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The most important behavior for evolution system is the blow-up phenomena because of its wide applications in modern science.
The article discusses the finite time blowup that arise under an appropriate conditions. The nonsolvability of boundary value
problem for damped pseudoparabolic differential equations with variable exponents is investigated. Such problem has been
previously studied in the case if p and q are constants. New here is the case of variables of nonlinearity p and q which make the
problem has a scientific interest.

1. Introduction and Overview

Boundary value problems for evolutionary equations of
parabolic in degenerate sense are well studied (see, for
example, [1–4]). In this article, we study boundary value
problems for coupled system of pseudoparabolic equa-
tions with pðxÞ-Laplacian in the presence of weak visco-
elasticities. Such problems have not been studied in
depth. To begin with, let Ω is an open bounded domain
in ℝn for n ≥ 2 with smooth boundary ∂Ω; we then
consider in Ω × ð0, TÞ

∂tw − Δq xð Þw − Δx ∂tw − σ tð Þ
ðt
0
ϖ1 t − sð Þwds

� �
= f1 w, zð Þ,

∂tz − Δq xð Þz − Δx ∂tz − σ tð Þ
ðt
0
ϖ2 t − sð Þz ds

� �
= f2 w, zð Þ,

8>>>>><
>>>>>:

ð1Þ

for 0 < T <∞ with initial condition

w x, 0ð Þ =w0 xð Þ ∈W1,q ·ð Þ
0 Ωð Þ, ð2Þ

z x, 0ð Þ = z0 xð Þ ∈W1,q ·ð Þ
0 Ωð Þ, ð3Þ

and boundary condition

w = z = 0 on ∂Ω × 0, Tð Þ: ð4Þ

The lack of stability of solutions of partial differential
equations is a huge restriction for qualitative studies. The
terms responsible for the blow-up phenomenon in our
system (1) is that of more complicated nonlinearities
when they dominate the damped terms, especially when
it comes with the existence of a large class of Laplacian
operator

Δq xð Þw = div ∇xwj jq xð Þ−2∇xw
� �

: ð5Þ
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The functions f j : ℝ
2 ⟶ℝ, j = 1, 2 are given by the

nonlinearities

f1 ξ1, ξ2ð Þ = ξ1 + ξ2j jp xð Þ−2 ξ1 + ξ2ð Þ + ξ1j j p xð Þ−4ð Þ/2ξ1 ξ2j jp xð Þ/2
h i

,

f2 ξ1, ξ2ð Þ = ξ1 + ξ2j jp xð Þ−2 ξ1 + ξ2ð Þ + ξ2j j p xð Þ−4ð Þ/2ξ2 ξ1j jp xð Þ/2
h i

,

ð6Þ

respectively. The weak-viscoelastic term is σðtÞÐ t0ϖjðt − sÞ
uðsÞ ds.

There exists a function F ∈ C1ðℝ2,ℝÞ such that

ξ1 f1 ξ1, ξ2ð Þ + ξ2 f2 ξ1, ξ2ð Þ = p xð ÞF ξ1, ξ2ð Þ, ∀ ξ1, ξ2ð Þ ∈ℝ2,

p xð ÞF ξ1, ξ2ð Þ = ξ1 + ξ2j jp xð Þ + 2 ξ1ξ2j jp xð Þ/2,
ð7Þ

where f1 = ∂F/∂w and f2 = ∂F/∂z. There exist two positive
constants c0 and c1 such that

c0 ξ1j jp xð Þ + ξ2j jp xð Þ
� �

≤ p xð ÞF ξ1, ξ2ð Þ ≤ c1 ξ1j jp xð Þ + ξ2j jp xð Þ
� �

:

ð8Þ

For more details, see [5–8] and references therein.
With pðxÞ-Laplacian, which is nonlinear differential

operator, in [9], a problem of elliptic equation is considered
as

−Δp xð Þu − uj jp xð Þ−2u = f x, uð Þ, x ∈ℝn: ð9Þ

The variable exponents qð·Þ and pð·Þ are two continuous
functions on �Ω such that

2 < q− ≤ q xð Þ ≤ q+ < p− ≤ p xð Þ ≤ p+ < q∗ xð Þ, ð10Þ

with

q∗ xð Þ =
nq xð Þ
n − q xð Þ if n > q xð Þ,

+∞ if n ≤ q xð Þ,

8><
>:
p− = essinf

x∈Ω
p xð Þ,

p+ = esssup
x∈Ω

p xð Þ:

ð11Þ

We assume that qðxÞ satisfies the Zhikov-Fan condition,
i.e., for all x, y ∈Ω,

q xð Þ − q yð Þj j ≤ K
−log x − yj j , with x − yj j < κ, ð12Þ

with K > 0, 0 < κ < 1 and

essinf
x∈Ω

q∗ xð Þ − p xð Þð Þ > 0: ð13Þ

We state assumptions on ϖj and σ as follows:

σ, ϖj ∈ C1ðℝ+,ℝ+Þ satisfies

0 < σ′ tð Þ < σ tð Þ,

ϖj′ tð Þ<−ϖj tð Þ < 0,
ð+∞
0

ϖj sð Þds <
1
q+

−
1
p−

� �
q− σk k−1∞ :

8><
>:

ð14Þ

Define positive constants α0, α1, E1, and E2 by

α1 =
q−

C1p+

� �q−/ p+−q−ð Þ
, E1 =

p+ − q−
p+

α1 − ρ1,

α2 =
q−

C2p+

� �q−/ p+−q−ð Þ
, E2 =

p+ − q−
p+

α2 − ρ2,

8>>>><
>>>>:

ð15Þ

for some constants C1, C2, ρ1, ρ2 > 0 which will be specified
later.

