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In 2003, Mercer presented an interesting variation of Jensen’s inequality called Jensen–Mercer inequality for convex function. In
the present paper, by employing harmonically convex function, we introduce analogous versions of Hermite–Hadamard
inequalities of the Jensen–Mercer type via fractional integrals. As a result, we introduce several related fractional inequalities
connected with the right and left differences of obtained new inequalities for differentiable harmonically convex mappings. As
an application viewpoint, new estimates regarding hypergeometric functions and special means of real numbers are exemplified
to determine the pertinence and validity of the suggested scheme. Our results presented here provide extensions of others
given in the literature. The results proved in this paper may stimulate further research in this fascinating area.

1. Introduction

The definition of convexity has been improved, generalized,
and expanded in several directions in recent years. In the lit-
erature, Jensen’s inequality (J-I) and the Hermite–Hada-
mard’s (H-H) inequality are highly familiar results. Several
new classes of convex functions along with their respective
new variants of (J-I) and (H-H) inequalities are established.
One of the well-known and most significant inequalities in
mathematical analysis is (J-I) and its related variants. These
inequalities are useful in Physics since they provide upper
and lower limits for natural phenomena defined by integrals,
such as mechanical work. The definition of a classical convex
function is as follows:

Definition 1. A function ϕ : I ⊂ℝ⟶ℝ is called a convex
function on ðϕ ∈ KðIÞÞ, if

ϕ ζθ + 1 − ζð ÞΘð Þ ≤ ζϕ θð Þ + 1 − ζð Þϕ Θð Þ, ð1Þ

holds provided that all θ,Θ ∈ I and ζ ∈ ½0, 1�.

Jensen’s inequality is the key to success in extracting
applications in information theory. It is effective in finding
estimates for several quantitative measures in information
theory about continuous random variables, see [1–3]. The
(J-I) can be stated as a generalization of convex functions
as follows:
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Theorem 2 (see [4]). If ϕ ∈ KðIÞ, then

ϕ 〠
m

j=1
ωjaj

 !
≤〠

m

j=1
ωjϕ aj

� �
, ð2Þ

for all aj ∈ I and ωj ∈ ½0, 1�, ðj = 1, 2,⋯,mÞ with ∑
m

j=1
ωj = 1.

The (H-H) inequality is another well-known inequality
in the theory of convex analysis. Several notable results sur-
rounding (H-H) inequality and its significance are compiled
by Dragomir et al. in [5].

Theorem 3. If ϕ ∈ KðIÞ on the interval I = ½θ,Θ� with θ <Θ,
then

ϕ
θ +Θ

2

� �
≤

1
Θ − θ

ðΘ
θ

ϕ xð Þdx ≤ ϕ θð Þ + ϕ Θð Þ
2

: ð3Þ

In 2003, Mercer presents a variant of (J-I) which has a
great impact on the theory of inequalities known as Jen-
sen–Mercer (J-M) inequality.

Theorem 4 (see [6]). If ϕ ∈ KðIÞ on the interval I = ½θ,Θ�,
then

ϕ θ +Θ −〠
m

j=1
ωjaj

 !
≤ ϕ θð Þ + ϕ Θð Þ −〠

m

j=1
ωjϕ aj

� �
, ð4Þ

for all aj ∈ ½θ,Θ� and ωj ∈ ½0, 1�, ðj = 1, 2,⋯,mÞ with ∑
m

j=1
ωj

= 1.

In 2013 [7], Kian and Moslehian introduced new variant
(H-H) type inequalities utilizing Mercer concept via convex
functions. Recently in 2019, Moradi and Furuichi in [8]
worked on some improvements and generalization of (J-
M) type inequalities. Then in 2020 [9], Adil et al. gave appli-
cations of (J-M) inequality in information theory. He com-
puted new estimates for Csiszár and related divergences.
Also, he gave new bounds for Zipf-Mandelbrot Entropy via
(J-M) inequality.

Harmonic convex sets are introduced by investigating
harmonic means. In 2003, the first harmonic convex set
was introduced by Shi and Zhang [10]. The harmonic mean
has been important in different fields of pure and applied
sciences. Anderson et al. [11] and Íşcan [12] introduced a
significant class of convex functions known as harmonic
convex.

Definition 5 (see [12]). A function ϕ : I ⊂ℝ \ f0g⟶ℝ is
said to be harmonically convex on ðϕ ∈HKðIÞÞ, if

ϕ
θΘ

ζθ + 1 − ζð ÞΘ
� �

≤ ζϕ Θð Þ + 1 − ζð Þϕ θð Þ, ð5Þ

for all θ,Θ ∈ I and ζ ∈ ½0, 1� holds.

The harmonic mean is useful in electrical circuit theory
and different fields of research. It is well known that the total
resistance of a set of parallel resistors can be calculated by
adding the reciprocals of each individual resistance value
and then taking the reciprocal of the total resistance. For
example, if t1 and t2 are the resistance of two parallel resis-
tors, the total resistance is

T = t1t2
t1 + t2

= 1
2H t1, t2ð Þ, ð6Þ

which is the half of the harmonic mean [13]. The harmonic
mean is also important in the development of parallel algo-
rithms for solving nonlinear problems [14]. The harmonic
mean of the effective masses, as well as the three crystallo-
graphic directions, is often used to describe a semiconduc-
tor’s “conductivity effective mass” [15]; see also [16].

Dragomir is the first to introduce (J-I) for ϕ ∈HKðIÞ as:

Theorem 6 (see [17]). If ϕ ∈HKðIÞ on the interval I ⊆ ð0,∞Þ,
then

ϕ
1

∑
m

j=1
ωj/aj

0
BB@

1
CCA ≤〠

m

j=1
ωjϕ aj

� �
, ð7Þ

for all aj ∈ I and ωj ∈ ½0, 1�, ðj = 1, 2,⋯,mÞ with ∑
m

j=1
ωj = 1

.

