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The most important behavior for evolution system is the blow-up phenomena because of its wide applications in modern science.
The article discusses the finite time blowup that arise under an appropriate conditions. The nonsolvability of boundary value
problem for damped pseudoparabolic differential equations with variable exponents is investigated. Such problem has been
previously studied in the case if p and g are constants. New here is the case of variables of nonlinearity p and g which make the

problem has a scientific interest.

1. Introduction and Overview

Boundary value problems for evolutionary equations of
parabolic in degenerate sense are well studied (see, for
example, [1-4]). In this article, we study boundary value
problems for coupled system of pseudoparabolic equa-
tions with p(x)-Laplacian in the presence of weak visco-
elasticities. Such problems have not been studied in
depth. To begin with, let Q is an open bounded domain
in R" for n>2 with smooth boundary 0Q; we then
consider in Qx (0,T)

t

ow —Aygw— A, <a,w - a(t)J @, (t-s)w ds> =f,(w, 2),

0

t

0,2 = Az — Ay <atz - a(t)J @,(t—s)z ds) =f,(w, 2),

0

(1)

for 0 < T < 0o with initial condition
w(x, 0) = wy(x) € Wyl (), (2)

2(x,0) = 25(x) € W' (), (3)
and boundary condition
w=z=00n002x (0, T). (4)

The lack of stability of solutions of partial differential
equations is a huge restriction for qualitative studies. The
terms responsible for the blow-up phenomenon in our
system (1) is that of more complicated nonlinearities
when they dominate the damped terms, especially when
it comes with the existence of a large class of Laplacian
operator

Ayw =div (\wa|q(">’zvxw) . (5)
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The functions f;: R* — R,j=1,2 are given by the
nonlinearities

S0 &) = [[6+ &6+ £2) + 67 617,

L& 8)= “51 + £2|p(x)_2(£1 +&)+ ‘Ez‘(P(x)_4>/252|€1 |p(x)/2})
(6)
respectively. The weak-viscoelastic term is a(t)ﬂ)a)j(t—s)
u(s) ds.
There exists a function # € C'(R?, R) such that
§11 (60 6) + 861, 60) =p(0) F(§1,62), V(§1,8,) € R,
POOF(E &) = 6 + &I + 2056,
(7)

where f; = 0F/0w and f, = 0F/0z. There exist two positive
constants ¢, and ¢, such that

([P +EY) <p()F(E &) <a (P + 6.
(8)

For more details, see [5-8] and references therein.

With p(x)-Laplacian, which is nonlinear differential
operator, in [9], a problem of elliptic equation is considered
as

By = [P = f (5, u), x € R". (9)

The variable exponents ¢q(-) and p(-) are two continuous
functions on O such that

2<q_<q(x)<q, <p_<p(x)<p, <q.(x),  (10)
with
nq(x)

n-q(x)
+00 if n < q(x),

p_ = essinfp(x),

if n>q(x),
(11)

p, = esssupp(x).

xeQ

We assume that q(x) satisfies the Zhikov-Fan condition,
ie, forallx,y € Q,

< ———,with|x - y| <k, (12)
Tog ey M

Journal of Function Spaces

with K>0, 0<x<1and

essinf (g, (x) - p(x)) > 0. (13)

We state assumptions on @; and o as follows:
0, ;€ C'(R*, R") satisfies

0<a'(t)<a(t),

@/Uk—@AU<OJ ¢q@yu<($_—§>q|w“;

0 + -

Define positive constants «,, «,, E;, and E, by

q-/(p,~4-) -
= 1 ’E1=p+ qi“l_Pp
C1p+ P+

9-/(p,=q-) _
&= 1 )E2=p+ q_“z_Pp
C2p+ P+

(15)

for some constants C,, C,, p;, p, > 0 which will be specified
later.

Fan et al. discussed the existence and multiplicity of solu-
tions of (9) for u € W) (R"), where n > 2, p(x) is a func-
tion defined on R”".

Regarding nonlinear parabolic equation, we mention the
work by [1]. The author proposed the problem.

ou—Ayu-— [uTu=f(x1t), x€Q, 0<t<T,

u=0, x€00, 0<t<T,

u(x,0) = uy, X €,

(16)

where Q is a bounded domain of R” with smooth boundary
0Q and p, g >2. Time existence of solutions of system (16)
was proved.

