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This paper is concerned with the blow-up of certain solutions with positive initial energy to the following quasilinear wave equation:
utt −MðN uðtÞÞΔpð·Þu + gðutÞ = f ðuÞ. This work generalizes the blow-up result of solutions with negative initial energy.

1. Introduction

Let Ω be an open bounded Lipschitz domain in ℝnðn ≥ 1Þ,
T > 0,QT =Ω × ð0, TÞ. We consider the following nonlinear
hyperbolic equation:

utt −M N u tð Þð ÞΔp xð Þu + g utð Þ = f uð Þ, x, tð Þ ∈QT ,
u x, tð Þ = 0, x ∈ ∂Ω, t ∈ 0, Tð Þ,
u x, 0ð Þ = u0 xð Þ, ut x, 0ð Þ = u1 xð Þ, x ∈Ω:

8>><
>>:

ð1Þ

Here, ∂Ω is a Lipschitz continuous boundary. The initial
conditions meet the following:

u0 ∈W
1,p ·ð Þ
0 Ωð Þ,

u1 ∈ L
2 Ωð Þ:

ð2Þ

The Kirchhoff function M : ℝ+ ⟶ℝ+ is continuous
and has the standard form:

M τð Þ = a + bγτγ−1, a, b ≥ 0, γ ≥ 1, a + b > 0, γ > 1 if b > 0:
ð3Þ

The elliptic nonhomogeneous pðxÞ-Laplacian operator is
defined by

Δp xð Þu = ∇ · ∇uj jp xð Þ−2∇u
� �

, ð4Þ

where ∇· is the vectorial divergence and ∇ is the gradient of u.
The functional

N u tð Þ =
ð
Ω

∇uj jp xð Þ

p xð Þ dx, ð5Þ

is the naturally associated pðxÞ-Dirichlet energy integral. The
term with a variable exponent

f uð Þ = c x, tð Þ uj jq xð Þ−2u, ð6Þ

plays the role of a source, and the dissipative term with a
variable exponent

g utð Þ = d x, tð Þ utj jr xð Þ−2ut , ð7Þ

is a strong damping term.
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The coefficients c and d are continuous in QT and satisfy

0 < c− = inf
x,tð Þ∈QT

c x, tð Þ ≤ c x, tð Þ ≤ c+ = sup
x,tð Þ∈QT

c x, tð Þ < σ <∞,

ð8Þ

0 < d− = inf
x,tð Þ∈QT

d x, tð Þ ≤ d x, tð Þ ≤ d+ = sup
x,tð Þ∈QT

d x, tð Þ <∞,

ð9Þ
where σ is a constant defined in (38). We assume that the
Kirchhoff function M, defined by (3), satisfies the following
hypotheses:

(i) For 1 < α ≤ β <min fn/p+, np−/p+ðn − p−Þg, there
exist m2 ≥m1 > 0 such that

m1τ
α−1 ≤M τð Þ ≤m2τ

β−1, τ ∈ℝ+: ð10Þ

(ii) For all τ ∈ℝ+, it holds that

ðτ
0
M sð Þds = M̂ τð Þ ≥M τð Þτ: ð11Þ

The exponents pð·Þ, qð·Þ, and rð·Þ are continuous and
satisfy

2 ≤min p−, r−f g ≤ p xð Þ, r xð Þf g ≤max p+, r+f g < q−

≤ q xð Þ ≤ q+ < p−α ≤ p−β ≤ p+α ≤ p+β ≤ p∗ xð Þ, ð12Þ

where the constants α and β are given in (10) and

p− = ess inf
x∈Ω

p xð Þ,

p+ = ess sup
x∈Ω

p xð Þ,

q− = ess inf
x∈Ω

q xð Þ,

q+ = ess sup
x∈Ω

q xð Þ,

r− = ess inf
x∈Ω

r xð Þ,

r+ = ess sup
x∈Ω

r xð Þ:

ð13Þ

Also, we can define p∗ðxÞ by

p∗ xð Þ =
np xð Þ

ess sup
x∈Ω

n − r xð Þð Þ , if p+ < n,

+∞, if p+ ≥ n:

8>><
>>: ð14Þ

We also assume that pð·Þ, qð·Þ, and rð·Þ satisfy the log-
Hölder continuity condition