Fan et al. discussed the existence and multiplicity of solu-
tions of (9) for u ∈W1,pðxÞðℝnÞ, where n ≥ 2, pðxÞ is a func-
tion defined on ℝn.

Regarding nonlinear parabolic equation, we mention the
work by [1]. The author proposed the problem.

∂tu − Δpu − uj jq−2u = f x, tð Þ, x ∈Ω, 0 < t ≤ T ,
u = 0, x ∈ ∂Ω, 0 < t ≤ T ,
u x, 0ð Þ = u0, x ∈Ω,

8>><
>>:

ð16Þ

where Ω is a bounded domain of ℝn with smooth boundary
∂Ω and p, q ≥ 2. Time existence of solutions of system (16)
was proved.

Whereas, in [10], nonlinear pseudoparabolic was consid-
ered

∂tw − Δq xð Þw − Δx ∂tw − σ tð Þ
ðt
0
ϖ1 t − sð Þwds

� �
= wj jp xð Þ−2w:

ð17Þ

Global in time nonexistence of (17) was shown under an
appropriate conditions on ϖ, pðxÞ, and qðxÞ.

System (1), where the exponents qðxÞ = q and pðxÞ = p,
the existence/nonexistence results have been extensively
studied (please see [11–15]).

The paper is organized as follows. In Section 2, we state
the properties of the pðxÞ-growth conditions and present
assumptions of the kernel functions. In Section 3, we state
our main results and prove some auxiliary lemmas. In Sec-
tion 4, we prove the global nonexistence of solutions given
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in Theorem 9. The paper is concluded by explanatory
commentaries.

2. Preliminary

We try to list here some useful mathematical tools.
First, let Ω be an open bounded domain in ℝn for n ≥ 2

with smooth boundary ∂Ω and p : Ω⟶ ½1,∞� be a measur-
able function. Denoting by

p− = essinf
x∈Ω

p xð Þ,
p+ = esssup

x∈Ω
p xð Þ: ð18Þ

We define the pð·Þ modular of a measurable function w
: Ω⟶ℝ ∪ f±∞g as

Qp ·ð Þ wð Þ =
ð
Ω−Ω∞

wj jp xð Þdx + esssup
x∈Ω∞

w xð Þj j, ð19Þ

where

Ω∞ = x ∈Ω ; p xð Þ =∞f g: ð20Þ

The special Orlicz Musielak space Lpð·ÞðΩÞ is a Lebesgue
space with variable-exponent, and it consists of all the mea-
surable function w defined on Ω for which

Qp ·ð Þ λwð Þ <∞some λ > 0: ð21Þ

Let

wk kp ·ð Þ = inf λ > 0 ;Qp ·ð Þ
w
λ

� �
≤ 1

n o
, ð22Þ

be the Luxembourg norm on this space (see [16]).
The Sobolev space W1,qð·ÞðΩÞ consists of functions w ∈

Lqð·ÞðΩÞ whose distributional gradient ∇xw exists and sat-
isfies ∣∇xw ∣ ∈Lqð·ÞðΩÞ. This space is a Banach with respect
to the norm

wk k1,q ·ð Þ = wk kq ·ð Þ + ∇xwk kq ·ð Þ: ð23Þ

Lemma 1 (Corollary 8.2.5 in [17]).

(1) If (12) holds with qðxÞ, then

wk kq ·ð Þ ≤ C ∇xwk kq ·ð Þ,∀w ∈W1,q ·ð Þ
0 Ωð Þ, ð24Þ

where Ω is a bounded domain and C is a positive constant.

The norm of the space W1,qð·Þ
0 ðΩÞ is given by

wk k1,q ·ð Þ = ∇xwk kq ·ð Þ,∀w ∈W1,q ·ð Þ
0 Ωð Þ: ð25Þ

(2) If

q ∈ C �Ω
� �

, : Ω⟶ 1,∞½ Þ, ð26Þ

is a measurable function and

essinf
x∈Ω

q∗ xð Þ − p xð Þð Þ > 0, ð27Þ

with

q∗ = nq xð Þ
n − q xð Þð Þ+

: ð28Þ

Then

W1,q ·ð Þ
0 Ωð Þ°°Lp ·ð Þ Ωð Þ, ð29Þ

with a continuous and compact embedding and

wk kp ·ð Þ ≤ CS ∇xwk kq ·ð Þ, ð30Þ

where CS > 0 is an embedding constant.

Proposition 2 (Section 1 and Lemma 3.2.20 in [17]). Let 1
< p− ≤ p+ < +∞. The spaces Lpð·ÞðΩÞ andW1,pð·ÞðΩÞ are sepa-
rable, uniformly convex, and reflexive Banach spaces. The
conjugate space of Lpð·ÞðΩÞ is Lp′ð·ÞðΩÞ, where

1
p xð Þ +

1

p′ xð Þ
= 1, ∀x ∈Ω: ð31Þ

For w ∈ Lpð·ÞðΩÞ and v ∈ Lp′ð·ÞðΩÞ, we have

ð
Ω

w xð Þv xð Þ dx
����

���� ≤ 1
p−

+ 1

p′
� �

−

0
B@

1
CA∥w∥p ·ð Þ∥v∥p′ ·ð Þ: ð32Þ

Lemma 3 (Lemma 3.2.4 in [17]). If p ≥ 1 is a measurable
function on Ω and w ∈ Lpð·ÞðΩÞ, then kwkpð·Þ ≤ 1 and Qpð·Þð
wÞ ≤ 1 are equivalent. For w ∈ Lpð·ÞðΩÞ, we have

(1) kwkpð·Þ ≤ 1 implies Qpð·ÞðwÞ ≤ kwkpð·Þ
(2) kwkpð·Þ > 1 implies Qpð·ÞðwÞ ≥ kwkpð·Þ
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Lemma 4 (Section 2 in [18] and Lemma 3.2.5 in [17]). If pð
xÞ ∈ ½1,∞Þ is a measurable function on Ω, then

min ∥w∥p−p ·ð Þ,∥w∥
p+
p ·ð Þ

n o
≤Qp ·ð Þ wð Þ ≤max ∥w∥p−p ·ð Þ,∥w∥

p+
p ·ð Þ

n o
,

ð33Þ

for all w ∈ Lpð·ÞðΩÞ.

