3-DLADM). Analysis of the
method is discussed, and some demonstrative examples are mentioned to confirm the power and accuracy of the recommended

method, and numerical analysis is applied to sketch the exact and approximate solution.

1. Introduction

The fractional derivative has been attracting much attention
in physical and engineering problems, for instance, acoustics,
viscoelasticity, and control. The sufficient condition for com-
mutators of a fractional integral operator is discussed in [1].
The authors in [2] addressed the boundedness of commuta-
tors of the multidimensional Hardy-type operators with
bounded mean oscillation coefficients. The fractional deriva-
tive of the Riemann zeta function was computed, using the
Caputo derivative in the Ortigueira sense (for more details,
see [3]). The author in [4] analyzed the fractional derivative
of the Riemann function and discussed the functional equa-
tion with the distribution of prime numbers.

The parabolic equation occurred in several fields of
applied mathematics, for example, the heat diffusion equa-
tion and fluid mechanics (for a model, see [5-8]). The
solution fractional diffusion equation problems have been
obtained via the Adomian decomposition method and series
expansion method by the authors [9, 10]. Several articles
have been found in previous studies, which are associated

with qualities and applications of a fractional derivative [11-
13]. The pseudoparabolic equation represents a diversity of
physical operation. The author in [14] discussed the existence,
uniqueness, and continuous dependence of powerful solutions
of the one-dimensional pseudoparabolic equation. Overall,
certainty of the nonlinear equations of real life is so far very
hard to solve either theoretically or numerically. Currently,
many researchers have suggested an exact solution to a one-
dimensional coupled parabolic equation (for more details,
see [15, 16]). The convergence of the Adomian method was
discussed by many researchers (we refer the readers to see
[17-20]). The author has modified the 2-D Laplace decompo-
sition method to solve coupled pseudoparabolic equations in
order to accelerate the convergence of the series solution [21].

Recently, the three-dimensional Laplace Adomian
decomposition (3-DLADM) has been successfully applied
to solve regular and singular coupled Burgers’ equations
(see [22]). The objective of this research is to find the solution
of singular 2-D fractional pseudoparabolic equations by
applying a more successful technique, which is called
3-DLADM.
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2. Some Basic Idea of the Double and Triple
Laplace Transform and Caputo
Fractional Derivative

In this unit, we offer basic definitions, properties of fractional
calculus, Mittag-Leffler function, and Laplace transform the-
ory which should be used in this work.

Definition 1 (see [23]). The left-sided Caputo fractional
derivative of g,g € C",m € N U {0}, is given by

u[9"9(1)
Im # 5 _1 > >
” t_a”g(t)_ [ 5 }m <u<m,meN
*g( )_ aﬂ’t - am ;
9(t)
ot

(1)

Definition 2 (see [24]). The Caputo fractional partial deriva-
tive of function f(x;, t) with respect to ¢ is given by

Ff(xnt) 1!

n(laf(xl’ )
ol I (n-7), d

S v, n—-1<{<n.

(2)

(t=v)

Definition 3 (see [25]). Let g(x,, x,) be a continuous function
of two variables x,, x,; then, the two-dimensional Laplace
transform (2-DLT) of g(x,, x,) is given

Ly[g(x1, %)) = G(py> py) :J J e PPN g(x), x,)dx, dx,,
o Jo
(3)

where x, x, >0, L, indicate 2-DLT, and p,, p, are complex
variables.

Definition 4 (see [26]). Let g(x;, x,, t) be a piecewise contin-
uous function on the interval [0,00) X 0,00) % 0,00) of expo-
nential order. Consider for some a, b, c € Rsup x,, x,,t >0,
lw(x,, X, t)|/e10%2+¢ Under these conditions, 3-DLT is
defined by

Ly(g(%1, %5, 1)) = G(py> P2 9)
:J J J e PPN g (x x,, tYdtdx,dx,,

(4)

where the symbol L, indicates 3-DLT and p,, p,,s € C.
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Definition 5. The inverse 3-DLT of the function F(p,, p,, s) is
determined by

L3'[G(pys Py 9)] =

g(xy, %5, 1)

1 a+ico 1
- ehn dp _
271 ) 4 oo L2mi

c+i0o 1 d+ico .
. eP*2dp —J ' G(py, p,» 8)ds,
Jc—ioo 2 2mi d-ico ( ne )
(5)
where L3 indicate inverse 3-DLT with respect to p,, p, and s.

Furthermore 3-DLT of the derivatives y, (x;,x,, 1) and
W, (x,, x,, t) are presented by

Ly ¥, (5120, 0)| =¥ (010 ) =¥ (0.0), (6)

Ls[y, (15 %, £)] = sy(p1> P2s §) = ¥ (P15 23, 0)- (7)

The 2-DLT formulas for the partial fractional Caputo
derivatives are denoted by

a’Bf(xl,t) ~ 8 n—1 b az b

L, (T =Py F(py>s) - l;l% L, o v(0. 1)1,
(8)

L m :scF(p s)—nz_:ls(_l_iL iit//(x 0)-

2 Y Iy < x| 9 b i
(9)

where (,f>0,m—-1<{<m,r—1<f<r,r,meN (for
more details, see [27]).