Whereas, in [10], nonlinear pseudoparabolic was consid-
ered

t

Ow = Agyw— A, (8,w - o(t)J @, (t—s)w ds) = [wP® 2w,

(17)

0

Global in time nonexistence of (17) was shown under an
appropriate conditions on @, p(x), and g(x).

System (1), where the exponents g(x) =q and p(x) =p,
the existence/nonexistence results have been extensively
studied (please see [11-15]).

The paper is organized as follows. In Section 2, we state
the properties of the p(x)-growth conditions and present
assumptions of the kernel functions. In Section 3, we state
our main results and prove some auxiliary lemmas. In Sec-
tion 4, we prove the global nonexistence of solutions given
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in Theorem 9. The paper is concluded by explanatory
commentaries.

2. Preliminary

We try to list here some useful mathematical tools.

First, let Q2 be an open bounded domain in R” for n>2
with smooth boundary 0Q and p : O — [1,00] be a measur-
able function. Denoting by

p = essinfp(x),

(18)
P, =esssupp(x).

xeQ

We define the p(-) modular of a measurable function w
:Q— RU{+00} as

Q)= e s essuplu(],  (19)
0-0

x€Q,
where
Qy ={x€Q;p(x)=00}. (20)

The special Orlicz Musielak space L/()((2) is a Lebesgue
space with variable-exponent, and it consists of all the mea-
surable function w defined on Q for which

Qp( (Aw) < cosome A > 0. (21)
Let
. w
il =inf {’\>0;Qp<~> (j) < 1}’ (22)

be the Luxembourg norm on this space (see [16]).

The Sobolev space W1()((2) consists of functions w €
L9Y)(Q) whose distributional gradient V, w exists and sat-
isfies |V, w | €L1")(Q). This space is a Banach with respect
to the norm

[l 140) = 1@l gy + IVl - (23)

Lemma 1 (Corollary 8.2.5 in [17]).

(1) If (12) holds with g(x), then

1q(-
wll,(, < ClIV,wll, o Yw e W™ (@), (24)

where Q is a bounded domain and C is a positive constant.

3
The norm of the space Wé’q<'> (Q) is given by
wl],40 = IV0]l 0y Vw0 € W™ (). (25)
) If
q€C(Q),: Q— [Lo0), (26)
is a measurable function and
essinf (q° (x) ~ p(x)) > 0, 27)
with
= -
Then
w0 (), (29)
with a continuous and compact embedding and
[w][p) < CslIVawllye) (30)

where Cg > 0 is an embedding constant.

Proposition 2 (Section 1 and Lemma 3.2.20 in [17]). Let 1
<p_<p, <+00. The spaces [P")(Q) and W')(Q) are sepa-
rable, uniformly convex, and reflexive Banach spaces. The
conjugate space of LPV)(Q) is L) (Q), where

1 1
+

FEMEN 1, VxeQ. (31)

For w e LPY(Q) and v € 17’V (Q), we have

NN
)

Lemma 3 (Lemma 3.2.4 in [17]). If p>1 is a measurable
function on Q and w € [PV (Q), then [wll,) <1 and Qy(

w) < 1 are equivalent. For w € LPY)(Q), we have

ol Ivl,'0. (32)

Jow(x)v(x) dx

(D) [|wll) < 1 implies Q) (w) < [[wl],
) [|wll,) > I implies Qs (w) 2 [[wl],



Lemma 4 (Section 2 in [18] and Lemma 3.2.5 in [17]). If p(
x) € [1,00) is a measurable function on Q, then

min { Jwll Jwlfy, b < Q) (w) < max { il Jwlby, },

(33)

for all w € [PV (Q).
Lemma 5 (Lemma 3.2.20 in [17]). If p,(x) = p,(x) > I a.e. in
Q, there is a continuous inclusion LP10)(Q) c 1P2)(Q) and for
all weIMV(Q),

||w||p2(.) < 2"1",(.)"w”p1( ) (34)
where

1 1 1
— = - (35)

The following notation will be used throughout this paper

v(s)lzds  (36)

(@°9)(0)= [ at-9)vi0) -

0

for veL?(Q) and t>0. We have the following technical
lemma.