In [12], Íşcan proved the (H-H) inequality for ϕ ∈HKðIÞ
as:

Theorem 7 (see [12]). Let I ⊆ ð0,∞Þ be an interval. If ϕ ∈
HKðIÞ and ϕ∈L½θ,Θ� and for all θ, Θ∈I with θ <Θ then

ϕ
2θΘ
θ +Θ

� �
≤

θΘ

Θ − θ

ð1
0

ϕ xð Þ
x2

dx ≤
ϕ θð Þ + ϕ Θð Þ

2
: ð8Þ

Very recently, Baloch et al. [18] present a variant of (J-I)
which has a great impact on the theory of inequalities known
as (J-M) inequality for ϕ ∈HKðIÞ:
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Theorem 8 (see [18]). Let I = ½θ,Θ� ⊆ ð0,∞Þ be an interval. If
ϕ ∈HKðIÞ, then inequality

ϕ
1

1/θð Þ + 1/Θð Þ − ∑
m

j=1
ωj/aj

0
BB@

1
CCA ≤ ϕ θð Þ + ϕ Θð Þ −〠

m

j=1
ωjϕ aj

� �
,

ð9Þ

for all aj ∈ ½θ,Θ� and ωj ∈ ½0, 1�, ðj = 1, 2,⋯,mÞ with ∑
m

j=1
ωj = 1.

For some recent results connected with (J-M) inequality
for ϕ ∈HKðIÞ, see [18, 19].

Let us recall some important functions and inequality.
(i) Beta function

β ξ1, ξ2ð Þ = Γ ξ1ð ÞΓ ξ2ð Þ
Γ ξ1 + ξ2ð Þ =

ð1
0
ζξ1−1 1 − ζð Þξ2−1 dζ, ξ1, ξ2 > 0:

ð10Þ

(ii) Hypergeometric function: [20]

2F1 x, y ; z ; kð Þ = 1
β y, z − yð Þ

ð1
0
ζy−1 1 − ζð Þz−y−1 1 − kζð Þ−x dζ, z > y > 0, kj j < 1:

ð11Þ

Lemma 9 (see [21, 22]). For 0 < α ≤ 1 and 0 ≤ x < y, we have

xα − yαj j ≤ y − xð Þα: ð12Þ

One of the concepts that have played a significant role in
the growth of inequality theory in recent years is fractional
analysis. Fractional integrals are the most commonly used
concept in calculus analysis to obtain new generalizations,
extensions, and versions of classical integral inequalities.
Since fractional calculus was presented toward the end of
the nineteenth century, the subject has become a quickly
developing area and has discovered numerous applications
in different research fields. Fractional calculus is now con-
cerned with fractional-order integral and derivative opera-
tors in real and complex analysis and their applications.
Fractional calculus is used in several fields of engineering
and science worldwide, including fluid dynamics, electro-
chemistry, electromagnetics, viscoelasticity, biological popu-
lation models, optics, and signal processing. It has been used
to model physical and engineering processes that are best
represented by fractional differential equations.

Now, we give the definition of Riemann-Liouville (RL)
integrals which we will use in this paper.

Definition 10. Let ϕ ∈ L½θ,Θ�. The left and right sided (RL)
fractional integrals of order α > 0 with θ ≥ 0 are stated as:

Jαθ+ϕ rð Þ = 1
Γ αð Þ

ðr
θ

r − uð Þα−1ϕ uð Þ du, r > θ,

JαΘ−ϕ rð Þ = 1
Γ αð Þ

ðΘ
r
u − rð Þα−1ϕ uð Þ du, r <Θ,

ð13Þ

respectively, with ΓðαÞ = Ð∞0 e−uuα−1du and J0θ+ϕðrÞ=
J0Θ−ϕðrÞ = ϕðrÞ.

In recent times, the topic of investigating fractional (H-
H) inequalities by employing the Mercer concept along with
its applications is worth study, as evident from several pub-
lications in this direction (see [23–26]). This study is done
by utilizing convex functions. But in this paper, we first time
introduce and analyze this concept for harmonic convex
functions. In this paper, by using (J-M) inequality, we derive
Hermite-Hadamard–Mercer’s (H-H-M) inequalities for ϕ
∈HKðIÞ via (RL) fractional integral, and we established sev-
eral new fractional inequalities pertaining (H-H-M) type
inequalities for differentiable harmonically convex map-
pings. Some applications to special means of positive real
numbers will also be provided in Section 4. We hope that
the new idea and techniques formulated in the present paper
are more invigorating than the accessible ones.

2. (H-H-M) Inequalities for ϕ ∈HKðIÞ via (RL)
Fractional Integrals

By using (J-M) inequality, we give the following (H-H-M)
inequalities for ϕ ∈HKðIÞ.

Theorem 11. Let ϕ : I = ½θ,Θ� ⊆ ð0,∞Þ⟶ℝ be a function
such that ϕ ∈ L½θ,Θ� with 0 < θ <Θ. If ϕ ∈HKðIÞ on the
interval I = ½θ,Θ�, then

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤ ϕ θð Þ + ϕ Θð Þ − Γ α + 1ð Þ
2

� xy
y − x

� �α

Jα1/y+ ϕ ∘ ℏð Þ 1
x

� �
+ Jα1/x− ϕ ∘ ℏð Þ 1

y

� �� �

≤ ϕ θð Þ + ϕ Θð Þ − ϕ
2xy
x + y

� �
,

ð14Þ

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤
Γ α + 1ð Þ

2
xy
y − x

� �α

Jα 1/θð Þ+ 1/Θð Þ− 1/xð Þð Þ+ ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
y

� ��

+ Jα 1/θð Þ+ 1/Θð Þ− 1/yð Þð Þ− ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
x

