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In this paper, we propose two novel iteration schemes for computing zeros of nonlinear equations in one dimension. We develop
these iteration schemes with the help of Taylor’s series expansion, generalized Newton-Raphson’s method, and interpolation
technique. The convergence analysis of the proposed iteration schemes is discussed. It is established that the newly developed
iteration schemes have sixth order of convergence. Several numerical examples have been solved to illustrate the applicability
and validity of the suggested schemes. These problems also include some real-life applications associated with the chemical and
civil engineering such as adiabatic flame temperature equation, conversion of nitrogen-hydrogen feed to ammonia, the van der
Wall’s equation, and the open channel flow problem whose numerical results prove the better efficiency of these methods as
compared to other well-known existing iterative methods of the same kind.

1. Introduction

The solution of nonlinear scalar equations plays a vital role in
many fields of applied sciences such as Engineering, Physics,
and Mathematics. Analytical methods do not help us to solve
such equations, and therefore, we need iterative methods for
approximate the solution. In an iterative process, the first
step is to choose an initial guess x0 which is improved step
by step by means of iterations till the approximate solution
is achieved with the required accuracy. Some basic iterative
methods are given in literature [1–8] and the references
therein. In the last few years, a lot of researchers worked on
iterative methods with their applications and proposed some
new iterative schemes which possesses either a high conver-
gence rate or have less number of functional evaluations
per iteration, see [9–21] and the references therein. The con-
vergence rate of an iterative method can be increased by
involving predictor and corrector steps which results multi-

step iterative methods whereas the number of functional
evaluations can be reduced by removing second and higher
derivatives in the considered iterative method using different
mathematical techniques. When we try to raise the conver-
gence rate of an iterative scheme, we have to use more func-
tional evaluations per iteration, and similarly, less number of
functional evaluations per iterations causes low order of con-
vergence which is the main drawback. It is much difficult to
manage both terms, i.e., the convergence rate and functional
evaluations per iterations as it seems that there exists an
inverse relation between them. In twenty-first century, many
mathematicians try to modify the existing methods with less
number of functional evaluations per iterations and higher
convergence order by applying different techniques such as
predictor-corrector technique, finite difference scheme, inter-
polation technique, Taylor’s series, and quadrature formula
etc. In 2007, Noor et al. [22] introduced a two-step Halley’s
method with sextic convergence and then approximated its
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second derivative by the utilization of finite difference scheme
and suggested a novel second-derivative free iterative algo-
rithm which have fifth convergence order. In 2012, Hafiz
and Al-Goria [23] suggested two new algorithms with order
seven and nine, respectively, which were based on the weight
combination of midpoint with Simpson quadrature formulas
and using the predictor-corrector technique. Nazeer et al.
[24] in 2016 proposed a new second derivative free generalized
Newton-Raphson’s method with convergence of order five by
means of finite difference scheme. In 2017, Kumar et al. [25]
suggested a sixth-order parameter-based family of algorithms
for solving nonlinear equations. In the same year, Salimi et al.
[26] proposed an optimal class of eighth-order methods by
using weight functions and Newton interpolation technique.
Very recently, Naseem et al. [27] presented some new sixth-
order algorithms for finding zeros of nonlinear equations
and then investigated their dynamics by means of polynomio-
graphy and presented some novel mathematical art through
the execution of the presented algorithms.

In this paper, we suggested two novel iteration schemes
in the form of predictor-corrector type numerical methods,
namely, Algorithms 1 and 2, by taking Newton’s iteration
method as a predictor step. The derivation of the first itera-
tion scheme is purely based on the Taylor’s series expansion
and generalized Newton-Raphson’s method whereas in sec-
ond one, we use interpolation technique for removing its sec-
ond derivative which results the higher efficiency index. We
examined the convergence criteria of the suggested schemes
and proved that these iteration schemes bearing sextic con-
vergence and superior to the other well-known methods of
the similar nature. The efficiency indices of the presented
schemes have been compared with the other similar existing
two-step iteration schemes. The proposed iteration schemes
have been applied to solve some real life problems along with
the arbitrary transcendental and algebraic equations in order
to assess its applicability, validity, and accuracy.

