Hindawi

Journal of Function Spaces

Volume 2021, Article ID 5726822, 15 pages
https://doi.org/10.1155/2021/5726822

Hindawi

Research Article

A Modified Techniques of Fractional-Order Cauchy-Reaction
Diffusion Equation via Shehu Transform

Mounirah Areshi®,' A. M. Zidan ©,>> Rasool Shah ©,* and Kamsing Nonlaopon

"Department of Mathematics, Faculty of Science, University of Tabuk, Tabuk 71491, Saudi Arabia

Department of Mathematics, College of Science, King Khalid University, P.O. Box: 9004, Abha 61413, Saudi Arabia
*Department of Mathematics, Faculty of Science, Al-Azhar University, Assuit 71511, Egypt

*Department of Mathematics, Abdul Wali Khan University Mardan 23200, Pakistan

®Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen 40002, Thailand

Correspondence should be addressed to Kamsing Nonlaopon; nkamsi@kku.ac.th
Received 9 May 2021; Revised 29 May 2021; Accepted 8 July 2021; Published 26 July 2021
Academic Editor: Nehad Ali Shah

Copyright © 2021 Mounirah Areshi et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited.

In this article, the iterative transformation method and homotopy perturbation transformation method are applied to calculate the
solution of time-fractional Cauchy-reaction diffusion equations. In this technique, Shehu transformation is combined of the
iteration and the homotopy perturbation techniques. Four examples are examined to show validation and the efficacy of the
present methods. The approximate solutions achieved by the suggested methods indicate that the approach is easy to apply to
the given problems. Moreover, the solution in series form has the desire rate of convergence and provides closed-form solutions.
It is noted that the procedure can be modified in other directions of fractional order problems. These solutions show that the

current technique is very straightforward and helpful to perform in applied sciences.

1. Introduction

In recent centuries, fractional partial differential equation
(FPDE) fundamental signification is well-known in different
engineering fields. Numerous physical phenomena can be
modelled using FPDEs in various engineering and science
fields such as physics, finance, aerospace, mechanics, biol-
ogy, signal processing, biochemistry, and polymers [1, 2].
It is challenging to create computational models for any nat-
ural phenomenon using a traditional differential operator
since it can describe those phenomena, primarily hereditary
properties. They have a memory effect and the integrated
capacity to describe and explain physical phenomena that
cannot be adequately explained using an integer-order
differential equation. The nonlocality of fractional operators
in partial differential equations is one purpose for their
importance in modeling different areas of chemical, biologi-
cal, psychological, thermoplasticity, physical, and mechani-
cal systems [3-5].

Reaction-diftusion (RD) equations define various nonlin-
ear schemes in chemistry, physics, biology, ecology, and
other field sciences. RD equations are commonly used in
ecology as a model for geographic impacts. They agree on
three significant forms of environmental concepts: a mini-
mum patch size required to maintain a population, the estab-
lishment of spatial trends in population distributions in
homogeneous ecosystems, and the propagation of wavefronts
associated with biological invasions. RD equations can be
studied using techniques from the concept of PDEs and
dynamical schemes [6-9].

The equation of reaction-diffusion write of the following
form:

g—“ =AM+ g(@Vp: g.m). (1)
n

The term of Ay is diffusion term and g(u,Vy : ¢, 1) is the

reaction function. Moreover, the diffusion general term is
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A(p), where A is a 2nd order nonlinear elliptic operators. In
this article, we consider the fractional-order one-dimen-
sional, reaction-diffusion equation

Pulp.n)  ulp.n
a(,7a '-p a((pz )+r(¢>n)u(<p>n),(¢,n)chRZ,

(2)

If §=1, then, it becomes classical reaction-diffusion
equation, where y is the concentration, r is the reaction
parameter, and D> 0 is the diffusion coefficient, with the
initial and boundaries conditions

u(e,0)=f(¢)p€eR, (3)

u(0,7) = go(m-g—Zm, n)=9,(t),n€R. (4)

The model defined by equations (2) and (3) is called the
characteristic Cauchy model in the domain Q=R x R,, and
the model given by equations (2) and (4) is called the non-
characteristic Cauchy equation in the domain Q=R, xR,
using different analytical and numerical methods to solve
reaction diffusion equation, such as Picard technique [10],
homotopy perturbation technique [3], differential transfor-
mation technique and variation iteration technique [11],
Adomian decomposition method [12], homotopy analysis
method [13], fractional iteration algorithm I [14], new
Sumudu transform iterative method [15], and finite-
difference discretization scheme [16].