ξ xð Þ − ξ yð Þj j ≤ −
L

log x − yj j , for a:e:,x, y ∈Ω, x − yj j < δ,

ð15Þ

for L > 0, 0 < δ < 1.
Problem (1) models several physical and biological sys-

tems such as viscoelastic fluids, filtration processes through
a porous medium, and fluids with viscosity dependent on
temperature. In the intention of problem (1), we can see that
it is linked to the following equation presented by Kirchhoff
and Hensel [1] in 1883:

ρ
∂2u
∂t2

−
P0
h

+ E
2L

ðL
0

∂u
∂x

����
����dx

� �
∂2u
∂x2

+ g utð Þ = f uð Þ: ð16Þ

The parameters L, h, E, ρ, and P0 represent, respectively,
the length of the string, the area of the cross-section, Young’s
modulus of the material, the mass density, and the initial ten-
sion. This equation is an extension of the classic d’Alembert’s
wave equation by looking at the effects of changes in the
length of the string during the vibrations. As for this prob-
lem, it has been studied. More precisely, for gðutÞ = ut , the
global existence and nonexistence results can be found in
[2, 3], and for gðutÞ = jutjput , p > 0, the main results of exis-
tence and nonexistence are in the paper [4]. In recent years,
hyperbolic problems with a constant exponent have been
studied by many authors; we refer to interesting works [5–
7]. However, only a little research has been done regarding
hyperbolic problems with nonlinearities of the variable expo-
nent type; some interesting works can be found in [8–13].

Recently, in [14], Piskin studied the following wave equa-
tion with variable exponent nonlinearities:

utt−M ∥∇u∥2
� �

Δu + utj jp xð Þ−2ut = uj jq xð Þ−2u: ð17Þ

The author proved, by using the modified energy func-
tional method, the existence of solutions. We have also
looked at the asymptotic behavior of the Kirchhoff wave
equation problems. We can say that the investigation into
the determination of the type, as well as the rate of decay,
was the focus of attention of many researchers whose work
was represented in [15, 16]. Motivated by previous studies,
in this work, we consider problem (1), which is more inter-
esting and applicable in the real approach of sciences, so a
finite-time blow-up for certain solutions with positive and
also negative initial energy has been proved. More precisely,
our aim here is to find sufficient conditions on the variable
exponents pð·Þ, qð·Þ, and rð·Þ and the initial data for which
the blow-up occurs. This paper is organized as follows. After
the introduction in the first section, we will give some prelim-
inaries in Section 2. Then, in Section 3, we state the main
results which will be proved in Sections 4 and 5.
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2. Preliminaries

Regarding some definitions and basic properties of the gener-
alized Lebesgue-Sobolev spaces LpðxÞðΩÞ and W1,pðxÞðΩÞ,
where Ω is an open subset of ℝn, we refer to the book of
Musielak [17] and the papers [18, 19]. Let

C+ �Ω
� �

≔ h : h ∈ C �Ω
� �

, h xð Þ > 1, for all x ∈ �Ω
	 


: ð18Þ

For any h ∈ Cð�ΩÞ, we write

h+ = sup
x∈Ω

h xð Þ,

h− = inf
x∈Ω

h xð Þ:
ð19Þ

Then, for any pðxÞ ∈ C+ð�ΩÞ, we define the variable expo-
nent Lebesgue space as follows:

Lp ·ð Þ Ωð Þ = u : Ω⟶ℝmeasurable : ϱp ·ð Þ μuð Þ<+∞,  for some μ > 0
n o

,

ð20Þ

where ϱpð·Þ is the pð·Þ modular of u, and it is defined by

ϱp ·ð Þ uð Þ =
ð
Ω

uj jp xð Þdx: ð21Þ

It is equipped with the following so-called Luxemburg
norm on this space defined by the formula

uk kp ·ð Þ = inf μ > 0 :

ð
Ω

u xð Þ
μ

����
����
p xð Þ

dx ≤ 1
( )

: ð22Þ

Variable exponent Lebesgue spaces resemble classical
Lebesgue spaces in many aspects: they are Banach spaces,
the Hölder inequality holds, they are reflexive if and only if
1 < p− ≤ p+ <∞, and their continuous functions are dense if
p+ <∞.

Lemma 1. Suppose that pð·Þ satisfies (15); then,

uk kp ·ð Þ ≤ C ∇uk kp ·ð Þ, ∀u ∈W1,p ·ð Þ
0 Ωð Þ, ð23Þ

where C > 0 is a constant that depends only on p−, p+, and Ω.