2. Main Results

Consider the nonlinear algebraic equation

f xð Þ = 0: ð1Þ

We assume that α is a simple zero of (1) and x0 is an
initial guess sufficiently close to α. Using the Taylor’s series
around x0 for (1), we have

f x0ð Þ + x − x0ð Þf ′ x0ð Þ + 1
2! x − x0ð Þ2 f ″ x0ð Þ+⋯ = 0: ð2Þ

If f ′ðx0Þ ≠ 0, we can evaluate the above expression as
follows:

f x0ð Þ + x − x0ð Þf ′ x0ð Þ = 0: ð3Þ

If we choose xj+1 the root of equation, then we have

xj+1 = xj −
f xj
� �

f ′ xj
� � : ð4Þ

This is quadratically convergent Newton’s method [2–4]
for root-finding of nonlinear functions and needs two compu-
tations for its execution. From (2), one can evaluate

x = x0 −
f ′ x0ð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ′2 x0ð Þ − 2f x0ð Þf ″ x0ð Þ

q
f ″ x0ð Þ

: ð5Þ

In iterative form:

xj+1 = xj −
f ′ xj
� �

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ′2 xj

� �
− 2f xj

� �
f ″ xj
� �q

f ″ xj
� � , ð6Þ

which is cubically convergent generalize Newton-Raphson’s
method [28] and requires three functional evaluations per iter-
ation for the execution. After simplification of (2), one can
obtain:

x = x0 −
f x0ð Þ
f ′ x0ð Þ

−
x − x0ð Þ2 f ″ x0ð Þ

2f ′ x0ð Þ
: ð7Þ

Now from generalized Newton-Raphson’s method in (5)

x − x0 = −
f ′ x0ð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ′2 x0ð Þ − 2f x0ð Þf ″ x0ð Þ

q
f ″ x0ð Þ

: ð8Þ

Using (8) in (7), we obtain

x = x0 −
f x0ð Þ
f ′ x0ð Þ

−
f ′ x0ð Þ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ′2 x0ð Þ − 2f x0ð Þf ″ x0ð Þ

q� �2
2f ′ x0ð Þf ″ x0ð Þ

:

ð9Þ

After rewriting the above obtained equality in the general
formwith the insertion of Newton’s iteration method as a pre-
dictor, we arrive at a new algorithm of the form:

Algorithm 1. For a given x0, compute the approximate
solution xj+1 by the following iterative schemes:

yj = xj −
f xj
� �

f ′ xj
� � , j = 0, 1, 2,⋯,
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xj+1 = yj −
f yj
� �

f ′ yj
� �

−
f ′ yj
� �

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ′2 yj

� �
− 2f yj

� �
f ″ yj
� �r� �2

2f ′ yj
� �

f ″ yj
� � ,

ð10Þ

which is the modification of the generalized Newton-
Raphson’s method for determining the approximate roots
of the nonlinear algebraic equations. To find the approximate
root of the given nonlinear equation by means of the above
described algorithm, one has to find the first as well as the
second derivative of the given function f ðxÞ. But in several
cases, we have to deal with such functions in which second
derivative does not exists and our proposed algorithm fails
to find approximate root in that situation. To resolve this
issue, we apply interpolation technique for the approxima-
tion of the second derivative as follows:

Consider the function

ρ uð Þ = a1 + a2 u − yj
� �

+ a3 u − yj
� �2

+ a4 u − yj
� �3

, ð11Þ

where the values of the unknowns a1, a2, a3, and a4 can be
found by applying the following interpolation conditions:

f xj
� �

= ρ xj
� �

, f wj

� �
= ρ wj

� �
, f ′ wj

� �
= ρ′ wj

� �
,

f ′ xj
� �

= ρ′ xj
� �

, f ″ wj

� �
= ρ″ wj

� �
:

ð12Þ

From the above conditions, we gain a system containing
four linear equations with four variables, the solution of
which gives the following equality:

f ″ yj
� �

=
6 f xj

� �
− f yj

� �h i
− 2 xj − yj

h i
2f ′ yj

� �
+ f ′ yj

� �h i
xj − yj

� �2

= ρ xj, yj
� �

:

ð13Þ

After putting the value of f ″ðyjÞ from the above equality
in Algorithm 1, we gain novel second-derivative free
algorithm as follows:

Algorithm 2. For a given x0, compute the approximate
solution xj+1 by the following iterative schemes:

yj = xj −
f xj
� �

f ′ xj
� � , j = 0, 1, 2,⋯,

xj+1 = yj −
f yj
� �

f ′ yj
� �

−
f ′ yj
� �

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ′2 yj

� �
− 2f yj

� �
ρ xj, yj
� �r� �2

2f ′ yj
� �

ρ xj, yj
� � ,

ð14Þ

which is a novel second-derivative free iterative algorithm for
computing the approximate solutions of the nonlinear alge-
braic equations. One of the main features of the suggested
algorithm is that it can be applied to all those nonlinear func-
tions in which second derivative does not exist. The removal
of second derivative causes less number of functional evalua-
tions per iteration which yields the best efficiency index as
compared to those methods which require second derivative.
The results of the given test examples certified its best perfor-
mance in comparison with the other similar existing methods
in literature.

