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This paper studies the system of coupled nondegenerate viscoelastic Kirchhoff equations with a distributed delay. By using the
energy method and Faedo-Galerkin method, we prove the global existence of solutions. Furthermore, we prove the exponential
stability result.

1. Introduction

Let H =Ω × ðτ1, τ2Þ × ð0,∞Þ, in this work, we consider

uj jlutt −M ∇uk k2� �
Δu − Δutt +

ðt
0
g1 t − sð ÞΔu sð Þds −

ðτ2
τ1

μ1 ϱð Þj jΔut x, t − ϱð Þdϱ + f1 u, vð Þ = 0,

vj jlvtt −M ∇vk k2� �
Δv − Δvtt +

ðt
0
g2 t − sð ÞΔv sð Þds −

ðτ2
τ1

μ2 ϱð Þj jΔvt x, t − ϱð Þdϱ + f2 u, vð Þ = 0,

8>>>><
>>>>:

ð1Þ

where

x, ϱ, tð Þ ∈H , ð2Þ

under the initial and boundary conditions

u x, 0ð Þ, v x, 0ð Þð Þ = u0 xð Þ, v0 xð Þð Þ, inΩ,
ut x, 0ð Þ, vt x, 0ð Þð Þ = u1 xð Þ, v1 xð Þð Þ, inΩ,
ut x,−tð Þ, vt x,−tð Þð Þ = f0 x, tð Þ, g0 x, tð Þð Þ, inΩ × 0, τ2ð Þ,
u x, tð Þ = v x, tð Þ = 0, in ∂Ω × 0,∞ð Þ,

8>>>>><
>>>>>:

ð3Þ

where Ω be a bounded domain in ℝn with smooth boundary
∂Ω, l > 0 and Δ is the Laplacian operator, and the functions
μ1, μ2 : ½τ1, τ2�⟶ℝ are bounded, with 0 ≤ τ1 < τ2, and the
relaxation functions are denoted by g1, g2. The function M
is given by

M : ℝ+ ⟶ℝ+,
r↦M rð Þ = a + brγ,

ð4Þ

with a, b > 0, and γ ≥ 1, and the functions f1, f2 will be
defined later.
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In 1976, Kirchhoff developed an equation describing the
vibrations produced by a fixed series at its end, since it is con-
sidered a generalization of the d’Alembert equation, and it
belongs to the wave equation models. Over time, many
researchers and authors addressed these issues and problems
with their continuous and rapid development, for example,
see [1–4].

As for viscoelasticity, it is possible to delve into the fol-
lowing works for further clarification [3–10].

Also, the time or delay recorded in many natural and
physical phenomena, especially problems resulting from
vibrations, is an important factor for stability in general.
And it has been studied extensively by many authors, includ-
ing [5–7, 11–21]. Recently, in the presence of the varying
delay, Mezouar and Boularrass studied system (1); for more
information, see [22]. Based on these works, we in this work
expand the results in [22] by adding the term of distributed
delay.

We, under appropriate conditions, obtained the global
existence of solutions, and we proved the exponential stabil-
ity result of the system.

And we divided the paper into the following: in the sec-
ond part, we set out the necessary hypotheses and the main
result; in the third part, we prove the global existence of solu-
tions, while in the fourth part, we present our result for expo-
nential stability.

2. Preliminaries

In this section, we set the necessary hypotheses for proving
the main result.

We need the following assumptions:
(A1) gi : ℝ+ ⟶ℝ+, i = 1, 2 are C1 functions satisfying

g 0ð Þ > 0, a −
ð∞
0
gi sð Þds ≥ k > 0, i = 1, 2: ð5Þ

(A2) ∃ξi > 0 satisfying

gi′ tð Þ ≤ −ξigi tð Þ, i = 1, 2, t ≥ 0: ð6Þ

(A3) The number l satisfying 0 < l ≤ γ and

≤
2

n − 2 if n > 2,

γ<∞ if n ≤ 2:

8<
: ð7Þ

(A4)

f1 u, vð Þ = a1v + b1 vj jq+1 vj jp−1u,
f2 u, vð Þ = a1u + b2 uj jq+1 vj jp−1v,

(
ð8Þ

where a1 > 0, b1 = ðp + 1Þðp + qÞ, b2 = ðq + 1Þðp + qÞ such
that pand q are onjugate ðð1/pÞ + ð1/qÞ = 1Þ, p, q < γ − ð1/2Þ
and satisfy

2 ≤ p, q ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

2 n − 2ð Þ
r

if n > 2,

∞ if n ≤ 2:

8><
>: ð9Þ

We set the notations

g ∘Ψð Þ tð Þ≔
ðt
0
g t − sð Þ Ψ tð Þ −Ψ sð Þk k2ds: ð10Þ

As in [17], we introduce the new variables

ut x, t − ϱρð Þ =Z x, ρ, ϱ, tð Þ,
vt x, t − ϱρð Þ =Y x, ρ, ϱ, tð Þ:

(
ð11Þ

We have

ϱZ t x, ρ, ϱ, tð Þ +Zρ x, ρ, ϱ, tð Þ = 0,
ut x, tð Þ =Z x, 0, ϱ, tð Þ,

(

ϱY t x, ρ, ϱ, tð Þ +Yρ x, ρ, ϱ, tð Þ = 0,
vt x, tð Þ =Y x, 0, ϱ, tð Þ:

( ð12Þ

Consequently, problem (1) is equivalent to

uj jlutt −M ∇uk k2� �
Δu − Δutt +

ðt
0
g1 t − sð ÞΔu sð Þds −

ðτ2
τ1

μ1 ϱð Þj jΔZ x, 1, ϱ, tð Þdϱ + f1 u, vð Þ = 0,

vj jlvtt −M ∇vk k2� �
Δv − Δvtt +

ðt
0
g2 t − sð ÞΔv sð Þds −

ðτ2
τ1

μ2 ϱð Þj jΔY x, 1, ϱ, tð Þdϱ + f2 u, vð Þ = 0,

ρZ t x, ρ, ϱ, tð Þ +Zρ x, ρ, ϱ, tð Þ = 0,
ρY t x, ρ, ϱ, tð Þ +Yρ x, ρ, ϱ, tð Þ = 0,

8>>>>>>>>>><
>>>>>>>>>>:

ð13Þ
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where

x, ρ, s, tð Þ ∈Ω × 0, 1ð Þ × τ1, τ2ð Þ × 0,∞ð Þ, ð14Þ

with the initial and boundary conditions

u x, 0ð Þ, v x, 0ð Þð Þ = u0 xð Þ, v0 xð Þð Þ, inΩ,
ut x, 0ð Þ, vt x, 0ð Þð Þ = u1 xð Þ, v1 xð Þð Þ, inΩ,
ut x,−tð Þ, vt x,−tð Þð Þ = f0 x, tð Þ, g0 x, tð Þð Þ, inΩ × 0, τ2ð Þ,
u x, tð Þ = v x, tð Þ = 0, in ∂Ω × 0,∞ð Þ,
Z x, ρ, ϱ, 0ð Þ = f0 x, ρϱð Þ, inΩ × 0, 1ð Þ × 0, τ2ð Þ,
Y x, ρ, ϱ, 0ð Þ = g0 x, ρϱð Þ:

8>>>>>>>>>>><
>>>>>>>>>>>:

ð15Þ

We need the following lemma.