Lemma 2. If pð·Þ ∈ Cð�ΩÞ and q : Ω⟶ ½1,∞Þ are measurable
functions such that

ess inf
x∈Ω

p∗ xð Þ − q xð Þð Þ > 0, with p∗ xð Þ =
np xð Þ

ess sup
x∈Ω

n − p xð Þð Þ , if q− < n,

∞, if q− ≥ n,

8>><
>>:

ð24Þ

then the embedding W1,pð·Þ
0 ðΩÞ°Lqð·ÞðΩÞ is continuous and

compact.

Lemma 3. Let 1 < p− ≤ p+ < +∞. The spaces Lpð·ÞðΩÞ and
W1,pð·ÞðΩÞ are separable, uniformly convex, and reflexive
Banach spaces. The conjugate space of Lpð·ÞðΩÞ is Lp′ð·ÞðΩÞ,
where

1
p xð Þ + 1

p′ xð Þ
= 1, ∀x ∈Ω: ð25Þ

For u ∈ Lpð·ÞðΩÞ and v ∈ Lp′ð·ÞðΩÞ, we have

ð
Ω

u xð Þv xð Þ dx
����

���� ≤ 1
p−

+ 1

p′
� �−

0
@

1
A∥u∥p ·ð Þ∥v∥p′ ·ð Þ: ð26Þ

Lemma 4. If p ≥ 1 is a measurable function on Ω and u ∈
Lpð·ÞðΩÞ, then kukpð·Þ ≤ 1 and ρpð·ÞðuÞ ≤ 1 are equivalent. For

u ∈ Lpð·ÞðΩÞ, we have

uk kp ·ð Þ ≤ 1 implies ρp ·ð Þ uð Þ ≤ uk kp ·ð Þ,

uk kp ·ð Þ > 1 implies ρp ·ð Þ uð Þ ≥ uk kp ·ð Þ:
ð27Þ

Lemma 5. If pðxÞ ∈ ½1,∞Þ is a measurable function onΩ, then

min ∥u∥p
−

p ·ð Þ,∥u∥
p+

p ·ð Þ
n o

≤ ρp ·ð Þ uð Þ ≤max ∥u∥p
−

p ·ð Þ,∥u∥
p+

p ·ð Þ
n o

,

ð28Þ

for all u ∈ Lpð·ÞðΩÞ.

3. Main Results

Now, we state without proof the following existence result.

Proposition 6. Assume that (2) holds and the coefficients a, b,
c, and d satisfy (3) and (9) and the exponents p, q, and r satisfy
(12). Then, problem (1) has a unique weak solution such that

u ∈ L∞ 0, Tð Þ,W1,p ·ð Þ
0 Ωð Þ

� �
,

ut ∈ L
∞ 0, Tð Þ, L2 Ωð Þ� �

,

utt ∈ L
∞ 0, Tð Þ,W−1,p′ ·ð Þ

0 Ωð Þ
� �

,

8>>>><
>>>>:

ð29Þ

where p′ð·Þ is the conjugate exponent of pð·Þ.

Remark 7. The proof can be established by employing the
Galerkin method as in the work of Antontsev [8].

We first define the energy function. Let

E tð Þ≔ 1
2 utk k2L2 Ωð Þ + M̂ N u tð Þð Þ −Ψ tð Þ, ð30Þ
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where

M̂ N u tð Þð Þ = aN u tð Þ + bγ N u tð Þ½ �γ,

Ψ tð Þ =
ð
Ω

c x, tð Þ
q xð Þ uj jq xð Þdx:

ð31Þ

In order to investigate the properties of EðtÞ, the follow-
ing lemma is necessary.

Lemma 8. Suppose that u is a solution of problem (1) that sat-
isfies (29); then, we have

Et tð Þ = −
ð
Ω

ct x, tð Þ
q xð Þ uj jq xð Þdx −

ð
Ω

d x, tð Þ utj jr xð Þdx: ð32Þ

Proof. By using the energy function (30) and problem (1), we
directly deduce (32).

We also introduce the following lemma.

Lemma 9. Suppose that the conditions of Lemmas 1–5 hold.
Then, there exists a constant C > 1, which is a generic constant
that depends on Ω only, such that

ϱs/q
−

q ·ð Þ uð Þ ≤ C ∇uk kαp−p ·ð Þ + ϱq ·ð Þ uð Þ
� �

, ð33Þ

for any u ∈W1,pð·Þ
0 ðΩÞ and αp− ≤ s ≤ αq−.

