Hindawi

Journal of Function Spaces

Volume 2021, Article ID 5577277, 13 pages
https://doi.org/10.1155/2021/5577277

Research Article

Hindawi

On the System of Coupled Nondegenerate Kirchhoff
Equations with Distributed Delay: Global Existence and

Exponential Decay

Let Z = Q x (11, T,) X (0, 00), in this work, we consider

t Ty
it M 9*) s~ it + [ 0= ) )~ [ @) .- Q)+ £, 0 9) =0,

t 7,
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This paper studies the system of coupled nondegenerate viscoelastic Kirchhoft equations with a distributed delay. By using the
energy method and Faedo-Galerkin method, we prove the global existence of solutions. Furthermore, we prove the exponential
stability result.

u(x,0), ¥(x,0)) = (g (x), % (1)), in €2,
(%,0), v4(x,0)) = (u; (x), v, (%)), in 2, (3)
(1), i) = (o5 1), 9y, 1), in 2% (0, 73),

u(x,t) =v(x,t) =0,in 0Q x (0, co),

(
1. Introduction (
(

L
L

where 2 be a bounded domain in R” with smooth boundary
0Q, >0 and A is the Laplacian operator, and the functions

Jr,

Yy Yy [Ty, T,] — R are bounded, with 0 <7, < 7,, and the
(1)  relaxation functions are denoted by g,, g,. The function M
is given by
M:R, —R,,

(4)
= Y
. @) r—M(r)=a+br?,
with a,b>0, and y>1, and the functions f,,f, will be
defined later.
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In 1976, Kirchhoff developed an equation describing the
vibrations produced by a fixed series at its end, since it is con-
sidered a generalization of the d’Alembert equation, and it
belongs to the wave equation models. Over time, many
researchers and authors addressed these issues and problems
with their continuous and rapid development, for example,
see [1-4].

As for viscoelasticity, it is possible to delve into the fol-
lowing works for further clarification [3-10].

Also, the time or delay recorded in many natural and
physical phenomena, especially problems resulting from
vibrations, is an important factor for stability in general.
And it has been studied extensively by many authors, includ-
ing [5-7, 11-21]. Recently, in the presence of the varying
delay, Mezouar and Boularrass studied system (1); for more
information, see [22]. Based on these works, we in this work
expand the results in [22] by adding the term of distributed
delay.

We, under appropriate conditions, obtained the global
existence of solutions, and we proved the exponential stabil-
ity result of the system.

And we divided the paper into the following: in the sec-
ond part, we set out the necessary hypotheses and the main
result; in the third part, we prove the global existence of solu-
tions, while in the fourth part, we present our result for expo-
nential stability.

2. Preliminaries

In this section, we set the necessary hypotheses for proving
the main result.

We need the following assumptions:

(A1) g, : R, — R,,i=1,2 are C' functions satisfying

g(0)>0,a—J gi(s)ds=k>0,i=1,2. (5)
0

(A2) 3&; > 0 satisfying

gty <-Eg,(t),i=1,2,t20. (6)

t

0
PZ (%6 p0t) + Z,(xp0t) =0,
PY (%P 1)+ (% 0, 1) =0,
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(A3) The number / satisfying 0 </ <y and

< 2 ifn>2
< ifn>2,
n-2 (7)
y<oo if mn<2.
(A4)
Filwv) = ayy+ byt (8)
Fo(wv) = agu+ byu| ™ v,
where a,>0,b,=(p+1)(p+q),b,=(q+1)(p+¢g) such

that pand q are onjugate ((1/p) + (1/q)=1),p,q<y—(1/2)
and satisfy

n .
2m-2) it n>2, o)

oo if n<2.

2<p,g<

We set the notations
! 2
(9=9)(0)= | gt=9)¥() - ¥ Pds. (10
0
As in [17], we introduce the new variables
{ u,(x, t—0p) = Z (%, p, 0. ),
vi(xt-ep) =¥ (xpQt).
We have
QZ (% p Q1)+ Z (%, p, 0, 1) =0,
u,(x, 1) = Z(x,0,0, ),
{ Q¥ (. pt) + ¥ (%, pr2st) =0,
V(%) =Y (x,0,0,t).