Lemma 1. The energy functional E, given by

E tð Þ = 1
l + 2

∥ut∥
l+2
l+2+∥vt∥l+2l+2

� �
+ b
2 γ+2ð Þ

� ∥∇u∥2 γ+2ð Þ+∥∇v∥2 γ+2ð Þ
� �

+ 1
2

a −
ðt
0
g1 sð Þds

� �
∥∇u∥2

+ 1
2

a −
ðt
0
g2 sð Þds

� �
∥∇v∥2+ 1

2
∥∇ut∥

2+∥∇vt∥2
� �

+ 1
2

g1∘∇uð Þ tð Þ + 1
2

g2∘∇vð Þ tð Þ + 1
2

ð1
0

ðτ2
τ1

ρ μ1 ρð Þj jð

� ∥∇Z∥2 + μ2 ρð Þj j∥∇Y∥2
�
dρdρ + α

ð
Ω

uvdx

+ p + qð Þ
ð
Ω

uj jp+1 vj jq+1dx,

ð16Þ

satisfies

E′ tð Þ ≤ −β
ðτ2
τ1

μ1 ϱð Þj j∥∇Z x, 1, ϱ, tð Þ∥2 + μ2 ϱð Þj j�
� ∥∇Y x, 1, ϱ, tð Þ∥2Þdϱ + λ ∥∇ut∥

2+∥∇vt∥2
� �

+ 1
2

g1′∘∇u
� �

tð Þ + 1
2

g2
′∘∇v

� �
tð Þ − 1

2
g1 tð Þ

� ∥∇u tð Þ∥2 − 1
2
g2 tð Þ∥∇v tð Þ∥2,

ð17Þ

where β = ðð1 − δ1Þ/2Þ > 0,
and λ =max fλ1 = ððδ1 + 1Þ/2ÞÐ τ2

τ1
jμ1ðρÞjdρ, λ2 = ððδ1 +

1Þ/2ÞÐ τ2
τ1
jμ2ðρÞjdρg, δ1 < 1.

Proof.Multiplying equation (13)1,2 by ut , vt , and we use (15),
one gets

d
dt

	 1
l + 2 ∥ut∥

l+2
l+2 +

b
2 γ + 1ð Þ ∥∇ut∥

2 γ+1ð Þ + 1
2 a −

ðt
0
g1 sð Þds

� �

� ∥∇u∥2 + 1
2 ∥∇ut∥

2 + 1
2 g1∘∇uð Þ tð Þ



−
1
2 g1′∘∇u
� �

tð Þ

+ 1
2g1 tð Þ∥∇u tð Þ∥2 +

ð
Ω

ut

ðτ2
τ1

μ1 ϱð Þj jΔZ x, 1, ϱ, tð Þdϱdx

+
ð
Ω

utvdx + b1

ð
Ω

utu uj jp−1 vj jq+1dx + d
dt

	 1
l + 2 ∥vt∥

l+2
l+2

+ b
2 γ + 1ð Þ ∥∇vt∥

2 γ+1ð Þ + 1
2 a −

ðt
0
g2 sð Þds

� �
∥∇v∥2

+ 1
2 ∥∇vt∥

2 + 1
2 g2∘∇vð Þ tð Þ



−
1
2 g2′∘∇v
� �

tð Þ

+ 1
2g2 tð Þ∥∇v tð Þ∥2 +

ð
Ω

vt

ðτ2
τ1

μ2 ϱð Þj jΔY x, 1, ϱ, tð Þdϱdx

+
ð
Ω

vtudx + b2

ð
Ω

vtv vj jp−1 uj jq+1dx:

ð18Þ

And multiplying equation (13)3 by −ΔZjμ1ðϱÞj, and
integrating the result over Ω × ð0, 1Þ × ðτ1, τ2Þ, one gets

d
dt

1
2

ð
Ω

ð1
0

ðτ2
τ1

ϱ μ1 ϱð Þj j ∇Zð Þ2dϱdρdx

= −
ð
Ω

ð1
0

ðτ2
τ1

∣μ1 ϱð Þ∣∇Z∇Zρdϱdρdx

= −
1
2

ð
Ω

ð1
0

ðτ2
τ1

μ1 ϱð Þj j d
dρ

∇Zð Þ2dϱdρdx

= 1
2

ð
Ω

ðτ2
τ1

μ1 ϱð Þj j ∇Z x, 0, ϱ, tð Þð Þ2 − ∇Z x, 1, ϱ, tð Þð Þ2� �
dϱdx

= 1
2

ðτ2
τ1

μ1 ϱð Þj jdρ
ð
Ω

∇utj j2dx − 1
2

ð
Ω

ðτ2
τ1

μ1 ϱð Þj j

� ∇Z x, 1, ϱ, tð Þð Þ2dϱdx = 1
2

ðτ2
τ1

μ1 ϱð Þj jdϱ
 !

� ∥∇ut∥2 −
1
2

ðτ2
τ1

∣μ1 ϱð Þ∣∥∇Z x, 1, ϱ, tð Þ∥2dϱ:

ð19Þ

Similarly, multiplying equation (13)4 by −ΔY ∣ μ2ðρÞ ∣ ,
we find

d
dt

1
2

ð
Ω

ð1
0

ðτ2
τ1

ϱ μ2 ϱð Þj j ∇Yð Þ2dϱdρdx

= 1
2

ðτ2
τ1

μ2 ϱð Þj jdϱ
 !

∥∇vt∥
2

−
1
2

ðτ2
τ1

μ2 ϱð Þj j∥∇Y x, 1, ϱ, tð Þ ∥2dϱ,

ð20Þ
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by using the inequalities of Young and Cauchy-Schwartz for
δ1 > 0, we have

ð
Ω

∇ut
ðτ2
τ1

μ1 ϱð Þj j∇Z x, 1, ϱ, tð Þdϱdx

≤
δ1
2

ðτ2
τ1

μ1 ϱð Þj jdϱ
 !

∥∇ut∥
2

+ δ1
2

ðτ2
τ1

μ1 ϱð Þj j ∇Z x, 1, ϱ, tð Þk k2dϱ:

ð21Þ

Similarly, we get

ð
Ω

∇vt
ðτ2
τ1

μ2 ϱð Þj j∇Y x, 1, ϱ, tð Þdϱdx

≤
δ1
2

ðτ2
τ1

μ2 ϱð Þj jdϱ
 !

∥∇vt∥
2 + δ1

2

ðτ2
τ1

μ2 ϱð Þj j

� ∥∇Y x, 1, ϱ, tð Þ∥2dϱ:

ð22Þ

By summing (18)–(20) and using (21) and (22), and
choosing δ1 such that δ1 < 1, we find (16) and (17). This
completes the proof.

