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In this paper, numerical methods for solving fractional differential equations by using a triangle neural network are proposed. The
fractional derivative is considered Caputo type. The fractional derivative of the triangle neural network is analyzed first. Then, based
on the technique of minimizing the loss function of the neural network, the proposed numerical methods reduce the fractional
differential equation into a gradient descent problem or the quadratic optimization problem. By using the gradient descent
process or the quadratic optimization process, the numerical solution to the FDEs can be obtained. The efficiency and accuracy
of the presented methods are shown by some numerical examples. Numerical tests show that this approach is easy to implement
and accurate when applied to many types of FDEs.

1. Introduction

Fractional differential equations (FDEs) have been a hot
topic in many scientific fields, such as dynamical system con-
trol theory, fluid flow, modelling in rheology, dynamic pro-
cess of self-similar porous structure, diffusion transport
similar to diffusion, electric network, and probability statis-
tics [1–9]. These problems in science and engineering some-
times require us to get the solutions of various fractional
differential equations. But as we know, it is difficult to find
the exact solutions in most cases. So, we have to use numer-
ical methods to solve fractional differential equations.

In the literature, some numerical methods for solving
FDEs have been proposed, such as nonlinear functional anal-
ysis methods, including monotone iterative technique [10],
topological degree theory [11], and fixed point theorem
[12]. In addition, someone proposed the following numerical
methods: random walk [13], Adomian decomposition
method and variational iteration method [14], homotopy
perturbation method [15–17], etc.

In recent years, some scholars try to use the neural net-
work to solve differential equations [18–20]. Lagaris et al.
[21] proposed an artificial neural network method for solving
initial and boundary value problems. In their work, a trial
solution is adopted and written as the sum of two parts.
The first part satisfies the initial or boundary conditions
and does not contain adjustable parameters while the con-
struction of the second part does not affect the initial and
boundary conditions. Then, the neural network is trained
to satisfy the differential equation at many selected points.
The question for this method is that it is difficult to construct
the first part of the trial solution and this method cannot be
applied to fractional partial differential equations.

Piscopo et al. [22] also introduced a method to find the
numerical solutions of many types of differential equations.
The proposed method does not depend on the trial solution
and therefore has more flexibility in many cases. It can be
used for solving many types of ODE and PDE. The two men-
tioned neural network techniques motivate us to develop
more neural network methods to solve FDEs, but how to
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get the fractional order of the neural network is a difficult
problem.

To overcome this difficulty, in this work, we use a triangle
base neural network as basis function to propose an alterna-
tive method called triangle neural network methods. This
paper is organized as follows. In Section 2, we study the frac-
tional derivative of the triangle base neural network and pres-
ent the numerical method for solving many types of FDEs. In
Section 3, we show the efficiency of the proposed method by
some numerical examples. Section 4 is the conclusion.

2. Fractional Derivative of Triangle Neural
Network and Numerical Algorithm

2.1. Ordinary Fractional Differential Equation. To solve the
following fractional initial value problem (1) and boundary
value problem (2),

D αð Þy = f x, yð Þ,
y kð Þ 0ð Þ = yk, k = 0, 1,⋯,m − 1,

(
ð1Þ

where m = ½α�:

a xð ÞD αð Þy + b xð ÞD βð Þy = f xð Þ,
y 0ð Þ = y0, y lð Þ = y1,

(
ð2Þ

where aðxÞ and bðxÞ are real functions, 1 < α ≤ 2, 0 < β ≤ 1.
DðαÞ and DðβÞ are Caputo fractional derivative operators.

We consider the following triangle base neural network 1
(see Figure 1) to approximate the solution of problems (1)
and (2), where wj are weights for the neural networks and
CjðxÞ are triangle base functions as the following:

Cj xð Þ =
cos jxð Þ, j = 0, 1, 2,⋯,N ,
sin j −Nð Þx½ �, j =N + 1,N + 2,⋯, 2N ,

(
ð3Þ

where CjðxÞ are activation function of neurons in the hidden
layer of the above neural network and N is an integer and x
∈ ½0, π�.