Consequently, problem (1) is equivalent to

IWWn—A4WV“W)A”—Aun+Jgdt—ﬂAuGﬁh—J 11 (QIAZ (x, 1, 0 t)de + £, (1, v) =0,
0

Ty

=M1 v = A, + | (e~ ) dv(s)s - rwz(qnw(m 1,0, t)do + f,(1, ) =0, (13)

T



Journal of Function Spaces

where

(%, p,5,1) €Qx(0,1) x (11, T,) X (0,00), (14)

with the initial and boundary conditions

((x, 0), v(x, 0)) = (14 (%), o (x)), in 2,

(14,(%,0), v,(x, 0)) = (1 (x), v, (%)), in 2,

(1, (x,=1), vy (%:=1)) = (fo (% 1), Go (%, 1)), i 2 x (0, 73),
u(x,t) =v(x, t) =0,in 002 x (0, c0),
Z(x,p,0,0) =f,(x, p@),in 2% (0, 1) x

(%, 0,0) = gy (%, pQ)-

(0,73)s

We need the following lemma.

Lemma 1. The energy functional E, given by

1 b
B(t) = g (Wi vli3) + 5

(-

1 t 1
+ 5 (a - J gz(s)ds> ||Vv||2+5 (IIVut||2+||Vvt||2)
0

(VP2 w0 ) +

N~

+ 5V + 500 + 5 | [ oo

0J1,;

AVEZ + |y (p) IV ) dpdp + (xJ uvdx
0

Fora)|

(16)
satisfies
E'(02B| (m@IVEE 1o 0 + (o)
VY (5, 1o )P + A(IVu I Vv, )
1/, 1/, 1 17)
+ 5 (g1vu) () + 5 (909v) () = 59,0
Vu(t)l? - égz(f)IIW(t)llz,
where $=((1-6,)/2) >0,
and A=max {A; = ((8,+1)/2) [?|u,(p)ldp, A, = (&, +

1)12) [y (p)ldp}, 6, < 1.

Proof. Multiplying equation (13), , by u;, v;, and we use (15),
one gets

AL e — 2w+ (oo [ gy)ds
dt l+2 Ml ® o0y 2 g

1 1
Vul? + E||Vu,||2 + E(glovm(t)} -3 (gioVu)(t)

1 &
5o OUOF+ | ] n(@AZ (5 1,0 1)deds
(0]

L3t
dt

+ 2(}/111) IIVvt”z(VH) + % <a - J;gz(s)ck) IVv|?
_||Vvt|| + - (gzoVV)( )} _ %(géon)(t)

d
+J utvdx+blj uu|ulP T dx - — { v, 112
(0] 0

# 3R OOF + | ] @14y (5 1,0 fdeds
(0]

T
+J v,udx + bZJ vy |vIP~ |7 dx.
0 Q
(18)

And multiplying equation (13); by —AZ|u,(0)|, and
integrating the result over Q x (0,1) X (7,,7,), one gets

di1 1 p7, 5
Ejﬂjojrlqwlm)uvz) dodpds

17,
:—J JJ |, (Q)IVEVZ ,dodpdx
0JoJ 1,
5| [ @15 (7 dadpa
2 0JoJr t dp P

r 1 (QI((VZ(x,0,0.1)* = (VZ(x, 1,0, 1))*) dedx

NI»—‘ NS

l,
= 5] In@lde] v~ ;j J o

|.“1 |dQ>

NVl - j 1, (@IIVE (x. L o, 1) Pde.

(VZ(x, 1,0 t)) dodx =

l\)l'—‘
/\

(19)

Similarly, multiplying equation (13), by —A% | u,(p) |,
we find
17, 5
||| elt@lvyyidodpas
Q
! 2
3| et@lde 1w (20)

1
-5 | @Iy 100 Pe



by using the inequalities of Young and Cauchy-Schwartz for
8, >0, we have

J VutJ |41 (Q)|VZ (x, 1,0, t)dadx
Q Ty

< % <J| #1(Q)IdQ> G (21)

O
2 @Iz e olde

Similarly, we get

J er |4, (Q)|VY (%, 1, 0, t)dadx
Q T

%(J e >|dq>||w,n2+8—J we)

VY (31,0 £)2de.