Daftardar-Gejji and Jafari in 2006 [17] suggested DJM
solves linear and nonlinear differential equations. The DJM
is simple and easy to comprehend and use, and it provides
faster numerical solutions than the variational iterative
technique [18] and the Adomian decomposition technique
[19, 20]. The new iterative transformation method (NITM)
is a combination of Shehu transform and the new iterative
approach that provides the solution in the form of conver-
gent series in an easy way. Another technique is the
homotopy perturbation transform method (HPTM) to some
applicable fractional models arising in real-life problems. The
HPTM is applied directly to fractional models without any
linearization, discretization, or variable transforms. The
HPTM is an iterative technique that converges to solutions
in closed form or approximate solutions. The nonlinear
terms are decomposed successfully via He’s polynomials,
and the fractional derivatives are computed in the Caputo
sense. Applications of three fractional models are demon-
strated, and the analytical and numerical simulations of the
three fractional models are provided to bolster the efficiency,
simplicity, and high accuracy of the HPTM. Many
researchers use this method to solve different fractional-
order partial differential equations, such as fractional order
gas dynamic equation [21], convection-diffusion problems
[22], and Klein-Gordon equations [23].

This paper uses the Iterative transform method and
homotopy perturbation transform method to solve fractional
Cauchy-reaction diffusion equation equations using the frac-

Journal of Function Spaces

tional operator of Caputo type. The fractional calculus funda-
mental definitions are defined in Section 2, writing the
general methodologies in Sections 3 and 4, many test models
show the effectiveness of suggested techniques in Sections 5
and 6. Finally, the conclusion is given in Section 7.

2. Basic Definitions

2.1. Definition. The Riemann fractional integral is given as
[24, 25]

I3h(n) = g5 | 19" o 5)

2.2. Definition. The Caputo fractional derivative of f(y) is
defined as [24, 25]

PN S .
D,f(n)=P"f,j-1<8<j,j€eN, (6)
& . 7
d—wh(ﬂ)ﬁ:MEN (7)

2.3. Definition. The integral transform of Shehu transform in
Set A, the function is defined by [26-28]

b
A={u(n): 3, p,p, >0, |u(n)| < Meri,if n€[0,00). (8)

The transformation of Shehu is defined as S(.) for a
function u(#) is given as

S{un)}=V(sv)= ‘[:064;4(11)(1;1, n>0,s>0. (9)

The Shehu transform of a function u() is V (s, v): then,
u(#) is called the inverse of V (s, v) which is given as

SV (s,v)} = u(n), forn >0,S " is the Shehu

inverse transformation.

(10)

2.4. Definition. The nth derivative of Shehu transformation is
defined as [27-29]

s/

s{un} = Svisn - 3 (O wbo.

2.5. Definition. The Shehu transform of fractional derivative
is given as [26-28].

3 b g\ 6k
Ol =S s - 3 ()
s{u®(m} = S ulsv) kz ()" u.0<0n.

(12)
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3. The HPTM General Implementation

Consider the general fractional partial differential equation
solve to HPTM:

Dlu(, 1) + Mp(, 1) + Nu(9, 1)
=h(e,n),n>0,0<8<1,u(p,0) (13)
=9(p),ueR.