Lemma 6. Let k € N. For any Av e C'(0, T, H)(Q)) with p
:0) 1)"')K_1,j:1,2, we have

<0(t)J;d)j(t — $)A%(s), 0,v(t) ds >
gy

=0 [o(1)(@;° Viv) (1)]

2

—~

S0 o0 ae) dsivzsis]
+ (_ZI)Ko(t) (0,@; 0 VEv) (t)
+ (_12) a(t)@;(t)[| Viv||3 + (_21) o' (£)(@;0 Vi) (t)
+(_12) a’(t)ij(s)ds||v;§v||§.
(37)
Proof. Since
(A w), = (F1)(Viy, Viw),, (38)
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holds for any A?v, Alw € H}(Q), we have

<a(t)ra)j(t—s)A§v(s),6tv(t)> ds
=vn%aﬂwm—ﬂwwwmwwwg—

0

Viv(t) + Viv(t)]), ds

t

= (—1)"0(f)J @;(t = 5)(Vi0v (1), [Viv(s) = Vev(D)]), ds

J @;(s) ds(Vi0,v(t), Viv(t)),
K+l

= Jw (t=5)0,||VEv(s) = VEv(t)||3 ds
0

+ 21 "“)L‘Dudsa 9513

- @Fngoﬂmwm%V?WM?
N (‘;)Ka, {U(t)L(Dj(S)HV:VH; ds}
Ot - mane) - w e
+ (—12)" a(t)li)j(t)HV:"H;Jr (_21) o' (1)
) ij(t_s)nv,tv(s) ~vivolds+ o'

X

=

0@;(5) ds|| Vv f3-
Using the notation (36), we obtain the desired result.

3. Main Results

Before stating our main theorems, we define the weak solu-
tion for the problem (1)-(4).

Definition 7. The pair (w, z) is said to be weak solution to
(1)-(4) on [0, T,) if it satisfies,

<atw’ (P>2 + <‘wa|q(X)72wa’ VX(P>Z + <atZ’ W>2 + <|szlq(X)72sz’ wa>2’

+<Vx (atw - a(t)J.t(Dl(t— s)wds),fop>2 - (filw,2),9),,

0

+<vx <8tz - a(t)J;cDZ(t Py ds),va/>2 — (fy(wr2), ¥), =0,
(40)

for all test functions ¢, y € W(l)’q('> (Q),t €0, T,
Here, we present without proof, the first known result
concerning the local existence (in time) for the problem

(D-(4).
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Theorem 8. Assume that (10), (12), and (14) hold. Then, the
problem (1)-(4) has a unique local solution (w, z) satisfying

(w, 2) € [c([o, T,); Wit (Q))} B
(0,w,9,2) € [C([0. Ty}, L3(2)) N L2([0, Ty) s HH(2))],
(41)

for Ty > 0 depending on [lwyll; > 120l 4()-

To prove the previous theorem, we can adopt the Faedo-
Galerkin method which is the same procedure used in [4].

We introduce the main result concerned with the finite
time blowup of solutions of the problem (1)-(4).

We define

1 1 0
A= — - — IIUIIOOJ @, (s) ds,
q 0

o (42)
A, = i - i||c7\| Jooca (s)ds
g q+ q— 0 0 g '
and find
1 1 1
- A' > - ) 4
- <Ap A, < . < 5 (43)

by (10) and (14).

Theorem 9. Assume that (10)-(14) hold. Given wy,z,¢€
Wé’q('> (Q) satisfying

E(0) < (E, +E,) <0, (44)

(J |V w|? dx,J szo|qu) > (;XLI, j?) (45)
o) o) 1 A2

Then, any solution of (1) with (3) and (4) blows up in finite
time T* < 0o, where

1-(q.12)
T* = %, for L(0), T >0, (46)

and E,; and E, are given in (66).