3. Global Existence

Theorem 2. Suppose that (5)–(8) hold. Then, given ðu0, v0Þ
∈ ðH2ðΩÞ ∩H1

0ðΩÞÞ2, ðu1, v1Þ ∈ ðH1
0ðΩÞÞ2, and ð f0, g0Þ ∈

ðH1ðΩ, ð0, 1Þ, ðτ1, τ2ÞÞÞ2, there exists a weak solution ðu, v,
Z ,YÞ of problem (13)–(15) such that

u, v,Z ,Yð Þ ∈ L∞ ℝ+,H 1ð Þ, ut , vt
∈ L∞ ℝ+,H1

0 Ωð Þ� �
, utt , vtt

∈ L2 ℝ+,H1
0 Ωð Þ� �

,
ð23Þ

where

H 1 = H2 Ωð Þ ∩H1
0 Ωð Þ� �2 × H1 Ω, 0, 1ð Þ, τ1, τ2ð Þð Þ� �2

: ð24Þ

Proof. Let the Galerkin basis uj, vj,Z j,Y j, for n ≥ 1, we set

Wn = span u1, u2,:⋯ , unf g,
Kn = span v1, v2,:⋯ , vnf g:

ð25Þ

The sequences Z jðx, τ, pÞ,Y jðx, τ, pÞ are defined for 1
≤ j ≤ n by

Z j x, 0, pð Þ = uj xð Þ,Y j x, 0, pð Þ = vj xð Þ: ð26Þ

Then, taking Z jðx, 0, pÞ,Y jðx, 0, pÞ by over L2ðð0, 1Þ ×
ð0, 1Þ × ðτ1, τ2ÞÞ and denoting

Zn = span Z1,Z2,:⋯ ,Znf g,
Yn = span Y1,Y2,:⋯ ,Ynf g:

ð27Þ

Given initial data u0, v0 ∈H2ðΩÞ ∩H1
0ðΩÞ, u1, v1 ∈H1

0
ðΩÞ, and f0, g0 ∈ L

2ððΩÞ × ð0, 1Þ × ðτ1, τ2ÞÞ, we define the
approximations

um = 〠
n

j=1
gjm tð Þuj xð Þ,

vm = 〠
n

j=1
hjm tð Þvj xð Þ,

Zm = 〠
n

j=1
f jm tð ÞZ j x, τ, pð Þ,

Ym = 〠
n

j=1
kjm tð ÞY j x, τ, pð Þ:

ð28Þ

It investigates the following problem:

umtj jlumtt , uj

� �
+M ∥∇um tð Þ∥ð Þ ∇um,∇uj

� �
+ ∇umtt ,∇uj

� �
+ f1 um, vmð Þ, uj

� �
−
ðt
0
g1 t − sð Þ ∇um sð Þ,∇uj

� �
ds

+
ðτ2
τ1

μ1 ϱð Þj j ∇Zm x, 1, ϱ, tð Þ,∇uj

� �
dϱ = 0,

vmtj jlvmtt , vj
� �

+M ∥∇vm tð Þ∥ð Þ ∇vm,∇vj
� �

+ ∇vmtt ,∇vj
� �

+ f2 um, vmð Þ, vj
� �

−
ðt
0
g2 t − sð Þ ∇vm sð Þ,∇vj

� �
ds

+
ðτ2
τ1

μ2 ϱð Þj j ∇Ym x, 1, ϱ, tð Þ,∇vj
� �

dϱ = 0,

ϱZmt x, ρ, ϱ, tð Þ,Z j

� �
+ Zmρ x, ρ, ϱ, tð Þ,Z j

� �
= 0,

ϱYmt x, ρ, ϱ, tð Þ,Y j

� �
+ Ymρ x, ρ, ϱ, tð Þ,Y j

� �
= 0,

ð29Þ

with initial conditions

um 0ð Þ = um0 , umt 0ð Þ = um1 ,
vm 0ð Þ = vm1 , vmt 0ð Þ = vm1 ,
Zm 0ð Þ =Zm

0 ,Ym 0ð Þ =Ym
0 ,

ð30Þ
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which satisfies

um0 ⟶ u0, inH2 Ωð Þ ∩H1
0 Ωð Þ,

um1 ⟶ u1, inH1
0 Ωð Þ,

vm0 ⟶ v0, inH2 Ωð Þ ∩H1
0 Ωð Þ,

vm1 ⟶ v1, inH1
0 Ωð Þ,

Zm
0 ⟶Z0, in L2 Ω × 0, 1ð Þ × τ1, τ2ð Þð Þ,

Ym
0 ⟶Y0, in L2 Ω × 0, 1ð Þ × τ1, τ2ð Þð Þ:

ð31Þ

Noting that ðl/ð2ðl + 1ÞÞÞ + ð1/ð2ðl + 1ÞÞÞ + ð1/2Þ = 1, by
using Hölder’s inequality, we get

umtj jlumtt , uj

� �
=
ð
Ω

umtj jlumttujdx

≤
ð
Ω

∣ umtj2 l+1ð Þdx
� �1/ 2 l+1ð Þð Þ

� ∥umtt∥2 l+1ð Þ∥uj∥2:

ð32Þ

As (8) holds, using the embedding of Sobolev, the
terms ðjumtjlumtt , ujÞ and ðjvmtjlvmtt , vjÞ in (29) make
sense (see [22]).

First estimate.
As the sequences um0 , vm0 , um1 , vm1 ,Zm

0 ð:,:,0Þ and Ym
0 ð:,:,0Þ

converge and from (17) and Gronwall’s lemma, we get C1 > 0
independent of m such that

Em tð Þ + β
ðτ2
τ1

ϱ μ1 ϱð Þj j∥∇Zm x, 1, ϱ, tð Þ∥2�
+ μ2 ϱð Þj j∥∇Ym x, 1, ϱ, tð Þ∥2�dϱ ≤ C1,

ð33Þ

where

Em tð Þ = 1
l + 2 ∥umt∥

l+2
l+2+∥vmt∥

l+2
l+2

� �
+ b
2 γ+2ð Þ ∥∇um∥

2 γ+2ð Þ
�

+ ∥∇vm∥
2 γ+2ð Þ

�
+ 1
2 a −

ðt
0
g1 sð Þds

� �
∥∇um∥

2

+ 1
2 a −

ðt
0
g2 sð Þds

� �
∥∇vm∥

2+ 1
2 ∥∇umt∥

2 + ∥∇vmt∥
2� �

+ 1
2 g1∘∇umð Þ tð Þ + 1

2 g2∘∇vmð Þ tð Þ

+ 1
2

ð1
0

ðτ2
τ1

ϱ μ1 ϱð Þj j∥∇Zm∥
2 + μ2 ϱð Þj j∥∇Ym∥

2� �
dϱdρ

+ α
ð
Ω

umvmdx + p + qð Þ
ð
Ω

umj jp+1 vmj jq+1dx,

ð34Þ

using (33) and (8), one gets

um, vm are bounded in L∞loc ℝ+,H1
0 Ωð Þ� �

,

umt , vmt are bounded in L∞loc ℝ+,H1
0 Ωð Þ� �

,

Zm x, ρ, ϱ, tð Þ,Ym x, ρ, ϱ, tð Þ are bounded in
L∞loc ℝ+,H1

0
�

Ω × 0, 1ð Þ × τ1, τ2ð Þð Þ:

ð35Þ

The second estimate.
We multiply equation (29)1,2 by gjmtt , hjmtt ; by summing

j from 1 to n, one gets

ð
Ω

umtj jl umttj j2dx+
ð
Ω

M ∥∇um tð Þ∥ð Þ∇um∇umttdx

+
ð
Ω

∇umttj j2dx +
ð
Ω

f1 um, vmð Þumttdx

−
ð
Ω

ðt
0
g1 t − sð Þ∇um sð Þ∇umttdsdx

+
ð
Ω

ðτ2
τ1

μ1 ρð Þj j∇Zm x, 1, ρ, tð Þ∇umttdρdx = 0,
ð
Ω

vmtj jl vmttj j2dx+
ð
Ω

M ∥∇vm tð Þ∥ð Þ∇vm∇vmttdx

+
ð
Ω

∇vmttj j2dx +
ð
Ω

f2 um, vmð Þvmttdx

−
ð
Ω

ðt
0
g2 t − sð Þ∇vm sð Þ∇vmttdsdx

+
ð
Ω

ðτ2
τ1

μ2 ϱð Þj j∇Ym x, 1, ϱ, tð Þ∇vmttdϱdx = 0:

ð36Þ

By differentiating (29)3,4, we get

ϱZmtt x, ρ, ϱ, tð Þ +Zmtρ x, ρ, ϱ, tð Þ,Z j

� �
= 0,

ϱYmtt x, ρ, ϱ, tð Þ +Ymtρ x, ρ, ϱ, tð Þ,Y j

� �
= 0:

ð37Þ

And we multiply (37)1 by Z jmt and (37)2 by Y jmt ; by
summing j from 1 to n, we have

1
2 ϱ

d
dt

∥Zmt∥
2 + 1

2
d
dρ

∥Zmt∥
2 = 0,

1
2 ϱ

d
dt

∥Ymt∥
2 + 1

2
d
dρ

∥Ymt∥
2 = 0:

ð38Þ

Integrating the result (38) over ð0, 1Þwith respect to ρ, we
obtain

1
2
d
dt

ð1
0
ϱ∥Zmt∥

2dρ + 1
2 ∥Zmt x, 1, ϱ, tð Þ∥2 − 1

2 ∥umtt x, tð Þ∥2 = 0,

1
2
d
dt

ð1
0
ϱ∥Ymt∥

2dρ + 1
2 ∥Ymt x, 1, ϱ, tð Þ∥2 − 1

2 vmtt x, tð Þk k2 = 0:

ð39Þ
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Summing (36) and (39) and using MðrÞ ≥ a, we get

ð
Ω

umtj jl umttj j2dx+∥∇umtt∥
2

+ 1
2
d
dt

ð1
0
ϱ∥Zmt∥

2dρ + 1
2 ∥Zmt x, 1, ρ, tð Þ∥2

≤
1
2 ∥umtt∥

2 −
ð
Ω

a∇um∇umttdx −
ð
Ω

f1 um, vmð Þumttdx

+
ð
Ω

ðt
0
g1 t − sð Þ∇um sð Þ∇umttdsdx

−
ð
Ω

ðτ2
τ1

μ1 ϱð Þj j∇Zm x, 1, ϱ, tð Þ∇umttdϱdx,
ð
Ω

vmtj jl vmttj j2dx+∥∇vmtt∥
2

+ 1
2
d
dt

ð1
0
ϱ∥Ymt∥

2dρ + 1
2 ∥Ymt x, 1, ϱ, tð Þ∥2

≤
1
2 ∥vmtt x, tð Þ∥2 −

ð
Ω

a∇vm∇vmttdx

−
ð
Ω

f2 um, vmð Þvmttdx +
ð
Ω

ðt
0
g2 t − sð Þ∇vm sð Þ∇vmttdsdx

−
ð
Ω

ðτ2
τ1

∣μ2 ϱð Þ∣∇Ym x, 1, ϱ, tð Þ∇vmttdρdx:

ð40Þ

At this point, we estimate the RHS of (40).
Integrating by parts, and using Young’s and Poincare’

inequalities, one gets

−
ð
Ω

f1 um, vmð Þumttdx
����

���� ≤ C2
∗α

2 ∇umtk k2 + ∇vmtk k2� �

+ b1ηC
4q q+1ð Þ
∗

2 Ωj jq−12q ∥∇vm∥
4q q+1ð Þ

+ b1C
2p2
∗

8η ∥∇um∥
2p2 + b1C

2
∗

2 ∥∇umtt∥
2:

ð41Þ

Similarly, we get

−
ð
Ω

f2 um, vmð Þvmttdx
����

���� ≤ C2
∗α

2 ∥∇umt∥
2+∥∇vmt∥

2� �

+ b1ηC
4p p+1ð Þ
∗

2 Ωj j p−1ð Þ/2p∥∇um∥
4p p+1ð Þ

+ b1C
2q2
∗

8η ∥∇vm∥
2q2 + b1C

2
∗

2 ∥∇vmtt∥
2:

ð42Þ

And, by using the inequality of Young, we get

ð
Ω

a∇um∇umttdx
����

���� ≤ η∥∇umtt∥
2 + a2

4η ∥∇um∥
2,

ð
Ω

a∇vm∇vmttdx
����

���� ≤ η∥∇vmtt∥
2 + a2

4η ∥∇vm∥
2,

ð43Þ

we have

ð
Ω

ðt
0
g1 t − sð Þ∇um sð Þ∇umttdsdx

����
����

≤ η∥∇umtt∥
2 + a − kð Þg1 0ð Þ

4η

ðt
0
∥∇um sð Þ∥2ds,

ð
Ω

ðt
0
g2 t − sð Þ∇vm sð Þ∇vmttdsdx

����
����

≤ η∥∇vmtt∥
2 + a − kð Þg2 0ð Þ

4η

ðt
0
∥∇vm sð Þ∥2ds:

ð44Þ

Similarly, we get

ð
Ω

ðτ2
τ1

μ1 ϱð Þj j∇Zm x, 1, ϱ, tð Þ∇umttdϱdx

�����
�����

≤ ηλ1 ∇umttk k2 + 1
4η

ðτ2
τ1

μ1 ϱð Þj j ∇Zm x, 1, ϱ, tð Þk k2dϱ

�
ð
Ω

ðτ2
τ1

μ2 ϱð Þj j∇Ym x, 1, ϱ, tð Þ∇vmttdϱdx

�����
�����

≤ ηλ2∥∇vmtt∥
2 + 1

4η

ðτ2
τ1

∣μ2 ϱð Þ∣∥∇Ym x, 1, ϱ, tð Þ∥2dϱ,

ð45Þ

substituting (41)–(45) into (40), and using (17), one gets

ð
Ω

umtj jl umttj j2dx + 1 − η λ1 + 2ð Þ + 1 + b1ð ÞC2
∗

2

	 
� �

� ∇umttk k2 + 1
2
d
dt

ð1
0
ϱ Zmtk k2dϱ + 1

2 Zmt x, 1, ϱ, tð Þk k2

≤ C2 +
1
4η a − kð Þg1 0ð ÞC1T ,

ð
Ω

vmtj jl vmttj j2dx + 1 − η λ2 + 2ð Þ + 1 + b2ð ÞC2
∗

2

	 
� �

� ∇vmttk k2 + 1
2
d
dt

ð1
0
ϱ Ymtk k2dϱ + 1

2 Ymt x, 1, ϱ, tð Þk k2

≤ C2 +
1
4η a − kð Þg2 0ð ÞC1T ,

ð46Þ

where C2 > 0 depends on η, α, a, C∗, b1, b2, p, q, C1.