Lemma 5 (Lemma 3.2.20 in [17]). If p1ðxÞ ≥ p2ðxÞ ≥ 1 a.e. in
Ω, there is a continuous inclusion Lp1ð·ÞðΩÞ ⊂ Lp2ð·ÞðΩÞ and for
all w ∈ Lp1ð·ÞðΩÞ,

∥w∥p2 ·ð Þ ≤ 2∥1∥r ·ð Þ∥w∥p1 ·ð Þ, ð34Þ

where

1
r xð Þ ≡

1
p2 xð Þ −

1
p1 xð Þ : ð35Þ

The following notation will be used throughout this paper

ϖj ∘ v
� �

tð Þ =
ðt
0
ϖj t − sð Þ v tð Þ − v sð Þk k22 ds, ð36Þ

for v ∈ L2ðΩÞ and t ≥ 0. We have the following technical
lemma.

Lemma 6. Let κ ∈ℕ. For any Δp
xv ∈ C

1ð0, T ,H1
0ðΩÞÞ with p

= 0, 1,⋯, κ − 1, j = 1, 2, we have

σ tð Þ
ðt
0
ϖj t − sð ÞΔκ

xv sð Þ, ∂tv tð Þ ds
	 


2

= −1ð Þκ+1
2

∂t σ tð Þ ϖj ∘ ∇
κ
xv

� �
tð Þ� �

+ −1ð Þκ
2

∂t σ tð Þ
ðt
0
ϖj sð Þ ds ∇κ

xvk k22

 �

+ −1ð Þκ
2

σ tð Þ ∂tϖj ∘ ∇
κ
xv

� �
tð Þ

+ −1ð Þκ+1
2

σ tð Þϖj tð Þ ∇κ
xvk k22 +

−1ð Þκ
2

σ′ tð Þ ϖj ∘ ∇
κ
xv

� �
tð Þ

+ −1ð Þκ+1
2

σ′ tð Þ
ðt
0
ϖj sð Þ ds ∇κ

xvk k22:

ð37Þ

Proof. Since

Δκ
xv,wh i2 = −1ð Þκ ∇κ

xv, ∇κ
xwh i2, ð38Þ

holds for any Δp
xv, Δp

xw ∈H1
0ðΩÞ, we have

σ tð Þ
ðt
0
ϖj t − sð ÞΔκ

xv sð Þ, ∂tv tð Þ
	 


2
ds

= −1ð Þκσ tð Þ
ðt
0
ϖj t − sð Þ ∇κ

x∂tv tð Þ, ∇κ
xv sð Þ − ∇κ

xv tð Þ + ∇κ
xv tð Þ½ �h i2 ds

= −1ð Þκσ tð Þ
ðt
0
ϖj t − sð Þ ∇κ

x∂tv tð Þ, ∇κ
xv sð Þ − ∇κ

xv tð Þ½ �h i2 ds

+ −1ð Þκσ tð Þ
ðt
0
ϖj sð Þ ds ∇κ

x∂tv tð Þ, ∇κ
xv tð Þh i2

= −1ð Þκ+1
2 σ tð Þ

ðt
0
ϖj t − sð Þ∂t ∇κ

xv sð Þ − ∇κ
xv tð Þk k22 ds

+ −1ð Þκ
2 σ tð Þ

ðt
0
ϖj sð Þ ds∂t ∇κ

xvk k22

= −1ð Þκ+1
2 ∂t σ tð Þ

ðt
0
ϖj t − sð Þ ∇κ

xv sð Þ − ∇κ
xv tð Þk k22 ds


 �

+ −1ð Þκ
2 ∂t σ tð Þ

ðt
0
ϖj sð Þ ∇κ

xvk k22 ds

 �

+ −1ð Þκ
2 σ tð Þ

ðt
0
∂tϖj t − sð Þ ∇κ

xv sð Þ − ∇κ
xv tð Þk k22 ds

+ −1ð Þκ+1
2 σ tð Þϖj tð Þ ∇κ

xvk k22 +
−1ð Þκ
2 σ′ tð Þ

�
ðt
0
ϖj t − sð Þ ∇κ

xv sð Þ − ∇κ
xv tð Þk k22 ds +

−1ð Þκ+1
2 σ′ tð Þ

�
ðt
0
ϖj sð Þ ds ∇κ

xvk k22:

ð39Þ

Using the notation (36), we obtain the desired result.

3. Main Results

Before stating our main theorems, we define the weak solu-
tion for the problem (1)–(4).

Definition 7. The pair ðw, zÞ is said to be weak solution to
(1)–(4) on ½0, T0� if it satisfies,

∂tw, φh i2 + ∇xwj jq xð Þ−2∇xw, ∇xφ
D E

2
+ ∂tz, ψh i2 + ∇xzj jq xð Þ−2∇xz, ∇xψ

D E
2
,

+ ∇x ∂tw − σ tð Þ
ðt
0
ϖ1 t − sð Þwds

� �
, ∇xφ

	 

2
− f1 w, zð Þ, φh i2,

+ ∇x ∂tz − σ tð Þ
ðt
0
ϖ2 t − sð Þz ds

� �
, ∇xψ

	 

2
− f2 w, zð Þ, ψh i2 = 0,

8>>>>>>>>>>><
>>>>>>>>>>>:

ð40Þ

for all test functions φ, ψ ∈W1,qð·Þ
0 ðΩÞ, t ∈ ½0, T0�.