By summing (18)-(20) and using (21) and (22), and
choosing &, such that §; <1, we find (16) and (17). This
completes the proof.

3. Global Existence

Theorem 2. Suppose that (5)-(8) hold. Then, given (u,,v,)
€ (H(Q)NHY(Q)) (uv) € (H)(Q)), and (fy, g) €
(HY(Q, (0, 1), (T),7,))), there exists a weak solution (u, v,
Z,Y) of problem (13)-(15) such that

(v, Z, Y) e L°(R,, ), u,
€LV(R, H(I)(Q)) Uy Vy (23)
€ L’(R,, Hy(Q)),

where

%, = (H(Q)nHY(Q)) x (H(2 (0. 1), (1,,7,)))°. (24)

Proof. Let the Galerkin basis uj, v;, Z, %}, for n > 1, we set

W, =span{u, uy,. -+, U, }, (25)
K, =span{v,,v,,. ==+, v, }.

The sequences Z(x,7,p), %;(x, 7, p) are defined for 1
<j<nby

Zj(%0,p) =u;(x), Z;(x, 0, p) = v;(x). (26)
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Then, taking Z;(x, 0, p), %;(x, 0, p) by over L*((0,1) x
(0,1) x (1,,7,)) and denoting

Z,=span{Z, Z,,.--, Z,},

(27)
Y, =span{¥, ¥ > Y u}-

Given initial data ug, v, € H*(Q) NH(Q), uy, v, € H}
(Q), and f;, g, € L*((©2) x (0,1) x (11,7,)), we define the
approximations

j=1
Vo= D Hi(£)v(x),
j=1
]n (28)
Zp= ) fimZ(%T,p),
j=1
Y= ) k()Y (6 7.p)-
j=1
It investigates the following problem:
(1t s ;)M (V0,1 (V73
+ (vumtt’ ) ( 1 (s Vi) ])
t
- J 9y (t=5) (Vi (5),Vu;)ds
0
[ @1 (V7 1,0, ) de =0,
1
(19l Vs ;) +M AT, (1) (79,7, )

+ (V0 V7)) + (F2 (s V1) )

- J;gz(t -5) (va (s),ij)ds

[ b @19 s 10,0175 =0
(0F (%, ;), 01, ) + (Lol o0 t), Z)) =

Q6P 1), Y) + (Y p(xpr 0, 1), Y) =

with initial conditions
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which satisfies

ult — ug, in H(Q) N Hy (Q),

U — u,,in Hy(Q

)
)
: 61)
)

(

vy — v, in H(Q) N Hy(Q),
V' — vy, in Hy (Q),

Fy — Zoin (2% (0,1) x (1,,7,)),

Yy — Yy 2@ (0,1) % (1,,7,)).

Noting that (I/(2(1+1))) + (1/(2(I+1))) + (1/2) =1, by
using Holder’s inequality, we get

(‘umt‘lumtt’ ”j) = JQ|umt|l”mtt”jdx
1/(2(1+1))
([ )02
0

Metiellp gy sl

As (8) holds, using the embedding of Sobolev, the
terms (|umt‘lumtt’ uj) and (|th|l"mzta vj) in (29) make
sense (see [22]).

First estimate.

As the sequences u{', v, ul*, v, Z¢'(.,.,0) and Z7'(.,.,0)
converge and from (17) and Gronwall’s lemma, we get C, > 0
independent of m such that

E, () + ﬁrg(wl(g)uwzm(x, Lol

+ 6 (QIVY (% Lo 1)) de < Cy,
where

b
2(y+2)

1 t
+ IIvaIIZ(“Z)) *3 (a —J gl(s)dS) 1V, |1
0

1 t 1
3 <a -J gz(s)ds> 19,0l 5 (1931, + 19,1
0

1
En(t)= 15 (i3l ) + 55 (19, P02

# 3 (015,) (1) % 3 (6:57,) (1)

' %J JTZQWI(Q)“'V%HZ + i (@IVY,,I?)dodp

0J 1,

+0cJ umvmdx+(p+q)J |um|P”|vm|q“dx,
Q Q

(34)

5
using (33) and (8), one gets
U, v, are bounded in LY, (R, Hy (€2)),
Upps Vo are bounded in Lfy, (R, Hy(Q)), (35)

