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Recently, hypergeometric functions of four variables are investigated by Bin-Saad and Younis. In this manuscript, our goal is to
initiate a new quadruple hypergeometric function denoted by Xgi , and then, we ensure the existence of solutions of systems of
partial differential equations for this function. We also establish some integral representations involving the quadruple

hypergeometric function Xf{i).

1. Introduction

Special functions, in recent years, are a piece of research that
turned out to be very attractive to many scholars, hunting
generalisations which are almost always evoked by applica-
tions. Hypergeometric functions of several variables have
many applications in mathematical physics, statistical sci-
ences, physics, dynamics, quantum mechanics, chemistry,
and engineering (see, e.g., [1-7]). Multivariable hypergeo-
metric functions occur in diverse areas of mathematics such
as approximation theory, partition theory, representation
theory, group theory, mirror symmetry, and algebraic geom-
etry. They possess important properties such as recurrence
and explicit relations, summation formulas, symmetric and
convolution identities, and algebraic properties. Further-
more, multidimensional hypergeometric functions are used
to solve boundary value problems (Dirichlet problem, Neu-
mann problem, and Holmgren problem) for multidimen-
sional degenerate differential equations (see [8-12]).

In [13], Bin-Saad and Younis introduced several integral
representations of Euler type and Laplace type for new hyper-
geometric functions in four variables. The authors, in [14],
defined four new quadruple hypergeometric functions,
namely, Xgé),Xg),Xg, anng), and they obtained frac-
tional derivative formulas, integral representations, and
operational formulas for these quadruple hypergeometric
functions. More recently, Younis et al. [15] introduced and
studied further quadruple hypergeometric functions denoted
by Xé‘?,Xé?, ---,Xg(l)). Each quadruple function in [13-15]
can be expressed as

© moyn op 14
XWey= O(m,n,p,q xryz (1)
(> m,n;qzo ( )m' Yl'p' q'

where ®(m, n,p,q) is a sequence of complex parameters
and there are twelve parameters in every series X*(-)
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(eight a’s and four ¢’s). The 1st, 2nd, 3rd, and 4th param-
eters in X(*)(-) are connected with the integers m, n, p, and
q, respectively. Every repeated parameter in the series
X™(.) points out a term with double parameters in ®(m, n,
p>q)- Hence, it is possible to form various combinations of
indices. It seems that there is no way to establish indepen-
dently the number of distinct Gaussian hypergeometric series
for each arbitrary integer n >2 without giving explicitly all
such series. Hence, in each situation with n = 4, one ought to
start with actually building the set like the case n = 3 (refer to
(16]).

Motivated by the works [13-15], we define here the fol-
lowing quadruple hypergeometric function:

4 L
Xé4)(21,{’,2,€3,€4;]1,]2,]3;x,y,z,t)
OZO: (el)2m+n(£2)n+p(£3)p+q(e4)qﬂ)’_nfﬁ
) mipUn)n(s), — minlplgl  (2)

m,n,p,q=0

1
-<|x|<1,|y|<1<z<1<|t|<1>,

where (£), is the well-known Pochhammer symbol given as

1, n=0,
(®),= { (3)

ee+1)---(€+n-1), neN:={12,--}.
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Throughout this paper, N, Z~, and C denote the sets of
positive integers, negative integers, and complex numbers,
respectively. Also,

N, :=NU {0},

Z,=17"U{0}. )

Recently, various interesting hypergeometric functions in
several variables have been investigated by many authors
(see, e.g., [17-24]). In Section 2, we show how to find the lin-
early independent solutions of partial differential equations

satisfied by the function X éi). Section 3 is aimed at presenting

some integral representations of Euler type for our quadruple
function.

2. Solving Systems of Partial
Differential Equations

Following the theory of multiple hypergeometric functions
[25], the system of partial differential equations for the qua-

druple hypergeometric function Xéi) is given as follows:

4 C
where u =X (8, €, €3, 845 i s j3 35952 1),

'+xa+ 0 xa+1 xu- E+2xa+2 a+1 €+2xa+2 g u=0
1 FXS eSS Ix 1 Ix J’@ 1 Ix )’@ =Y
i) + g a+1 Ty - €+2xa+2 g €+2xa+ g u=0

2 )’@ )’a—y J 1 i )’a—y 2 I )’a—y =0,
'+a+a a+1 ’1—€+a+a (’,+a+ta =0
Hxo -tz )z Slu={btyg rag )| breg, vy U=,