In the following, we provided one and two parameters;
the classical Mittag-Leffler function is useful in this work.

2.1. Mittag-Leffler Function. The Mittag-Leftler function of
one parameter is established by

i

E,( me-ﬂ , T€CRe(n)>0. (10)

i=0

The Mittag-Leffler function with two parameters is deter-
mined by

i

=
=n

, T€CRe()>0 (11)

NMg

Fr]1+y

(see [28, 29]). If we set n=1 in Equation (11), we get
Equation (10). It appears from Equation (11) that
7

—=¢, (12)
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00 i (o] i o T1+1 eT—l
E,(1)= - = >
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(13)
_ 8] Ti (e8] i 100 t+2 eT_l_l
H1’3(T)_;F(z+3 _; i+2)! _T_ZO i+2) I

hence, in general,
~ 1 m—2 Ti
Evm(T)= lef -2 -—]~ (15)

Differentiation of the Mittag-Leftler function is repre-
sented by

L[] mee o

(for more details, see [30]).
Next, we provide the Laplace transform (LT) of Mittag-
Leffler functions helpful in this research:

_ 7 1
Ly [tczl,(ﬂ(t)_ = o1y
_ 7 1
Ly [t<51,(+1(t)_ = SG-1)
_ 7 1
Ly {tZ(‘:l,Z(H(t)_ = m> (17)
7 1
1=
L7800 = ey
A1z ) 1_ 1
Ly #72,  (M)| = P

In the same way, the single Laplace transform (LT) of
two-parameter Mittag-Leffler functions

(2] = (553) . (18)

L, [t”’IE

3. Multidimensional Laplace Transforms (7 + 1
-DLT)

Here, we deal with the multidimensional Laplace transform
(n+ 1-DLT) which is very useful to this work.

Definition 6. Let g(x,x,,%5,-,%,,t) be a piecewise
continuous function on the interval [0,00) x 0,00) X 0,00) x
x [0,00) x 0,00) of exponential order. Consider for some

ay, 4y, Ay, +++, 4, b € Rsup xy, x5, X3, -, X, 1 > 0,y (X7, Xy, x5

o X )] [0 0E Under these conditions, 7 + 1
-DLT is defined by

Lan(E) =G(py> Py P3>

J, L
(19)

where &= g(x;,x,,%3,*+,x,,t), the symbol L,L, indicate
n+1-DLT, and p,, p,, p5, -, p,, and s are complex variables.

"pn’s)

*Plxl-szz""ann*Stdeldxz dxndt)

Definition 7. The inverse n+ 1-DLT of the function G(p;,
D3> P3> =+ Py §) is determined by

L;lL;I[F] =g<x1, X X35 000 Xy t | )

1 ¢, +i0o 1 ¢, +i0o 1
= _J eplxldp J epnxndpn_.
271 )¢ ico 2nmi _ico 2mi

d+ico
. J e Fds,

d—ico

(20)

where F = G(p,, p,, s>+ P, S) and L;'L;! indicate inverse
n+ 1-DLT with respect to p,, p,, p3» -*+» p,, and s.

3.1. Existence Condition for the Multi-Laplace Transform. If

f(x1, %5, %5, -4+, x,,, t) is said to be of exponential order a,, a,,
as, -+ a, (>0) and b (>0) on 0 <x;,x,, X5, *+, X, <00, 0< ¢
< 00, if there exists a positive constant K such that for all x,
>X,%>X,, Xy3> %5, 0%, >X, and t > Tt

‘f(x1>x2’x3’ X, t)‘ < Kealxl+a2x2+a3x3+---a,,xn+bt, (21)

where f(x,, x,, x5, -++, X,,, t) can be written as

f(xl’ Xy X35+ X t) — O(ealxl+a2x2+a3x3+...anx,,+ht)’ (22)

at Xy, X,, X3, *++, X, — 00 and t — 00. Or, equivalently,

lim T e o]
XXy X3,0 X, — 00
—00
—k lim oGm0~ =y =~y e, (B-D)t
XXXz, X, — 00
t—00

=0,§,>a,0,>a,0>a5 -, >a,, f>b,

(23)

where the function f(x,, x,,x;, -+, x,,, t) is simply called
an exponential order as x,,x,,x;,::, X, — 00, t — 00,
and clearly, it does not grow faster than K
ea1x1+a2xz+u3x3+--»a,,xn+bt as Xy, Xy, X35+ X, — 00, t — 00.

Theorem 8. If a function f(x;,x,, %5, X,,,t) is a contin-
uous function in every finite intervals (0,X,), (0,X,), (0,
X5), -+ (0,X,) and (0,T) and of exponential order



el tayprasy a6 tbt thoy the double Laplace transform of f
X1 Xy X35 5 X, t) exists for all p;, pyy P> -+ P, and s provided
Rep,>a;Rep,>a,Rep;>as - Rep,>a, andRes > b.

|F(Py> 2> P35 P S)| =

0 0 Jo
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Proof. We have

00 00 (OO
J J J efplxl—szzf'"7pnxn75tf(xl’xz) x3) ...’xn’ t)dxldxz dxndt

< ro Jwe—@l—ul>x1—(pz—az>xz—@3—u3>x3—~~—(pn—an>xn—<s—b>tdxl dx, - dx, dt (24)
0 0
K
(py—a1)(p, — @) (p3 —as) -+ (P, —a,)(s—b)

For Rep, >a;,Rep,>a,Rep;>a; -~ Rep,>a, and
Res > b.