6 Journal of Function Spaces



Integrating (41) over ð0, tÞ, we get
ðt
0

ð
Ω

umt σð Þj jl umtt σð Þj j2dxdσ

+ 1 − η λ1 + 2ð Þ + 1 + b1ð ÞC2
∗

2

	 
� �

�
ðt
0
∇umtt σð Þk k2dσ + 1

2

ð1
0
ϱ Zmtk k2dϱ

+ 1
2

ðt
0
Zmt x, 1, ϱ, σð Þk k2dσ

≤ C2 +
1
4η a − kð Þg1 0ð ÞC1T

� �
T ,

ðt
0

ð
Ω

vmt σð Þl
��� ���vmtt σð Þ

����
2
dxdσ

+ 1 − η λ2 + 2ð Þ + 1 + b2ð ÞC2
∗

2

	 
� �

�
ðt
0
∇vmtt σð Þk k2dσ + 1

2

ð1
0
ϱ Ymtk k2dϱ

+ 1
2

ðt
0
Ymt x, 1, ϱ, σð Þk k2dσ

≤ C2 +
1
4η a − kð Þg2 0ð ÞC1T

� �
T:

ð47Þ

At this stage, choosing η > 0 such that

1 − η λi + 2ð Þ + 1 + bið ÞC2
∗

2

	 
� �
> 0, for i = 1, 2, ð48Þ

we find

ðt
0

∇umtt σð Þk k2 + ∇vmtt σð Þk k2� �
dσ

+ 1
2

ð1
0
ρ Zmtk k2 + Ymtk k2� �

dρ ≤ C3:

ð49Þ

We have from (17) and (49) that there exist subsequences
ðukÞ of ðumÞ and ðvkÞ of ðvmÞ such that

uk, vkð Þ⇀ u, vð Þweakly star in L∞ 0, T ,H1
0 Ωð Þ� �

,

ukt , vktð Þ⇀ ut , vtð Þweakly star in L∞ 0, T ,H1
0 Ωð Þ� �

,

uktt , vkttð Þ⇀ utt , vttð Þweakly star in L2 0, T ,H1
0 Ωð Þ� �

,

Zk,Ykð Þ⇀ Z ,Yð Þweakly star in
L∞ 0, T , L2
�

Ω × 0, 1ð Þ × τ1, τ2ð Þð Þ,
Zkt ,Yktð Þ⇀ Z t ,Y tð Þweakly star in

L∞ 0, T , L2
�

Ω × 0, 1ð Þ × τ1, τ2ð Þð Þ:
ð50Þ

We work now with the nonlinear term. From (17), we
find

uktj jlukt
��� ���

L2 0,T ,L2 Ωð Þð Þ =
ðT
0

uktk k2 l+1ð Þ
2 l+1ð Þdt

≤ C2 l+1ð Þ
∗

ðT
0

uktk k2 l+1ð Þ
2 dt ≤ C4,

ð51Þ

where C4 depends only on C∗, C1, T , l.
And from the theorem of Aubin-Lions (see Lions [23]),

we deduce that there exists a subsequence of ðukÞ, given by
ðukÞ, such that

ukt ⟶ ut stongly in L2 0, T , L2 Ωð Þ� �
, ð52Þ

we get

ukt ⟶ ut almost everywhere inΩ ×ℝ+: ð53Þ

Hence,

uktj jlukt ⟶ utj jlut almost everywhere inΩ ×ℝ+: ð54Þ

Thus, using (46) and (48) and the Lions lemma, we derive

uktj jlukt ⇀ utj jlut weakly in L2 0, T , L2 Ωð Þ� �
: ð55Þ

Similarly,

vktj jlvkt ⇀ vtj jlvt weakly in L2 0, T , L2 Ωð Þ� �
, ð56Þ

Zk,Ykð Þ⟶ Z ,Yð Þ stongly in
L2 0, T , L2
�

Ω × 0, 1ð Þ × τ1, τ2ð Þð Þ, ð57Þ

which implies

Zk,Ykð Þ⟶ z, yð Þ almost everywhere inΩ × 0, 1ð Þ
× τ1, τ2ð Þ ×ℝ+:

ð58Þ

The sequences ðukÞ and ðvkÞ satisfy

f1 uk, vkð Þ⟶ f1 u, vð Þ stongly in L2 0, T , L2 Ωð Þ� �
,

f2 uk, vkð Þ⟶ f2 u, vð Þ stongly in L2 0, T , L2 Ωð Þ� �
:

ð59Þ

We have

f1 uk, vkð Þ − f1 u, vð Þk k2 =
ð
Ω

vmj jq+1 umj jpum − vj jq+1 uj jpu�� ��2dx:
ð60Þ

Noting that ðl/2pÞ + ð1/2qÞ + ð1/2Þ = 1, by applying the
generalized Hölder’s and Young’s inequalities, and (8), we get

f1 uk, vkð Þ − f1 u, vð Þk k2 ≤ C ∇ um − uð Þk k2 + ∇ vm − vð Þk k2
 �
:

ð61Þ
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As ðukÞ and ðvkÞ are Cauchy sequences in L∞ð0, T ,H1
0ð

ΩÞÞ (prove it as in [1]), then we get (59)1. Similarly, we get
the convergence (59)2.

Multiplying (29) by ΨðtÞ ∈Dð0, TÞ and integrating the
result over ð0, TÞ, we get

−
1

l + 1

ðT
0

umtj jlumtt , uj

� �
Ψ′ tð Þdt

+
ðT
0
M ∇um tð Þk kð Þ ∇um,∇uj

� �
Ψ tð Þdt

+
ðT
0
∇umtt ,∇uj

� �
Ψ tð Þdt +

ðT
0

f1 um, vmð Þ, uj

� �
Ψ tð Þdt

−
ðT
0

ðt
0
g1 t − sð Þ ∇um sð Þ,∇uj

� �
Ψ tð Þdsdt

+
ðT
0

ðτ2
τ1

μ1 ϱð Þj j ∇Zm x, 1, ϱ, tð Þ,∇uj

� �
Ψ tð Þdϱdt = 0,

−
1

l + 1

ðT
0

vmtj jlvmtt , vj
� �

Ψ′ tð Þdt

+
ðT
0
M ∇vm tð Þk kð Þ ∇vm,∇vj

� �
Ψ tð Þdt

+
ðT
0
∇vmtt ,∇vj
� �

Ψ tð Þdt +
ðT
0

f2 um, vmð Þ, vj
� �

Ψ tð Þdt

−
ðT
0

ðt
0
g2 t − sð Þ ∇vm sð Þ,∇vj

� �
Ψ tð Þdsdt

+
ðT
0

ðτ2
τ1

μ2 ϱð Þj j ∇Ym x, 1, ϱ, tð Þ,∇vj
� �

Ψ tð Þdϱdt = 0,

ðT
0
ϱZmt x, ρ, ϱ, tð Þ +Zmρ x, ρ, ϱ, tð Þ,Z j

� �
Ψ tð Þdt = 0,

ðT
0
ρYmt x, ρ, ϱ, tð Þ +Ymρ x, ρ, ϱ, tð Þ,Y j

� �
Ψ tð Þdt = 0,

∀j = 1,⋯,m:

ð62Þ

We obtain (62) by the convergence of (50), (54), (56), and
(59). This completes the proof.