Here, we present without proof, the first known result
concerning the local existence (in time) for the problem
(1)–(4).
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Theorem 8. Assume that (10), (12), and (14) hold. Then, the
problem (1)–(4) has a unique local solution ðw, zÞ satisfying

w, zð Þ ∈ C 0, T0½ � ;W1,q ·ð Þ
0 Ωð Þ

� �h i2
,

∂tw, ∂tzð Þ ∈ C 0, T0½ �, L2 Ωð Þ� �
∩ L2 0, T0½ � ;H1

0 Ωð Þ� �� �2,
ð41Þ

for T0 > 0 depending on ∥w0∥1,qð·Þ, ∥z0∥1,qð·Þ.

To prove the previous theorem, we can adopt the Faedo-
Galerkin method which is the same procedure used in [4].

We introduce the main result concerned with the finite
time blowup of solutions of the problem (1)–(4).

We define

λ1 =
1
q+

−
1
q−

σk k∞
ð∞
0
ϖ1 sð Þ ds,

λ2 =
1
q+

−
1
q−

σk k∞
ð∞
0
ϖ2 sð Þ ds,

ð42Þ

and find

1
p−

< λ1, λ2 <
1
q+

< 1
2 , ð43Þ

by (10) and (14).

Theorem 9. Assume that (10)–(14) hold. Given w0, z0 ∈
W1,qð·Þ

0 ðΩÞ satisfying

E 0ð Þ < E1 + E2ð Þ < 0, ð44Þ
ð
Ω

∇xw0j jq dx,
ð
Ω

∇xz0j jq dx
� �

> α1
λ1

, α2
λ2

� �
: ð45Þ

Then, any solution of (1) with (3) and (4) blows up in finite
time T∗ <∞, where

T∗ = L 0ð Þ1− q−/2ð Þ

q−/2ð Þ − 1ð ÞΓ , for L 0ð Þ, Γ > 0, ð46Þ

and E1 and E2 are given in (66).
In order to prove Theorem 9, we need to exploit some

lemmas. First, we define the modified energy functional EðtÞ
associated to the problem (1)–(4) by

E tð Þ =
ð
Ω

∇xw x, tð Þj jq xð Þ

q xð Þ dx +
ð
Ω

∇xz x, tð Þj jq xð Þ

q xð Þ dx + 1
2
σ tð Þ

� ϖ1 ∘ ∇xwð Þ tð Þ + ϖ2 ∘ ∇xzð Þ tð Þ½ � −
ð
Ω

F w, zð Þdx − 1
2
σ tð Þ

�
ðt
0
ϖ1 sð Þ ds∥∇xw∥

2
2 +
ðt
0
ϖ2 sð Þ ds∥∇xz∥

2
2


 �
:

ð47Þ

Lemma 10. Let ðw, zÞ be the solution of (1)–(4) with

(10)–(14). Then, the energy functional satisfies

2∂tE tð Þ = −2 ∂twk k22 − 2 ∇x∂twk k22 − 2 ∂tzk k22 − 2 ∇x∂tzk k22
+ σ tð Þ ∂tϖ1 ∘ ∇xwð Þ tð Þ − ϖ1 tð Þ ∇xwk k22

� �
+ σ tð Þ ∂tϖ2 ∘ ∇xzð Þ tð Þ − ϖ2 tð Þ ∇xzk k22

� �
+ σ′ tð Þ

� ϖ1 ∘ ∇xwð Þ tð Þ −
ðt
0
ϖ1 sð Þ ds ∇xwk k22


 �
+ σ′ tð Þ

� ϖ2 ∘ ∇xzð Þ tð Þ −
ðt
0
ϖ2 sð Þ ds ∇xzk k22


 �
≤ 0:

ð48Þ

Proof. Multiplying (1) 1 by ∂tw and (1) 2 by ∂tz, integrating
by parts over Ω, summing and using (14) and Lemma 6.
Then, it is clear that f1ðw, zÞ and f2ðw, zÞ are bounded, so
the potential Fðw, zÞ exists and is given by (85) as follows

F w, zð Þ = 1
p xð Þ w + zj jp xð Þ + 2 wzj jp xð Þ/2

h i
: ð49Þ

Differentiating (49) with respect to time, it follows that

∂tF w, zð Þ = f1 w, zð Þ, ∂twh i2 + f2 w, zð Þ, ∂tzh i2: ð50Þ

Hence, the proof is finished .

Lemma 11. Let ðw, zÞ be a strong solution of (1)–(4) with
(10)–(14). Then, we have

E tð Þ ≥ λ1

ð
Ω

∇xwj jq dx + λ2

ð
Ω

∇xzj jq dx −
ð
Ω

F w, zð Þ dx

+ 1
2
σ tð Þ ϖ1 ∘ ∇xwð Þ tð Þ + ϖ2 ∘ ∇xzð Þ tð Þ½ �

−
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds +

ð∞
0
ϖ2 sð Þ ds

� �
:

ð51Þ

Proof. Using Young’s inequality, we obtain

∇xwj j2 ≤ 2
q
∇xwj jq + q − 2

q
≤

2
q−

∇xwj jq + q+ − 2
q+

,

∇xzj j2 ≤ 2
q
∇xzj jq + q − 2

q
≤

2
q−

∇xzj jq + q+ − 2
q+

,
ð52Þ

which proves the lemma.
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Lemma 12. Let ðw, zÞ be a strong solution of (1)–(4) with
(10)–(14). Then, we have

E tð Þ ≥ λ1

ð
Ω

∇xwj jq dx + λ2

ð
Ω

∇xzj jq dx − c1
p−

ð
Ω

wj jpdx

−
c1
p−

ð
Ω

zj jpdx + 1
2
σ tð Þ ϖ1 ∘ ∇xwð Þ tð Þ + ϖ2 ∘ ∇xzð Þ tð Þ½ �

−
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds +

ð∞
0
ϖ2 sð Þ ds

� �
:

ð53Þ

Proof. By using both equivalences (8) and (10), we deduce

−
ð
Ω

F w, zð Þ ≥ −
c1
p xð Þ

ð
Ω

wj jp xð Þdx +
ð
Ω

zj jp xð Þdx
� �

≥ −
c1
p−

ð
Ω

wj jpdx +
ð
Ω

zj jpdx
� �

:

ð54Þ

The proof is completed by direct use of (54).