Zu(%p0 1), Y., (x, p, 0, t) arebounded in
LY (R,, Hy(2x (0,1) x (T, T,)).

loc

The second estimate.
We multiply equation (29),, by g mtt> h

jmes DY summing

j from 1 to n, one gets
[ et P | MU ()11, Tt
Q Q
+ |vumtt|2dx + J fl(um’ Vm)umttdx
Q Q

t
- J g,(t =s)Vu,,(s)Vu,,,dsdx
alo

T2
+J J |t (P)|VE (%, 1, p, 1) Vid,ydpdx = 0,

(36)
j |vmt|l|vmn\2dx+j MUV, ()99, Vv,
0 0O

+ |vatt‘2dx + J f2<um’ Vm)vmttdx
Q Q

t
- J g, (t=8)Vv,,(5)Vv,,, dsdx
Jalo

+ J |1, (Q)IVY u(x: 1,0, 1)V, dodx = 0.

alq
By differentiating (29); 4, we get
@Z (% 0 1) + (%, P, 1), £ ) =
(@Y it (% P @ 1) + Y o pr 0 1), %) = 0.
And we multiply (37), by Z,,, and (37), by % ,,;; by

summing j from 1 to #, we have

1 d , 1d 2

EQE”:ZW” +§%||3°mt|| =0,

1 d 1d (38)
2 2 _

EQE”?”M” + Ed—p”?mt” =0.

Integrating the result (38) over (0, 1) with respect to p, we
obtain

1d (! 1 1
Edl’J Q” mt”2dp + 5 ”zmt(x’ 1’ Q> t>||2 - 5 ”umtt(x’ t)||2 = 0,
0
d 1 2 1 ) 1 5
EdtJ ol il dp + E"?mr(x’ Lo t)l" - E”tht(x: t)||*=0.
0



Summing (36) and (39) and using M(r) > a, we get

J |umt|l|umtt|2dx+||vumtt"2
0
1 d s 2
e Quzmtu dp+ L1Z (01,9, 1))
1
< 2l —j 0y Vit = |t 9t
Q (0]
t
+j J Gyt = 5)Vit, (5) Vit sl
0Jo

P
- j J 1y (@I Z (26 1 0 )V ityedd,
QJr1,

J el [V P+ 19,
(0]

1 d
o o 17

< W O —J AV, Vvl
0O

| ot

[ [ @9 1009,
QJr

t
) mttdx+J ng(t—S)VVm() Vi dsdx
olo

(40)

At this point, we estimate the RHS of (40).
Integrating by parts, and using Young’s and Poincare’
inequalities, one gets

2

H it V)t < S ([Tt P+ [T0,?)
(0]

b iq q+1)
+ 1MC
2

b, C¥’ )
+ |V, 17+
81

QT [Vy,, 90D
(41)
Similarly, we get

Ci(x 2 2
- fz(um’vm) mttdx 2 (Hvumt" +”va£" )
(0}

Ap(p+1)
+ blrlc* |Q|(p—l)/2pllvu "4p(p+1)
) m
b, C¥ . b c2
o 81 Vv "2q + =V mtt"

(42)

b,C2
2 Vit
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And, by using the inequality of Young, we get

2
J avu, Vu, ,dx| <yl Vu, | + Z_nwmuz,
¥ ! (43)
a
J avv,, Vv, dx §11||va”||2 + —||va||2,
Q 4n
we have
t
J J g,(t=s)Vu,, (s)Vu,,,dsdx
alo
a-k)g,(0) (*
<AVl + (4)7191()J Vit ()1,
’ (44)

L}thz(t = $)Vv,,(5) V¥, dsdx

% J;Hva (s)Ids.