4. Exponential Decay

In this section, the stability result of the system (13)–(15) is
proved.

We need the following lemmas.

Lemma 3. The functional

F1 tð Þ≔ 1
l + 1

ð
Ω

utj jlutu + vtj jlvtv
� �

dx

+
ð
Ω

∇ut∇u+∇vt∇vð Þdx,
ð63Þ

satisfies

F1 tð Þ ≤ 1
l + 2

utk kl+2l+2 + vtk kl+2l+2

� �
+ 1
2

∇utk k2 + ∇vtk k2� �
+ l + 1ð Þ−1

l + 2
Cl+2
∗ + c

2

 !
∇uk kl+2 + ∇vk kl+2

� �
,

ð64Þ

F1′ tð Þ ≤
1

l + 1
utk kl+2l+2 + vtk kl+2l+2

� �
+ ∇utk k2 + ∇vtk k2� �

+ ε1 a − k + λð Þ − k + b1 + b2
2

+ α

� �
C2
∗

	 


� ∇uk k2 + ∇vk k2� �
+ 1
4ε1

ðτ2
τ1

μ1 ϱð Þj j ∇Z x, 1, ϱ, tð Þk k2�
+ μ2 ϱð Þj j ∇Y x, 1, ϱ, tð Þk k2�dϱ + 1

4ε1
g1∘∇u + g2∘∇vð Þ:

ð65Þ

Proof.

(1) By applying the inequalities of Young and Poincare’,
we find

F1 tð Þj j ≤ 1
l + 2 utk kl+2l+2 +

l + 1ð Þ−1
l + 2 uk kl+2 + 1

l + 2 vtk kl+2l+2

+ l + 1ð Þ−1
l + 2 vk kl+2 + 1

2 ∇utk k2 + ∇uk k2� �
+ 1
2 ∇vtk k2 + ∇vk k2� �

≤
1

l + 2 utk kl+2l+2 + vtk kl+2l+2

� �

+ 1
2 ∇utk k2 + ∇vtk k2� �

+ l + 1ð Þ−1
l + 2 Cl+2

∗ + c
2

 !

� ∇uk kl+2 + ∇vk kl+2
� �

ð66Þ

(2) Direct computation using integration by parts, we get

F1′ tð Þ =
ð
Ω

utj jlutt
� �

udx + 1
l + 1 utk kl+2l+2 +

ð
Ω

vtj jlvtt
� �

vdx

+ 1
l + 1 vtk kl+2l+2 −

ð
Ω

Δuttudx + ∇utk k2

−
ð
Ω

Δvttvdx + ∇vtk k2 = 1
l + 1 utk kl+2l+2 + vtk kl+2l+2

� �
−M ∇uk k2� �

∇uk k2 −M ∇vk k2� �
∇vk k2

+
ð
Ω

∇u
ðt
0
g1 t − sð Þ∇u sð Þdsdx

+
ð
Ω

∇v
ðt
0
g2 t − sð Þ∇v sð Þdsdx
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−
ð
Ω

∇u
ðτ2
τ1

μ1 ϱð Þj j∇Z x, 1, ϱ, tð Þdϱdx

+ ∇utk k2 −
ð
Ω

∇v
ðτ2
τ1

μ2 ϱð Þj j∇Y x, 1, ϱ, tð Þdϱdx

+ ∇vtk k2 − b1 + b2ð Þ
ð
Ω

vj jq+1 uj jp+1dx − 2α
ð
Ω

uvdx,

ð67Þ

estimate (65) easily follows by using MðrÞ ≥ a,
Young’s inequality for ε1 > 0, and (8).

Lemma 4. The functional

F2 tð Þ≔
ð
Ω

Δut −
1

l + 1
utj jlut

� �ðt
0
g1 t − sð Þ u tð Þ − u sð Þð Þdsdx

+
ð
Ω

Δvt −
1

l + 1
vtj jlvt

� �ðt
0
g2 t − sð Þ v tð Þ − v sð Þð Þdsdx,

ð68Þ

satisfies

F2 tð Þ ≤ 1
l + 2

utk kl+2l+2 + vtk kl+2l+2

� �
+ 1
2

∇utk k2 + ∇vtk k2� �
+ l + 1ð Þ−1

l + 2
a − kð Þl+2Cl+2

∗ 22l+1
 !

� ∇uk k2 l+1ð Þ + ∇vk k2 l+1ð Þ
� �

+ 1
2

a − kð Þ

� 1 + l + 1ð Þ−1
l + 2

a − kð ÞlCl+2
∗

( )
g1∘∇u + g2∘∇vð Þ,

ð69Þ

and for any ε2 > 0,

F2′ tð Þ ≤
1

l + 1

�
1 −
ðt
0
g1 sð Þds

� �
utk kl+2l+2 + 1 −

ðt
0
g2 sð Þds

� �

� vtk kl+2l+2

�
+ 2ε2 a − kð Þ2 + αC2

∗
2

� �
∇uk k2 + ∇vk k2� �

+ ε2

(
a − kð Þ + l + 1ð Þ−1

l + 2
g1 0ð Þð Þl+2Cl+2

∗ 22 l+1ð Þ

+ b2
C4 p+1ð Þ
∗

2
+ b1

C2p
∗
2

)
M ∇uk k2� �

∇uk k2

+ ε2

(
a − kð Þ + l + 1ð Þ−1

l + 2
g2 0ð Þð Þl+2Cl+2

∗ 22 l+1ð Þ

+ b1
C4 q+1ð Þ
∗

2
+ b2

C2q
∗
2

)
M ∇vk k2� �

∇vk k2

+ ε2 −
ðt
0
g1 sð Þds

� �
∇utk k2 + ε2

ðτ2
τ1

μ1 ρð Þj j

� ∇Z x, 1, ρ, tð Þk k2dρ + ε2 −
ðt
0
g2 sð Þds

� �
∇vtk k2

+ ε2

ðτ2
τ1

μ2 ρð Þj j ∇Y x, 1, ρ, tð Þk k2dρ

+ M ∥∇u∥2
� �
4ε2

+ 2ε2 +
λ1
4ε2

+ αC2
∗

2

� �
a − kð Þ

( )

� g1∘∇uð Þ +
(
M ∥∇v∥2
� �
4ε2

+ 2ε2 +
λ2
4ε2

+ αC2
∗

2

� �

� a − kð Þ
)

g2∘∇vð Þ − g1 0ð Þ
4ε2

 
1 + l + 1ð Þ−1

l + 2

� g1 0ð Þð ÞlCl+2
∗

!
g1′∘∇u
� �

−
g2 0ð Þ
4ε2

�
 
1 + l + 1ð Þ−1

l + 2
g2 0ð Þð ÞlCl+2

∗

!
g2′∘∇v
� �

:

ð70Þ

Proof.