In the following theorem, we generalize Equations (8)
and (9) to a multidimensional Laplace transform.

Theorem 9. Let {,f>0,m—1<{<m,r—1<fB<r,r,me
N, be so that y € C'(R* x R* x --- x R*), I=max {m,r},
v eL,((0,a;) x (0, a,) x (0,a;) x -~ x (0, b)), for any a,,
ay az, -+ a, (>0) and b (>0):

|1//(x1)x2’ X350 Xy t)| < Kea,x1+u2x2+a3x3+---anxn+bt’x] > a,
>0,x,>a,>0,--,t>b>0,
(25)

hold for any constant k, T,,7,, 75 -+ 7, 2 0, then

L,L, [wa(x,,xz,x3, T Xy t)] = S((‘P@pPZ’Py 5P S))

1 ;
_ "“Z szflJLn (axu’(xz’xpxy
=0

ot
L,L, [Df,l//(xl,xz,xy T X t)} :P?‘P(Pvpppy Py S)
-1 i
i 0"y (0, x5, X35 -+
S ’anLt<(+ ,
=0

7
0xy

LL [Dfﬂ/(xpxz)xy T Xy t)} =p§‘l’(p1,p2,p3, Py S)

1 i
i o'y(xy, 0,x3, -+
- § Pg 'L L <( ! : >
i=0

0x)
(26)
L,L | DRy (x) %50 X35 -+, %, t)] =P€W(P1rP2’P3"“’Pn’S)
[ 'y (), % 0 -+, X, t
- Z Pf ! Ln—lLt <V/(lzat)>’
i=0 X2
(27)

where W (P, Py P3> > Py 8) s 1+ 1-DLT of w(x, X5, %3, -+,
X, 1).

Proof. With the use of Theorem 9 and definition of multidi-
mensional Laplace transform, we can deduce the proof easily.

Theorem 10. Let f be piecewise continuous on [0,00) X 0,00)
X 0,00) X -+ X [0,00) X 0,00),n + 1-DLT of the partial deriva-
tives of order (th H;’:Ixi(a(w/at‘v) and TT0 . f (x5 X5 X35 -+,
x,,t) are given by

n a( "
L,L i— Xy X3 s Xy b) | = (-1) s [A4],
nlt ]i;l[x;at{‘l/(xl X3 X3 Xy ):| ( ) aplapzap3apn[ ]
(28)
where
n—1 c ) ai
AZS(T(PPP?P& 5 P> S) ZS L, |:at“/’(x1>x2’x3» X, 0) |,
i=0
(29)
n
L,L, Hfo(xxpxz’ X300 Xy £)
=1 (30)

aﬂ

-1" S
) 0p,0p,0p; +++ Op,,

[F(prr P2 P3P S)]-
Proof. By employing definition of n-DLT for 8°y/dt¢, we get

ntt ) ¢
ot 0 0Jo ot

Xy £)dxydx,, - dxy,dt

(31)

. (xl,xz’ x3’ (N

by taking partial derivatives 0"/dp,0p,0p, --- dp, for both
sides of Equation (31), we have

a(v/ o a(v/
LL|=5]|=]| "=+
( " ‘(aﬂ)) L Y
. (rg ro 6771(e—plxlfpzxz..._pnxndxldXZ e dx ))dt.
Jo Jo 0p,0p,0p; - Op, "

a”
0p,0p,0p5 -+ 9p,,

(32)
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The integral inside bracket is determined by

(e*P1x1-szz'“’ann dxldxz cen dxn)

(o] 00 an
Jo Jo 0p,0p,0p; -+~ 9p,,
= (—1)”J J (A)dx,dx, --- dx,,
0 0
(33)

where A =[] x ;e Pr*u-P2X12""Pr*1n; hence, we find that

0" o’y
- LnLt T
0p,0p,0p; -+ 0p,, ot

00 00 0O a{w
= (_1)"J J J i”:lxlie’Plxl—Pz"z"‘*ann*“deldxz

0 0 Jo

dx,dt
n o

=(-1)"L,L, {H xliﬁw(xl, Xp> X35 0005 X t)} ;

(34)

by substituting Equations (33) and (34) into Equation (34) and
using Theorem 9, we achieved

n a(
L,L, [H X1 ﬁu’(xl’ X5 X35 7005 Xy t)]
i=1

(35)
Y S 7
0p,0p,0ps =+ 0p,
Similarly, we can obtain Equation (30).
In particular, at n =2, we have
oy 0’ .
LL, lxl 2 atC] dp,0p, [Sqlf/(Pl’Pz’ s)=s "W (py, Py 0) |,
(36)

LyLy[x, %, f (x, %55 )] = apaap2 (LoLe[f (%15 %55 1)]). (37)

4. Singular 2 + 1-D Fractional Pseudoparabolic
Equation and 3-DLADM

The following is the procedure demonstrating two problems
that are related to the linear and nonlinear singular 2 + 1-D
pseudoparabolic equation:

Problem 11. The 3-DLADM is an effective technique for solv-
ing linear singular two-dimensional pseudoparabolic equation.