In order to prove Theorem 9, we need to exploit some
lemmas. First, we define the modified energy functional E(¢)
associated to the problem (1)-(4) by

\vi ot q(x) \vi ot q(x) 1
LETCL ISR L SCL S
Q

z0- [ ax) 2
(@, Vo)1) + (@ %,2)(0)] - | Fw, s So(0)

t t
. J @,(s) dsllewllg +J @,(s) dsIIszllg} .
0

0

(47)

Lemma 10. Let (w,z) be the solution of (1)-(4) with

(10)-(14). Then, the energy functional satisfies

20,E(t) = -2||0,w||; - 2|| V. d,w]3 - 2|19.2])5 - 2] V,0,]3
+0(1)[(9,@; o V,w)(t) - @, ()| V,w]3]
+0() [(0,@, 2 V,2) (1) = @ (1) | V.2]2] + 0 (¢)

(@ v - [ @y der.lz] +o'c0
J(@ev.oe) - [ @t dsv.cl] <o

(48)

Proof. Multiplying (1), by o,w and (1), by d,z, integrating
by parts over 2, summing and using (14) and Lemma 6.
Then, it is clear that f,(w,z) and f,(w, z) are bounded, so
the potential F(w, z) exists and is given by (85) as follows

F(w,z) = jw+ 2™ + 2|wz|p(")/2] . ()

1
ol
Differentiating (49) with respect to time, it follows that

0, F(w, 2) = (fy(w, 2), 0,w), + (f,(w; 2), 0,2),- (50)
Hence, the proof is finished .

Lemma 11. Let (w,z) be a strong solution of (1)-(4) with
(10)-(14). Then, we have

E(t)z/\IJ |wa|qu+/12J \sz|qu—J F(w,z) dx
Q Q 0

+ éa(t)[(@l o Vw)(t) + (@, ° V,2)()]

4,2 o]l || (JOO(DI (s)ds+ JOO(DZ(S) ds) .

2q, 0 0
(51)
Proof. Using Young’s inequality, we obtain
2 -2 2 -2
Vo< SVt + T2 < Sy wps 175,
2 g2 2 g
V2 < SVt T2 < Sy e+ 25,
9 q - 4.

which proves the lemma.



Lemma 12. Let (w,z) be a strong solution of (1)-(4) with
(10)-(14). Then, we have

E(t)z)L]J |wa|qu+)t2J \sz|qu—c—lj lwPdx
0 0 P_Ja
=S| e S0(0((@, Vo)1) + (@°¥,)(0)
P_Jao 2

- ‘]*7_2 lo]l 12 (J:Od)](s) ds+ JOO(DZ(S) ds).

2q+ 0
(53)

Proof. By using both equivalences (8) and (10), we deduce

c
-| F(w.z 2——1<J wp(x)dx+J zp(x)dx>
JQ (2) p(x) Q| | Q‘ |

(54)
> <J wpdx + J |z|de> .
P-\lo o
The proof is completed by direct use of (54).
In condition (10), O, = J holds, which yields
Quuow) = | [w® dx (55)
Q

We derive a shaper estimate than that in Lemma 13.

Lemma 13. Let (w,z) be a strong solution of (1)-(4) with
(10)-(14). Then, we have

E(t) > /XIJ |V, w|? dx"')tzj V2| dx — &
0 0 P

[(paray™ (]

# 3O00(@; e V) (1) + (@ V. 2) (0] - 2 (Co+ 1

~ 21 (J:sz(S) ds + Jm@(s) ds),

2q,

where Cg is an embedding constant defined in Lemma 1.

Proof. First of all, note that, for a >0,

abv ifa>1
<af+1. (57)
al- ifa<l

max (af-, af+) = {

Journal of Function Spaces

Then, owing to Lemmas 1 and 4, we have

J wl? dx = Q,(w) < max (Ilwll};’,llwllg*) <l +1< GV, wif +1,
Q

J l2]f dx = Q,(2) < max <||z||};’,||z||§*) <lelly +1< CylIV, 2l + 1.
Q

(58)
Similarly, for a > 0, we have
{min (a%-, a’h)}”q* ifa>1, (59)
a=
{min (a%-, aq+)}”q+ ifa<l.

Hence, by Lemmas 3 and 4, (58) is estimated as

Jo|w|P dx < CgllV,wlf +1< cs{ (Q)(V,w))P '+ + 1} 1,

JQ|Z|P dx < CyllV,2llfr +1< Cs{ (Q,(V,2))"'* + 1} +1.
(60)

The substitution of (60) in the estimate (53) ends the
proof.