Applying Shehu transformation of equation (13), we get

S| Djurm) + Mus(g.n) + Nu(p.n)|

=S[h(e,n)];n>0,0< 8 < 1, (e 1)
V(S vd
9(9) + 5 S[h(e: )] = 5 SIMu(p. n) + Nus(e, 1))

(14)

w <

Now, using inverse Shehu transformation, we achieve as

VcS
u(g.n) =F(p,n) =S L‘* S{Mu(¢,n) + Nu(e, 11)}} » (15)

where

v V6
Fig) =5 [2a(o)+ S Slhtpn)]

; (16)
S

- 900 +™ s S(p.)|

The parameter p show the producer of perturbation is
given as

upn) = ipk#k(% n), (17)
k=0

where the perturbation p is parameter and p € [0, 1].
The nonlinear components can be defined as

_ N k
_ O
Nu(p,n)= Y pHy(y) (18)
k=0

where He’s polynomials H,, in terms of 4, p4,, ¢4, =+, 4,,» and
can be calculated as

Hn(Mo,mw»#nFﬁD’; lN<;pk#k>] . (19)
=0 p=0

where Df, = o%/0k.

Substituting equations (18) and (19) in equation (15), we
obtain as

> Puon)
k=0

=F(g,n)—p
V(S o0 o0
X [S‘I{S—BS{M 2 Pu(pan) + Zpka(#k)}H-
k=0 k=0

(20)
The p coeflicients comparison on both sides, we have
Lo 1) = E (o),

P o) =57 [ S0+ Hulw)

M0
P ulpn) =" |5 S0+ i)

_v(s

P bulo) =5 S () + Hica )| > 0.k .

(21)

The u,(@,#) components simply calculated to the
convergence series form. We can achieve p — 1,

ulpom) = lim > 4 (9,1)- (22)
k=1

4. The NITM General Implementation

Consider the general fractional partial differential equation
solve to NITM:

D)u(, 1) + Mu(p, 1) + N(@,n) = h(p,m),n€N,n =1 <8<,
(23)

where linear and nonlinear functions represent by M
and N.
With initial condition

W (9. 0)=gi(9),k=0,1,2,-,n -1, (24)

Apply the Shehu transformation of equation (23), we
obtain as

S| Djup.m)| + SINu(@,m) + Mu(p, )] = E[h(@,m)- (25)



Using the differentiation property of Shehu transform is
given as

VS
H(g, 0) + S—és[h(% )]
Vé‘
- S—gs[N#(% 1)+ Mu(p, 1)),

w <

Slu(p:n)] = 26)

The Shehu inverse transform applies in equation (26), we
have

up.n) =5 qu(qx 0) + gs[h(% n)]}]

, (27)
-5 L—BS[NM(?’: )+ Mu(p, 11)]} :
In the iterative method, we get
P = Y th(9:11)- (28)
m=0
N(Z Hon (> 17)) = 2 Nl (9.1 (29)
m=0 m=0
the nonlinear term N is expressed as
N(Z Hon (9 n)) =t(p:1n) +N <Z Hi(9s 17))
" 0 (30)

-M <;i (@, n)) ~

Substituting equations (28), (29), and (30) in equation
(27), we can obtain the solution

()

D ()

m=0

W&
_g! [5_6 (};) Sszkuk(go, 0) + S[h(e, ’7)])]

o lz_jE [N (Z”k(% ,7)> _M(éyk(% n))H .

(31)

The iterative method can be defined as

W& v
Holgo1) =S L—a (; 7 (9,0) + S E(9 (9 n)))],

VB
i) =5 5 SV + Mi(oml]. (3)
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9 =
o1 (9s77) = =S L—g N [—N <Z i (s n))
k=0

_M<§Vk(¢’ﬂ)>]]’m21'

Finally, equations (23) and (24) provide the m-terms
solution in series form is achieved as

(34)

1> 1) = o (@ 11) + 1 (1) + o (@5 17) + oo

(35)
iy, (1), m=1,2,---.

Similarly, the convergence proof of the NITM, see [17].