We consider 0<{<1; let us consider a general frac-
tional singular 2 + 1-D pseudoparabolic equation:

oo L, 0 10 1
Y X xla—xl‘# . X xza—xz‘# . X_I(XIV/xl)xlt
=f (x> %, 1),
(38)

5

subject to y/(x;, X5, 0) = f, (%1, X,), (39)

where the linear parts 1/x,(x,(d/0x,)), and 1/x,
(x,(0/0x,)),, are called Bessel’s operator and f(x;, x5, 1), f,

(x,x,) are known functions. For the objective to solve
Equation (38), we are implementing the following steps.

Step 1. By multiplying the two sides of Equation (38) by x,x,

xxD(—xxa —xxa —xxa
150y 2la—xl‘l/x 12(—)—lel’x Zla_xlth

1 2 1
= X1%,f (X, Xy, t).

(40)

Step 2. By implementing Equations (36), (37), and (7) for the
equation in the first step and 2-DLT for condition, we get

"y 1 ey
aplap (P1> P2 )—gw o L, 1 (21 %)
L] 0?
S{ ap ap (L3[f(x1’x2’ )D

. 1L 0 . 0
raacl ke xlaTCIV/ . Xy xzaTCZW .
0
R el .
1 Xt

1

(41)

Step 3. Operating the integral form of Equation (41), from 0
to p, and 0 to p, with respect to p,, p,, respectively, we get

1Jp1 Jpz 92
5o Jo 0p,0p,
1 (2 PzL 0 0
+s—¢J0 L 3| %2 xla—xlw xl+x1 xza—xzw N

Y(p1> Py $) L, L. [f (xpxz)]) dp,dp,

(42)

Step 4. The series solution of the singular 2 + 1-D pseudo-
parabolic equation is therefore entirely determined by

Y(xp, x5 1) = Z Vo (X15 %55 1), (43)
m=0



Step 5. Working with the 3-DLT for both sides of Equation
(42) and applying Equation (43), we obtain

(o)
Z V(31 %0 1) = f (1, %5) + L3

m=0

. Ll( Ll E <% L, L [fi(x1 %, t)]) dpldpz}
T (o () )]

+ 15! SI( E Z (L3 :xl <xza?cz (2 %))} ) dpldpz}
S BLL (- () o]

in view of the first approximation,

P 1 (7 [P 02
Yo =fi(xpx;) + S(J Jo 3p,0p,

L L, [fi(x1 %) t)]) dpldp2:| >
(45)

and the remaining components v, ,,, m >0, are denoted by

1 Py (P2
Ve = +L5" L_( L Jo (Ls [xz (xl (‘/’mxl))x } )dp1:|
1 (2 (P2
+L5' Lj Jo L ( [xl (xz (V/mx )) ])dp1dpz]
. [1 (P (P2
+L3' L_( Jo Jo (L3 [xz ('xl (‘//mx )) } >dp1dP2:| :
(46)
Here, we consider that the inverse 3-DLT with respect to
Py> P, and s of Equations (45) and (46) exists. To display the
applicability of the method explained previously, we current

the following example.

Example 12. Singular 2 + 1-D pseudoparabolic equation is

given by
1 x 1 x
5 (), (v,

—4e'0<x,,x,,t<00,0<{<1,

1
Diy- -~ (xws,), -
= (xl —x%)
(47)

subject to y(x;, x,, 0) = x] — x3. (48)

By applying the above steps and Theorem 8 for Equation
(47), all terms of the sequence are computed as follows:

- 41'(5'1’(” (t)’
(49)

Yo = x% - x% + x%t(EL(Jrl (t) - xgt(EL(ﬂ (£)
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Bt
L) Jon
+ 15! 7 O <L3 [xz (= wmx))depldpz};

(50)

according to 3-DLADM, we get the following components:
[1 (P (P2
=Ly |~ L
Yy =13 < L L ( 3 [xz (x1 (VIOxl))XI X <x2 (V’o;cz)xz)
X (xl (Vjoxl)xlt)] ) dpldp2:|

;! Sl( J:I Ez (L3 [4x1x2t“151,¢(t)} )dpldpz}

4
_P1P252[_1 (s-1)

(51)

In the same way, we receive that

v, =L Ll( Jol J:Z L, [xz (x1 (Ilel) )x1 X (xz (%"2);:2)
X, (xl (‘/’ul)xlt)] dPldpz] =L;'[0] =0,

(52)
= 0)
Y3 (53)
W, =0,3
by adding all the terms, we have
V(X %00 1) = Yo + Yy + Yyt (54)

therefore, the approximation solution of Equation (47) is
denoted by

Y(xp, Xy, 1) = x% - x% + x%t(EI,(H () - xgt(EI,(H (1)

) - (55)
— 4155 1 (1) + 47T (1),
By using ¢ = 1 and Equations (13) and (14), the approxi-
mation solution becomes

Yl 1) = (8- ) (56)

Figures 1(a) and 1(b) show the approximate and exact
solutions of Equation (47); at t =1 and « = 1, we obtain the
exact solution of Equation (47); by taking different values of
a such as « = 0.85, = 0.90, and « = 0.95, we get the approx-
imate solution. Figures 1(c) and 1(d) show the plot of func-
tion y(x;, x,, t) in three dimensions.