Proof. If ϱqð·ÞðuÞ > 1, then

ϱs/q
−

q ·ð Þ uð Þ ≤ ϱαq ·ð Þ uð Þ ≤ C ∇uk kαp−p ·ð Þ + ϱq ·ð Þ uð Þ
� �

: ð34Þ

If ϱqð·ÞðuÞ ≤ 1, then we deduce by Lemma 4 that kukqð·Þ
≤ 1. Then, Lemmas 2 and 5 imply

ϱs/q
−

q ·ð Þ uð Þ ≤ ϱαp
−/q−

q ·ð Þ uð Þ ≤max ∥u∥q
−

q ·ð Þ,∥u∥
q+

q ·ð Þ
n oαp−/q−

= ∥u∥αp
−

q ·ð Þ ≤ C∥∇u∥αp
−

p ·ð Þ:
ð35Þ

Let B be the best constant of the Sobolev embedding

W1,p ·ð Þ
0

°
Lq ·ð Þ: ð36Þ

We set

B1 = max 1, B, m1
c+α p+ð Þα−1

 !1/αp+
8<
:

9=
;, ð37Þ

σ =min 1, q−m1
Bq−
1 α p+ð Þα

� �
min Γ

1− q−/αp+ð Þ
1 , Γ1− q+/αp+ð Þ

1
n o� �

,

ð38Þ

Γ1 =
m1 p+ð Þ1−α
c+Bq−

1

 !αp+/ q−−αp+ð Þ
, ð39Þ

E1 =
m1 p+ð Þ−α

q−α
q− − p+ð Þ


 �
Γ1: ð40Þ

Now, the main results of the blow-up for certain solu-
tions with positive/negative initial energy are given by the fol-
lowing theorems.

Theorem 10. Let the assumptions of Proposition 6 be satisfied,
and assume that

c+ < σ, ct x, tð Þ ≥ ~σ ≥ 0, ∀ x, tð Þ ∈QT ,

0 <E 0ð Þ <E1, Γ1 < Γ0 = ∇u0k kαp+p ·ð Þ ≤ B−αp+
1 :

ð41Þ

Then, the solutions of (1) blow up in finite time:

T∗ ≤
1 − λ

μλFλ/ 1−λð Þ 0ð Þ
, λ, μ > 0: ð42Þ

Theorem 11. Let the assumptions of Proposition 6 be satisfied,
and assume that

E 0ð Þ < 0: ð43Þ

Then, the solution of (1) blows up in finite time (42).

4. Proof of Theorem 10

To prove Theorem 10, we need the following lemmas.

Lemma 12. Let the assumptions of Theorem 10 hold; then,
there exists σ > 0 such that for any c+ < σ, there exist a con-
stant Γ2 > Γ1 such that

∇u ·, tð Þk kαp+p ·ð Þ ≥ Γ2, ∀t ≥ 0: ð44Þ

Proof. By using the hypothesis (10) and the function (30), we
obtain

E tð Þ ≥ M̂ tð Þ −Ψ tð Þ ≥ m1
α p+ð Þα ρ

α
p ·ð Þ ∇uð Þ − c+

q−
ρq ·ð Þ uð Þ

≥
m1

α p+ð Þα min ∇uk kαp−p ·ð Þ , ∇uk kαp+p ·ð Þ
n o

−
c+

q−
max uk kq−q ·ð Þ, uk kq+q ·ð Þ

n o
≥

m1
α p+ð Þα min ∇uk kαp−p ·ð Þ , ∇uk kαp+p ·ð Þ

n o

−
c+

q−
max B1 ∇uk kp ·ð Þ

� �q−
, B1 ∇uk kp ·ð Þ
� �q+� �

= m1
α p+ð Þα min Γp−/p+ , Γ

n o

−
c+

q−
max Bαp+

1 Γ
� �q−/αp+

, Bαp+

1 Γ
� �q+/αp+� �

≔ ψ Γð Þ, ∀Γ ∈ℝ+,

ð45Þ
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where Γ = k∇ukαp+pð·Þ . Let the function