3. Convergence Analysis

This section includes the discussion regarding the conver-
gence criteria of the suggested iteration schemes.

Theorem 3. Assuming α as a simple zero of the given equation
f ðxÞ = 0, where f ðxÞ is sufficiently smooth in the neighbor-
hood of α, then the convergence orders of Algorithms 1 and 2
are at least six.

Proof. To prove the convergence of Algorithms 1 and 2, we
assume that α is the simple root of the equation f ðxÞ = 0
and ej be the error at nth iteration; then, ej = xj − α and by
using Taylor series about x = α, we have

f xj
� �

= f ′ αð Þej +
1
2! f

″ αð Þe2j +
1
3! f

‴ αð Þe3j +
1
4! f

ivð Þ αð Þe4j
+ 1
5! f

vð Þ αð Þe5j +
1
6! f

við Þ αð Þe6j +O e7j
� �

,

ð15Þ

f xj
� �

= f ′ αð Þ ej + c2e
2
j + c3e

3
j + c4e

4
j + c5e

5
j + c6e

6
j +O e7j

� �h i
,

ð16Þ

f ′ xj
� �

= f ′ αð Þ
h
1 + 2c2ej + 3c3e2j + 4c4e3j + c5e

4
j + 6c6e5j

+ 7c7e6j +O e7j
� �i

,

ð17Þ
where

cn =
1
n!

f nð Þ αð Þ
f ′ αð Þ

: ð18Þ

3Journal of Function Spaces



With the help of equations (16) and (17), we get

yj = f ′ αð Þ α + c2e
2
j + 2c3 − 2c22

� �
e3j + 3c4 − 7c2c3 + 4c32

�
e4j

h
+ −6c23 + 20c3c22 − 10c2c4 + 4c5 − 8c42
� �

e5j

+ −17c4c3 + 28c4c22 − 13c2c5 + 5c6
�

+ 33c2c23 − 52c3c32 + 16c52
�
e6j +O e7j

� �
�,

ð19Þ

f yj
� �

= f ′ αð Þ
h
c2e

2
j + 2c3 − 2c22

� �
e3j + 5c32 − 7c2c3 + 3c4

� �
e4j

+ 24c3c22 − 12c42 − 10c2c4 + 4c5 − 6c23
� �

e5j

+
�
−73c3c32 + 34c4c22 + 28c52 + 37c2c23 − 17c4c3

− 13c2c5 + 5c6
�
e6j +O e7j

� �i
,

ð20Þ

f ′ yj
� �

= f ′ αð Þ
h
1 + 2c22e2j + 4c2c3 − 4c32

� �
e3j

+ 6c2c4 − 11c3c22 + 8c42
� �

e4j +
�
28c3c32 − 20c4c22

+ 8c2c5 − 16c52
�
e5j +

�
−16c4c2c3 − 68c3c42 + 12c33

+ 60c4c32 − 26c5c22 + 10c2c6 + 32c62
�
e6j +O e7j

� �i
,

ð21Þ

f ″ yj
� �

= f ′ αð Þ
h
2c2 + 6c2c3e2j + 12c23 − 12c3c22

� �
e3j

+ −42c2c23 + 18c4c3 + 24c3c32 + 12c4c22
� �

e4j

+
�
−12c2c4c3 + 24c5c3 − 36c33 + 120c23c22

− 48c3c42 − 48c4c32
�
e5j +

�
−78c3c2c5 + 30c3c6

− 54c4c23 − 96c3c4c22 + 198c2c33 − 312c23c32 + 96c3c52
+ 72c2c24 + 144c4c42 + 20c5c32

�
e6j +O e8j

� �i
:

ð22Þ

With the help of equations (16)–(21), we have

ρ xj, yj
� �

= f ′ αð Þ
h
2c2 + 6c2c3 − 2c4ð Þe2j +

�
12c23 − 12c3c22

+ 4c2c4 − 4c5
�
e3j +

�
2c2c5 + 26c3c4 − 42c2c23

+ 24c3c32 + 2c4c22 − 6c6
�
e4j +

�
−48c4c2c3 + 12c24

− 24c4c32 + 28c5c3 + 4c5c22 + 120c23c22 − 48c3c42
− 8c7 − 36c33

�
e5j +

�
−60c5c2c3 + 28c4c3c22 − 2c2c7

+ 22c5c4 − 10c5c32 + 30c6c3 + 6c6c22 + 20c2c24
− 86c4c23 + 88c4c42 + 198c2c33 − 312c23c32
+ 96c3c52 − 10c8