In condition (10), Ω∞ =∅ holds, which yields

Qp xð Þ wð Þ =
ð
Ω

wj jp xð Þ dx: ð55Þ

We derive a shaper estimate than that in Lemma 13.

Lemma 13. Let ðw, zÞ be a strong solution of (1)–(4) with
(10)–(14). Then, we have

E tð Þ ≥ λ1

ð
Ω

∇xwj jq dx + λ2

ð
Ω

∇xzj jq dx − CSc1
p−

�
ð
Ω

∇xwj jq dx
� �p+/q−

+
ð
Ω

∇xzj jq dx
� �p+/q−

" #

+ 1
2
σ tð Þ ϖ1 ∘ ∇xwð Þ tð Þ + ϖ2 ∘ ∇xzð Þ tð Þ½ � − 2c1

p−
CS + 1ð Þ

−
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds +

ð∞
0
ϖ2 sð Þ ds

� �
,

ð56Þ

where CS is an embedding constant defined in Lemma 1.

Proof. First of all, note that, for a ≥ 0,

max ap− , ap+ð Þ =
ap+ if a > 1
ap− if a ≤ 1

(
≤ ap+ + 1: ð57Þ

Then, owing to Lemmas 1 and 4, we have

ð
Ω

wj jp dx =Qp wð Þ ≤max ∥w∥p−p ,∥w∥p+p
� �

≤∥w∥p+p + 1 ≤ CS∥∇xw∥
p+
q + 1,

ð
Ω

zj jp dx =Qp zð Þ ≤max ∥z∥p−p ,∥z∥p+p
� �

≤∥z∥p+p + 1 ≤ CS∥∇xz∥
p+
q + 1:

8>>>><
>>>>:

ð58Þ

Similarly, for a ≥ 0, we have

a =
min aq− , aq+ð Þf g1/q− if a > 1,
min aq− , aq+ð Þf g1/q+ if a ≤ 1:

(
ð59Þ

Hence, by Lemmas 3 and 4, (58) is estimated asð
Ω

wj jp dx ≤ CS∥∇xw∥
p+
q + 1 ≤ CS Qp ∇xwð Þ� �p+/q− + 1

n o
+ 1,

ð
Ω

zj jp dx ≤ CS∥∇xz∥
p+
q + 1 ≤ CS Qp ∇xzð Þ� �p+/q− + 1

n o
+ 1:

8>>>><
>>>>:

ð60Þ

The substitution of (60) in the estimate (53) ends the
proof.

Now, we can see that (56) takes the following form

E tð Þ ≥ λ1

ð
Ω

∇xwj jq dx + λ2

ð
Ω

∇xzj jq dx + 1
2σ tð Þ

� ϖ1 ∘ ∇xwð Þ tð Þ + ϖ2 ∘ ∇xzð Þ tð Þ½ � − C1

� λ1

ð
Ω

∇xwj jq dx + 1
2σ tð Þ ϖ1 ∘ ∇xwð Þ tð Þ½ �


 �p+/q−
− ρ1 − C2 λ2

ð
Ω

∇xzj jq dx + 1
2σ tð Þ ϖ2 ∘ ∇xzð Þ tð Þ½ �


 �p+/q−
− ρ2,

ð61Þ

where

C1 =
CSc1
p−

1
λ1

� �p+/q−
, C2 =

CSc1
p−

1
λ2

� �p+/q−
, ð62Þ

ρ1 =
c1
p−

CS + 1ð Þ + q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds, ð63Þ

ρ2 =
c1
p−

CS + 1ð Þ + q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ2 sð Þ ds: ð64Þ

Let f ð·, · Þ be a function defined by

f : ℝ+ ×ℝ+ ⟶ ℝ

ψ1, ψ2ð Þ ↦ ψ1 − C1ψ
p+/q−
1 − ρ1 + ψ2 − C2ψ

p+/q−
2 − ρ2

� �
:

ð65Þ

Then, f ð·, · Þ is increasing in ð0, α1Þ × ð0, α2Þ decreas-
ing for ðψ1, ψ2Þ > ðα1, α2Þ, such that f ðψ1, ψ2Þ⟶ −∞ as
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ðψ1, ψ2Þ⟶ ð+∞,+∞Þ, and we have

f α1, α2ð Þ = p+ − q−
p+

α1 − ρ1

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
≡E1

+ p+ − q−
p+

α2 − ρ2

|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
≡E2

0
BBBBB@

1
CCCCCA, ð66Þ

for

α1, α2ð Þ = q−
C1p+

� �q−/ p+−q−ð Þ
, q−

C2p+

� �q−/ p+−q−ð Þ !
: ð67Þ

Since, by the fact (43), i.e., f1/λ1, 1/λ2g > 2 holds.
Then, by (63) 1, we can find

min C1, C2f g > 2p+/q− Csc1
p−

, ð68Þ

for all

max α1, α2f g < 1
2

� �p+/ p+−q−ð Þ p−q−
p+

� �q−/ p+−q−ð Þ 1
CSc1

� �q−/ p+−q−ð Þ
:

ð69Þ

Lemma 14. Under the assumptions of Lemma 13. Then,
the pair ðE1, E2Þ defined in (66) is negative.