Now, we can see that (56) takes the following form
E(t)z )\IJ |V w|Tdx + AZJ |V,2|?dx + %a(t)
o o
(@ 0 Vaw)(t) + (@, 0V, 2) (1)] - C
pilq-
[ des Sotwi@r e v o]
o
. 1 p./a
~pu= G| Rt So@ v 0] p

(61)

Cec, [ 1\ P+ Cec; [ 1\ P+
c, =54 (_> o= &4 <_> (&)
o \M p_ 2

€ q+_2 JOO
= —(Ce+1)+ ol _|1Q|l @,(s)ds, 63
Pr p(s ) 2 | ||oo||O 1(s) (63)

- +

where

2 q+_2 JOO
=—(Cs+1)+ 0|l |2 @,(s)ds. 64
pi= G+ B2 ol el @ s (o0
Let f(-, - ) be a function defined by
f: R"xR" — R
Wovy) = (1//1 -Cypt - PtV = Coyh' - Pz)-

(65)

Then, f(-, -) is increasing in (0, ;) x (0, «,) decreas-
ing for (y,y,) > (&, a,), such that f(y,y,) — —00 as
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(v} y,) — (+00,+00), and we have

p+_q7‘x1_P1 +P+_q,

Ky, 6y ) =
ACHCY o o

~—

a-p, | (66

for

q q-/(p,—q-) q q./(p.—9-) (67)
a,0,) = = s ~ . 7
( ! 2) <C1p+> (C2p+>

Since, by the fact (43), ie, {1/A;,1/1,} >2 holds.
Then, by (63),, we can find

C
min {C,, C,} > 27/ ps—cl, (68)
for all
INP/P9) fp g \ TP /o N\ 4 P)
<) ) )
2 P s
(69)

Lemma 14. Under the assumptions of Lemma 13. Then,
the pair (E,, E,) defined in (66) is negative.

Proof. Direct use of (63) and (66). Thus, we obtain

q, -2 © p.—9q ¢
E, + Eq HOIIOOIQIJ0 @, (s) ds = *p “1—p—‘(Cs+1),
+ + -
q,—2 ro Py~ 4 2!
E, + ol |1Q|l @,(s)ds= a,— —(Ce+1).
o ool |0 2(5) PR p,( s+1)

(70)

By considering (68), (69). Then, we use Young’s inequal-
ity to get

q+_2 JOO p+_q—<
E, + ol 1Q|l @,(s)ds<
B loll0l] @) ds< P

g ‘ﬂ(Pr‘H( 1 )q/(,m—m ¢
X — - —(C4+1
<P+ ) Cscl P—( S )

q9-1(p,—q.) _ p(p—q-)
(ce) a5t )
Cscy 8 P, 2

qJ(PJr_q—)
X (p_q_> —i(CS+1)<0,
jn p

-2 00 _ 1\ P+/(Pimd-)
B £ 22 ol ol o ds< L ()
2q+ 0 p+ 2

/=) /1 \4-/(pd)
N
p+ s€1 p—

1 q./(p,—q.) 1 _ 1 pl(pi—9-)
“(ee) a5t 0)
Csey 6, p, 2

p_q_ q,/(p;q,) Cl
X - —(C+1)<0.
<p+ ) p (Gt

(71)

To provide this, we take ¢, sufficiently large and §,, &,
small enough.

Lemma 15. Let (w,z) be a strong solution of (1)-(4) with
(10)-(14) and initial condition satisfying (44) and (45). Then,
there exists a constants 3, > a; and 3, > «, such that

(1] [vawto s+ Sot)(@, Va0 Fictof s

+ 30000, .9(0)) = (6, )
72)

Proof. Since
F(0 [l [ v.zftas) < E0) < B+,
Q 0
73)

holds by (61). Then, there exists (3, >, and f3, > &, such
that f(B,, 8,) = E(0). Thus, we have

PN awoltas o] (9,2 dx) <20) =116, )
(74)

which implies that

(0] [Pl [ [zftas) = 8. 05
Q Q
Now, to establish (72), we suppose by contradiction that

(1] [Pt des Sote@ Vs Fuctenias

+ 3000)@:9,2)(1) ) < (B
(76)

for some ¢, > 0 and by continuity of f(-, - ), we can choose f,



such that

(1], [rasteraes Soi@ Ty | Focteorias
+ 30(0)@;9,2)(1) ) > w5,

(77)

Again, the use of (61) leads to

)2 (1| Wt St (@ -V,

() [Vl + Jo(0) (@3- 0 )

>f (B By) = E(0).
(78)

This is impossible, since
E(t) <E(0),Yt€ 0, Ty). (79)

Hence, (72) established.