�
e6j +O e7j

� �i
:

ð23Þ

Using equations (19)–(23) in Algorithms 1 and 2, we get
the following equalities

xj+1 = α + −c3c
3
2

� �
e6j +O e7

� �
,

xj+1 = α + −c3c
3
2 + c4c

2
2

� �
e6j +O e7

� �
,

ð24Þ

which imply that

en+1 = −c3c
3
2

� �
e6j +O e7

� �
, ð25Þ

en+1 = −c3c
3
2 + c4c

2
2

� �
e6j +O e7

� �
: ð26Þ

Equations (25) and (26) show that the orders of conver-
gence of Algorithms 1 and 2 are atleast six.

4. Comparison of Efficiency Index

In numerical analysis, the efficiency index of an algorithm
provides us the information about the speed and perfor-
mance of the algorithm which is being under the consider-
ation. It is actually a numerical quantity that relates to the
number of computational resources needed to execute the
considered algorithm. The efficiency of an algorithm can be
thought of as analogous to the engineering productivity for
a process that includes iterations. The term efficiency index
is used to analyze the numeric behavior of different algo-
rithms. In iterative algorithms, this quantity totally depends
upon the two factors. The first one is the convergence order
of the algorithm whereas the second factor is the number of
computations per iteration, i.e., the number of functional
and derivatives evaluations, required to execute the algo-
rithm for the purpose of root-finding of the nonlinear func-
tions. If the convergence order is represented by P and the
number of computations per iteration by nf , then the
efficiency index can be written mathematically as:

Efficiency Index = P1/nf : ð27Þ

Since Noor’s method one [11] has quadratic convergence
and requires three computations per iteration for execution,
so its efficiency index will be 21/3 ≈ 1:2599. In the same way,
the cubically convergent Noor’s method two [11] requires
three computations per iteration and has 31/3 ≈ 1:4422 as an
efficiency index. Similarly, the efficiency index of the Traub’s
methods [6] is 41/4 ≈ 1:4142 because it possesses the conver-
gence of order four with four computations for execution.
Since the modified Halley’s method [22] has fifth conver-
gence order with four computations per iteration, so its effi-
ciency index will be 51/4 ≈ 1:4953. Now, we calculate the
efficiency indices of the suggested algorithms. Both algo-
rithms bearing the convergence of order six. The number of
computations per iteration for the execution of the first algo-
rithm is five whereas the second proposed algorithm requires
only four evaluations per iteration. So, their efficiency indices
will be 61/5 ≈ 1:4310 and 61/4 ≈ 1:5651, respectively. The effi-
ciency indices of the different iterative methods, we have dis-
cussed above, are summarized in the following Table 1.
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Table 1 clearly shows that the presented method, namely,
Algorithm 2, has better efficiency index among the other
compared methods.

5. Numerical Comparisons and Applications

In this section, we include four real-life engineering problems
and seven arbitrary problems in the form of transcendental
and algebraic equations to illustrate the applicability and
efficiency of our newly developed iterative methods. We
compare these methods with the following similar existing
two-step iteration schemes:

5.1. Noor’s Method One (NM1). For a provided initial guess
x0, determine the approximate root xj+1 with the iteration
schemes given below:

xj+1 = xj −
f xj
� �

f ′ xj
� � , j = 0, 1, 2, 3,⋯,

xj+1 = xj −
f xj
� �

f ′ xj
� � +

f xj
� �

f ′ xj
� �

" #
f ′ yj
� �

f ′ xj
� � ,

ð28Þ

which is quadratically convergent Noor’s method one [11]
for root-finding of nonlinear equations.

5.2. Noor’s Method Two (NM2). For a provided initial guess
x0, determine the approximate root xj+1 with the iteration
schemes given below:

yj = xj −
f xj
� �

f ′ xj
� � , j = 0, 1, 2, 3,⋯,

xj+1 = xj −
2f xj
� �

f ′ xj
� �

+ f ′ yj
� � ,

ð29Þ

which is cubically convergent Noor’s method two [11] for
root-finding of nonlinear equations.

5.3. Traub’s Method (TM). For a provided initial guess x0,
determine the approximate root xj+1 with the iteration
schemes given below:

yj = xj −
f xj
� �

f ′ xj
� � , j = 0, 1, 2, 3,⋯,

xj+1 = yj −
f yj
� �

f ′ yj
� � ,

ð30Þ

which is two-step fourth order Traub’s method [6] for root-
finding of nonlinear equations which bearing the conver-
gence of order four.