ϕ : 0, 1½ �⟶ℝ, ð46Þ

be defined by

ϕ Γð Þ = m1
α p+ð Þα Γ −

c+

q−
Bαp+

1 Γ
� �q−/αp+

: ð47Þ

Notice that ϕðΓÞ = ψðΓÞ, for 0 < Γ ≤ B−αp+
1 . It is easy to

check that the function ϕ is increasing for 0 < Γ < Γ1 and
decreasing for Γ1 < Γ ≤∞. On the other hand, by (38), we
deduce that, for any c+ < σ, since Eð0Þ <E1 = ϕðΓ1Þ, there
exists a positive constant Γ2 ∈ ðΓ1,∞Þ such that ϕðΓ2Þ =Eð0Þ.
Then, we have ϕðΓ0Þ = ψðΓ0Þ ≤Eð0Þ = ϕðΓ2Þ. This implies
that Γ0 ≥ Γ2.

Now, we suppose on the contrary that k∇uðt0Þkαp
+

pð·Þ < Γ2

for some t0 > 0. Then, there exists t1 > 0 such that Γ1 <
k∇uðt1Þkαp

+

pð·Þ . Using the monotonicity of ϕðΓÞ, we have

E t1ð Þ ≥ ϕ ∇u t1ð Þk kαp+p ·ð Þ
� �

> ϕ Γ2ð Þ =E 0ð Þ, ð48Þ

which contradicts EðtÞ <Eð0Þ, for all t ∈ ð0, TÞ.

Lemma 13. Let the assumptions of Theorem 10 hold. Then, in
light of Lemma 12, we have

ρq ·ð Þ uð Þ ≥ κ, κ > 0: ð49Þ

Proof. By using (30), we get

c+

q−
ρq ·ð Þ uð Þ ≥Ψ tð Þ ≥ −E 0ð Þ + m1

α p+ð Þα ρ
α
p ·ð Þ ∇uð Þ + 1

2 utk k2L2 Ωð Þ

≥
m1

α p+ð Þα ρ
α
p ·ð Þ ∇uð Þ − ψ Γ2ð Þ

≥
c+

q−
max Bαp+

1 Γ2
� �q−/αp+

, Bαp+

1 Γ2
� �q+/αp+� �

≔ κ:

ð50Þ

Let

H tð Þ =E1 −E tð Þ: ð51Þ

Lemma 14. Let the assumptions of Theorem 10 be satisfied;
then, we have

0 <H 0ð Þ ≤H tð Þ ≤ σ

q−
ρq ·ð Þ uð Þ: ð52Þ

Proof. Using (30), (32), and (51), we obtain

0 <H 0ð Þ ≤H tð Þ ≤E1 −
1
2 utk k2L2 Ωð Þ + M̂ N u tð Þð Þ
h i

+Ψ tð Þ:
ð53Þ

Then, the use of (10) gives

E1 −
1
2 utk k2L2 Ωð Þ − M̂ N u tð Þð Þ

 �

≤E1 −
ðN u tð Þ

0
M τð Þdτ

≤E1 −
m1

α p+ð Þα min ∇uk kαp−p ·ð Þ , ∇uk kαp+p ·ð Þ
n o

≤E1 −
m1

α p+ð Þα min Γp−/p+
2 , Γ2

n o
≤E1 −

m1
α p+ð Þα min Γp−/p+

1 , Γ1
n o

=E1 −
m1

α p+ð Þα Γ1:

ð54Þ

Now, recalling E1 in (38), we have

E1 −
1
2 utk k2L2 Ωð Þ − M̂ N u tð Þð Þ

 �

≤ −
m1 p+ð Þ1−α

q−α
Γ1 < 0:

ð55Þ

On the other hand, we use (9) to get

Ψ tð Þ ≤ c+

q−
ρq ·ð Þ uð Þ ≤ σ

q−
ρq ·ð Þ uð Þ: ð56Þ

Combining (55) with (56) gives (52).

Corollary 15. Under the assumptions of Lemma 9, we have

(i) kuksq− ≤ Cðk∇ukαp−pð·Þ + kukq−q−Þ

(ii) ρs/q
−

qð·Þ ≤ CðjHðtÞj + kutk2L2ðΩÞ + ρqð·ÞðuÞÞ

(iii) kuksq− ≤ CðjHðtÞj + kutk2L2ðΩÞ + kukq−q−Þ

for any u ∈W1,pð·Þ
0 ðΩÞ and αp− ≤ s ≤ αq−.