Let the weight matrix be w = ½w0,w1,⋯,w2N �T and the
activation matrix be CðxÞ = ½c0ðxÞ, c1ðxÞ,⋯, c2NðxÞ�T . The
triangle base neural network can be written as

y = 〠
2N

j=0
wjCj xð Þ: ð4Þ

When this neural network is used to be the numerical
solution of problem (1), the loss function is

J = 1
2〠

m

k=1
e2 tð Þ = 1

2〠
m

k=1
D αð Þy xtð Þ − f xt , y xtð Þð Þ
h i2

: ð5Þ

For problem (2), The loss function is

J = 1
2〠

m

k=1
e2 tð Þ = 1

2〠
m

k=1
a xtð ÞD αð Þy xtð Þ + b xtð ÞD βð Þy xtð Þ − f xtð Þ
h i2

,

ð6Þ

where xt , t = 1, 2,⋯,m are training points. We have two
methods to minimize the loss function to get the correspond-
ing numerical solution. One is the gradient descent algo-
rithm, and another one is the optimization process. For
both methods, we need to compute the α derivative of the tri-
angle neural network. For this purpose, we have the following
theorems.

Theorem 1. For given α ∈ R+, f ðxÞ ∈ C1ðRÞ, then

D αð Þ f λxð Þ = λα f uð Þ u=λxj : ð7Þ

Proof. Since DðαÞ f ðxÞ = 1/Γð1 − αÞÐ x0 f ′ðτÞ/ðx − τÞαdτ:

We have

D αð Þ f λxð Þ = 1
Γ 1 − αð Þ

ðx
0

f λτð Þ½ �′
x − τð Þα dτ: ð8Þ

Let λτ = u, we have

D αð Þ f λxð Þ = 1
Γ 1 − αð Þ

ðλx
0

λf ′ uð Þ
x − u/λð Þα du

= 1
Γ 1 − αð Þ

ðλx
0

f ′ uð Þ
λx − uð Þαλ−α du

= 1
Γ 1 − αð Þ

ðλx
0

λα f ′ uð Þ
λx − uð Þα du

= λα

Γ 1 − αð Þ
ðλx
0

f ′ uð Þ
λx − uð Þα du = λαD αð Þ f λxð Þ:

ð9Þ

We also have the following.
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Figure 1: Triangle neural network 1.
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Theorem 2. Given α ∈ R+, λ, b ∈ R, then

D αð Þ sin λx + bð Þ½ � = λα sin λx + b + απ

2

� �
,

D αð Þ cos λx + bð Þ½ � = λα cos λx + b + απ

2

� �
:

ð10Þ

Proof.

D αð Þ sin λx + bð Þ½ � =D αð Þ sin λxð Þ cos b + cos λxð Þsin bÞ½ �:
ð11Þ

From Theorem 1, we have

cos bD αð Þ sin λxð Þ + sin bD αð Þ cos λxð Þ
= cos bλα sin λx + απ

2
� �

+ sin bλα sin λx + απ

2
� �

= λα sin λx + b + απ

2
� �

:

ð12Þ

The second part of this theorem can be verified in the
same way. Based on Theorems 1 and 2, we can get the α
derivative of the triangle base neural network.

In fact, let the solution to problems (1) and (2) be

y = 〠
N

j=0
wj cos jx + 〠

N

j=0
wN+j sin jx

=w0 + 〠
N

j=1
wj cos jx + 〠

N

j=1
wN+j sin jx:

ð13Þ

We can get

D αð Þy = 〠
N

j=1
jαwj cos jx + α

2 π
� �

+ 〠
N

j=1
jαwN+j sin jx + α

2 π
� �

:

ð14Þ

Thus, we get the loss function for problem (1):

J = 1
2〠

m

k=1
e2 tð Þ = 1

2〠
m

k=1
D αð Þy xtð Þ − f xt , y xtð Þð Þ
h i2

= 1
2〠

m

t=1
〠
N

j=1

h
jαwj cos jxt +

α

2 π
� ��

+ jαwN+j sin jxt +
α

2 π
� ��

− f xt , y xtð Þð Þ
i2
:

ð15Þ

To carry out the gradient descent process, we have

∂J
∂wk

=
"
〠
m

t=1
〠
N

j=0
jα
�
wj cos jxt +

α

2 π
� �

+wN+j sin jx + α

2 π
� ��

− f x, yð Þ
#

⋅ kα cos kxt +
α

2 π
� �

− f y xt , yð Þ cos kxtð Þ
� �

ð16Þ

for j = 0, 1, 2,⋯,N , and we also have

∂J
∂wk

=
"
〠
m

t=1
〠
N

j=0
jαwj cos jxt +

α

2 π
� �

+wN+j sin jxt +
α

2 π
� ��

− f xt , yð Þ
#

⋅ kα sin kxt +
α

2 π
� �

− f y xt , yð Þ sin k −Nð Þxt
� �

ð17Þ

for j =N + 1,N + 2,⋯, 2N .
So, we can see that getting the numerical solution of (1) is

equivalent to finding wjs by minimizing the loss function J .
Usually, we have two methods to do this work. One is the
gradient descent method, and another one is adopting the
optimization process.