4.1. Example. Consider the fractional Cauchy-reaction
diffusion equation is given as:

Dou(p, 1) = Dpp(p. 1) — (o), 0<8<1,  (36)

with the initial and boundaries conditions

u(e,0)=e?+9=g(p), u0,n)=1=f,(n),

3u(0, . (37)
w” T-1=fi(n).pneR.
n
Applying Shehu transform in equation (36), we get
v, o_
Slulp ) = (e ® +9) +S[Du—u|.  (38)

Using inverse Shehu transform in the above equation,
we get

upn)=(e?+9)+S"! (555 [Diﬂ - #} ) - (39)

First, we implement the NITM, we get the following

Holpm) =e? + o, (40)
_ _ _ 0

p(p.m)=S" _S‘SS{Diuo _Mo}_ ="’r<(5n+>1)’ (41)
_ _ _.0)\2

(@) =S »sBS{Dim -Ml}_ =<p%, (42)
_ - 803

ps(pom) =S~ _588{D§u2 ~th } = sv%, )

_ql| S 2 _ (_ 5)n >
bulgn) =5 |°{ D, = 1, }| P Tmo+1y "0
(44)
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The series form solution is given as

w(psm) = to (P 1) + 11 (@ 1) + 1y (@, 1) + p3 (@5 1)+, (P 77)-

(45)
The approximate solutions is achieved as
8 26
- Ul Ul
) =e? 1-
ulg.m) =¢ +"’{ I@+1)  T@25+1)
38 Y (46)
S
I'(36+1) I'(né+1)

Now we implement the HPTM, we obtain as

ip%(% n=(€’+9)+p [S‘l {555 <§ p"H, (#)) H .

(47)

Where the nonlinear function of the polynomial is shown
by H,(u). For instance, the He’s polynomial component is
obtained through the recursive relation H,(u) = Dflyn - U,

Vn € N. Now, on both sides, the coeflicient of corresponding
power p is calculated, and the following solution is obtained
as follows:

P () =€+,

1, _[e1fs 1_ (_’76)
o) = [SHLSHo W) || =0 p5 1
2. _fe1 S0 1_ (_’76 ’
P aloon) = [${SSE W) =0 5
3. _[e1f0 1_ (_’18 '
P us(en) = »S {s S(HZ(M))}_ —<Pm,

(48)
Then the series form result is defined as
(o)
ulpsn) = ). P "t (9 11). (49)
n=0

5
The approximate solution, we can achieve as
B 26
- U n
—e® 1-
uepm=e “’){ [@+1)  T(20+1)
36 _0\"
S /)|
I'(36+1) I'(nd+1)
(50)
& ()"
= (P _—
];F(ké +1)
ue.m) = +¢Es <718) :
The actual solution is
ue.m=e? +ge. (51)

Figure 1 shows the exact and the analytical solution
figures at § =1 of Example 1. Figure 1 shows that both the
analytical and actual solutions are in close contact with each
other. Figure 2 shows that the first graph analytical solution
of fractional-order at § = 0.8, and the second graph fractional
order § = 0.6. In Figure 3, the first graph shows the approxi-
mate solution of fractional-order at § =0.4, and the second
graph shows the different fractional-order § of Example 1.
In Figure 4, the 2D graphs show that the first actual and
approximate solution and second graph show the different
fractional-order & of Example 1. The solution is very rapidly
convergent by using the homotopy perturbation method and
the iterative method by modifying the Shehu transformation.
It may be concluded that both methodologies are efficient
and very powerful to find the analytical result as well as
approximate results of various physical fractional problems.

4.2. Example. Consider the fractional Cauchy-reaction diffu-
sion equation is given as:

D)u(p,n) = Dip(, ) = (1+ 497 ) u(g, 1), 0<8< 1, (52)
with initial condition
e 0)=e”, (53)
and the exact solution is given as

(g ) =e” . (54)

First, we implement the NITM, we obtain as

bo(9rm) =7, (55)

(pm)=S" [555{D2M0(<P, 1) = (1+49%) o (95 n)H

S
2
1

T I(8+1)

>

(56)
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FIGURE 1: The first graph shows the exact and second analytical solution figures at § = 1 of Example 1.