Lemma 16. Assume that (12) and (15) hold. Then, the solu-
tion of (1) satisfies

ϱq ·ð Þ uð Þ ≥ C uk kq−q− , ð57Þ

for some C > 0.

Proof. Let

Ω+ = x ∈Ω/∣u∣≥1f g,
Ω− = x ∈Ω/∣u∣<1f g:

ð58Þ
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We have

ϱq ·ð Þ uð Þ =
ð
Ω+

uj jq xð Þdx +
ð
Ω−

uj jq xð Þdx

≥
ð
Ω+

uj jq xð Þdx + c1

ð
Ω−

uj jq xð Þdx
� �q+/q−

:

ð59Þ

This implies

c2 ϱq ·ð Þ uð Þ
� �q−/q+

+ ϱq ·ð Þ uð Þ ≥ uk kq−q− : ð60Þ

Now, given (52), (60) leads to

ϱq ·ð Þ uð Þ ≥ 1 + c2
q−

σ

� � q−/q+ð Þ−1" #−1
uk kq−q− : ð61Þ

Thus, (57) follows.

Lemma 17. Suppose that (12) holds, and u is a solution of (1).
Then,

ϱr ·ð Þ uð Þ ≤ C ϱr
−/q−
q ·ð Þ uð Þ + ϱr

+/q−
q ·ð Þ uð Þ

� �
: ð62Þ

Proof.

ϱr ·ð Þ uð Þ ≤
ð
Ω−

uj jr−dx +
ð
Ω+

uj jr+dx

≤ C
ð
Ω−

uj jq−dx
� �r−/q−

+
ð
Ω+

uj jq−dx
� �r+/q−

" #

≤ C uk kr−q− + uk kr+q−
� �

≤ C ϱr
−/q−
q ·ð Þ uð Þ + ϱr

+/q−
q ·ð Þ uð Þ

� �
:

ð63Þ

We set

F tð Þ =H 1−λ tð Þ + ε u, utj jL2 Ωð Þ, ð64Þ

for ε small, which will be specified later, and for

0 < λ ≤min αq− − r+

q− r+ − 1ð Þ ,
q− − 2
2q−

� �
: ð65Þ

Now, we are in a position to prove Theorem 10.

Proof.We differentiate (64) and use the equation in (1) to get

F t tð Þ = 1 − λð ÞH−λ tð ÞH t tð Þ + ε utk k2L2 Ωð Þ + u, uttj jL2 Ωð Þ
� �

≥ 1 − λð ÞH−λ tð ÞH t tð Þ
+ ε utk k2L2 Ωð Þ −M N u tð Þð Þϱp ·ð Þ ∇uð Þ + c−ϱq ·ð Þ uð Þ
� �

− εd+ g utð Þ, uj jL2 Ωð Þ ≥ 1 − λð ÞH−λ tð ÞH t tð Þ

+ ε utk k2L2 Ωð Þ −
m2
p−ð Þβ−1

ϱ
β
p ·ð Þ ∇uð Þ + c−ϱq ·ð Þ uð Þ

 !

− εd+ g utð Þ, uj jL2 Ωð Þ ≥ 1 − λð ÞH−λ tð ÞH t tð Þ

+ ε utk k2L2 Ωð Þ −
m2
p−ð Þβ−1

ϱαp ·ð Þ ∇uð Þ + c−ϱq ·ð Þ uð Þ
 !

− εd+ g utð Þ, uj jL2 Ωð Þ:

ð66Þ

Adding and subtracting the term εð1 − ηÞq−HðtÞ, for
0 < η < 1, from the right-hand side of (56), by using (49)
and (10), we get

F t tð Þ ≥ 1 − λð ÞH−λ tð ÞH t tð Þ + ε 1 − ηð Þq−H tð Þ − εd+ g utð Þ, uj jL2 Ωð Þ

+ ε utk k2L2 Ωð Þ −
m2
p−ð Þβ−1

ϱαp ·ð Þ ∇uð Þ + c−ϱq ·ð Þ uð Þ
 !

+ ε 1 − ηð Þq− −E1 +
1
2 utk k2L2 Ωð Þ + M̂ N u tð Þð Þ − c−

q−
ϱq ·ð Þ uð Þ

� �
≥ 1 − λð ÞH−λ tð ÞH t tð Þ + ε 1 − ηð Þq−H tð Þ − εd+ g utð Þ, uj jL2 Ωð Þ

+ ε utk k2L2 Ωð Þ −
m2
p−ð Þβ−1

ραp ·ð Þ ∇uð Þ + c−ϱq ·ð Þ uð Þ
 !