'+ta ta+1t‘1—€+a+ta (’,+ta =0
AT ANE T S R R TS AR TS L

‘@
S~—

Starting from (5) and by making use of some elementary
calculations, we define the system of second-order partial dif-
ferential equations:

x(1—4x)u,, — dxyu,, +zu,, —yzuyy + iy —2(28) +3)x]u, = 2(8; + 1)yu, — £, (€, + 1)u =0,
y(1 —y)uy), = 2Xyu,, — 2XZU,, + yZU,, — 20, xu, + [j, — (€, + €, + l)y]u), —8zu, — £,6,u=0,
2(1 = 2)u,, — Xt — yzu, +ytu, — ztu —Lyu, + [j; = (€ + & + 1)z]u, — & tu, — €,€u =0,

H(1 = t)u, — ztu,, — Lzu, + [j; — (€ + €, + 1)tJu, — 658,u=0.
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It is noted that four equations of the system (6) are simul-
taneous. In fact, the hypergeometric function X gi) verifies the
system. To find the linearly independent solutions of system

(6), we will search the solutions in the form

u=x"yPz"tow, (7)

where w is an unknown function and «, 3, y, and & are con-
stants, which are to be determined. So, substituting u = x*y#
2'%w into the system (6), we get

x(1 = 4xX)wy,, — dxyw,, + 2w, = yw,, + {j, +y +2a =221 + 20+ B) + 3x}w, - 2(8; + 2+ B+ Dyw, + ax'zw, - [a(j, +a+y—1)x + (€ + 20+ B)(¢ +2a+ f+1)]w=0,

y(1=
z(1-

Systems (8) and (6) have the same structure and can
therefore be approached with similar techniques. System
(8) implies

a=0,
i, —1)=0,
PB+j,-1) )
y=0,
0(6+j,—-1)=0.

Therefore, system (9) has the following solutions:

1 2 3 4
a= 0 0 0 0

B= 0 1-7 0 1-j7. (10)
y= 0 0 0 0

= 0 0 1-7 1-j7

Finally, substituting two solutions of the system (10) into
(8), we find the following linearly independent solutions of
the system (6) at the origin:

4 .
uy (%9, 2, t) :X§34) (815 €5, €35 845 15 oo J3 3 % 15 20 1),
i (4 . . .
Uy (%, 3,2, 1) = y' ]ZXi(M) (€ +1—jpty+1-j58,85),2
_j2:j3;x>ya Z, t):
us3(x,y,2,t) = tl_j3X§i) (5,88 +1—j5, 8, +1
—J33didp2 =33 % )% 1),
uy(x, > 2, 1) :J’l_jztl_j3Xz<§i) (C+1-jpt+1—j8
t1-jp b+ 1-j35j2 )52

ysxpat).

PIW,y = 2xyw,, = 2x2W,.. = yzw,, = 2(8 + a+ Pxw, + {j, + 2 [(& + 20+ f) + (& + f+y) + 1]yjw, — (& + 20+ f)zw, - [*ﬁ(jl +B-1)y "+ (0 +2a+ ) (L, + B+ y)}w =0,
)W, +xW,, — yzw,, — ytw,, - ztw,, +yxz ' w, — (& +y+0)yw + {ji+a+2y—[(G+f+y) + (G +y+0) + 1 zjw, — (& + B +y)tw, - {~v(, +a+y- Dz + (& +B+y)(t + y+0)jw=0,

(1= tyw,, —ztw,, — (& + 8)zw, + {j; +26 — [(&; +y + ) + (& +J) + 1]t }w, — [—5(j3+8— l)tl + (& +y+8)(Ly +5)]w=0.

(8)

3. Integral Representations of Euler Type

Here, we give eight integral representations of Euler type for

Xgi) whose kernel contains the Gaussian hypergeometric
function ,F, (see [16]), Appell function Fj (see for details
[16, 25]), the Exton triple functions X4, X;,, X, [26], Laur-

icella’s function of three variables Fy [16], and the quadruple

functions Xi4),X(2? (see [20, 21]):

4 ..
Xé4)(€1,€2,€3,€4;]1,]2,]3;x,y,z,t)

_ L)L (s)
L) (6)T(j, =€) (s — &)

T e enyps (o)
X (1 - e’ﬁ)jfzrl(l —ye"")fel (1 - te’ﬁ) - (12)

1 ¢, +1
XF3<—1’1+€2_jz’lT’€3;j1;