2
SHIVY e I” +

Similarly, we get

U j 4@V Z (5 1, @, 1)Vt
0O T,

< 1y | Vit + EJ @IV Z (0 1o, )P

T,

U J |, (Q)IVY (%, 1,0, 1) Vv, dodx
QJr

<ALV P + 4;1J lt, (QIIVY (%, 1,0, 1) 7 de,

(45)

substituting (41)-(45) into (40), and using (17), one gets

Jo|umt| 2,011 dx+( { (A +2)+ %})

1d
JQuzmtu Ao+ 3 1% (6 1.0 1)

||VumttH R~ de

1
<G+ E(a -k)g,(0)C, T,

1 2
J |vmt| ‘tht| dx + ( { (A, +2) %})
o 2

1

Q| el *de + —II?W(%1 e 1)’

0

<G, o (“ k)g,(0)C,

”vatt ”

N|>—‘
&'Q_‘

(46)

where C, > 0 depends on #,,a,C,, b, b,,p,q,C
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Integrating (41) over (0, t), we get
' ! 2
||| 1@ ) Pt
0o

+ (1 - {r;(/\l +2) + (1+5)C, i’l)@})

t 1 1
[ IVt (@ s 5 [ @7 e
0 0

1 t
# 3| 1w 1o o) Pdo
0

1
<G+ —(a-k)g,(0)C, T T,
( an ) (47)

JtJQ’th(o)l’tht(U) dedo

(1= {rrns 080

t 1 1
| 19vma(@Pde + 5 [ el 7mlPde
0 0

1 t
+ EJ | Y (%, 1,0, 0)||*do
0
1
< <C2 + élr](a_k)gZ(O)ClT> T.

At this stage, choosing # > 0 such that

(1 - {11(/\1-+2) + %}) >0,fori=1,2, (48)

we find

[[ 19t @ + 195,0) )
° (49)

1 1
# 3| PN Tl + 175 €

We have from (17) and (49) that there exist subsequences
(u;) of (u,,) and (v;) of (v,,) such that

(th, Vi) — (1, v) weakly star in L (0, T, Hé(Q)),
(t4ges Vi) — (43 v,) weakly star in L (0, T, Hy(€2)),
(thggps Viee) — (144> v ) weakly star in L (0, T, Hy(Q)),
(Z1 Yr) — (£, ¥) weakly star in

L®(0, T, L*(Q2x (0,1) X (1}, 7,)),
(Zro> Y1) = (£ ¥ ) weakly star in
L®(0, T, L*(2x (0,1) x (1, T,)).
(50)

We work now with the nonlinear term. From (17), we

find

2(1+1)
| ke ||2(l+1)dt

T
!
u|'u =
H' el e 12(0.T.L2()) J0|

) (51)
< ci“*”j g 2V de < C,,
0

where C, depends onlyon C,, C,, T, I.

And from the theorem of Aubin-Lions (see Lions [23]),
we deduce that there exists a subsequence of (1), given by
(u.), such that

uy, — u, stongly in L? (0, T, L*(Q2)), (52)
we get
uy, — u, almost everywherein Q x R, . (53)
Hence,
|y |4y, — |u4,|'u, almost everywherein @ x R,.  (54)

Thus, using (46) and (48) and the Lions lemma, we derive

|ukt|lukt — |ut|lut weakly in L (0, T, LZ(Q)). (55)
Similarly,
Vee|'Vie = |v,|'v, weakly in L? (0, T, 1*(2)), (56)

(Zp Y ) — (£, ¥) stongly in

L*(0, T,L* (2% (0,1) X (1}, 7,))s 7)
which implies
(Zw Y1) — (2, y) almost everywherein Q x (0, 1) (58)
X (1), T,) XR,.
The sequences (1) and (v,) satisfy
f1(us vi) — £y (1, v) stongly in L (0, T, L*(02)), (59)

f> (s vi) — f5 (1, v) stongly in L (0, T, L*(02)).
We have

2
1y (40 vi) = f (0, v) | =J [Vl 7 1t P2, = V|7 el u] .
(0]

(60)

Noting that (I/2p) + (1/2g) + (1/2) = 1, by applying the
generalized Holder’s and Young’s inequalities, and (8), we get

1y (o vi) = f1 (w9 |* < CUIV (s = ) |* + [V (v, = )]
(61)



As (u;) and (v,) are Cauchy sequences in L*(0, T, Hy(
Q)) (prove it as in [1]), then we get (59),. Similarly, we get
the convergence (59),.