1 05

FI1GURE 2: The first graph shows the analytical solution of fractional-order at § = 0.8 and second graph fractional order 0.6 of Example 1.

(o) =87 [L8{ Dl (g.m) = (1+ 407w (9m) }

28

_er ,
I'(26+1)

(57)

u(9.m) =87 [8{ Dlpny(gum) - (14407 my(9m)

ED
oM

r(3+1)’

t,(9un) =87 [S{ Dis, (@) = (1 + 497, (0.1) }

6”
_ 9 (’1)
< Tmorny ="

(59)

The series form of iterative transform method is
defined as

u(@> 1) = o (@) + iy (@5 1) + o (95 1)

(60)
+ s (@) ph, (5 1)-
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F1GURE 3: The first graph shows the analytical solution of fractional-order at § = 0.4, and the second graph shows the different fractional-order
& of Example 1.

1.00 s 1.00
0.98 4 %
0.96 - 0.95 +
0.94 4
0.92 0.90 1
0.90 4
0.88 - e 0.85
T T T T T T T T T 1
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
¢ ¢
--- Exact solution | M os
ooo Approximate solution W os o4

FIGURE 4: The first graph shows the exact and analytical solution, and the second graph shows the different fractional-order § of Example 1.

The approximate solution is given as Now, we implement HPTM, we get
, i ) 0o o
= n ? - n
Klgun) = {1 TTE+1) T+ 1) ZOP o p) = € +p{S ‘(s‘SS[Zop Hn(u)D } (62)

38 nd
Ui U
e } (61) On both sides p Comparisons coefficient, we have

TTGs+) T Tme+ 1)

— @2 o 2
uigm) = e Ea(”)‘ P2 ug(pm) =,
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FIGURE 5: The first graph shows the exact and second analytical solution figures at § = 1 of Example 2.

Pl = {57 (Sl = 5y

Pty (pn) = {S’1 (sSS[Hl(y)])} = ﬁ,

P> (o) = {87 (SSIHw)) } = F(%il),

P () = {5‘1 (SaS[Hn—l(M)]) } =’ r(:Tiil)' (63)

The series form solution is express as

u(p,n) = ip”un(% n).

176 ’128

wlo.n) = e“’z{l TTEAN) TS (sa)

36 nd
R o ,
I'(36+1) I'(nd +1)

ulp.n) =" Es ().

Now, § =1, then the exact result of equation (52) is
ulgm) =7 .

Figure 5 shows the exact and the analytical solution
figures at § =1 of Example 2. Figure 5 shows that both the
analytical and actual solutions are in close contact with each
other. Figure 6 shows the first graph analytical solution of
fractional-order at § =0.8 and the second graph fractional
order & = 0.6. In Figure 7, the first graph shows the approxi-

mate solution of fractional-order at § = 0.4, and the second
graph shows the different fractional-order & of Example 2.
In Figure 8, the 2D graphs show that the first actual and
approximate solution and second graph show the different
fractional-order § of Example 2. The solution is very rapidly
convergent by using the homotopy perturbation method and
the iterative method by modifying the Shehu transformation.
It may be concluded that both methodologies are efficient
and very powerful to find the analytical solution as well as
approximate results of various physical fractional problems.

4.3. Example. Consider fractional-order Cauchy-reaction
diffusion equation:

Diu(p, 1) = Dyp(p, ) + 27 1), 0< <1, (65)
with initial condition

(e, 0)=e", (66)

the actual solution is
) =T (67)
Apply the Shehu transform, we obtain as
ugn)=e +5 {565(132#(% 1) + 2nu(p, 11))] . (68)
First, we implement the NITM

bo(@.1) = ¢, (69)
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FIGURE 6: The first graph shows the analytical solution of fractional-order at § = 0.8 and second graph fractional order 0.6 of Example 2.
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04

F1GURE 7: The first graph shows the analytical solution of fractional-order at § = 0.4, and the second graph shows the different fractional-order

8 of Example 2.