Proof. Direct use of (63) and (66). Thus, we obtain

E1 +
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds = p+ − q−

p+
α1 −

c1
p−

CS + 1ð Þ,

E2 +
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ2 sð Þ ds = p+ − q−

p+
α2 −

c1
p−

CS + 1ð Þ:

ð70Þ

By considering (68), (69). Then, we use Young’s inequal-
ity to get

E1 +
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds < p+ − q−

p+

1
2

� �p+/ p+−q−ð Þ

� p−q−
p+

� �q−/ p+−q−ð Þ 1
CSc1

� �q−/ p+−q−ð Þ
−

c1
p−

CS + 1ð Þ

≤ δ0
1

CSc1

� �q−/ p+−q−ð Þ
+ 1
δ0

p+ − q−
p+

1
2

� �p+/ p+−q−ð Þ

� p−q−
p+

� �q−/ p+−q−ð Þ
−

c1
p−

CS + 1ð Þ < 0,

E2 +
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ2 sð Þ ds < p+ − q−

p+

1
2

� �p+/ p+−q−ð Þ

� p−q−
p+

� �q−/ p+−q−ð Þ 1
CSc1

� �q−/ p+−q−ð Þ
−

c1
p−

CS + 1ð Þ

≤ δ1
1

CSc1

� �q−/ p+−q−ð Þ
+ 1
δ1

p+ − q−
p+

1
2

� �p+/ p+−q−ð Þ

� p−q−
p+

� �q−/ p+−q−ð Þ
−

c1
p−

CS + 1ð Þ < 0:

ð71Þ

To provide this, we take c1 sufficiently large and δ0, δ1
small enough.

Lemma 15. Let ðw, zÞ be a strong solution of (1)–(4) with
(10)–(14) and initial condition satisfying (44) and (45). Then,
there exists a constants β1 > α1 and β2 > α2 such that

λ1

ð
Ω

∇xw tð Þj jq dx + 1
2
σ tð Þ ϖ1 ∘ ∇xwð Þ tð Þ,

�
λ2

ð
Ω

∇xz tð Þj jq dx

+ 1
2
σ tð Þ ϖ2 ∘ ∇xzð Þ tð Þ

�
≥ β1, β2ð Þ:

ð72Þ

Proof. Since

f λ1

ð
Ω

∇xw0j jq dx, λ2
ð
Ω

∇xz0j jq dx
� �

≤ E 0ð Þ < E1 + E2ð Þ,

ð73Þ

holds by (61). Then, there exists ðβ1 > α1 and β2 > α2 such
that f ðβ1, β2Þ = Eð0Þ. Thus, we have

f λ1

ð
Ω

∇xw0j jq dx, λ2
ð
Ω

∇xz0j jq dx
� �

≤ E 0ð Þ ≡ f β1, β2ð Þ,

ð74Þ

which implies that

λ1

ð
Ω

∇xw0j jq dx, λ2
ð
Ω

∇xz0j jq dx
� �

≥ β1, β2ð Þ: ð75Þ

Now, to establish (72), we suppose by contradiction that

λ1

ð
Ω

∇xw t0ð Þj jq dx + 1
2σ t0ð Þ ϖ1 ∘ ∇xwð Þ t0ð Þ,

�
λ2

ð
Ω

∇xz t0ð Þj jq dx

+ 1
2σ t0ð Þ ϖ2 ∘ ∇xzð Þ t0ð Þ

�
< β1, β2ð Þ,

ð76Þ

for some t0 ≥ 0 and by continuity of f ð·, · Þ, we can choose t0

7Journal of Function Spaces



such that

λ1

ð
Ω

∇xw t0ð Þj jq dx + 1
2σ t0ð Þ ϖ1 ∘ ∇xwð Þ t0ð Þ,

�
λ2

ð
Ω

∇xz t0ð Þj jq dx

+ 1
2σ t0ð Þ ϖ2 ∘ ∇xzð Þ t0ð Þ

�
> α1, α2ð Þ:

ð77Þ

Again, the use of (61) leads to

E t0ð Þ ≥ f λ1

ð
Ω

∇xw t0ð Þj jq dx + 1
2σ t0ð Þ ϖ1 ∘ ∇xwð Þ

�

� t0ð Þ, λ2
ð
Ω

∇xw t0ð Þj jq dx + 1
2σ t0ð Þ ϖ2 ∘ ∇xzð Þ t0ð Þ

�
> f β1, β2ð Þ = E 0ð Þ:

ð78Þ

This is impossible, since

E tð Þ < E 0ð Þ,∀t ∈ 0, T0½ Þ: ð79Þ

Hence, (72) established.

Lemma 16. Let ðw, zÞ be a strong solution of (1)–(4) with
(10)–(14) and (44). Then, we have

ð
Ω

wj jp dx +
ð
Ω

zj jp dx ≥ λ1p−
c1

ð
Ω

∇xwj jq dx + λ2p−
c1

ð
Ω

∇xzj jq dx

+ 2 CS + 1ð Þ + p−
c1

C1β
p+/q−
1 − β1 + C2β

p+/q−
2 − β2

� �
:

ð80Þ

ð
Ω

wj jp dx +
ð
Ω

zj jp dx ≥ 2 CS + 1ð Þ + p−
c1

C1β
p+/q−
1 + C2β

p+/q−
2

� �
,

ð81Þ

for all t ∈ ½0, T0Þ.