(1) By using Young’s inequality and the conjugate expo-
nents p′ = ðl + 2Þ/ðl + 1Þ, q′ = l + 2, and Hölder’s
inequality, we obtain

−
ð
Ω

1
l + 1 utj jlut

ðt
0
g1 t − sð Þ u tð Þ − u sð Þð Þdsdx

����
����

≤
1

l + 2 utk kl+2l+2 +
l + 1ð Þ−1
l + 2

�
a − kð Þl+1Cl+2

∗

� 22l+1 a − kð Þ ∇uk k2 l+1ð Þ + 1
2 g1∘∇uð Þ

� ��
,

ð71Þ

−
ð
Ω

∇ut
ðt
0
g1 t − sð Þ ∇u tð Þ−∇u sð Þð Þdsdx

����
����

≤
1
2 ∇utk k2 + 1

2 a − kð Þ g1∘∇utð Þ:
ð72Þ

Similarly, we get

−
ð
Ω

1
l + 1 vtj jlvt

ðt
0
g2 t − sð Þ v tð Þ − v sð Þð Þdsdx

����
����

≤
1

l + 2 vtk kl+2l+2 +
l + 1ð Þ−1
l + 2

�
a − kð Þl+1Cl+2

∗

� 22l+1 a − kð Þ ∇vk k2 l+1ð Þ + 1
2 g2∘∇vð Þ

� ��
,

ð73Þ
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−
ð
Ω

∇vt
ðt
0
g2 t − sð Þ ∇v tð Þ−∇v sð Þð Þdsdx

����
����

≤
1
2 ∇vtk k2 + 1

2 a − kð Þ g2∘∇vtð Þ
ð74Þ

By combining (71)–(74), we find (69).

(2) By derivation of F2, and integrating by parts and (15),
we find

F2′ tð Þ =
ð
Ω

M ∇uk k2� �
∇u
ðt
0
g1 t − sð Þ ∇u tð Þ−∇u sð Þð Þdsdx

−
ð
Ω

ðt
0
g1 t − sð Þ∇u sð Þds

ðt
0
g1 t − sð Þ

� ∇u tð Þ−∇u sð Þð Þdsdx +
ð
Ω

ðτ2
τ1

μ1 ρð Þj j∇Z x, 1, ρ, tð Þ

�
ðt
0
g1 t − sð Þ ∇u tð Þ−∇u sð Þð Þds

� �
dρdx

+
ð
Ω

f1 u, vð Þ
ðt
0
g1 t − sð Þ u tð Þ − u sð Þð Þdsdx

−
ð
Ω

∇ut
ðt
0
g1′ t − sð Þ ∇u tð Þ−∇u sð Þð Þdsdx

−
ð
Ω

1
l + 1 utj jlut

ðt
0
g1′ t − sð Þ u tð Þ − u sð Þð Þdsdx

− ∇utk k2 + 1
l + 1 utk kl+2l+2

� � ðt
0
g1 sð Þds

� �

+
ð
Ω

M ∇vk k2� �
∇v
ðt
0
g2 t − sð Þ ∇v tð Þ−∇v sð Þð Þdsdx

−
ð
Ω

ðt
0
g2 t − sð Þ∇v sð Þds

ðt
0
g2 t − sð Þ

� ∇v tð Þ−∇v sð Þð Þdsdx +
ð
Ω

ðτ2
τ1

μ2 ρð Þj j∇Y x, 1, ρ, tð Þ

�
ðt
0
g2 t − sð Þ ∇v tð Þ−∇v sð Þð Þds

� �
dρdx

+
ð
Ω

f2 u, vð Þ
ðt
0
g2 t − sð Þ v tð Þ − v sð Þð Þdsdx

−
ð
Ω

∇vt
ðt
0
g2′ t − sð Þ ∇v tð Þ−∇v sð Þð Þdsdx

−
ð
Ω

1
l + 1 vtj jlvt

ðt
0
g2′ t − sð Þ v tð Þ − v sð Þð Þdsdx

− ∇vtk k2 + 1
l + 1 vtk kl+2l+2

� � ðt
0
g2 sð Þds

� �
ð75Þ

Using Young’s, Cauchy-Schwarz, Hölder’s, and Poin-
caré’s inequalities, and l ≤ γ, we obtain (70).

At this point, let us introduce the functional given by

Lemma 5. The functional

F3 tð Þ≔
ð
Ω

ð1
0

ðτ2
τ1

ρe−ρρ μ1 ρð Þj jZ2 + μ2 ρð ÞÞY2�� ��� �
dρdρdx,

ð76Þ

satisfies

F3 tð Þ ≤
ð
Ω

ð1
0

ðτ2
τ1

ρ μ1 ρð Þj jZ2 + μ2 ρð ÞÞY2�� ��� �
dρdρdx, ð77Þ

F3′ tð Þ ≤ −η1

ð1
0

ðτ2
τ1

ρ μ1 ρð Þj j Zk k2 + μ2 ρð Þj j Yk k2� �
� dρdρ + λ ∇utk k2 + ∇vtk k2� �

− η1

ðτ2
τ1

μ1 ρð Þj jð

� Z x, 1, ρ, tð Þk k2 + μ2 ρð Þj j Y x, 1, ρ, tð Þk k2�dρdρ,
ð78Þ

where η1 > 0.

Proof. By derivation of F3, and using equations (13)3 and
(13)4, we get

F3′ tð Þ = −2
ð
Ω

ð1
0

ðτ2
τ1

e−ρρ μ1 ρð Þj j∇Z∇Zρ x, ρ, ρ, tð Þdρdρdx

− 2
ð
Ω

ð1
0

ðτ2
τ1

e−ρρ μ2 ρð Þj j∇Y∇Yρ x, ρ, ρ, tð Þdρdρdx

= −
ð
Ω

ð1
0

ðτ2
τ1

ρe−ρρ μ1 ρð Þj j∇Z2dρdρdx

−
ð
Ω

ðτ2
τ1

μ1 ρð Þj j e−ρ∇Z2 x, 1, ρ, tð Þ − ∇Z2 x, 0, ρ, tð Þ
 �

� dρdx −
ð
Ω

ð1
0

ðτ2
τ1

ρe−ρρ μ2 ρð Þj j∇Y2dρdρdx

−
ð
Ω

ðτ2
τ1

μ2 ρð Þj j e−ρ∇Y2 x, 1, ρ, tð Þ

− ∇Y2 x, 0, ρ, tð Þ�dρdx:

ð79Þ

Applying the equality Zðx, 0, ρ, tÞ = utðx, tÞ, Yðx, 0, ρ, tÞ =
vtðx, tÞ, and e−ρ ≤ e−ρρ ≤ 1, for any 0 < ρ < 1, we get

F3′ tð Þ = −
ð1
0

ðτ2
τ1

ρe−ρρ μ1 ρð Þj j ∇Zk k2 + μ2 ρð Þj j ∇Yk k2� �
� dρdρ −

ðτ2
τ1

e−ρ μ1 ρð Þj j ∇Z x, 1, ρ, tð Þk k2�
+ μ2 ρð Þj j ∇Y x, 1, ρ, tð Þk k2Þdρ

+
ðτ2
τ1

μ1 ρð Þj jdρ
 !