� ��

≤
1
2

ϕ
1

1/θð Þ + 1/Θð Þ − 1/xð Þ
� �

+ ϕ
1

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �� 	

≤ ϕ θð Þ + ϕ Θð Þ − ϕ xð Þ + ϕ yð Þ
2

,

ð15Þ

for all x, y ∈ ½θ,Θ�, α > 0, and ℏðrÞ = 1/r, r ∈ ½1/Θ, 1/θ�.
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Proof. By employing (J-M) inequality for ϕ ∈HKðIÞ, we have

ϕ
1

1/θð Þ + 1/Θð Þ − x1 + y1ð Þ/2x1y1ð Þ
� �

≤ ϕ θð Þ + ϕ Θð Þ − ϕ x1ð Þ + ϕ y1ð Þ
2 ,

ð16Þ

for all x1, y1 ∈ ½θ,Θ�. By changing of the variables x1 = xy/ð
ζx + ð1 − ζÞyÞ, y1 = xy/ðζy + ð1 − ζÞaÞ for all x, y ∈ ½θ,Θ�,
and ζ ∈ ½0, 1� in (16), we obtain

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤ ϕ θð Þ + ϕ Θð Þ − ϕ xy/ ζx + 1 − ζð Þyð Þð Þ + ϕ xy/ ζy + 1 − ζð Það Þð Þ
2 :

ð17Þ

Conducting product on both sides of (17) by ζα−1 and
then integrating the obtained inequality w.r.t ζ over ½0, 1�,
we have

1
α
ϕ

1
1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ

� �

≤
1
α
ϕ θð Þ + ϕ Θð Þ½ � − 1

2

ð1
0
ζα−1 ϕ

xy
ζx + 1 − ζð Þy
� �

+ ϕ
xy

ζy + 1 − ζð Þa
� �� 	

dζ

= 1
α
ϕ θð Þ + ϕ Θð Þ½ � − 1

2
xy
y − x

� �α

×
ð1/x
1/y

1
x
− u

� �α−1
ϕ

1
u

� �
du +

ð1/x
1/y

u −
1
y

� �α−1
ϕ

1
u

� �
du

" #

= 1
α
ϕ θð Þ + ϕ Θð Þ½ � − Γ αð Þ

2
xy
y − x

� �α

Jα1/y+ ϕ ∘ ℏð Þ 1
x

� �
+ Jα1/x− ϕ ∘ ℏð Þ 1

y

� �� �
:

ð18Þ

That is

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤ ϕ θð Þ + ϕ Θð Þ − Γ α + 1ð Þ
2

� xy
y − x

� �α

Jα1/y+ ϕ ∘ ℏð Þ 1
x

� �
+ Jα1/x− ϕ ∘ ℏð Þ 1

y

� �� �
, where ℏ rð Þ = 1

r
:

ð19Þ

Thus, the first inequality of (14) is proved. Now, we
prove the second inequality in (14), since ϕ ∈HKðIÞ; then,
for ζ ∈ ½0, 1�, it yields

ϕ
2xy
x + y

� �
= ϕ

2
ζ/xð Þ + 1 − ζð Þ/yð Þ + 1 − ζð Þ/xð Þ + ζ/yð Þ

� �

≤
1
2 ϕ

xy
ζy + 1 − ζð Þx
� �

+ ϕ
xy

ζx + 1 − ζð Þy
� �� 	

:

ð20Þ

Conducting product on both sides of (20) by ζα−1 and
then integrating the obtained inequality w.r.t ζ over ½0, 1�,

we obtain

1
α
ϕ

2xy
x + y

� �
≤
1
2

ð1
0
ζα−1ϕ

xy
ζy + 1 − ζð Þx
� �

+ ϕ
xy

ζx + 1 − ζð Þy
� �� 	

dζ

= Γ αð Þ
2

xy
y − x

� �α

Jα1/y+ ϕ ∘ ℏð Þ 1
x

� �
+ Jα1/x− ϕ ∘ ℏð Þ 1

y

� �� �
,

ð21Þ

and then

−ϕ
2xy
x + y

� �
≥ −

Γ α + 1ð Þ
2

xy
y − x

� �α

Jα1/y+ ϕ ∘ ℏð Þ 1
x

� �
+ Jα1/x− ϕ ∘ ℏð Þ 1

y

� �� �
:

ð22Þ

Adding ϕðθÞ + ϕðΘÞ to both sides of (22), we find the
second inequality of (14).

Next for the proof of the inequality (15), take ϕ ∈HKðIÞ;
we have for any x, y ∈ ½θ,Θ�

ϕ
2xy
x + y

� �
= ϕ

1
1/2 ζ/xð Þ + 1 − ζð Þ/yð Þ + 1 − ζð Þ/xð Þ + ζ/yð Þð Þ
� �

≤
1
2 ϕ

1
ζ/xð Þ + 1 − ζð Þ/yð Þ

� �
+ ϕ

1
1 − ζð Þ/xð Þ + ζ/yð Þ

� �� 	

≤
ϕ xð Þ + ϕ yð Þ

2 :

ð23Þ

Replacing x and y by 1/ð1/θÞ + ð1/ΘÞ − ð1/xÞ and 1/ð1/
θÞ + ð1/ΘÞ − ð1/yÞ, respectively, in (23), we get

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤
1
2 ϕ

1
1/θð Þ + 1/Θð Þ − ζ/xð Þ + 1 − ζð Þ/yð Þð Þ

� ��

+ ϕ
1

1/θð Þ + 1/Θð Þ − 1 − ζð Þ/xð Þ + ζ/yð Þð Þ
� �	

≤
1
2 ϕ

1
1/θð Þ + 1/Θð Þ − 1/xð Þ

� �
+ ϕ

1
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� 	
:

ð24Þ

Conducting product on both sides of (24) by ζα−1 and
then integrating the obtained inequality w.r.t ζ over ½0, 1�,
we have

1
α
ϕ

1
1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ

� �

≤
1
2

ð1
0
ζα−1ϕ

1
1/θð Þ + 1/Θð Þ − ζ/xð Þ + 1 − ζð Þ/yð Þð Þ

� �
dζ

�

+
ð1
0
ζα−1ϕ

1
1/θð Þ + 1/Θð Þ − 1 − ζð Þ/xð Þ + ζ/yð Þð Þ

� �
dζ
	

≤
1
2α ϕ

1
1/θð Þ + 1/Θð Þ − 1/xð Þ

� �
+ ϕ

1
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� 	
:

ð25Þ
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It is obvious that

1
2

ð1
0
ζα−1ϕ

1
1/θð Þ + 1/Θð Þ − ζ/xð Þ + 1 − ζð Þ/yð Þð Þ

� �
dζ

�

+
ð1
0
ζα−1ϕ

1
1/θð Þ + 1/Θð Þ − 1 − ζð Þ/xð Þ + ζ/yð Þð Þ

� �
dζ
	

= Γ αð Þ
2

xy
y − x

� �α ð 1/θð Þ+ 1/Θð Þ− 1/yð Þ

1/θð Þ+ 1/Θð Þ− 1/xð Þ

1
θ
+ 1
Θ

−
1
y

� �
− u

� �α−1
ϕ

1
u

� �
du

"

+
ð 1/θð Þ+ 1/Θð Þ− 1/yð Þ

1/θð Þ+ 1/Θð Þ− 1/xð Þ
u −

1
θ
+ 1
Θ

−
1
x

� �� �α−1
ϕ

1
u

� �
du

#

= Γ αð Þ
2

xy
y − x

� �α

Jα 1/θð Þ+ 1/Θð Þ− 1/xð Þð Þ+ ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
y

� ��

+ Jα 1/θð Þ+ 1/Θð Þ− 1/yð Þð Þ− ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
x

� ��
:

ð26Þ

Using (J-M) inequality for ϕ ∈HKðIÞ, we conclude that

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤
Γ α + 1ð Þ

2
xy
y − x

� �α

Jα 1/θð Þ+ 1/Θð Þ− 1/xð Þð Þ+ ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
y

� ��

+ Jα 1/θð Þ+ 1/Θð Þ− 1/yð Þð Þ− ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
x

� ��

≤
1
2 ϕ

1
1/θð Þ + 1/Θð Þ − 1/xð Þ

� �
+ ϕ

1
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� 	

≤ ϕ θð Þ + ϕ Θð Þ − ϕ xð Þ + ϕ yð Þ
2 :

ð27Þ

So, the inequality (15) is proved.☐

Remark 12. Under the assumptions of Theorem 11 with α
= 1, one has

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤ ϕ θð Þ + ϕ Θð Þ −
ð1
0
ϕ

xy
ζx + 1 − ζð Þy
� �

dζ

≤ ϕ θð Þ + ϕ Θð Þ − ϕ
2xy
x + y

� �
,

ϕ
1

1/θð Þ + 1/Θð Þ − x + yð Þ/2xyð Þ
� �

≤
xy
y − x

ðy
x

1
ζ2
ϕ

1
1/θð Þ + 1/Θð Þ − 1/ζð Þ

� �
dζ

≤ ϕ θð Þ + ϕ Θð Þ − ϕ xð Þ + ϕ yð Þ
2 ,

ð28Þ

for all x, y ∈ ½θ,Θ�. The proof of remark is proved by Baloch
et al. in [18], Theorem 3.5, and [19], Theorem 2.1.

3. Related Variants of (H-H-M) Type
Inequalities for ϕ ∈HKðIÞ via (RL) Fractional
Integrals

Throughout the paper, we assumed the following
assumption.

A1=Let ϕ : I = ½θ,Θ� ⊆ ð0,∞Þ⟶ℝ be a differentiable
function on ðθ,ΘÞ with 0 < θ <Θ,

Iϕ ℏ ; α, x, yð Þ = 1
2 ϕ

1
1/θð Þ + 1/Θð Þ − 1/xð Þ

� �
+ ϕ

1
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� 	

−
Γ α + 1ð Þ

2
xy
y − x

� �α

Jα 1/θð Þ+ 1/Θð Þ− 1/xð Þð Þ+ ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
y

� ��

+ Jα 1/θð Þ+ 1/Θð Þ− 1/yð Þð Þ− ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
x

� ��
,

ð29Þ

where x, y ∈ I with x < y, α > 0, and ℏðrÞ = 1/r, r ∈ ½1/Θ, 1/θ�.
We give the new following lemma for our results.

Lemma 13. If ϕ′ ∈ L½θ,Θ� along with assumption A1, then
the following equality for fractional integrals holds:

Iϕ ℏ ; α, x, yð Þ = y − x
2xy

ð1
0

ζα − 1 − ζð Þα
 �
1/θð Þ + 1/Θð Þ − ζ/xð Þ + 1 − ζð Þ/yð Þð Þð Þ2

ϕ′

� 1
1/θð Þ + 1/Θð Þ − ζ/xð Þ + 1 − ζð Þ/yð Þð Þ

� �
dζ:

ð30Þ

Proof. Let Aζ = ð1/θÞ + ð1/ΘÞ − ððζ/xÞ + ðð1 − ζÞ/yÞÞ. It suf-
fices to note that

Iϕ ℏ ; α, x, yð Þ = y − x
2xy

ð1
0

ζα − 1 − ζð Þα
 �
A2
ζ

ϕ′ 1
Aζ

� �
dζ

= 1
2

y − x
xy

ð1
0

ζα

A2
ζ

ϕ′ 1
Aζ

� �
dζ −

y − x
xy

ð1
0

1 − ζð Þα
A2
ζ

ϕ′ 1
Aζ

� �
dζ

" #

= 1
2 I1 − I2½ �:

ð31Þ

Integrating by parts, we get

I1 =
y − x
xy

ð1
0

ζα

A2
ζ

ϕ′ 1
Aζ

� �
dζ = ζαϕ

1
Aζ

� ������
1

0

− α
ð1
0
ζα−1ϕ

1
Aζ

� �
dζ

= ϕ
1

1/θð Þ + 1/Θð Þ − 1/xð Þ
� �

− α
xy
y − x

� �αð 1/θð Þ+ 1/Θð Þ− 1/yð Þ

1/θð Þ+ 1/Θð Þ− 1/xð Þ

� 1
θ
+ 1
Θ

−
1
y

� �
− u

� �α−1
ϕ

1
u

� �
du

= ϕ
1

1/θð Þ + 1/Θð Þ − 1/xð Þ
� �

− Γ α + 1ð Þ xy
y − x

� �α

Jα 1/θð Þ+ 1/Θð Þ− 1/xð Þð Þ+ ϕ ∘ ℏð Þ

� 1
θ
+ 1
Θ

−
1
y

� �
:

ð32Þ
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Similarly, we get

I2 =
y − x
xy

ð1
0

1 − ζð Þα
A2
ζ

ϕ′ 1
Aζ

� �
dζ = 1 − ζð Þαϕ 1

Aζ

� ������
1

0

+ α
ð1
0
1 − ζð Þα−1ϕ 1

Aζ

� �
dζ

= −ϕ
1

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

+ α
xy
y − x

� �αð 1/θð Þ+ 1/Θð Þ− 1/yð Þ

1/θð Þ+ 1/Θð Þ− 1/xð Þ

� u −
1
θ
+ 1
Θ

−
1
x

� �� �α−1
ϕ

1
u

� �
du

= −ϕ
1

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

+ Γ α + 1ð Þ

� xy
y − x

� �α

Jα 1/θð Þ+ 1/Θð Þ− 1/yð Þð Þ− ϕ ∘ ℏð Þ 1
θ
+ 1
Θ

−
1
x

� �
:

ð33Þ

Using (32) and (33) in (31), we get inequality (30).☐

Corollary 14. If we choose α = 1 in Lemma 13, then we have
the following equality:

1
2

ϕ
1

1/θð Þ + 1/Θð Þ − 1/xð Þ
� �

+ ϕ
1

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �� 	

−
xy
y − x

ð 1/θð Þ+ 1/Θð Þ− 1/yð Þ

1/θð Þ+ 1/Θð Þ− 1/xð Þ
ϕ

1
u

� �
du

= y − x
2xy

ð1
0

2ζ − 1ð Þ
1/θð Þ + 1/Θð Þ − ζ/xð Þ + 1 − ζð Þ/yð Þð Þð Þ2

ϕ′

� 1
1/θð Þ + 1/Θð Þ − ζ/xð Þ + 1 − ζð Þ/yð Þð Þ

� �
dζ:

ð34Þ

Remark 15. If we take x = θ and y =Θ in Corollary 14, then
the equality (34) reduces to the equality

ϕ θð Þ + ϕ Θð Þ
2 −

θΘ

Θ − θ

ðΘ
θ

ϕ xð Þ
x2

dx

= θΘ Θ − θð Þ
2

ð1
0

2ζ − 1ð Þ
ζθ + 1 − ζð ÞΘð Þ2

ϕ′ θΘ

ζθ + 1 − ζð ÞΘ
� �

dζ,

ð35Þ

which is proved by Íşcan in [12].

Using Lemma 13, we present the following fractional
integral inequality for jϕ′jq ∈HKðIÞ as follows.

Theorem 16. If jϕ′jq ∈HKð½θ,Θ�Þ for some fixed q ≥ 1 and
ϕ′ ∈ L½θ,Θ� along with assumption A1, then the following
inequality for fractional integrals holds:

Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

K1− 1/qð Þ
1 α ; x, yð Þ K1 α ; x, yð Þ ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh i

− K2 α ; x, yð Þ ϕ′ xð Þ�� ��q + K3 α ; x, yð Þ ϕ′ yð Þ�� ��q ��1/q
,

ð36Þ

where

K1 α ; x, yð Þ = 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 1

� 2F1 2, 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� ��

+ 2F1 2, α + 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �	
,

K2 α ; x, yð Þ = 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

� 1
α + 1 2F1 2, 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� ��

+ 2F1 2, α + 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �	
,

K3 α ; x, yð Þ = 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

� 2F1 2, 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� ��

+ 1
α + 1 2F1 2, α + 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �	

:

ð37Þ

Proof. Let Aζ = ð1/θÞ + ð1/ΘÞ − ððζ/xÞ + ðð1 − ζÞ/yÞÞ = ζðð1/θ
Þ + ð1/ΘÞ − ð1/xÞÞ + ð1 − ζÞðð1/θÞ + ð1/ΘÞ − ð1/yÞÞ. From
Lemma 13 and Lemma 9, using the properties of the modu-
lus, the power mean inequality, and jϕ′jq ∈HKðIÞ, we find
that

Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ϕ′ 1
Aζ

� �����
����dζ

≤
y − x
2xy

ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

dζ

 !1− 1/qð Þ

�
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ϕ′ 1
Aζ

� �����
����
q

dζ

 ! 1/qð Þ

≤
y − x
2xy

ð1
0

1 − ζð Þα + ζα

 �

A2
ζ

dζ

 !1− 1/qð Þ

�
ð1
0

1 − ζð Þα + ζα

 �

A2
ζ

ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh 

− ζ ϕ′ xð Þ�� ��q + 1 − ζð Þ ϕ′ yð Þ�� ��q �i
dζÞ1/q

≤
y − x
2xy K1− 1/qð Þ

1 α ; x, yð Þ K1 α ; x, yð Þ ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh i
− K2 α ; x, yð Þ ϕ′ xð Þ�� ��q + K3 α ; x, yð Þ ϕ′ yð Þ�� ��q ��1/q