In the next problem, we apply the previous method.
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-10 +

- -12

-14 4

-16 4

-18 T T T T T T T T T

0 01 02 03 04 05 06 07 08 09
X1
*  Exact solution
—— Alpha=0.85andt=1,x,=0
— Alpha=090andt=1,x,=0
— Alpha=095andt=1,x,=0

(a) The approximate solutions of y(x,, x,, t) for

Equation (47) with x, =0, t =1, and a = 1, 0.85, 0.90, and 0.95

(c) The surface shows y/(x,, x,, t) for Equation (47) with x, =0

Ficure 1

Problem 13. Consider the next nonlinear singular 2 + 1-D
pseudoparabolic equation:

SV (VN R By (W
Dy % <x1 axIV/)x] % <xzax21/’ .

—1 & x 9 =-2u(x
x, 0x,0t la—xlw"l = 20XV, Yy

2
+v(x1)(1//xl) +f(x,%51), 0<{<1,0<x,%,,t<00,

(57)

2

subject to y(x;, X5, 0) = f, (%, X,). (58)

-10
~12 3
-14 4
“ 16 1
-18 4
=20 +
_22 T T T T T T T T T
0 01 02 03 04 05 06 07 08 09 1
x2
*  Exact solution
—— Alpha=085andt=1,x,=0
— Alpha=090andt=1,x,=0
— Alpha=0.95andt=1,x;=0
(b) The approximate solutions of ¥/(x;, x,, t) for
Equation (47) with x, =0, t =1, and a = 1, 0.85, 0.90, and 0.95
0
0
-1
14
24 2
-3
4 4
_5
-6
-7 4
_8+
-7
1
0.5 0.5
‘ 00 %,
(d) The surface shows y(x,, x,, t) for Equation (47) with x; =0
By applying the previous technique, the first approxima-
tion is given by
Sl 02
v 1|2 [ o @alf s ) o,
(59)

and the rest of the terms are given by

Vi = L3 [% J:l JI: (Ls [xz (xl V/mxl)x‘ +Xx, (lel/mxz)xz +X (Xl v/"‘x‘)x, t] > dP1sz]

-y [% J‘; JPZ (Ls[(x12,p4(x, ) Ay, ) = (xlxzv(xl)Bm)])dpldpz],

0

(60)



where nonlinear terms A,, and B,, are decomposed as

Am = 1llmxl 1//rmclxl >

()

(61)

B =

m

Mz I8

3
Il
)

The nonlinear terms v, v, . and (v, )* are denoted by

AO = l//Oxll//Oxlxl > (62)
Al = V/Oxlwulxl + V/lew0x1x1’ (63)
AZ = 1//Ox1 Wlex] + 1//lxlllllxlx1 + V/le l//Oxlx1 > (64)

A3 = wal 1V?axlxl + 1lllx1 Wlexl + wall//lxlxl + 1l/3x1 l//Oxlxl’ (65)

Bo= (v, ) (66
B =2y, i (67)
By =29, ¥, + (V1) (68)
By =200, Vi, + 2V 1, Var, - (69)

To demonstrate this technique for a nonlinear problem,
we examine the following example.

Example 14. Consider the following nonlinear pseudopara-
bolic equation:

o L(e @ _L( 0.\ _1(, 0
iy X 16761‘4’ . %, zaTCZV’ N Py 18761%1 »

=X Y, Vo (u/xl)z +2(x1 —x3)e¥ = 8e¥, 0<x;,x,1<000<{<],
(70)
subject to y(x;, x,, 0) = x7 — x3. (71)

By using the mentioned 3-DLADM and Theorem 8,
we have

Yo =X -G+ t(51,(+1 (2t) - xﬁtcEL(H(Zt) - 8t(51,{+1 (2t),
(72)

Vi = L3 Ll( JZI JI: <L3 [xz (xllljmxl)Xl + X (lelfmxz)xz
T X (xll//mx] )xlt} ) dp1dpz]

T Py (P2
- L31 < (L3 [X%szm - xleBm] )dpldpz ’
s¢ 0 Jo

(73)
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where A, and B,, are defined in Equations (65) and (69).
The subsequent terms are introduced by

v, =L Ll( le KZ (L3 {xz (xﬂl’()xl)xl X (leVOxz)xz
X (le/Oxl)le ) dP1dP2]