Lemma 16. Let (w,z) be a strong solution of (1)-(4) with
(10)-(14) and (44). Then, we have

| |w|de+J j2ff dx > 21P= fp J Vw \quJPJ V.21 dx

+2(Co+ )+ = (CB - B+ B - y).
(80)

Jg\wv’ dx + J0|z|P dx>2(Cg+1) + % <C1[3‘1’*/q* + czﬁ‘;*’q*),
(81)
forallt € [0, T,).

Proof. To prove (80), we exploit Lemmas 10 and 13 to obtain

Cl(J |w|de+J |z|de)
P-\Jao Q

1
=I(t)2/\1J |wa|qu+/\2J IV, 2|7 dx - E(0) + - o(t)
0 Q 2

X (@) 0 V) (1) + @, > V,2)(1)]
-8 2ol Jofmin { o5 @) e}

ZQ+ 0

(82)

Then, by the definitions of p,, p,, f, and E. So, inequality
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(82) can be estimated as follows
102 |vxw|qu+A2j V.2l dx— f(B,, B,)

= ||o\| |9|(j a,(5)ds+ | (Dz(s)ds)
0

AIJ |wa|qu— 4.~ ||o||OO\Q|J @, (s) ds

Io) 9. 0

P_+

- (ﬁl ey s —pl) o] 9l

) 00
- L2 ol 0] @ ds- (- R - p)

0

>A1J |wa|qu+)L2J |V,z|? dx + E(CS+1)
o) Q p

/4. g
+C1ﬁ€ K -B,+Cp, K =B
(83)

From the previous estimate, we deduce

1028, - =20, m\J (s (-G - p,)
+B,- q2q+ ||0||00|Q|.‘.0 @,(s) ds — </52 _C, B _P2>

2
> THCH )+ G+ Gt

(84)

Thanks to (72) and (84) and the definition of different
constants, then the desired results are proved.

4. Proof of Theorem 9

We are now ready to prove Theorem 9.

Proof. Let the auxiliary function defined as

L(r)= %(Ilw(l‘)llﬁ + 215+ Vw3 + V(1))
(85)

By differentiating the functional L, we get

J wawdx+J zazdx+J V.wv awdx+J V.2V,0,zdx
J w[dw |V,w|102V w) +Ad0,w — a(t)J @, (t - s)Aw(s)ds + f,(w, z) | d.
[ WwV,.0 wdx+J [dlv (\sz\q )= ZVXZ> +A0,z-0(t)

t
J @,(t=s)Az(s)ds +f2(w,z)] dx+[ V,2V,0,zdx
0 Q
:jnp(x)sz@,z)dx

=] R
JOo JO

|V 2(t)]7 dx + ] [w(t) +2(t) [P + 2|wz|?? dx
JO

+ J U(t)J‘[(Dl(t—s)wa(S) -V,w(t)ds dx+[ o(t)
0 0 o

. Jt @, (t =)V, z(s) - V., z(t) ds dx.
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By using (8), we get
o,L(t)> —J |V, w(t)|Tdx - J |V,.z(t)|Tdx + ¢,
Q Q

: (JQ|w(t) [Pdx + Jﬂ|z(t) |de)

+ J o(t)Jt @, (t=s)Vw(s) - Vow(t) dsdx
Q

0

(87)

+ J a(t)Jt @,(t—s)V,z(s) - V,z(t) ds dx.

0

Thanks to Cauchy Schwarz’s inequality, we get

202 -1 Cc?
JOwa(S) - Vw(t) dx > 2"CZ [Vw(D)]l; - 7°||wa(f) - Vw(s)|3
0
(88)
ZCS -1 2 Cg 2
QVXZ(S) Vw(t)dx > 5C2 V.2 (Ol = 5 [1V22(t) = Vaz(s) 2
0

(89)

holds for some positive constant C, >0 to be determined
later.
Substituting (89) in (86) to get

0.L(t) > —J |V w(t)|? dx - J [V, z(t)|Tdx + c,
Q o)

(] oo ase [ apas) + 2% e

2
2C2

t

([ astvmol+ |

_ %g(t)[(d)l o V,w)(t) + (@, 0 V,2)(1)].