:

ð38Þ

Calculating K1ðα ; x, yÞ, K2ðα ; x, yÞ, and K3ðα ; x, yÞ, we
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have

K1 α ; x, yð Þ =
ð1
0

1 − ζð Þα + ζα

 �

A2
ζ

dζ

= 1
θ
+ 1
Θ

−
1
y

� �−2
(ð1

0
1 − ζð Þα 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

+
ð1
0
ζα 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

)

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 1

�
2F1 2, 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

+ 2F1 2, α + 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �	
,

ð39Þ

K2 α ; x, yð Þ =
ð1
0

1 − ζð Þα + ζα

 �

A2
ζ

ζdζ

= 1
θ
+ 1
Θ

−
1
y

� �−2
(ð1

0
ζ 1 − ζð Þα 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

+
ð1
0
ζα+1 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

)

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

�
� 1
α + 1 2F1 2, 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

+ 2F1 2, α + 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �	
,

ð40Þ

K3 α ; x, yð Þ =
ð1
0

1 − ζð Þα + ζα

 �

A2
ζ

1 − ζð Þdζ

= 1
θ
+ 1
Θ

−
1
y

� �−2
(ð1

0
1 − ζð Þα+1 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

+
ð1
0
ζα 1 − ζð Þ 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

)

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

�
2F1 2, 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

+ 1
α + 1 2F1 2, α + 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �	

:

ð41Þ
Using (39), (40), and (41) in (38), we get the inequality

of (36).☐

Remark 17. If we take x = θ and y =Θ in Theorem 16, then it
becomes Theorem 5 proved by Íşcan and Whu in [27].

When 0 < α ≤ 1, using Lemma 9 and Lemma 13, we can
obtain another results for jϕ′jq ∈HKðIÞ via fractional inte-
gral as follows.

Theorem 18. If jϕ′jq ∈HKð½θ,Θ�Þ for some fixed q ≥ 1 and
ϕ′ ∈ L½θ,Θ� along with assumption A1 and 0 < α ≤ 1, then
the following inequality for fractional integrals holds:

Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

K1− 1/qð Þ
1 α ; x, yð Þ K1 α ; x, yð Þ ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh i

− K2 α ; x, yð Þ ϕ′ xð Þ�� ��q + K3 α ; x, yð Þ ϕ′ yð Þ�� ��q ��1/q
,

ð42Þ

where

K1 α ; x, yð Þ = 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 1

�
�
2F1 2, α + 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

− 2F1 2, 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �

+ 2F1 2, 1 ; α + 2 ; 1
2

1 −
1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� �	
,

K2 α ; x, yð Þ = 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

�
�
2F1 2, α + 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

−
1

α + 1 2F1 2, 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �

+ 1
2 α + 1ð Þ 2F1 2, 2 ; α + 3 ; 1

2
1 −

1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� �	
,

K3 α ; x, yð Þ = 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

�
�

1
α + 1 2F1 2, α + 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

− 2F1 2, 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �

+ 2F1 2, 1 ; α + 3 ; 1
2

1 −
1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� �

+ 1
2 α + 1ð Þ 2F1 2, 2 ; α + 3 ; 1

2
1 −

1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� �	
:

ð43Þ

Proof. Let Aζ = ð1/θÞ + ð1/ΘÞ − ððζ/xÞ + ðð1 − ζÞ/yÞÞ = ζðð1/θ
Þ + ð1/ΘÞ − ð1/xÞÞ + ð1 − ζÞðð1/θÞ + ð1/ΘÞ − ð1/yÞÞ. From
Lemma 13 and Lemma 9, using the properties of the modu-
lus, the power mean inequality, and jϕ′jq ∈HKð½θ,Θ�Þ, we
find that

Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ϕ′ 1
Aζ

� �����
����dζ

≤
y − x
2xy

ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

dζ

 !1− 1/qð Þ

�
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ϕ′ 1
Aζ

� �����
����
q

dζ

 !1/q

≤
y − x
2xy

ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

dζ

 !1− 1/qð Þ

�
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh 

− ζ ϕ′ xð Þ�� ��q + 1 − ζð Þ ϕ′ yð Þ�� ��q �i
dζÞ1/q

≤
y − x
2xy Z1− 1/qð Þ

1 Z1 ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh i
− Z2 ϕ′ xð Þ�� ��q + Z3 ϕ′ yð Þ�� ��q ��1/q

,

ð44Þ
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where

Z1 =
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

dζ,

Z2 =
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ζdζ,

Z3 =
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

1 − ζð Þdζ:

ð45Þ

Calculating Z1, Z2, and Z3, by lemma, we have

Z1 =
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

dζ =
ð1/2
0

1 − ζð Þα − ζα

A2
ζ

dζ +
ð1
1/2

ζα − 1 − ζð Þα
A2
ζ

dζ

=
ð1
0

ζα − 1 − ζð Þα
A2
ζ

dζ + 2
ð1/2
0

1 − ζð Þα − ζα

A2
ζ

dζ

≤
ð1
0

ζα

A2
ζ

dζ −
ð1
0

1 − ζð Þα
A2
ζ

dζ + 2
ð1/2
0

1 − 2ζð Þα
A2
ζ

dζ

= 1
θ
+ 1
Θ

−
1
y

� �−2
(ð1

0
ζα 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ −
ð1
0
1 − ζð Þα

× 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2
dζ +

ð1
0
1 − uð Þα

� 1 − u
2 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

du

)