11 Py (P2
- L3 {—( Jo JO (Ls[(x3x24) = %12,y )dpldpz}

N

iy Sl( r’ JZ (L [svt 1200 20)]) dpldpz}

0

[ [1 (P (P2 8 dp.d
=L _S_(J() J() % %s(‘l(s—2) pl p2

8

=L PleT‘(S—Z)] v, =818 (20).
' (74)
Following in a similar manner, we have
V=0, y3=0,9,=0,-. (75)
Hence, according to Equation (43), we have
Y X, 1) =07 = X5+ G105, £ (20) =51 5y 1, (20) (76)

— 8158, 1,1 (21) + 8712 L (20) 5

if we set { =1 and Equations (13) and (14), then the exact
solutions of Equation (70) are presented by

Y(x), %, 1) = (x] —x3) €. (77)

Figures 2(a) and 2(b) show the approximate and exact
solutions of Equation (70); at t=1 and a =1, we get the
exact solution of Equation (70). For the different values
of a such as «=0.85, «=0.90, and a=0.95, we obtain
the approximate solution. Figures 2(c) and 2(d) represent
the surface of the function y(x;, x,, t).

5. Singular 2-D Coupled Pseudoparabolic
Equation and 3-DLADM

The aim of this part is devoted to establishing the solution of
the coupled singular 2 + 1-D pseudoparabolic equation by
applying 3-DLADM.

The coupled singular 2-D pseudoparabolic equation of
fractional order is given by

Do — 1 . 0 1 . 0
a4 X 18711” . %, 287621// .
1 2 (78)

1 0
- <xla_x1 >x1t - xﬁl‘//xl +Ap = f (x5 %y, 1),
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. . . . . . . . . *
T e R -12 3
-14 4
“ 16 1
-18 4
=20 +
“sh 1
o 01 02 03 04 05 06 07 08 09 1 o 01 02 03 04 05 06 07 08 09 1
X1 X2
*  Exact solution *  Exact solution
—— Alpha=0.85andt=1,x,=0 — Alpha=085andt=1,x,=0
— Alpha=090andt=1,x,=0 — Alpha=090andt=1,x,=0
— Alpha=095andt=1,x,=0 — Alpha=0.95andt=1,x;=0
(a) The approximate solutions of y(x,, x,, t) for (b) The approximate solutions of ¥/(x;, x,, t) for
Equation (70) with x, =0, t =1, and a = 1, 0.85, 0.90, and 0.95 Equation (70) with x, =0, t =1, and a = 1, 0.85, 0.90, and 0.95
— 0
0 -
-1
14
_2 -2
3 -3
4 4
54
-6 -
_7
_8 - 7
! 0.5 0.5 !
00 X
(c) The surface shows y(x,, x,, t) for Equation (70) with x, =0 (d) The surface shows y(x,, x,, t) for Equation (70) with x; =0
FIGURE 2
‘ 1 P 1 P (1) Multiplying both sides of Equation (79) by x,x, leads
D — %, =— - — | X i ion:
tP X ( 19, ?’) % ( 25x, ?’) . to the following equation:
’ (79)
1 0 14 A = t xxD”3 -X xi -X xi
_x_l xla_xl(P Xt—x—l(pxl+ Y= g(x;, Xy, 1), 1Dy —x, 1ax11l’ N 1 zax2V’ N
1
( o 1//> Y, +Ax
. N\ X135 ) 1529
subject to y/(x,, x5, 0) = f (x5 X,), 9(x15 X5, 0) = g, (%1, %), 0" e "
- i 4 81
(80) = %1% (%1, X, £), %1%, D @ = x, (xlﬂ(l)) (81)
1/
where f(x,x,,t), g(x;, X t)’f1 (x1,%,), and 91(x1’x2) are K} K}
given functions and A is the coupling parameter. One can “x( ey o) Tl nm ¢
2 X, 1 xit

obtain the solution of Equation (79) by using 3-DLADM.
This method contains the following steps. ~ VX, FANY =X, X,g(%), X, ).
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(2) Weapply 3-DLT and both sides of Equation (81) and
2-DLT for Equation (80); we get L, [x,x,D{y] = L, [x,
(x1(010x))y) ., +x1(x,(0/0x,)y), + %, (x,(9/ Oxy )y
)yl + Lalpxyy, — Ax x,0] + Lafxyx, f (%, X5, 1)),

0 0 0
Col = i — —_
Ly [xlxth(P] =1L, {xz (xl ax, (P>x1 X (xz ax, (P>x2 tX (xl ax, ‘P)X‘J
+1L; [sz‘/’xl - AXIXZW] + Ly [x,%,9 ()5 %5, 1))
(82)
on using Theorem 8 and 2-DLT for condition, we obtain

82 2

—Y(p,,0,,s)= ———L_L i
apiap, L PrPr9)= gLl lfi (1 12)]

1 9 . L,
+5—zm( 3[f(x1,xz’f)])+s—( 3

0 d d
X Xy xlaw + X xza—xz'([/ + X, Xlal//
1 Xy X, 1 Xt

2

1 0
+ 5_5L3 [Mxm, —Axlxz‘P]) W(D(Pvl’z’s)

_162LL xx+1azLxxt
= Sopap, 191 (X1 %)) gm( 319 (%1 %0, 1))