5.4. Modified Halley’s Method (MHM). For a provided initial
guess x0, determine the approximate root xj+1 with the itera-
tion schemes given below:

yj= xj −
f xj
� �

f ′ xj
� � , j = 0, 1, 2, 3,⋯,

xj+1 = yj −
2f xj
� �

f yj
� �

f ′ yj
� �

2f xj
� �

f ′2 yj
� �

− f ′2 xj
� �

f yj
� �

+ f ′ xj
� �

f ′ yj
� �

f yj
� � ,

ð31Þ

which is two-step Halley’ method [22] for root-finding of
nonlinear equations which has the convergence of fifth order.
In order to make the numerical comparison of the above
defined methods with the presented algorithms, we consider
the following test Examples 1–5.

The general algorithm for finding the approximate solu-
tion of the given nonlinear functions is given as:

In Algorithm 3, we take the accuracy ε = 10−15 in the
stopping criteria ∣xj+1 − xj ∣ <ε. We did all the calculations
of the numerical examples with the aid of the computer pro-
gramMaple 13, and their numerical results can be seen in the
following presented Tables 2–6.

Example 1. Adiabatic flame temperature equation. The adia-
batic flame temperature equation is represented by the fol-
lowing relation:

f1 xð Þ = ΔH + a1 x − 298ð Þ + a2
2 x2 − 2982
� �

+ a3
3 x3 − 2983
� �

,

ð32Þ

where ΔH = −57798, a1 = 7:256, a2 = 0:002298, and a3 =
0:00000283: For further details, see [29, 30] and the refer-
ences therein. The above function is actually a polynomial
of degree three, and by the fundamental theorem of Algebra,
it must have exactly three roots. Among these roots, α =
4305:3099136661 is a simple one which we approximated

Table 1: Comparison of efficiency indices of different iterative
methods.

Method
Convergence

order
No. of required
computations

Efficiency
index

Noor’s method one 2 3 1.2599

Noor’s method two 3 3 1.4422

Traub’s method 4 4 1.4142

Modified Halley’s
method

5 4 1.4953

Algorithm 1 6 5 1.4310

Algorithm 2 6 4 1.5651
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through the proposed methods by choosing the initial guess
x0 = 2050, and the numerical results have been shown in
Table2.

Example 2. Fraction conversion of nitrogen-hydrogen to
ammonia. We take this example from [31], which describe
the fraction conversion of nitrogen-hydrogen feed to

Input: f ∈ℝ — non-linear function, k — maximum number of iterations, I — iteration method, ε — accuracy.
Output: Approximated root of the given non-linear function.
for x0 ∈ A do
i = 0:
while i ≤ k do

xj+1 = IðxjÞ
if ∣xj+1 − xj ∣ <ε then

break
i = i + 1

xj+1 is the required solution.

Algorithm 3: General root’s finding algorithm.

Table 2: Numerical comparison among different algorithms for the engineering problem f1:

Method N ∣f xj+1
� �

∣ xj+1 σ = ∣xj+1 − xj ∣ COC

f1 xð Þ, x0 = 2050:0
NR1 9 3:688522e − 28 4305.30991366612556300000 3:947209e − 13 2

NR2 4 2:919985e − 37 4305.30991366612556300000 9:938805e − 11 3

TM 3 6:063382e − 31 4305.30991366612556300000 1:002459e − 05 4

MHM 3 1:311971e − 69 4305.30991366612556300000 1:526816e − 11 5

Algorithm 1 2 3:738643e − 18 4305.30991366612556300000 1:795691e − 00 6

Algorithm 2 2 3:738643e − 18 4305.30991366612556300000 1:795691e − 00 6

Table 3: Numerical comparison among different algorithms for the engineering problem f2:

Method N ∣f xj+1
� �

∣ xj+1 σ = ∣xj+1 − xj ∣ COC

f2 xð Þ, x0 = 0:1
NR1 7 9:675391e − 26 0.27775954284172065910 1:053628e − 13 2

NR2 3 1:203488e − 18 0.27775954284172065910 6:173552e − 07 3

TM 3 3:260304e − 39 0.27775954284172065910 1:412011e − 10 4

MHM 2 2:057683e − 15 0.27775954284172065910 1:970771e − 04 5

Algorithm 1 2 6:942638e − 22 0.27775954284172065910 2:202374e − 04 6

Algorithm 2 2 1:726207e − 21 0.27775954284172065910 2:502938e − 04 6

Table 4: Numerical comparison among different algorithms for the engineering problem f3:

Method N ∣f xj+1
� �

∣ xj+1 σ = ∣xj+1 − xj ∣ COC

f3 xð Þ, x0 = 2:0
NR1 4 1:319023e − 19 1.92984624284786221696 5:000588e − 10 2

NR2 3 3:958485e − 15 1.92984624284786221696 1:021691e − 05 3

TM 3 8:395139e − 34 1.92984624284786221696 2:556739e − 09 4

MHM 2 8:089146e − 19 1.92984624284786221696 1:079121e − 04 5

Algorithm 1 2 4:275791e − 23 1.92984624284786221696 7:584886e − 05 6

Algorithm 2 2 4:275791e − 23 1.92984624284786221696 7:584886e − 05 6
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ammonia, usually known as fractional conversion. In this
problem, the values of temperature and pressure have been
taken as 500°C and 250 atm, respectively. This problem has
the following nonlinear form:

f2 xð Þ = −0:186 − 8x2 x − 4ð Þ2
9 x − 2ð Þ3 , ð33Þ

which can be easily reduced to the following polynomial:

f2 xð Þ = x4 − 7:79075x3 + 14:7445x2 + 2:511x − 1:674: ð34Þ

Since the degree of the above polynomial is four, so, it
must have exactly four roots. By definition, the fraction con-
version lies in ð0, 1Þ interval, so only one real root exists in
this interval which is 0.2777595428. The other three roots
have no physical meanings. We started the iteration process
by the initial guess x0 = 0:1. The numerical results through
different methods have been shown in Table 3.

Example 3. Finding volume from van der Waal’s equation. In
Chemical Engineering, the van der Waal’s equation has been
used for interpreting real and ideal gas behavior [32], having
the following form:

P + A1n
2

V2

	 

V − nA2ð Þ = nRT: ð35Þ

By taking the specific values of the parameters of the
above equation, we can easily convert it to the following non-
linear function:

f3 xð Þ = 0:986x3 − 5:181x2 + 9:067x − 5:289, ð36Þ

where s represents the volume that can easily be found by
solving the function f3. Since the degree of the polynomial
is three, so it must possess three roots. Among these roots,
there is only one positive real root 1:9298462428which is fea-
sible because the volume of the gas can never be negative. We

start the iteration process with the initial guess x0 = 2:0, and
their results can be seen in Table 4.

Example 4.Open channel flow problem. The water flow in an
open channel with uniform flow condition is given by
Manning’s equation [33], having the following standard
form:

Water Flow = F =
ffiffi
s

p
ar2/3

n
, ð37Þ

where s, a, and r represent the slope, area, and hydraulic
radius of the corresponding channel, respectively, and n
denotes Manning’s roughness coefficient. For a rectangular-
shaped channel, having width b and depth of water in chan-
nel x, then we may write:

a = bx,

r = bx
b + 2x :

ð38Þ

Using these values in (37), we obtain:

F =
ffiffi
s

p
bx
n

bx
b + 2x

	 
2/3
: ð39Þ

To find the depth of water in the channel for a given
quantity of water, the above equation may written in the
form of nonlinear function as:

f4 xð Þ =
ffiffi
s

p
bx
n

bx
b + 2x

	 
2/3
− F: ð40Þ

We take the values of different parameters as F = 14:15
m3/s, b = 4:572m, s = 0:017, and n = 0:0015. We choose the
initial guess x0 = 0:4 to start the iteration process, and the
corresponding results through different iteration schemes
are given in Table 5.

Table 5: Numerical comparison among different algorithms for the engineering problem f4:

Method N ∣f xj+1
� �

∣ xj+1 σ = ∣xj+1 − xj ∣ COC

f4 xð Þ, x0 = 0:4
NR1 6 2:230770e − 24 1.46509122029582464238 1:280653e − 12 2

NR2 3 5:751429e − 27 1.46509122029582464238 4:220179e − 09 3

TM 3 7:765624e − 44 1.46509122029582464238 4:884637e − 11 4

MHM 3 4:020841e − 64 1.46509122029582464238 5:749371e − 13 5

Algorithm 1 2 2:394555e − 20 1.46509122029582464238 1:957777e − 03 6

Algorithm 2 2 1:709800e − 15 1.46509122029582464238 9:937512e − 03 6

7Journal of Function Spaces



Table 6: Numerical comparison among different algorithms for transcendental and algebraic problems f5 − f11:

Method N ∣f xj+1
� �

∣ xj+1 σ = ∣xj+1 − xj ∣ COC

f5 xð Þ, x0 = −2
NR1 9 1:485377e − 16 −0.52248077281054548914 1:517821e − 08 2

NR2 7 4:247308e − 18 −0.52248077281054548914 1:202925e − 06 3

TM 25 1:821056e − 17 −0.52248077281054548914 1:970771e − 04 4

MHM 3 8:137892e − 19 −0.52248077281054548914 3:574246e − 04 5

Algorithm 1 2 6:584167e − 72 −0.52248077281054548914 2:829449e − 12 6

Algorithm 2 2 3:852650e − 57 −0.52248077281054548914 8:860340e − 10 6

f6 xð Þ, x0 = 2
NR1 5 3:163807e − 17 0.40999201798913713162 5:629386e − 09 2

NR2 45 3:382231e − 18 0.40999201798913713162 1:512669e − 06 3

TM 4 6:063382e − 56 0.40999201798913713162 1:586231e − 14 4

MHM 3 4:499472e − 42 0.40999201798913713162 1:880726e − 08 5

Algorithm 1 2 5:856963e − 25 0.40999201798913713162 2:788223e − 04 6

Algorithm 2 2 6:737587e − 25 0.40999201798913713162 2:852107e − 04 6

f7 xð Þ, x0 = 1:2
NR1 7 3:278748e − 27 0.56714329040978387300 4:592634e − 14 2

NR2 4 1:127879e − 31 0.56714329040978387300 3:980665e − 11 3

TM 3 3:135655e − 36 0.56714329040978387300 1:588919e − 09 4

MHM 3 7:204101e − 59 0.56714329040978387300 2:420306e − 12 5

Algorithm 1 2 2:894187e − 17 0.56714329040978387300 2:115592e − 03 6

Algorithm 2 2 7:355480e − 18 0.56714329040978387300 1:597483e − 03 6

f8 xð Þ, x0 = 1:5
NR1 141 3:196546e − 22 2.15443469003188372180 7:032555e − 12 2

NR2 4 7:066989e − 31 2.15443469003188372180 5:866631e − 11 3

TM 3 7:857615e − 27 2.15443469003188372180 2:740790e − 07 4

MHM 3 2:248861e − 57 2.15443469003188372180 5:868237e − 12 5

Algorithm 1 2 2:929220e − 17 2.15443469003188372180 2:575011e − 03 6

Algorithm 2 2 2:929220e − 17 2.15443469003188372180 2:575011e − 03 6

f9 xð Þ, x0 = 0:6
NR1 78 2:720561e − 26 1.00000000000000000000 8:247062e − 14 2

NR2 4 3:726794e − 29 1.00000000000000000000 3:726794e − 29 3

TM 3 1:853180e − 25 1.00000000000000000000 5:187039e − 07 4

MHM 3 2:707444e − 54 1.00000000000000000000 1:950103e − 11 5

Algorithm 1 2 8:487620e − 17 1.00000000000000000000 2:340774e − 03 6

Algorithm 2 2 8:487620e − 17 1.00000000000000000000 2:340774e − 03 2

f10 xð Þ, x0 = −3:0
NR1 6 7:104675e − 20 −1.40449164821534122600 1:911132e − 10 2

NR2 3 2:634964e − 20 −1.40449164821534122600 2:526930e − 07 3

TM 3 2:820318e − 22 −1.40449164821534122600 3:920088e − 06 4

MHM 3 5:741591e − 44 −1.40449164821534122600 3:100243e − 09 5

Algorithm 1 2 7:567005e − 19 −1.40449164821534122600 1:391725e − 03 6

Algorithm 2 2 5:794073e − 16 −1.40449164821534122600 3:524255e − 03 2
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Example 5. Transcendental and algebraic problems. To
numerically analyze the suggested algorithms, we consider
the following seven transcendental and algebraic equations:

f5 xð Þ = ex + cos πxð Þ + x, x0 = −2:0,

f6 xð Þ = x2 + sin x
5

� �
−
1
4 , x0 = 2:0,

f7 xð Þ = lnx + x, x0 = 1:2,
f8 xð Þ = x3 − 10, x0 = 1:5,
f9 xð Þ = x3 + x2 − 2, x0 = 0:6,
f10 xð Þ = sin2x − x2 + 1, x0 = −3:0,
f11 xð Þ = tan−1 xð Þ + x, x0 = 2:0,