2

4x —ze “

, doadf3 (R(L,
(1 _ye—(x)Z (1 _ e—a)(l _ te‘ﬁ) ) ﬁ( (E )
>0,R(6) > 0, R(j, ~ ) >0, R(jy ~ ;) >0),

4 ..
Xé(34)(€1’ 6,85, 8457152033 %: 0, 2, 1)

_2MRI(jy) JOO cosh «(sinh’a)
L&) (j, =€) Jo (1+M sinhzoc)jz_El

x [(1+M sinh’a) — My sinh’a i Fy

6,-1/2

e . € +1 S
: <€47 51; 1 + 82 _]2) €3; lTae_’, ;]3)]13]1 5
4x(1+M sinhzoc)2
[(1+M sinh’a) - My sinh’a
~da (R(,)>0,R(j, — &) >0,M>0),

-t

5> —zM sinh? (x>

(13)



(4)

T TG, - )

4 ..
Xt(m)(el: 6,835,845 )15 o 3 3% 15 25 1)

sa (858283, 845 715 20 33 %, 95 25 1)
2(1+ M) T(jy)

4
Xy

/2 (sinzoc)e‘*l/2 (coszoc)jfe‘fll2
Jo (1 +M sinzoc)jz_e2

x [(1+ M sin’a) — (1 + M)y sinztx]_ezFN

1+€,—j
: <e4) flba{)'z’ 833

+ 1,855 75 jio jy 3 6 4x(1 + M)? tan'a,

z(l +Msin20c) )

. [(1+M sin*a) - (1+ M)y sin’a]
~da (R(8)>0,R(j, -

- (14)

£,)>0,M>-1),

(€158, €35 845 15 o 33 % 95 25 1)
2MIB(j) J”/Z (sm oc)]3 b= /2( os>a )83_1/2
I'(&)I(j;—45) Jo (cosz(x+M sin oc)]3 b

cos a+ M sin’a) — t cos?a] X
16
oc) da

(15)

o z cot?
(E1,€2,1+€ 13501 )25 % ) M

“(R(€)>0,R(j; —€)>0,M>-1),

(6 +€,)I(j,)
) (W, = VT (W, = VT

F({’ JT(85)I(£4)L(j
;LZ VS (W, - @ (B V)b
(W, - ﬁ)4 x[(Wy -V )_(“_Vl))’]_ezxw
-<€3+€4,€2,1+£21_]2 4 2]2 +15j5 015
BV (W, =Pt (B-V,)z a-Vi\’
(Wz_V2)2 ' (WZ_VZ)’4(W1_‘X> x)

-dadB (R(€) > 0,R(L;) > 0,R(L,) >0, R(j, — £,)
>0,V < W, V,<W,),

4 ..
Xt(34) (€15 €35 855 845 15 o J3 3% 15 25 )

(16)
B I'(e+b)I(j)) !
- 2e3+b+f1’ZF(E3)F(a)F(b)T(j1 —-a) J—lj—l(l o)

(1= "‘)b_l x (1L+B)"(1 _ﬁ)jﬂHXU (81’32’33
(1+p)x (1+“)(1—ﬁ)2)

+bsa,j,j,—a; RA 1
. l+a
F, <E4, 1-b;js;, (m) t) dadf (R(¢5)

>0,R(a) >0, R(b) >0, R(j, - a) > 0),
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Xé4)((’,1, €, 85, 845152 J3 3% 15 25 F)

_AT(f, +8)T(8, +85) J"/Z J"/Z
Ie)Ir€)rs)re,) o Jo

) (COSZ(X)€4_1/2 (sinzﬁ) b1z (coszﬁ) e3—1/2X514)

: (31,31,32,31,31,32,32,32 i1 JardiJas

.2
z sin“2
P ,t cos’a coszﬂ)

(sin2 @) 12

- x sin*a, y sin’a sin,

~dadB (R(€)>0(i=1,2,3,4)),
(18)
XY 00,00, 8,575 7y in s
ss (8158583, 84 5715 s J3 3% 15 25 1)
=(1+M)“lr(el+e4)J1 A U )
re,)re,) o (1+Ma)hth 24
(19)

' (21’21)€2$81)E1a22)€3)24;jl’jz)jlaj_?,;
(1+M)’a’x (1+M)ay , (-
(1+Ma)* ~ (1+Ma) ™ (1+Ma)