Multiplying (29) by ¥ (¢) € 2(0, T) and integrating the
result over (0, T), we get

1 T
_mjo (‘”mtvumtt’ ”j)'}/’(t)dt

T
+ OM(HVum(t)H)(Vum,Vuj)'f’(t)dt

| (Vityueo Vi) ¥ (t)dt+J (f1 (s> V) ) P (1)t
9y (t =) (Vi (5), V) ¥ (t)dsdt

14, (Q)[(VEZ (% 1,0, £),Vu) ¥ (t)ddt = 0,

1 T

_mj (|th‘lvmtt’ Vj)l‘y,(t)dt
0

T

+ 0M(||va(t)||)(va,ij)‘P(t)dt

T
+ (VVmeVj)‘P(t)dt+J (2( o Vo )> ])‘P(t)dt

0
T

- Jt Gy (t =) (Vv,,(5),Vv)) ¥ (t)dsdt

0J0

v;) ¥ (t)dedt =0,

T 1,
“| [ @I (v s 10 01

0J1;

T
J (QZ (% p 0 t) + Z (%, @ 1), Z;) ¥ (1)dE =0,
0

T

L (PY (5, o0 1) + Z (5, 0 £), U ¥ (1) =0,

Vj: 1’ ceem
(62)

We obtain (62) by the convergence of (50), (54), (56), and
(59). This completes the proof.

4. Exponential Decay

In this section, the stability result of the system (13)-(15) is
proved.
We need the following lemmas.

Lemma 3. The functional

1
Fi(t) = mJQ(|uz|lutu + |vt\lvtv) dx

(63)
+ J (Vu,Vu+Vvy,Vv)dx,
Q
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satisfies

1 1+2 2\, 1 2 2
Fy() < 5 (Il + ||vt||,12) + 5 (V] + [ 97,]1)

I+ 12 | 1+2 1+2
+< e ) (19w oy ),
(64)

! 1 1+2 1+2 2 2
Fi(t) < 1o (ll22+ 1l22) + (1] + [0, P)
o))

+{£1(a—k+A)—k+ (bl;rbz +

1 (%
;j (I @IIVE (5 Lo D

- (IVul® + |Vv)%) +
1

+ |, (Q)| VY (x, Lo 1) || ) de + = (g,°Vu + g,oVv).

(65)

Proof.

(1) By applying the inequalities of Young and Poincare’,
we find

142 ( 1)_1
(O] < g g+ S22

(l+1)7 1+2 2 P
el + 2 (V] + | uP)
1 L I
IVl 191 < g (Il + 2

T3
1 (1) o, €
+ (19 + |9]) + ( I cnal

(Va2 + | vv) )

1
) + 7 vl

1+2

(66)

(2) Direct computation using integration by parts, we get

J (|vt|lvtt) vdx

vl | A+ v P
Q

1+2
1+2 1+2
7 (i3 + w13)

M([[vv]*) Vvl

(0= () s 3+

l+1|

- | Av,vdx + HVvt||2 =
Q

oJ

= M(|Vul]*) | Vu|* -

t
+ VuJ g, (t = s)Vu(s)dsdx
0

JQ

t
+ VVJ g, (t = s)Vv(s)dsdx
o Jo
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—J VuJ |, (Q)|VZ (x, 1,0, t)dodx
[0} Ty
|V 2 - JQWJ (@Y (3 1, 0, ) dodx

+ | Vv, ||* = (b, + bZ)J V| |l dx - 2ocJ uvdx,
Q Q

(67)

estimate (65) easily follows by using M(r)=>a,
Young’s inequality for &, > 0, and (8).

Lemma 4. The functional

ey [ (= ) [ oute=s)(u(e) = st

o[ (4= il [ aute= 9wt - visis
(68)

satisfies

Fa(t) < s (I3 + Iil52) + 5 (19 12+ 192,])

+ ((l l++1;_1 (a- k)1+zcl*+2221+1>
. <||vu||2(1+1) + HVV||2(I+1))

-1
.{1+(l+1)
I+2

+é(a—k)

(a- k)ICIIZ} (g,°Vu+ g,oVv),

(69)

and for any €, > 0,

P s i | (1-] sl (1- [ autoas)

! aC?
] + (2esa=k2+ 552 ) (17 + o)

+ 82{((1 —-k)+ (ll:l;il

4(p+1) 2
ct c
R } (173 93

+{(ak)( ;

q+1
2
+b1 } (IvvI?)[1vvll

(gl (0>>l+2ci+222(l+1)