ð41Þ

and their numerical results can be seen in Table 6.
Tables 2–6 exhibit the numerical comparison of the sug-

gested algorithms with other similar-nature existing algo-
rithms. In the columns of the above presented tables, N
represents the iterations consumed by different algorithms,
∣f ðxÞ ∣ denotes the absolute value of f ðxÞ at final approxima-
tion, xj+1 shows the final approximated root, ∣xj+1 − xj ∣ rep-
resents the absolute distance between the two consecutive

approximations, and (COC) denotes the computational
order of convergence having the following approximated
formula:

COC ≈
ln xj+1 − α

�� ��/ xj − α
�� ��� �

ln xj − α
�� ��/ xj−1 − α

�� ��� � : ð42Þ

The above approximation was firstly suggested in 2000
by Weerakoon and Fernando [34]. When we look at the
numerical results of Tables 2–6, we come to know that the
presented methods are showing best performance as com-
pared to the other ones. For example, in second, fourth, fifth,
tenth, and eleventh test examples, Algorithm 1 is the best as
it took less number of iterations among the all other com-
pared methods with great precision. In the seventh test
example, Algorithm 2 showing the best performance than
the other ones whereas in first, third, sixth, eighth, and ninth
test examples, both proposed algorithms behave alike and
looks better than all the other ones. In short, we can say that
the proposed algorithms are superior in terms of accuracy,
speed, number of iterations, and computational order of con-
vergence to the other well-known existing iteration schemes.

Table 7 exhibits the comparison of the iterations con-
sumed by different algorithms with the newly proposed

Table 6: Continued.

Method N ∣f xj+1
� �

∣ xj+1 σ = ∣xj+1 − xj ∣ COC

f11 xð Þ, x0 = 2:0
NR1 4 2:455690e − 16 0.00000000000000000000 9:031605e − 06 2

NR2 4 3:424681e − 40 0.00000000000000000000 1:271327e − 13 3

TM 3 7:907266e − 122 0.00000000000000000000 5:282400e − 14 4

MHM 3 1:556811e − 66 0.00000000000000000000 6:000887e − 10 5

Algorithm 1 2 2:328631e − 21 0.00000000000000000000 8:308383e − 03 6

Algorithm 2 2 3:198129e − 15 0.00000000000000000000 3:593833e − 02 2

Table 7: Comparison of the iterations consumed by different algorithms for the accuracy ε = 10−100:

Function with initial guess
Method

NM1 NM2 TM MHM Algorithm 1 Algorithm 2

f1 xð Þ, x0 = 2050:0 09 05 04 04 03 03

f2 xð Þ, x0 = 0:1 09 06 06 06 06 05

f3 xð Þ, x0 = 2:0 07 05 04 04 03 03

f4 xð Þ, x0 = 0:4 08 05 04 05 03 04

f5 xð Þ, x0 = −2:0 12 09 27 05 04 04

f6 xð Þ, x0 = 2:0 08 06 05 04 03 03

f7 xð Þ, x0 = 1:2 09 06 04 04 03 03

f8 xð Þ, x0 = 1:5 144 06 04 04 03 03

f9 xð Þ, x0 = 0:6 80 06 04 04 03 03

f10 xð Þ, x0 = −3:0 09 05 05 04 03 04

f11 xð Þ, x0 = 2:0 06 05 03 04 03 03

9Journal of Function Spaces



methods for the root-finding of nonlinear algebraic functions
with the accuracy ε = 10−100. Here, the columns of the table
denote the iterations’ number for various test functions
together with the initial guess x0. The numerical results as
shown in Table 7 again certified the fast and best perfor-
mance of the presented algorithms in terms of number of
iterations for the above defined stopping criteria with the
given accuracy. In all test examples, the proposed algorithms
consumed less number of iterations in comparison with the
other iterative algorithms. We did all the calculations with
the aid of the computer program Maple 13.

6. Concluding Remarks

In this work, two novel iteration schemes for computing the
zeros of nonlinear functions have been established which
possess the sextic convergence. The first iteration scheme is
derived using the Taylor’s series expansion and generalized
Newton-Raphson’s method whereas in second one, we apply
the basic idea of interpolation technique for approximating
second derivative which results higher efficiency index. A
comparison table regarding the efficiency indices of different
methods of the similar nature has been presented which
shows that the presented method has higher efficiency index
among the other compared methods. By solving some engi-
neering and arbitrary test problems with the aid of computer
program, the validity and applicability of the suggested itera-
tion schemes have been analyzed. The numerical results of
the Tables 1–7 certified the superiority of the suggested iter-
ation schemes to the other existing two-step iteration
schemes of the similar nature. Using the basic idea of inter-
polation technique, one can derive a broad range of new iter-
ation schemes for computing zeros of one-dimensional
nonlinear equations.
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