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 1

�
2F1 2, α + 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

− 2F1 2, 1 ; α + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �

+ 2F1 2, 1 ; α + 2 ; 12 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� �	
= K1 α ; x, yð Þ:

ð46Þ

Similarly, we get

Z2 =
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ζdζ ≤
1
θ
+ 1
Θ

−
1
y

� �−2

�
(ð1

0
ζα+1 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

−
ð1
0
ζ 1 − ζð Þα × 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

+ 1
2

ð1
0
u 1 − uð Þα 1 − u

2 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2
du

)

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

�
2F1 2, α + 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

−
1

α + 1 × 2F1 2, 2 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �

+ 1
2 α + 1ð Þ 2F1 2, 2 ; α + 3 ; 12 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �� �	

= K2 α ; x, yð Þ,

ð47Þ

Z3 =
ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

1 − ζð Þdζ ≤ 1
θ
+ 1
Θ

−
1
y

� �−2

�
(ð1

0
ζα 1 − ζð Þ 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

−
ð1
0
1 − ζð Þα+1 × 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� 	� �−2

dζ

+
ð1
0
1 − uð Þα 1 − u

2 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2
du

+ 1
2

ð1
0
u 1 − uð Þα 1 − u

2 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2
du

)

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2
α + 2

�
� 1
α + 1 2F1 2, α + 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

− 2F1 2, 1 ; α + 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �
+ 2F1

� 2, 1 ; α + 3 ; 12 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �� �

+ 1
2 α + 1ð Þ 2F1 2, 2 ; α + 3 ; 12 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �� �	

= K3 α ; x, yð Þ:
ð48Þ

Using (46), (47), and (48) in (44), we get the inequality
of (42).☐

Remark 19. If we take x = θ and y =Θ in Theorem 18, then it
becomes Theorem 6 proved by Íşcan and Whu in [27].

Remark 20. If we take α = 1, x = θ, and y =Θ in Theorem 18,
then it becomes Theorem 2.6 proved by Íşcan in [12].

Theorem 21. If jϕ′jq ∈HKð½θ,Θ�Þ for some fixed q > 1 and
ϕ′ ∈ L½θ,Θ� along with assumption A1 and 0 < α ≤ 1, then
the following inequality for fractional integrals holds:

Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

1
αp + 1

� �1/p 1
θ
+ 1
Θ

−
1
y

� �−2

� ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��q − ϕ′ xð Þ�� ��q + ϕ′ yð Þ�� ��q
2

 !1/q

× 2F
1/p
1 2p, 1 ; αp + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� ��

+ 2F
1/p
1 2p, αp + 1 ; αp + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �	

,

ð49Þ

where ð1/pÞ + ð1/qÞ = 1.

Proof. Let Aζ = ð1/θÞ + ð1/ΘÞ − ððζ/xÞ + ðð1 − ζÞ/yÞÞ = ζðð1/θ
Þ + ð1/ΘÞ − ð1/xÞÞ + ð1 − ζÞðð1/θÞ + ð1/ΘÞ − ð1/yÞÞ. From
Lemma 13 and Lemma 9, using the Hölder inequality and
jϕ′jq ∈HKð½θ,Θ�Þ, we find
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Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

ð1
0

1 − ζð Þα
A2
ζ

ϕ′ 1
Aζ

� �����
����dζ +

ð1
0

ζα

A2
ζ

ϕ′ 1
Aζ

� �����
����dζ

 !

≤
y − x
2xy

ð1
0

1 − ζð Þαp
A2p
ζ

dζ

 !1/p ð1
0
ϕ′ 1

Aζ

� �����
����
q

dζ
� �1/q(

+
ð1
0

ζαp

A2p
ζ

dζ

 !1/p ð1
0
ϕ′ 1

Aζ

� �����
����
q

dζ
� �1/q)

≤
y − x
2xy Z1/p

4 + Z1/p
5

 �

�
ð1
0

ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��q − ζ ϕ′ xð Þ�� ��q + 1 − ζð Þ ϕ′ yð Þ�� ��q �h i
dζ

� �1/q

≤
y − x
2xy Z1/p

4 + Z1/p
5

 �
ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��q − ϕ′ xð Þ�� ��q + ϕ′ yð Þ�� ��q

2

 !1/q

:

ð50Þ

Calculating Z4 and Z5, we have

Z4 =
ð1
0

1 − ζð Þαp
A2p
ζ

dζ = 1
θ
+ 1
Θ

−
1
y

� �−2pð1
0
1 − ζð Þαp

� 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2p
dζ

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2p
αp + 1 2F1

� 2p, 1 ; αp + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �
,

ð51Þ

Z5 =
ð1
0

ζαp

A2p
ζ

dζ = 1
θ
+ 1
Θ

−
1
y

� �−2pð1
0
ζαp

� 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2p
dζ

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2p
αp + 1 2F1

� 2p, αp + 1 ; αp + 2 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �
:

ð52Þ

Using (51) and (52) in (50), we get the inequality of (49).
This completes the proof.☐

Remark 22. If we take x = θ and y =Θ in Theorem 21,
then it becomes Theorem 7 proved by Íşcan and Whu
in [27].