The gradient descent method is as below:

w n+1ð Þ
k =w nð Þ

k − η
∂J
∂wk

, k = 1, 2,⋯, 2N , ð18Þ

where η is the step size for the gradient descent. If the func-
tion f ðx, yÞ is a linear function of y, the initial value problem
can also be reduced to

min J = 1
2〠

m

k=1
D αð Þyk − f xk, ykð Þ
h i2

s:t: y 0ð Þ = y0:

ð19Þ

That is,

min J = 1
2〠

m

k=1
D αð Þyk − f xk, ykð Þ
h i2

s:t: 〠
N

i=0
wi = y0,

ð20Þ

which is a quadratic optimization problem. For fractional
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boundary value problem (2), the numerical solution can be
reduced to the following optimization process:

min J = 1
2〠

m

k=1
a xkð ÞD αð Þyk + b xkð ÞD βð Þyk − f xkð Þ
h i2

s:t:
〠
N

i=1
wi = y0,

〠
N

i=0
cos ilð Þwi + sin N + ið ÞlwN+i = y1:

8>>>>><
>>>>>:

ð21Þ

So, there are two methods to solve this problem. One
method is to get the solution through the gradient descent
method. Another method is using the optimization
technique.

2.2. Fractional Partial Differential Equation. For fractional
partial differential equation problem

∂αu x, tð Þ
∂tα

= a
∂2u x, tð Þ

∂x2
+ f t, xð Þ,

u 0, tð Þ = u0 tð Þ, u 1, tð Þ = u1 tð Þ, u x, 0ð Þ = v xð Þ,

8><
>: ð22Þ

where 0 < α ≤ 1, and problem

∂u x, tð Þ
∂t

= a
∂βu x, tð Þ

∂xβ
+ f t, xð Þ,

u 0, tð Þ = u0 tð Þ, u 1, tð Þ = u1 tð Þ, u x, 0ð Þ = v xð Þ,

8><
>: ð23Þ

where 1 < β ≤ 2. We use the triangle base neural network (see
Figure 2) to approximate the solution of problems (22) and
(23). The triangle base neural network can be written as

u x, yð Þ = 〠
N

i=1
wi sin ai1x + ai2y − bið Þ, ð24Þ

where ai1, ai2 are weights for the import layer in the neural
network, bi are bias parameters for the hidden layer in the

neural network, wi are weights for the export layer in the
neural network, and sin ðxÞ is the activation function of neu-
rons in the hidden layer.

Based on Theorems 1 and 2, we can get the fractional
derivative of the neural network as below:

∂αu x, yð Þ
∂xα

= 〠
N

i=1
wia

α
i1 sin ai1x + ai2y + bi +

α

2 π
� �

,

∂βu x, yð Þ
∂yβ

= 〠
N

i=1
wia

β
i2 sin ai1x + ai2y + bi +

α

2 π
� �

:

ð25Þ

The loss function for problem (22) is

min J = 1
2〠

m

k=1

∂αu
∂tαk

−
∂2u
∂x2k

− f tk, xkð Þ
" #2

+ 1
2 〠

m

tk ,xkð Þ∈B
u tk, xkð Þ − B tk, xkð Þ½ �2,

ð26Þ

where ðtk, xkÞ are training points and B is the boundary of
problem (22) and

B 0, tð Þ = u0 tð Þ,
B l, tð Þ = u1 tð Þ,
B x, 0ð Þ = v xð Þ:

ð27Þ

The loss function for problem (23) can be given in the
same way.

We use the gradient descent algorithm to train the neural
network. In fact, we can train the neural network by layers.
First, we train the export layer to get wis, then the bias
parameters to get bis in the hidden layer, and finally, we train
the import layer to get ai1s and ai2s.

3. Numerical Experiment

3.1. Numerical Test 1. Consider the following example 1:

D αð Þy = 1
x2 + 1 y +

Γ 3ð Þ
Γ 3 − αð Þ x

2−α,

y 0ð Þ = 1,

8><
>: ð28Þ

where 0 < α ≤ 1. The exact solution to this problem is y = x2

+ 1. We let α be 0:5, 0:9 and use the optimization method
when N = 5,N = 15 and gradient descent method when N
= 5,N = 15, respectively. The computational results are
listed in Tables 1 and 2.