-da (R(2) >0, R(€,) >0, M>—1),

> 4>

where the Gaussian hypergeometric function ,F,, Appell
function F;, Lauricella triple hypergeometric function Fy,
Exton hypergeometric functions X, X7, X;4, and the qua-

druple functions Xf;l), Xgi) are defined, respectively, by

(20)

xn
,Fi(a,bsc5x) = o (lxI<1),

Fi(a,b,c,d;e;x,y)

_§ @

m,n=0

(d@M@ﬁgjmuﬂ%WH<m

Fy (81585, 85, b1, by, b 5 15 s iy 5% 95 2)
_§ O0,0) )y
m,n,p=0 (]1>m(]2)n+p

S(r+s<Inv< x| < |yl <5, |2l < v),

Xi6(81> €2, 835 15 Jp 5%, 9 2)
020: (81)2m+n(€2)n+p(€ ) x"y" 2
m,n,p=0 (jl)m+p(j2) m' n'p'

: (s<1/\vsT”( YAF < —(1—s) )

()

U (s<1/\TV(s)<v<1—s/\r<
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1-s \?
(1—1/25) > Oss<yp
T"(s) = (Ixl <7, Iyl <5, 12l <v),

1-s

<s<l1
2s

[SSHN ]

(24)
X17(81> 8583315 Jps 33 %, 95 Z)

(El)Zern (EZ)n+p(€3)p ﬁ)’_ni
(71)m(2)n(s), — min!p!

m,n,p=0

1
. (r< Z/\v<1/\s< (1—2\/?)(1—v),|x|sr,lyISS,lzlsv),

(25)

X19(81> €5, 83,845 15 jo 3 % 95 2)
i (81) 2 (€2),,(83), (L), X" yn b (26)
mnp=0 U0)mU2) nep m! n! p!
C(s+2vr<inv<Lixl <yl <s |2l <v),

4 . . . .
XEL >(€1’ 6,65, 81, 81,85, 5,855 15 iy 1o J3 5% 95 2 1)
— (81)2m+n+q(€2)q+n+2p ﬁ)/_nff
mopg=0 U1 msp(12),(J3), minlplg! (27)

W< Sl <Llel < S <1
‘ X —> > |12 ) 5
4 y 4

4 Lo
X§4)(El,81,€2,€1,£1,22,E3,{’,3;]1,]2,]1,]3;x,y,z,t)

OZO: (€1)2m+n+q(82)n+p(£3)p+q ﬂﬂ{ﬁ
U0 mipU)n(s),  mintplq  (28)

m,n,p,q=0
1
< Ix] < Z,|y|<1,|z|<1,|t|<1 .

Proof. We begin by recalling the following integral represen-
tations of the beta function (see, for example, [27, 28]):

Jla“@ o) 'da (R(a)>0,R(b) >0),

Blab)= I(a+b) oG-
T{@)T(b) (@ 0C/%0)
(29)
B(a,b) = Jl 11— ) da
_ (W— V)lahJW((X— V)a—l(w_a)h—ld‘x (30)
“(R(a)>0,R(b)>0,V<W),
77/2 b
B(a,b) = ZJO (sin oc)za_l(cos oc)2 da
= J:O(e_“)”(l - e_"‘)b_ld(x (R(a) >0, R(b) >0),
(31)

5
1
B(a,b) —21*“*171 (1+a)" (1 -a)da
-1
00 . 2a-1
_ 2M“J cosh «(sinh «) da(R(a) (32)
0 (1+M sinh’a)

>0,R(b)>0,M>0).

For convenience, let U denote the right-hand side of rela-
tion (12). Then, by substituting the expression of F; from
definition (21) into the right-hand side of (12) and using
(31), we have

(& +2m),(1+8 - j,),(85), (& +p),(-1)
(]l)m+p

(e
U= z ( 1)2m
m,n,p,g=0

I'(j,)
lsz)F Jz -4)

OO

e Zz+n+p a)jz—(lz—p—ldlx

84 j—€4—1
J +q iy ﬁ)] d
0

X ——

34)
xLLiﬁz § uw2h><
m! nl plq! =0 I(j,-¢ )
(& )2m+n(€2)n+p( )p+q(E4) X"yt 2Pt
) mepU2)aliz)y — minlplq!
(21)2m+n(£2)n+p(23)p+q(€ )qx Yy
) mipUn)alis), — minlplg!

4 .
Xé4) (81585585, 84515 2 33 % 15 25 1) 5

-p)(=1)”

)

m,n,p,q=0

(33)

we are led to the desired result. A similar argument in the
proof of relation (12) will be able to establish the results
(13)-(19). So, details of the proof are omitted. O
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