(@) =S [S{ Dy (9. 1) + 2101091 }

’76 2’78+1
= (r 5+1) T(0+ 2))
@) =S [*S{ D, (9.) + 2101, (9 1) }

26+1) I26+2)

s D 5
q,( T e . (5+2)2+1+4(8+2)772+2

Hs(9,

=S l[sas{DZ#z P.17) + 2171, (9, n)}}
’136 (6+ 1) 36+1
( T(35+1) ' T(35+2)

4(8+2)(0+3)02  8(8+2)(28 +3)0*
[(30+3) T(30+4) )

:e(P

(72)
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F1GURE 8: The first graph shows the exact and analytical solution, and the second graph shows the different fractional-order 6 of Example 2.

The series form of proposed technique can be defined as

u(@> 1) = o (@: 1) + 1y (@ 11) + o (@) + s (@, 1)+, (s 7).

(73)
The approximate solution is given as
) S+1
R Ul 21
Hipom) =€+ e (r(5+ T +2)
20 20+1 20+2
P n . 2(6+2) . 4(6+2)n
I'(28+1) I'(26+2) I'(26+3)
v et n*° L 60+ Dt 4(8+2)(8 +3)n*+?
“\ree+1n " T1(E+2) [(35+3)
8(8 +2)(28 + 3)n** P
I(36 +4) '
(74)

Now, we apply HPTM, we get

ip”#n () =€’ +p [Sl {555 <Zp”Hn (#)) H 0 (75)

The coeflicients of p Comparison on both sides, we
achieve as

P° (1) = ¢,

oo~ [sH{esimn)] o (il e 200,

P’ (eam)
= [sH{ st ()}

o ’,’26 2(8+2)1725+1 4(5+2)1’]26+2
- <F(26+1) T TT+2) | I(20+3) )
P’ ()
= [s{<"ste () }]
o ( n0 6@+ ) 48 +2)(8+3)n
T(36+1)  TI(36+2) T(36+3)
8(8+2)(28 +3)*0"3
T TG+ 4 ) '
(76)

Finally, we obtain the analytical result u(¢, #) to the trun-
cate series.

N
upm) = Jim 3 p,(9,1)-
n=1

S O+1
_ oo M 21
ugm)=etre <r(a+ ) " T(6+2)
20 20+1 28+2
o n . 2(6+2)n . 4(6+2)y
I'26+1) I'26+2) I'(26+3)
30 30+1
) n . 6(8+1)y
I'(36+1) I'(36+2)
4(8+2)(8+3)%2  8(8+2)(28 +3)0+
+
(36 +3) (36 +4)
(77)



Journal of Function Spaces

1.5 0.5

11

1.5 0.5

FIGURE 9: The first graph shows the exact and second analytical solution figures at § = 1 of Example 3.
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F1GuRre 10: The first graph shows the analytical solution of fractional-order at § = 0.8 and second graph fractional order 0.6 of Example 3.

Now, for § = 1, the actual result of the above series is

u(p, ) = e (78)

Figure 9 shows the exact and the analytical solution fig-
ures at 0 = 1 of Example 3. Figure 9 shows that both the ana-
Iytical and actual solutions are in close contact with each
other. Figure 10 shows that the first graph analytical solution
of fractional-order at § =0.8 and second graph fractional
order & = 0.6. In Figure 11, the first graph shows the approx-
imate solution of fractional-order at § = 0.4, and the second
graph shows the different fractional-order § of Example 3.
The solution is very rapidly convergent by using the Homo-
topy perturbation method and the iterative method by mod-

ifying the Shehu transformation. It may be concluded that
both methodologies are efficient and very powerful to find
the analytical result as well as approximate results of various
physical fractional problems.