2,() dsnvxz(t)ni)

(90)

Using Lemma 12 to estimate the terms (@, o V,w) and (
@, 0V, z), we get

0L(t) 2 (C3A, = 1)Q,(V,w) + (CoA, = 1)Qy(V,2)

¢, C? 2C2 -1
+ <c0 - ;°> (Qy(w) +Q,(2)) + zocg
t

- (j;wms) ds|| 9 ,w()| + L@z@ dSIIVxZU)Ili)

4, -2 *
+C3(-E- %t ay o)
0

+

o(t)

4. -2 *
+C3(-E- B2 ol e ).
q+ 0
(1)
Owing to (43), we can choose C, as
1 1
2< —, —<Cy<p., (92)

A A

where ¢, is sufficiently large such that ¢, > Cic,/p_, by
Lemma 14, we have

9,L(t) > (chl -1)Q,(V,w) + (cg)tz -1)Q,(V,2)
+ <c0 - ﬁ) (Q(w) +Q,(2))
P
> (C(Z)/lmin - ) (Qq(vxw) + Qq(vxz)>

(6~ %) @ + g @) >0

where A, =min {A,, A, }.
We derive the differential inequality from (93). First,
owing to Poincaré’s inequality, we have

[wll, < Cpl|Vawl]],»

121l < Cpl[Vazll» (94)
holds. For some constant Cp > 0, we have

1+ C?
3 E(IVw(®)]5+ IVa2(1)]13)

<2(1+ C) 1By gy IV O + 19,2(0)11)-
(55)

L(t) <

By using the following Minkowski’s inequality
(a+b)f <207'(a + V), (96)
we can obtain
J |V w|ldx + J |V, z|1dx
o o

) q./2
S 10 12) (Hvxw(t)”Z + IIVxZ(f)H;) (97)

(4-12)
221—(4]_/2) ZL(t) R .
2(1+Cp) 1 2g/(g-2)

Then, by Lemma 5, we have L(0) > 0 and

2
0.L(t) > (Co - C%) (2(65 r1)+ (clﬁ%’% + czﬁg’ﬂ) >0,

Bl

(98)

by (82) and (93), we can assume that L(¢) is sufficiently large
for t €0, T,). Hence, thanks to (95), ||V, w(t)|[,>1 and

||sz(t)||q >1 hold for t € [0, T)). Then, using Lemma 4 to
get
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[Vt =min (7O Va2 ) < Qy(V.w),

IV.2(0)]2- =min (J1V.2(0)]2 V()3 ) < Qp(Vs2),

(99)
which gives
0,L(t) > T (L(t))%"* forallt >0, (100)
where
2@ a2
r=(%Amf—0<2@+C®nub@4> >0. (101)
A direct integration of (100) over [0, ¢] then
(L(£))"42) < (1 - %) rt+(L0)"@2,  (102)
yields, which implies that
L(t)> ! (103)
- 20(q.-2)°
(L)~ = ((qr2) - 1)1
along with 1 - (g_/2) < 0. Finally, we have
L(t) — +oowhent — T, (104)
where
1-(q_/12)
o KO T (105)
((q-12)-1I

Then, the proof is now completed.

5. Conclusion

In the present paper, we examined the global nonexistence of
solutions for a class of coupled pseudoparabolic equations
with weak memories. In fact, the influence of the memory
terms are unable to guarantee the stability of our problem.
More precisely, we derived some conditions on the functions
p(x), g(x), @,(t), and @,(¢) that could occurs blowing up
solutions under conditions (10) and (45) with negative initial
data. The novelty of our work is to outlined the effects of
weak-memory terms, ie., it lies primarily in the use of a
new relation between the relaxation functions and the expo-
nent of the nonlinear sources to get some necessary condi-
tions, which make the problem very interesting from the
application point of view, in particular related to the energy
systems (including heat systems).

The damping terms in this paper are composed with
weak-viscoelastic terms

(106)
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and strong damping, which let our problem dissipative
named pseudoparabolic. The functions f; : R?—R,j=1,

2 are given in more complicated nonlinearities. We used a
large class of Laplacian operator, with variable exponents.

After restriction on initial data, we found that when the
sources dominate, we get a blow-up finite time, even though
the existence of the damping terms which well known to
ensure the stability of solutions.
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