∇utk k2 +
ðτ2
τ1

μ2 ρð Þj jdρ
 !

� ∇vtk k2:

ð80Þ
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As –e−ρ is an increasing function, we have –e−ρ ≤ −e−τ2 ,
for any ρ ∈ ½τ1, τ2�.

Then, setting η1 = e−τ2 , we find (78).

Theorem 6. Assume (5)–(8) hold, then ∃ζ1, ζ2 > 0 such that
the energy functional (16) satisfies

E tð Þ ≤ ζ2e
−ζ1t , ∀t ≥ t0: ð81Þ

Proof. We define the functional of Lyapunov

L tð Þ≔NE tð Þ + F1 tð Þ +N2F2 tð Þ + F3 tð Þ, ð82Þ

where N ,N2 > 0.
First, if we let

K tð Þ = F1 tð Þ +N2F2 tð Þ + F3 tð Þ, ð83Þ

then, by (64), (69), and (77), we get

K tð Þj j ≤ cE tð Þ: ð84Þ

Consequently,

K tð Þj j = L tð Þ −NE tð Þj j ≤ cE tð Þ, ð85Þ

which yields

N − cð ÞE tð Þ ≤L tð Þ ≤ N + cð ÞE tð Þ: ð86Þ

By derivation (82) and applying (17), (65), (70), (78), and
(6), one gets

L ′ tð Þ ≤ 1
l + 1 1 − h0ð Þ +N1f g utk kl+2l+2 + vtk kl+2l+2

h i
+ λ 1 +Nð Þ +N1 + ε2 − h0f g ∇utk k2 + ∇vtk k2� �
+
(
ε2M0 a − kð Þ + l + 1ð Þ−1

l + 2 h2C∗ð Þl+222 l+1ð Þ + R1

 !

+N1 ε1 a − k + λð Þ − k + b1 + b2
2 + α

� �
C2
∗

� �

+ 2ε2 a − kð Þ2 + αC2
∗

2

� �)
∇uk k2 + ∇vk k2
 �

+
(
−
1
ξ

M0
4ε2

+ 2ε2 +
λ

4ε2
+ αC2

∗
2

� �
a − kð Þ + N1

4ε1

� �

+ N
2 −

h1
4ε2

1 + l + 1ð Þ−1
l + 2 h1ð ÞlCl+2

∗

 !)

� g1′∘∇u
� �

+ g2′∘∇v
� �h i

− η1

ð1
0

ðτ2
τ1

ρ μ1 ρð Þj j Zk k2�
+ μ2 ρð Þj j Yk k2�dρdρ − η1 +Nβ − ε2 −

N1
4ε1

	 


�
ðτ2
τ1

μ1 ρð Þj j Z x, 1, ρ, tð Þk k2�
+ μ2 ρð Þj j Y x, 1, ρ, tð Þk k2�dρdρ,

ð87Þ

where h0 = min ðÐ t00 g1ðsÞds, Ð t00 g2ðsÞdsÞ, M0 = max ðMð
k∇uk2Þ,Mðk∇vk2:ÞÞ, h1 = min ðg1ð0Þ, g2ð0ÞÞ, h2 = max ðg1
ð0Þ, g2ð0ÞÞ,ξ =max ðξ1, ξ2Þ, and R1 = min ðb1ðC4ðq+1Þ

∗ /2Þ +
b2ðC4q

∗ /2Þ, b2ðC4ðp+1Þ
∗ /2Þ + b1ðC4p

∗ /2ÞÞ.
At this stage, choosing two fixed numbers N , N1, such

that N − c > 0, and

h1 − λ 1 +Nð Þ −N1 > 0,
α1 = h1 − 1 −N1 > 0,

ð88Þ

we choose ε2 small enough such that

α2 = h1 − λ 1 +Nð Þ −N1 − ε2 > 0: ð89Þ

After that, we choose ε1 small enough such that

α3 = η1 +Nβ − ε2 −
N1
4ε1

< 0,

α4 =
(
−ε2M0 a − kð Þ + l + 1ð Þ−1

l + 2 h2C∗ð Þl+222 l+1ð Þ + R1

 !

+N1 k − ε1 a − k + λð Þ − b1 + b2
2 + α

� �
C2
∗

� �

− 2ε2 a − kð Þ2 + αC2
∗

2

� �)
> 0,

α5 =
(
1
ξ

N1
4ε1

+ M0
4ε2

+ 2ε2 +
λ

4ε2
+ αC2

∗
2

� �
a − kð Þ

� �

−
N
2 + h1

4ε2
1 + l + 1ð Þ−1

l + 2 h1ð ÞlCl+2
∗

 !)
> 0:

ð90Þ

Thus, we get

L ′ tð Þ ≤ −1
l + 1 α1 utk kl+2l+2 + vtk kl+2l+2

h i
− α2 ∇utk k2 + ∇vtk k2� �

− α4 ∇uk k2 + ∇vk k2
 �
− α5 g1′∘∇u

� �
+ g2′∘∇v
� �h i
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− η1

ð1
0

ðτ2
τ1

ρ μ1 ρð Þj j Zk k2 + μ2 ρð Þj j Yk k2� �
dρdρ

+ α3

ðτ2
τ1

μ1 ρð Þj j Z x, 1, ρ, tð Þk k2 + μ2 ρð Þj j�
� Y x, 1, ρ, tð Þk k2Þdρdρ,

ð91Þ

c1E tð Þ ≤L tð Þ ≤ c2E tð Þ, ∀t ≥ 0, ð92Þ

using (16), estimates (91) and (86), respectively, we get

L ′ tð Þ ≤ −k1E tð Þ − k2E′ tð Þ,∀t ≥ t0, ð93Þ

for some k1, k2, c1, c2 > 0:
By the combination of (93) with (92), we obtain

R′ tð Þ ≤ −λ1R tð Þ, ð94Þ

where

R tð Þ =L tð Þ + k2E tð Þ ~ E tð Þ: ð95Þ

Integrating the result (94) over ðt0, tÞ, we find

R tð Þ ≤R t0ð Þe−ζ1 t−t0ð Þ, ∀t0 ≥ t: ð96Þ

It follows from (95) that (81) holds. This completes the
proof.
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