+ ε 1 − ηð Þq− −
E1c

+

q−κ
−

c−

q−

� �
ϱq ·ð Þ uð Þ + 1

2 utk k2L2 Ωð Þ

� �

+ ε 1 − ηð Þq− m1
α p+ð Þα ϱ

α
p ·ð Þ ∇uð Þ

� �
:

ð67Þ

Then, for η small enough, we have

F t tð Þ ≥ 1 − λð ÞH−λ tð ÞH t tð Þ − εd+ g utð Þ, uj jL2 Ωð Þ

+ εδ H tð Þ + utk k2L2 Ωð Þ + ϱαp ·ð Þ ∇uð Þ + ϱq ·ð Þ uð Þ
� �

,

ð68Þ

where

δ =min 1 − ηq−, 1 + 1 − ηð Þq−
2 , 1 − ηð Þq−m1

α p+ð Þα
�

−
m2
p−ð Þβ−1

, ηc− − 1 − ηð ÞE1c
+

κ

)
:

ð69Þ
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Recall Young’s inequality

XY ≤
δ1X

l1

l1
+ δ−l21 Yl2

l2
, ð70Þ

where X, Y ≥ 0, δ1 > 0, l1, l2 ∈ℝ+, such that ð1/l1Þ + ð1/l2Þ
= 1. Applying (70) to estimate the term jgðutÞ, ujL2ðΩÞ,
we get

ð
Ω

utj jr xð Þ−1∣u∣dx ≤
1
r−

ð
Ω

δ
r xð Þ
1 uj jr xð Þdx + r+ − 1

r+

ð
Ω

δ
−r xð Þ/ r xð Þ−1ð Þ
1 utj jr xð Þdx,

ð71Þ

where

δ
−r xð Þ/ r xð Þ−1ð Þ
1 = ξH−λ tð Þ, ð72Þ

where ξ is a large constant to be specified later.
Now, by using (32) and (49), we get

ϱr ·ð Þ utð Þ ≤ H t tð Þ
d+

−
~σ

q+d+
ϱq ·ð Þ uð Þ ≤ H t tð Þ

d+
−

~σκ

q+d+
≤
H t tð Þ
d+

:

ð73Þ

Combining (73) and (71) yields

ð
Ω

utj jr xð Þ−1∣u∣dx ≤
1
r−

ð
Ω

ξ1−r xð Þ uj jr xð ÞHλ r xð Þ−1ð Þ tð Þd

+ r+ − 1ð Þξ
r+d+

H−λ tð ÞH t tð Þ:
ð74Þ

Substituting (74) in (68), we obtain

F t tð Þ ≥ 1 − λð Þ − ε
r+ − 1ð Þξ
r+


 �
H−λ tð ÞH t tð Þ

+ εδ H tð Þ + utk k2L2 Ωð Þ + ϱαp ·ð Þ ∇uð Þ + ϱq ·ð Þ uð Þ
� �

− ε
ξ1−r

−
d+

r−
C1H

λ r+−1ð Þ tð Þϱr ·ð Þ uð Þ:
ð75Þ

To estimate the last term in (75), we use (62) and (52)
to get

Hλ r+−1ð Þ tð Þϱr ·ð Þ uð Þ ≤ C ϱ
r−/q−ð Þ+λ r+−1ð Þ
q ·ð Þ uð Þ + ϱ

r+/q−ð Þ+λ r+−1ð Þ
q ·ð Þ uð Þ

� �
:

ð76Þ

Then, we use (65) and Lemma 9, for

s = r+ + λq− r+ − 1ð Þ ≤ αq−,
s = r− + λq− r+ − 1ð Þ ≤ αq−,

ð77Þ

to deduce from (76) that

Hλ r+−1ð Þ tð Þϱr ·ð Þ uð Þ ≤ C ∇uk kαp−p ·ð Þ + ϱq ·ð Þ uð Þ
� �

: ð78Þ

By exploiting Lemmas 5 and 12, we get

ϱαp ·ð Þ ∇uð Þ ≥ C ∇uk kαp−p ·ð Þ: ð79Þ

Combining (75), (78), and (79) leads to

F t tð Þ ≥ 1 − λð Þ − ε
r+ − 1ð Þξ
r+


 �
H−λ tð ÞH t tð Þ + ε δ −

ξ1−r
−
d+

r−
C

 !