( 2( )) +2Cl+222 (I+1)

(e [a e ) 19+ o)

1

t
NVE (o 1 py 1) dp+ ( - gz<s>ds> G
0

j () [VY (3 1, p, )| Pdp

M([IVull? 2
+{(" ul’) + <2£2+ A + ac*)(a—k)}
4e, 4e, 2

M (Vv A 2
- (g,°Vu) + {7(" ") + (282 + 2 ocC*>
4e, 4e, 2

(a-k) } (9,09v) - g;i? (1 +

~ <g1<0>>’c’:2) (giovu) - 2

4e,

- (1 - %(gzwnlci“) (g1s%).

(70)

Proof.

(1) By using Young’s inequality and the conjugate expo-
nents p' =(1+2)/(I+1), q¢'=1+2, and Holder’s
inequality, we obtain

1+2 ( +
)

e [ S

_l+2|

N 1
(2R + S (6w ) |

HQV”tJ tf’l(t = $)(Vu(t)=Vu(s))dsdx

1 72)
< SV + 5 (a— k) g,V
Similarly, we get
1 t
| il gate= 000 - st
1+2 (l+1) 1 A2 73
S psllis S a-wie o9

N 1
(2= S0
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‘_ngvfj;gz(t — 5) (V¥ (t)-Vv(s))dsdx

1 1
< 5 ||V"t||2 + 5 (a—k)(g,°Vvy)

By combining (71)-(74), we find (69).

(2) By derivation of F,, and integrating by parts and (15)

we find

!

Fit) =
_ LJ; g.(t- s)Vu(s)dsJ;gl (t-9)
- (Vu(t)=Vu(s))dsdx + JQJTZ

T

. (J;gl (t- s)(Vu(t)—Vu(s))ds) dpdx

Vutjt g1(t =) (Vu(t)=Vu(s))dsdx

J JO (t=s)Vv(s thz(t—s)

~(Vv(t)=Vv(s ))dsdx+J

. (Jogz(t—s)(Vv( )-v (s))]ds> dpdx
[ 5w ante= 9010 - v s

0

vitjt g(t = s)(Vv(t)-Vv(s))dsdx

,i 1 vi'v J gyt = $)(v(t) = v(s))dsdx

—(thn e rrpoll) ([ aae)

Using Young’s, Cauchy-Schwarz, Holder’s, and Poin-

caré’s inequalities, and [ <y, we obtain (70)

At this point, let us introduce the functional given by

(74)

J M(”VuHZ)VuJ gl(t—s)(Vu(t)—Vu(s))dsdx
Q 0
1 (P)IVZ(x, 1, p, 1)
| 9] 9100 =9)(u(0) - (9

Q 0
il J 91(t = 5) (1) - u(s)) dsdx
: (iw + i) ([Lono)

o] Mo wj 9a(t =) (VY(1)~V(s)dsdx

[ty o
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Lemma 5. The functional

Fi0= [ | [0 ()1 + )9 dpdpa
(76)

satisfies

F3(f)SJQJ:J:P(Im( 72+ |us(p)) 72| pdpds, (77)

Fy(t) < —mjoj”p(|m<p>|z||2 @ IZ1P)
dpdp-+ ([T + [, - mr(lm(p)l

7

I Z (5 L, 1)]|7 + | (p) | Y (3 1, ps t)[|7) dpdp,
(78)

where 17, > 0.

Proof. By derivation of F;, and using equations (13); and
(13),, we get

17,
F==2| | [ e (pvve, v pp. ) dpdpds
0JoJ 1,
1 p7,
—ZJ ” ePPluy(P)IVYVY (% ps p, t)dpdpdx
0JoJ T,
1 p7,
=] [ ] perln vz dpdpas
0Jo

T

| [ ol 100 - 9220 0,0
11,
dpd [ | [ pelu(p) V9 dpdpd
0JoJ 1,

- JQJ IGIGAZZCITY)
-V%*(x, 0, p, t)]dpdx.