N lL d . 0 . 0
Pt Xy xla—xl‘P N X1 xza—xz‘l’ N X xla_xl(P o

1
+ SjLs [sz‘le - /\xllelj]'
(83)

(3) By integrating Equation (83) from 0 to p, and 0 to p,
with respect to p; and p,, respectively, we have

' L dp,d
@1’P2’5)—57J0 Jo W L, [f1 (%1, %,)] | dp,dp,

1 (P (P2 aZ . o d
+ S_(JO L aplapz( s[f (%1, %5, 1)]) | dpydp,

1 (P (P2
e 2| ] Lolgidp
$Jo Jo
(84)

1 (o1 (P2 02
CD(Pl)Pz’S):S?J J mLlexz[%(xl’xz)] dp,dp,

0 Jo

1 (& (P 0> . Iod
+57L .[0 m( 319(x1 x5, 1)]) | dp,dp,

1 (Pr (P2
+7J J Ly [x]dp, dp,.

(85)
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Finally, by using the inverse of 3-DLT, we can evaluate
y(x;, %y, t) and @(x,, x,, t) as follows:

. P1 (P 92
W) =y (1032) + 13 EJ | <W (Ll t)])) dpldpz}

41 P (P2
+L3 |+ Ly[¢ldp,dp, |,
s Jo Jo

(86)

P1 (P2 2
¢(xl’x2’t):gl(xl>x2)+l‘;l iJ J 78
s Jo Jo \9pi0p,

(L3[g(x1> %, t)])) dpldp2:|
4 1 (P (P2
+1; {_(J J L3[X]dP1dP2}~
s> Jo Jo
(87)
The 3-DLADM decomposes the unknown functions

y(xy, x,,t) and ¢(x,, x,,t) by the infinite series of compo-
nents as

V(X Xy, 1) = Z V(X1 X5 1),
" (88)
P(x1, %y, 1) = Z @, (x5 %5, ).

3
I
o

By substituting Equation (88) into Equations (86) and
(87), we get

0
Z V(1 %5 £) = f1 (%1, %5) + Lgl
m=0

TR (amesenson)ae)

1 (P2 S}
+L3! L—( Jo JO L, |:mz—0 ‘/%} dPldpz]’

(89)

(o0

z P21, %5, 1) = gy (%1, %,) + L3

1 (P (P2 az
‘ L(Jo Jo <ap18Pz(Ls[g(xl’x”t)]))dﬂdpz}

|1 (P (P2 &
+1;' [_(J J Ls[z Xm:| dP1dP2}>
S Jo Jo m=0
where

¢, =%, aixl (xllexl) X aixz (xz‘//mx2>

aZ
+x; m (xImel) + /’lemel - Axlxz(pm’
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Xm =%2 aixl (xlmexl) X aixz (xz‘mez)

aZ
T m (xl(mel) + /’le(mel - Axlewm'

(92)

Our method recommends that the zeroth components
Yy, and ¢, are determined by the initial conditions and
nonhomogeneous parts:

v=hile ) I Lﬁ [T (apaap (Lalf (1) )dpldpz},
(93)

1 (P (P2 92
9o =91 (0032) + L3 H } (m@a[g(mpr)]))dpldpz}.

(94)
The remainder terms are given by

T [ ] ]

Vi = L3 —(J J Ly Z ¢, |dp1dp, |» (95)
_S 0 0 _n:O J J
Trppe [ ]

Py = L3 S_(J J Ly Z Xom | 4P1AD, | - (96)

0 Jo n=0

In order to check the applicability of our method for
solving the fractional coupled pseudoparabolic equation,
the next example has been considered.

Example 15. Time fractional coupled pseudoparabolic equa-
tions are given by

Dy L 0 L1 0
t‘//—x—1 x1a—xl‘:” N %, xza—xz‘// .

97
N 1 0 N 2 2 ) ( )
E— x —_ —_ —_— — s
x] 1 axl 1// ot x] l//xl xz ll/xz q)
¢ 1 0 1 0
X Xy —
I(P x] laxl(P . ZBxZ(P N (98)
N 1 0 N 2 2 5
J— x [ —_— —_ p— N
xl 1 axl (p . xl (pxl x2 ¢x2 ll/
where
0<x,%,t<00,1,0<{<1, (99)
with initial condition
¥ (%), %, 0) =x7 — x5, (100)

P(x1,x,,0) =xf —x%.