Theorem 23. If jϕ′jq ∈HKð½θ,Θ�Þ for some fixed q > 1 and
ϕ′ ∈ L½θ,Θ� along with assumption A1 and 0 < α ≤ 1, then fol-
lowing inequality for fractional integrals holds:

Proof. Let Aζ = ð1/θÞ + ð1/ΘÞ − ððζ/xÞ + ðð1 − ζÞ/yÞÞ = ζðð1/θ
Þ + ð1/ΘÞ − ð1/xÞÞ + ð1 − ζÞðð1/θÞ + ð1/ΘÞ − ð1/yÞÞ. From
Lemma 13 and Lemma 9, using the Hölder inequality and
jϕ′jq ∈HKð½θ,Θ�Þ, we find

Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

ð1
0

1 − ζð Þα − ζα
�� ��

A2
ζ

ϕ′ 1
Aζ

� �����
����dζ

≤
y − x
2xy

ð1
0

1 − ζð Þα − ζα
�� ��p dζ� �1/p ð1

0

1
A2q
ζ

ϕ′ 1
Aζ

� �����
����
q

dζ

 !1/q

≤
y − x
2xy

ð1
0
1 − 2ζj jαp dζ

� �1/p

�
ð1
0

1
A2q
ζ

ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh 

− ζ ϕ′ xð Þ�� ��q + 1 − ζð Þ ϕ′ yð Þ�� ��q �i
dζÞ1/q

≤
y − x
2xy Z1/p

6 Z7 ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh i
− Z8 ϕ′ xð Þ�� ��q + Z9 ϕ′ yð Þ�� ��q ��1/q

:

ð54Þ

Calculating Z6, Z7, Z8, and Z9, we have

Z6 =
ð1
0
1 − 2ζj jαp dζ = 1

αp + 1 , ð55Þ

Z7 =
ð1
0

1
A2q
ζ

dζ = 1
θ
+ 1
Θ

−
1
y

� �−2q

�
ð1
0

1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2q
dζ

= 1
θ
+ 1
Θ

−
1
y

� �−2q

2F1

�
2q, 1 ; 2 ; 1

−
1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

�
,

ð56Þ

Iϕ ℏ ; α, x, yð Þ�� �� ≤ y − x
2xy

1
αp + 1

� �1/p 1
θ
+ 1
Θ

−
1
y

� �−2

2F1 2q, 1 ; 2 ; 3 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �
, ϕ′ θð Þ�� ��q + ϕ′ Θð Þ�� ��qh i�

− 2F1 2q, 2 ; 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þð Þ/ 1/θð Þ + 1/Θð Þ − 1/yð Þð Þð Þð Þ ϕ′ xð Þ�� ��q + 2F1 2q, 1 ; 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þð Þ/ 1/θð Þ + 1/Θð Þ − 1/yð Þð Þð Þð Þ ϕ′ yð Þ�� ��q
2

#1/q
:

ð53Þ
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Z8 =
ð1
0

ζ

A2q
ζ

dζ = 1
θ
+ 1
Θ

−
1
y

� �−2qð1
0
ζ

� 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2q
dζ

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2q
2 2F1

2q, 2 ; 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� �
,

ð57Þ

Z9 =
ð1
0

1 − ζð Þ
A2q
ζ

dζ = 1
θ
+ 1
Θ

−
1
y

� �−2qð1
0
1 − ζð Þ

� 1 − ζ 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ
1/θð Þ + 1/Θð Þ − 1/yð Þ

� 	� �−2q
dζ

= 1/θð Þ + 1/Θð Þ − 1/yð Þð Þ−2q
2 2F1 2q, 1 ; 3 ; 1 − 1/θð Þ + 1/Θð Þ − 1/xð Þ

1/θð Þ + 1/Θð Þ − 1/yð Þ
� �

:

ð58Þ

Using (55), (56), (57), and (58) in (54), we get the
inequality of (53). This completes the proof.☐

Remark 24. If we take x = θ and y =Θ in Theorem 23, then it
becomes Theorem 9 proved by Íşcan and Whu in [27].

Remark 25. If we take α = 1, x = θ, and y =Θ in Theorem 23,
then it becomes Theorem 2.7 proved by Íşcan in [12].

4. Application to Special Means

For positive numbers θ > 0 and Θ > 0 with θ ≠Θ:

(1) The arithmetic mean

A θ,Θð Þ = θ +Θ

2 : ð59Þ

(2) The geometric mean

G θ,Θð Þ =
ffiffiffiffiffiffiffi
θΘ

p
: ð60Þ

(3) The harmonic mean

H θ,Θð Þ = 2θΘ
θ +Θ

: ð61Þ

(4) The p-logarithmic mean

Lp θ,Θð Þ = Θp+1 − θp+1

p + 1ð Þ Θ − θð Þ

" #1/p
, ð62Þ

wherep ∈ℝ \ f−1, 0g.

Proposition 26. Let 0 < θ <Θ. Then, the following inequal-
ities holds

1

2A θ−1,Θ−1� �
−H−1 x, yð Þ

" #r+2

≤ 2A θr+2,Θr+2� �
− G2 x, yð ÞLrr x, yð Þ

≤ 2A θr+2,Θr+2� �
−Hr+2 x, yð Þ,

ð63Þ

1

2A θ−1,Θ−1� �
−H−1 x, yð Þ

" #r+2

≤ L− r+2ð Þ
− r+2ð Þ 2A θ−1,Θ−1� �

− x−1, 2A θ−1,Θ−1� �
− y−1

� �
≤ 2A θr+2,Θr+2� �

− A xr+2, yr+2
� �

:

ð64Þ
Proof. Let α = 1 and ϕðxÞ = xr+2 where x > 0, r ∈ ð−1,∞Þ \ f
0g in Theorem 11 leads to the desired inequality (63) and
(64) immediately, respectively.☐

5. Conclusion

In this paper, we present the (H-H-M) inequalities involving
(RL) fractional integrals for the class of harmonic convex
function (instead of convex function) and established some
integral inequalities connected with the right and left sides
of fractional (H-H-M) type inequalities for differentiable
mappings whose derivatives in absolute value are harmoni-
cally convex. Some applications to special means have also
been presented. Our obtained results are an extension of
previously known results. An interesting topic is whether
we can use the techniques in this paper to establish the
(H-H-M) inequalities for other kinds of convex functions
via (RL) fractional integrals. Our ideas and approach may
stimulate further research for the researchers working in this
field.
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