(79)

Applying the equality Z(x,0, p,t) =u,(x, ), ¥(x,0, p, t)
vi(x,t),and e <e PP <1, forany 0 < p <1, we get

F(t) = —joj”pe'”’<|m<p>|||vz|2 @YY

-dpdp—J2

Ty

(| (P)IVE (% 1, p, 1)

HluPIIVY (6 1. 1) [2)dp (80)

+ (ﬁul(pndp) 92, + (j”uz<p>|dp>

(V.
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As —e7F is an increasing function, we have —e™” < —e ™2,
for any p € [1y, 7,).

Then, setting #, = ™™, we find (78).

Theorem 6. Assume (5)-(8) hold, then 3(,,{, > 0 such that
the energy functional (16) satisfies

E(t) <{e ™, Vet (81)
Proof. We define the functional of Lyapunov
Z(t)=NE(t) + F(t) + N,F,(t) + F;(t), (82)

where N, N, > 0.
First, if we let

F(t) = Fi(t) + N Fy(t) + F5(1), (83)

then, by (64), (69), and (77), we get

(1) < cE(1). (84)
Consequently,
[(0)| = | (¢) - NE(t)| < cE(#), (85)
which yields
(N = 0)B(t) < Z(t) < (N + O)E(t). (86)

By derivation (82) and applying (17), (65), (70), (78), and
(6), one gets

1

I I
< {1 =ho) + N} 2+ 2]

+{A(1+N) + N, +& = ho}(||Vas||* + [ Vvi]?)
1 -1
+ {szMO ((a —k)+ (Gl (h,C,)"2220+D) 4 R1>
1+2
+N, (sl(a—k+/\)—k+ (bl erbz +oc>Ci>

+ (282(a— k)* + g) } [[[Vae]|* +[|VY]*]

2
+ ! %+ 252+i+“c* (a—k)+&
& \4e, 4e, 2 4e,

Z'(t)

11

() + (g2v)] -mffp(|m<p>|||z||2

0

Nl
+ |, ()| Z|I*) dpdp - {171 +NB-¢ - 4—81}

~ j (I (N Z (o1, o 1) P

()Y (s 1, )| dpdp,
(87)

where  hy =min ( f)"gl (s)ds, fgogz (s)ds), M, =max (M(
I9all?), M| V¥[*)), By =min (g, (0). ,(0)). hy = max (g,
(0), 9,(0)).€ =max (£},&,), and R, =min (b, (C{7/2) +
b,(CH12), by (CLP*1)12) + b, (C#12)).

At this stage, choosing two fixed numbers N, N, such
that N —¢>0, and

h; =A(1+N)-N, >0,

(88)

a,=h,—1-N, >0,

we choose &, small enough such that
a,=h; —A1+N)-N, -¢>0. (89)

After that, we choose ¢, small enough such that

N
(x3=111+N/3—82—E <0,
1

1 -1
a, = {—32M0<(a—k)+ U;; (hyC, )23+ +R1>

+N1<k—£1(a—k+)t)— (bl;rbz +a>Cﬁ)
2
- (282(a—k)2+ Of*)} >0,
2
ocsz{l(Nl +% + (232+ i+ aC*)(a—k))
E\4e, e, 4e, 2

-1
—ﬁ+ﬁ<1+ (+1) (hl)’ci+2>}>o.
PR I+2

(90)

Thus, we get

' 1 142 142 2 2
Z(t) < T1% [”utHl:Z + HVsz:z} =, ([Ver || + ||V, 1%)

— oy [[1Vull + V] - s | (g1ovu) + (g25V)|
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] [ ol @I+ (e 11 dpdp

0J 1,

+%f1m@wszmnWﬂm@n

Ty

(1% (%1, p,t)[|*)dpdp,

o E(t) < Z(t) <c,E(t), Vt 20, (92)

using (16), estimates (91) and (86), respectively, we get
L' (t) <=k, E(t) - k,E' (£) .Vt > t,, (93)

for some ki, k,, ¢;, ¢, > 0.
By the combination of (93) with (92), we obtain

R (t) <M R(1), (94)
where
R(t)=ZL(t) + k,E(t) ~ E(t). (95)
Integrating the result (94) over (¢,, t), we find
R(t) < R(ty)e ), Vi, > t. (96)

It follows from (95) that (81) holds. This completes the
proof.
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