Proof. To prove (80), we exploit Lemmas 10 and 13 to obtain

c1
p−

ð
Ω

wj jp dx +
ð
Ω

zj jp dx
� �
= I tð Þ ≥ λ1

ð
Ω

∇xwj jq dx + λ2

ð
Ω

∇xzj jq dx − E 0ð Þ + 1
2σ tð Þ

� ϖ1 ∘ ∇xwð Þ tð Þ + ϖ2 ∘ ∇xzÞ tð Þ½ �
−
q+ − 2
2q+

σk k∞ Ωj j min
ð∞
0
ϖ1 sð Þ ds,

ð∞
0
ϖ2 sð Þ ds

� �
:

ð82Þ

Then, by the definitions of ρ1, ρ2, f , and E0: So, inequality

(82) can be estimated as follows

I tð Þ ≥ λ1

ð
Ω

∇xwj jq dx + λ2

ð
Ω

∇xzj jq dx − f β1, β2ð Þ

−
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds +

ð∞
0
ϖ2 sð Þ ds

� �
≥ λ1

ð
Ω

∇xwj jq dx − q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds

− β1 − C1β
p+
q−
1 − ρ1

� �
+ λ2

ð
Ω

∇xzj jq dx

−
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ2 sð Þ ds − β2 − C2β

p+/q−
2 − ρ2

� �
≥ λ1

ð
Ω

∇xwj jq dx + λ2

ð
Ω

∇xzj jq dx + 2c1
p−

CS + 1ð Þ

+ C1β
p+/q−
1 − β2 + C2β

p+/q−
2 − β2:

ð83Þ

From the previous estimate, we deduce

I tð Þ ≥ β1 −
q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds − β1 − C1β

p+/q−
1 − ρ1

� �
+ β2 −

q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ2 sð Þ ds − β2 − C2β

p+/q−
2 − ρ2

� �
≥
2c1
p−

CS + 1ð Þ + C1β
p+/q−
1 + C2β

p+/q−
2 :

ð84Þ

Thanks to (72) and (84) and the definition of different
constants, then the desired results are proved.

4. Proof of Theorem 9

We are now ready to prove Theorem 9.

Proof. Let the auxiliary function defined as

L tð Þ = 1
2 w tð Þk k22 + z tð Þk k22 + ∇xw tð Þk k22 + ∇xz tð Þk k22
� �

:

ð85Þ

By differentiating the functional L, we get

∂tL tð Þ =
ð
Ω

w∂tw dx +
ð
Ω

z∂tz dx +
ð
Ω

∇xw∇x∂tw dx +
ð
Ω

∇xz∇x∂tz dx

=
ð
Ω

w div ∇xwj jq xð Þ−2∇xw
� �

+ Δ∂tw − σ tð Þ
ðt
0
ϖ1 t − sð ÞΔxw sð Þ ds + f1 w, zð Þ


 �
dx

+
ð
Ω

∇xw∇x∂tw dx +
ð
Ω

z div ∇xzj jq xð Þ−2∇xz
� �

+ Δ∂tz − σ tð Þ
h

�
ðt
0
ϖ2 t − sð ÞΔxz sð Þ ds + f 2 w, zð Þ

�
dx +

ð
Ω

∇xz∇x∂tz dx

= −
ð
Ω

∇xw tð Þj jq dx −
ð
Ω

∇xz tð Þj jq dx +
ð
Ω

w tð Þ + z tð Þj jp + 2 wzj jp/2 dx
⏞

=
Ð

Ω
p xð ÞF w,zð Þdx

+
ð
Ω

σ tð Þ
ðt
0
ϖ1 t − sð Þ∇xw sð Þ · ∇xw tð Þ ds dx +

ð
Ω

σ tð Þ

�
ðt
0
ϖ2 t − sð Þ∇xz sð Þ · ∇xz tð Þ ds dx:

ð86Þ
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By using (8), we get

∂tL tð Þ ≥ −
ð
Ω

∇xw tð Þj jq dx −
ð
Ω

∇xz tð Þj jq dx + c0

�
ð
Ω

w tð Þj jpdx +
ð
Ω

z tð Þj jpdx
� �

+
ð
Ω

σ tð Þ
ðt
0
ϖ1 t − sð Þ∇xw sð Þ · ∇xw tð Þ ds dx

+
ð
Ω

σ tð Þ
ðt
0
ϖ2 t − sð Þ∇xz sð Þ · ∇xz tð Þ ds dx:

ð87Þ

Thanks to Cauchy Schwarz’s inequality, we get

ð
Ω

∇xw sð Þ · ∇xw tð Þ dx ≥ 2C2
0 − 1
2C2

0
∇xw tð Þk k22 −

C2
0
2 ∇xw tð Þ − ∇xw sð Þk k22,

ð88Þ
ð
Ω

∇xz sð Þ · ∇xw tð Þ dx ≥ 2C2
0 − 1
2C2

0
∇xz tð Þk k22 −

C2
0
2 ∇xz tð Þ − ∇xz sð Þk k22,

ð89Þ
holds for some positive constant C0 > 0 to be determined
later.

Substituting (89) in (86) to get

∂tL tð Þ ≥ −
ð
Ω

∇xw tð Þj jq dx −
ð
Ω

∇xz tð Þj jq dx + c0

�
ð
Ω

w tð Þj jp dx +
ð
Ω

z tð Þj jp dx
� �

+ 2C2
0 − 1
2C2

0
σ tð Þ

�
ðt
0
ϖ1 sð Þ ds ∇xw tð Þk k22 +

ðt
0
ϖ2 sð Þ ds ∇xz tð Þk k22

� �

−
C2
0
2 σ tð Þ ϖ1 ∘ ∇xwð Þ tð Þ + ϖ2 ∘ ∇xzð Þ tð Þ½ �:

ð90Þ

Using Lemma 12 to estimate the terms ðϖ1 ∘ ∇xwÞ and ð
ϖ2 ∘ ∇xzÞ, we get

∂tL tð Þ ≥ C2
0λ1 − 1

� �
Qq ∇xwð Þ + C2

0λ2 − 1
� �

Qq ∇xzð Þ

+ c0 −
c1C

2
0

p−

� �
Qp wð Þ +Qp zð Þ� �

+ 2C2
0 − 1
2C2

0
σ tð Þ

�
ðt
0
ϖ1 sð Þ ds ∇xw tð Þk k22 +

ðt
0
ϖ2 sð Þ ds ∇xz tð Þk k22

� �

+ C2
0 −E1 −

q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ1 sð Þ ds

� �

+ C2
0 −E2 −

q+ − 2
2q+

σk k∞ Ωj j
ð∞
0
ϖ2 sð Þ ds

� �
:

ð91Þ

Owing to (43), we can choose C0 as

2 < 1
λ1

, 1
λ2

< C2
0 < p−, ð92Þ

where c0 is sufficiently large such that c0 > C2
0c1/p−, by

Lemma 14, we have

∂tL tð Þ > C2
0λ1 − 1

� �
Qq ∇xwð Þ + C2

0λ2 − 1
� �

Qq ∇xzð Þ

+ c0 −
c1C

2
0

p−

� �
Qp wð Þ +Qp zð Þ� �

> C2
0λmin − 1

� �
Qq ∇xwð Þ +Qq ∇xzð Þ� �

+ c0 −
c1C

2
0

p−

� �
Qp wð Þ +Qp zð Þ� �

> 0,

ð93Þ

where λmin = min fλ1, λ2g:
We derive the differential inequality from (93). First,

owing to Poincaré’s inequality, we have

wk k2 ≤ CP ∇xwk k2,

zk k2 ≤ CP ∇xzk k2, ð94Þ

holds. For some constant CP > 0, we have

L tð Þ ≤ 1 + C2
P

2 ∇xw tð Þk k22 + ∇xz tð Þk k22
� �

≤ 2 1 + C2
P

� �
1k k22q/ q−2ð Þ ∇xw tð Þk k2q + ∇xz tð Þk k2q

� �
:

ð95Þ

By using the following Minkowski’s inequality

a + bð Þp ≤ 2p−1 ap + bp
� �

, ð96Þ

we can obtain

ð
Ω

∇xwj jqdx +
ð
Ω

∇xzj jqdx

≥ 21− q−/2ð Þ ∇xw tð Þk k2q + ∇xz tð Þk k2q
� �q−/2

≥ 21− q−/2ð Þ L tð Þ
2 1 + C2

P

� �
1k k22q/ q−2ð Þ

 ! q−/2ð Þ
:

ð97Þ

Then, by Lemma 5, we have Lð0Þ ≥ 0 and

∂tL tð Þ > c0 −
c1C

2
0

p−

� �
2 CS + 1ð Þ + p−

c1
C1β

p+/q−
1 + C2β

p+/q−
2

� �� �
> 0,

ð98Þ

by (82) and (93), we can assume that LðtÞ is sufficiently large
for t ∈ ½0, T0Þ. Hence, thanks to (95), k∇xwðtÞkq > 1 and
k∇xzðtÞkq > 1 hold for t ∈ ½0, T0Þ. Then, using Lemma 4 to
get
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∇xw tð Þk kq−q =min ∇xw tð Þk kq−q , ∇xw tð Þk kq+q
� �

≤Qp ∇xwð Þ,

∇xz tð Þk kq−q =min ∇xz tð Þk kq−q , ∇xz tð Þk kq+q
� �

≤Qp ∇xzð Þ,
ð99Þ

which gives

∂tL tð Þ > Γ L tð Þð Þq−/2 for all t > 0, ð100Þ

where

Γ = C2
0λmin − 1

� � 2 2−q−ð Þ/q−

2 1 + C2
P

� � 1k k−22q/q−2
 !q−/2

> 0: ð101Þ

A direct integration of (100) over ½0, t� then

L tð Þð Þ1− q−/2ð Þ < 1 − q−
2

� �
Γt + L 0ð Þð Þ1− q−/2ð Þ, ð102Þ

yields, which implies that

L tð Þ > 1

L 0ð Þð Þ1− q−/2ð Þ − q−/2ð Þ − 1ð ÞΓt
� �2/ q−−2ð Þ , ð103Þ

along with 1 − ðq−/2Þ < 0. Finally, we have

L tð Þ⟶ +∞when t⟶ T∗−, ð104Þ

where

T∗ = L 0ð Þ1− q−/2ð Þ

q−/2ð Þ − 1ð ÞΓ : ð105Þ

Then, the proof is now completed.

5. Conclusion

In the present paper, we examined the global nonexistence of
solutions for a class of coupled pseudoparabolic equations
with weak memories. In fact, the influence of the memory
terms are unable to guarantee the stability of our problem.
More precisely, we derived some conditions on the functions
pðxÞ, qðxÞ, ϖ1ðtÞ, and ϖ2ðtÞ that could occurs blowing up
solutions under conditions (10) and (45) with negative initial
data. The novelty of our work is to outlined the effects of
weak-memory terms, i.e., it lies primarily in the use of a
new relation between the relaxation functions and the expo-
nent of the nonlinear sources to get some necessary condi-
tions, which make the problem very interesting from the
application point of view, in particular related to the energy
systems (including heat systems).

The damping terms in this paper are composed with
weak-viscoelastic terms

σ tð Þ
ðt
0
ϖj t − sð Þu sð Þ ds, ð106Þ

and strong damping, which let our problem dissipative
named pseudoparabolic. The functions f j : ℝ

2 ⟶ℝ, j = 1,
2 are given in more complicated nonlinearities. We used a
large class of Laplacian operator, with variable exponents.

After restriction on initial data, we found that when the
sources dominate, we get a blow-up finite time, even though
the existence of the damping terms which well known to
ensure the stability of solutions.
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