4.4. Example. Consider the fractional Cauchy-reaction diffu-
sion equation is given as:

DYu(p, 1) = Dip(@, 1) = (497 = 21+ 2) (g, 1), 0< S < 1,
(79)

with initial condition

u(p,0)=e”, (80)
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F1GURE 11: The first graph shows the analytical solution of fractional-order at § = 0.4, and the second graph shows the different fractional-

order § of Example 3.

the exact result is

wgpm)=er . (81)
First, we apply the NITM
Holgu) =€, (82)

i (9.m) =87 [L5{ Dlpy(9.1) - (497 = 21+ 2t (1)}

O+1

U

—2¢%
> T6+2)

>

(83)

(o) =87 [L5{ Dlyny (g.1) = (49 21+ 2 (91}

g B2
I'(26+3)
(84)

(@) =57 [*S{ Dy (g.1) = (49 =21+ 2wy ()

(8 +2)(28 + 3)rP0+D)

=3¢
¢ [(35+4)

(85)

The series form result is defined as

1@, 1) = o (@ 1) + py (P 11) + o (95 17) + 3 (@5 1)+ 41, (95 7).

(86)

The approximate solution is

’16+1 5 o (6+2)1’]2(6+1)
2t M T
I'(6+2) I'(26+3)
L g (8+2)(20 +3)7*Y
¢ [(35+4)
5 4(6+1)
ey (6+2)(26+3)(36 +4)n N
I'(48+5)

(g ) =e” +2¢"

(87)

Now, implement the HPTM, we obtain as

st {s‘%(ip"Hn(y)) }] . (88)

The comparison of coefficient of p on both sides, we get

Y P (o) = +p
n=0

0

P (o) =¥,

[ 1 O+1
P =[5 s} 2
[ 1 5 2(8+1)
P omton= [ (s )] -2 G2
P =[5 {S(H(0)
(8 +2)(28 + 3)nP0+D)

2
=23¢?

(36 +4) ’
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FIGURE 12: The first graph shows the exact and second analytical solution figures at § = 1 of Example 4.

1 0.5

FIGURE 13: The first graph shows the analytical solution of fractional-order at § = 0.8 and second graph fractional order 0.6 of Example 4.

p* ) = [T {S(H () }]
4,97 (8 +2)(28 +3)(38 + 4)*+D)
I'(48 +5) ’

(89)

Finally, we obtain the approximate result p(¢@,#) by
truncate series

N
wlpom) = lim Y p,(9,1).
n=1

O+1 2(0+1
u(e.n) = ¢ +2¢% ri(}ZS 2) +2%e% 7(61:;22;1 (3) )
(8 +2)(28 + 3)rP0+D)
I'(36 +4)
(8 +2)(28 +3)(38 + 4)* D)
I'(46+5)

+2%" (90)

2
+2%e¥

The special case for § = 1, the close form above equation
is expressed as

() =e? " (91)



14

LR
M os

Journal of Function Spaces

W os
o4

FIGURE 14: The first graph shows the analytical solution of fractional-order at § = 0.4, and the second graph shows the different fractional-

order & of Example 4.

Figure 12 shows the exact and the analytical solution
figures at § =1 of Example 4. Figure 12 shows that both the
analytical and actual solutions are in close contact with each
other. Figure 13 shows the first graph analytical solution of
fractional-order at § = 0.8 and second graph fractional order
6 =0.6. In Figure 14, the first graph shows the approximate
solution of fractional-order at § = 0.4, and the second graph
shows the different fractional-order § of Example 4. The
solution is very rapidly convergent by apply the homotopy
perturbation method and the iterative method by modifying
the Shehu transformation. It may be concluded that both
methodologies are efficient and very powerful in finding the
analytical result as well as approximate results of various
physical fractional problems.

5. Conclusion

This paper develops an effective and new coupling method of
the homotopy perturbation method, the iterative method, and
Shehu transform approach for the time-fractional Cauchy-
reaction diffusion equations. With the help of the Shehu trans-
form, the calculation of this method is very straightforward
and simple. A very close contact of the achieved solutions with
the exact solution of the problem is analyzed. It is also investi-
gated that the rate of convergence of the proposed techniques
is accurate the solution of fractional-order partial differential
equations. Thus, we further this technique can be applied to
solve other schemes of linear and nonlinear fractional-order
partial differential equations.
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