3.2. Numerical Test 2. Consider the following example 2 for
boundary value problem:

D 1+αð Þy +D αð Þy =
ffiffiffi
2

p
sin x + π

4
� �

cos α

2 +
ffiffiffi
2

p
cos x + π

4
� �

sin α

2 ,

y 0ð Þ = 0, y π

2
� �

= 1,

8><
>:

ð29Þ

x

y

u

Figure 2: Neural network 2.
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where 0 < α ≤ 1. The exact solution to this problem is y =
sin x.

We let α be 0:5 andN = 30,N = 45, respectively; the com-
putational error is listed in Figure 3.

We let α be 0:8 and N = 20,N = 30. The computational
error is listed in Figure 4.

As we see in example 1, the solution becomes more accu-
rate when N is increased. And for the boundary value prob-
lem, we use two constraints when we use the optimization
process.

3.3. Numerical Test 3. Consider the following example 3:

∂αu x, tð Þ
∂tα

= −
Γ 4ð Þ

Γ 4 − αð Þ t
−α ∂

2u x, tð Þ
∂x2

,

u 0, tð Þ = u π, tð Þ = 0, u x, 0ð Þ = 0,

8><
>: ð30Þ

where 0 < α ≤ 1. The exact solution to this problem is u = t3

sin x.
We use the gradient descent method to solve this

problem, and the computational error is listed in
Figure 5. In the training process of the neural network,
we set a stopping criteria J < 10−5 for the computing pro-
cess to stop. If this stopping criteria cannot be achieved,
the computing will be stopped when 105 times of training
is completed.

3.4. Numerical Test 4. Consider the following example 4:

∂u x, tð Þ
∂t

= ∂βu x, tð Þ
∂xβ

− t3 sin x + β

2 π
� �

+ 3t2 sin x,

u 0, tð Þ = u π, tð Þ = 0, u x, 0ð Þ = 0,

8><
>:

ð31Þ

where 1 < β ≤ 2. The exact solution to this problem is u = t3

sin x.
We use the gradient descent method to solve this prob-

lem, and the computational error is listed in Figure 6.

Table 1: Computational errors for example 1 where α = 0:5, h = 0:1.

x 1 h 2 h 3 h 4 h 5 h 6 h 7 h 8 h 9 h 10 h

optimi (N = 5) 0.010 0.013 0.015 0.016 0.018 0.019 0.021 0.022 0.024 0.026

optimi (N = 15) 0.003 0.003 0.008 0.009 0.012 0.014 0.013 0.014 0.015 0.016

grad, N = 5 0.011 0.013 0.017 0.019 0.025 0.021 0.020 0.019 0.027 0.030

grad, N = 15 0.008 0.008 0.007 0.004 0.005 0.009 0.012 0.018 0.015 0.013

Table 2: Computational errors for example 1 where α = 0:9, h = 0:1.

x 1 h 2 h 3 h 4 h 5 h 6 h 7 h 8 h 9 h 10 h

optimi (N = 5) 0.000 0.010 0.010 0.011 0.012 0.014 0.018 0.017 0.018 0.020

optimi (N = 15) 0.000 0.002 0.006 0.008 0.010 0.010 0.011 0.010 0.012 0.012

grad, N = 5 0.009 0.013 0.012 0.014 0.021 0.020 0.020 0.016 0.021 0.021

grad, N = 15 0.005 0.006 0.003 0.002 0.007 0.012 0.013 0.010 0.010 0.010
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Figure 3: Solution of Test 2 when α = 0:5.
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Figure 4: Solution of Test 2 when α = 0:8.
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4. Conclusion

The neural network method is a promising approach for
solving fractional differential equations. The difficulty for this
method is how to calculate the fractional derivatives of the
involved neural network. In this paper, we propose numeri-
cal methods for solving fractional differential equations
including the initial problem, boundary value problem, and
partial FDEs by using the triangle base neural network and
gradient descending method. All the involved fractional
derivatives in this work are considered as Caputo type. We
first analyze the fractional derivative of the triangle base neu-
ral network. Then, based on the loss function, the proposed
numerical methods reduce the fractional differential equa-
tion into the gradient descent process or the quadratic opti-
mization problem. By carrying out the gradient descent
process or the quadratic optimization process, we can get

the numerical solutions. Numerical tests show that this
approach is easy to implement and the solution is accurate
when applied to many types of FDEs.
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