11

Using the 3-DLADM procedure Equations (94), (95),
and (96), we obtain the following components:

2
Yo =X — X
2

) (101)
Po=X1 — X

atm=0,

—L“l 1 (P~ PzL 0 9
Y =1L; SYJO Jo 3% xlaTCl‘Vo x1+x1 xzaTczllfo i
+ ( 9 1//) dp,dp.
X | x] —
2\ M55, Vo y 19D,

+L—1FJP1JP2L[2xw - 2x,y —2xxgo}dpdp}
35(0 3 27 0x, 17 0x, 17270 17F2

0
R Py (P2 5 5
=L; S—(JO L L, [8x1x2—2x1x2+2x1x2}dpldp2
L[ 8 4 4
e 1 3 {41 + 3,041
1P pip,s pp3s

_8t 2 265x2
L (P R (PSS (FEIE

e e 3 Fy
=1L gL Jo Ly |x, xlaTClq’o x,+x1 xzaTCZ‘Po N
+x2< ) }dlﬁdpz}
1t

a—SD

1|1

Ly {(J J zxZ(POx 2x1¢0x2—2x1x2w0]dp1dp2}
8

2

(102)

4
gt e el
T lewpas™ plps™ T pipds ™
_ost 2 26062 (103)
PTTEE ) T r(E1)]
by the same way, at m = 1, we have
_osr 3 N T A
VITIR) @) T(@ 1) 1@ 1)
(104)
_ st a4
PITTE) T ) @) 1@+l
(105)
atn=2,
30_1 3¢ 3¢ 2 3.2
P B L5 e
ri%)  rEt+a) F(3<+1) r(3+1)
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0 05 1 15 2 25 3 35 4 45 5

*  Exact solution
—— Alpha=0.85andt=1,x,=0
— Alpha=090andt=1,x,=0
— Alpha=095andt=1,x,=0

(a) The approximate solutions of ¢(x,, x,, t) for
Equation (98) with x, =0, t =1, and a = 1, 0.85, 0.90, and 0.95
-10 =

* *

-80 T T T T T T T T T

*  Exact solution
—— Alpha=0.85andt=1,x,=0
— Alpha=090andt=1,x,=0
— Alpha=095andt=1,x,=0

(¢) The approximate solutions of ¢(x;, x,, t) for
Equation (98) with x;, =0, t=1, and a =1, 0.85, 0.90, and 0.95

Journal of Function Spaces

*  Exact solution
—— Alpha=085andt=1,x,=0
— Alpha=090andt=1,x,=0
— Alpha=0.95andt=1,x,=0

(b) The approximate solutions of ¥/(x;, x,, t) for
Equation (98) with x, =0, =1, and a =1, 0.85, 0.90, and 0.95

-80 T T T T T T T T T

*  Exact solution
—— Alpha=0.85andt=1,x,=0
— Alpha=090andt=1,x;=0
— Alpha=0.95andt=1,x;=0

(d) The approximate solutions of y(x,, x,, t) for
Equation (98) with x; =0, =1, and a =1, 0.85, 0.90, and 0.95

FiGure 3: Continued.
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(g) The surface shows ¢(x,, x,, t) for Equation (98) with x;, =0

(h) The surface shows y/(x;, x,, t) for Equation (98) with x; =0

Ficure 3

32! N 96t 8r'x N 8t5x3
BETEY TTE ) T T@E+1)
(107)
atn=3,
96ttt 256t N 16643 16t*x3
VITTE) CT(@ e T 1) T 1)
(108)
_ 96ttt 256t N 16643 16t%x3
PTT@) @) T(@ 1) @)
(109)

thus for remaining elements. Using Equation (88), therefore,
the approximate solutions are determined by

21552 215 x2 4t2(x2
WX X t) =X - X5 : : :

2T I e

~ 4752 ~ 8% 12 . 8% x2
r2t+1) r(3*+1) TI(3¥+1)

. 166462 16tY3 L8t
r(#+1) r@#+1) I(t+1)
8121 320 3t g9

T2 @) " (%) * r(3%+1)

96ttt 561"

@ Ty

(110)

13
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¢
Plxp %y 1) = X7 = X5 = F(zfﬁ) + F(Zfﬁ) + F?zi ﬁ)
R G N 81 12 . 161% 2
r@2f+1) r(3*+1) I(3¥+1) r4+1)
161453 L8t Cst 3
r(+1) I(t+1) r@2) r@+1)
. 3243 N 96t 96t'l  256t" .
r@3%) r(Et+1) r@E)  rE+a)

(111)

We set { = 1, the fractional solution becomes

Y(xp, %0, ) =Y+ Y + Y, + Yt
202 (21 (20!
=<1_(2t)+< R )) (#-s2),

2! 4]

P X 1) =@y + P+ Py + Pyt

= (1—(2t)+ (22—?2 @ + (24t!)4—~-~) (x - x3).

3!

(112)
Hence, the exact solution becomes

Wt t) = (4 - ),

P(x), x5, 1) = (3] = x3) e .

(113)

Figures 3(a)-3(d) show the approximate and exact solu-

tions of Equation (98); put ¢ = 1 and & = 1, we have the exact

solution of Equation (98); by using different values of a such

as «=0.85, «=0.90, and a=0.95, we get the approximate

solution. The approximate solutions of the functions ¢(x,,
x,,t) and y(x1,, x,), t are given by Figures 3(e)-3(h).

Conclusion 16. In the current study, a powerful method called
the 3-DLADM was approved for finding approximate and
exact solution of the time-fractional singular 2-D pseudo-
parabolic equation. The suggested method is easier in its
precept and active in solving linear and nonlinear singular
two-dimensional pseudoparabolic equation. Therefore, we
conclude that the 3-DLADM is very effective and more pre-
cise for any fractional order partial differential equations.
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