� H tð Þ + utk k2L2 Ωð Þ + ∇uk kαp−p ·ð Þ + ϱq ·ð Þ uð Þ
h i

:

ð80Þ

Now, we pick ξ large enough and ε so small such that

δ2 = δ −
ξ1−r

−
d+

r−
C > 0,

ε ≤
1 − λð Þr+
ξ r+ − 1ð Þ ,

F 0ð Þ =H 1−λ 0ð Þ + ε u0, u1j jL2 Ωð Þ > 0:

ð81Þ

Then, by using (57), (80) takes the form

F t tð Þ ≥ δ2ε H tð Þ + utk k2L2 Ωð Þ + ∇uk kαp−p ·ð Þ + uk kq−q−
h i

: ð82Þ

Therefore, we get

F tð Þ ≥F 0ð Þ > 0, for all t ≥ 0: ð83Þ

On the other hand, the application of the Hölder
inequality yields

u, utj jL2 Ωð Þ
��� ���1−λ ≤ C uk k1/ 1−λð Þ

q− utk k1/ 1−λð Þ
L2 Ωð Þ , ð84Þ

and from (70), we get

u, utj jL2 Ωð Þ
��� ���1−λ ≤ C uk kθ1/ 1−λð Þ

q− + utk kθ2/ 1−λð Þ
L2 Ωð Þ

h i
, ð85Þ

for ð1/θ1Þ + ð1/θ2Þ = 1. Setting θ1/ð1 − λÞ = ð2/ð1 − 2λÞÞ ≤ q−,
we get θ2 = 2ð1 − λÞ by virtue of (65). Therefore, (85) takes
the form

u, utj jL2 Ωð Þ
��� ���1−λ ≤ C uk ksq− + utk k2L2 Ωð Þ

h i
, ð86Þ

where s = 2/ð1 − 2λÞ. By recalling Corollary 15, we get

u, utj jL2 Ωð Þ
��� ���1−λ ≤ C H tð Þj j + utk k2L2 Ωð Þ + uk kq−q−

� �
: ð87Þ
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Now, (87) and the following Minkowski’s inequality

X + Yð Þi ≤ 2i−1 Xi + Yi� �
, ð88Þ

will give

F1/ 1−λð Þ tð Þ = H 1−λ tð Þ + ε u, utj jL2 Ωð Þ
h i1/ 1−λð Þ

≤ 2λ/ 1−λð Þ H tð Þ + ε1/ 1−λð Þ u, utj jL2 Ωð Þ
��� ���1−λ� �

≤ C H tð Þj j + utk k2L2 Ωð Þ + uk kq−q−
� �

≤ C H tð Þ + utk k2L2 Ωð Þ + ∇uk kαp−p ·ð Þ + uk kq−q−
� �

:

ð89Þ

By combining (82) and (89), we obtain

F t tð Þ ≥ μF tð Þ1/ 1−λð Þ tð Þ, ð90Þ

where μ is a positive constant. A simple integration of (90)
over ð0, tÞ yields

F1/ 1−λð Þ tð Þ ≥ 1
F−λ/ 1−λð Þ 0ð Þ − μλt/ 1 − λð Þð Þ

, ð91Þ

which implies that the solution blows up in finite time T∗,
such that

T∗ ≤
1 − λ

μλFλ/ 1−λð Þ 0ð Þ
: ð92Þ

This completes the proof of Theorem 10.

5. Proof of Theorem 11

We set

H tð Þ≔−E tð Þ: ð93Þ

To prove our main result, we first establish the following
lemma.

Lemma 18. Let u be the solution of (1). Then, there exists a
constant C > 0 such that

∇u t, xð Þk kp ·ð Þ ≥ C, ∀t ≥ 0: ð94Þ

Proof. Suppose that, by contradiction, there exists a sequence
tk such that

∇u t, xð Þk kp ·ð Þ ⟶ 0,  as k⟶∞: ð95Þ

Then, by using Lemmas 2 and 5, we get

lim
k→∞

E tkð Þ ≥ 0, ð96Þ

which contradicts the fact that EðtÞ < 0, ∀t ≥ 0.

Using (93) and (94) and applying the same procedures
used to prove Theorem 10 will give the proof of Theorem 11.
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