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We study Knaster-Kuratowski-Mazurkiewicz theorem in the setting of generalized metric spaces. We establish some results on
fixed points of Knaster-Kuratowski-Mazurkiewicz (KKM) mappings. Fan’s matching and Schauder’s type fixed point theorem
in generalized metric spaces are also proved as interesting consequences of our main results. Examples are given to validate
our results. We use these results to prove existence result for a given Atangana-Baleanu-Caputo fractional boundary value

problem.

1. Introduction

In the large spectrum of mathematical problems, a fixed point
of a specific map provides the solution of a mathematical
problem. Therefore, fixed point theory is of pronounced sig-
nificance in numerous fields of mathematics and other disci-
plines of science and engineering. Fixed point results
describe the conditions under which a mathematical problem
has a solution. Some fixed point results can be seen in [1-3].

The notion of metric space is fundamental in mathemat-
ics and has a major role in understanding and applying the
topological concepts in different domains of analysis. This
idea has pulled a substantial consideration from mathemati-
cians owing to the notion of fixed point theory in metric
spaces. Numerous extension and generalizations of the
notion of metric space have been done in the literature.
Czerwik [4] in 1993 presented the idea of b-metric spaces.
In 1998, Czerwik [5] reintroduced this idea in which the
constant 2 associated with the triangular inequality was
replaced by a constant k> 1. In 2010, Khamsi and Hussain
[6] generalized the idea of b-metric and named it metric type
spaces. After that Hitzler and Seda [7] in 2000 gave the idea
about dislocated metric spaces in which distance of a point
from itself may or may not be zero. The idea of generalized

metric spaces was given by Jleli and Samet [8], which covers
distinctive notable structures including metric type spaces,
metric spaces, and dislocated metric spaces, among others.

KKM map was presented by Knaster et al. [9] in 1929
and it established the framework for some notable existing
results like Ky Fan Browder’s fixed point theorem, Nash’s
equilibrium theorem, and Ky Fan’s minimax inequality the-
orem [10-14]. The Fan’s theorem [15] is a significant result
for KKM mappings and is being implemented as a useful
technique in the modern nonlinear analysis. The first
endeavor to stretch out these types of theorems in metric
spaces was done in [16], where the author studied the case
of hyperconvex metric spaces. Using the work of Chang
and Yen [17] and the idea of Khamsi [16], Amini et al. intro-
duced KKM mappings in metric spaces [18]. After that,
Khamsi and Hussain [6] extended those results (of [18]) in
the settings of metric type spaces.

In Section 2 of this article, we give some basic definitions
and notions for the sake of completeness. We also define and
study open set in generalized metric spaces and show that an
open ball needs not to be an open set in general. In Section 3,
we extend the theorems and the related results of [6] to gen-
eralized metric spaces. We also prove some results related to
the fixed points of KKM mappings in generalized metric
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spaces in this section. Fan’s matching and Schauder’s type
fixed point theorem as interesting consequences of our main
results are furnished in Section 4.

2. Basic Definitions and Results

In this section, we recall some basic definitions, which we
use to prove our main results.

Definition 1 (see [8]). Let W# ¢ and d: W x W — [0,00]
be the given mapping. For every A € W, define the following
set:

C(d, W, 1) = {{/\n} cW: lim d(d, ) :o}. (1)

Definition 2 (see [8]). Let W# ¢ and d: W x W — [0,00]
be the given mapping. Then, d is known as a generalized
metric on W, if for all §,A € W, the following conditions
are satisfied:

(1) d(A, B) =d(B, A)
() dAB)=0=1=p
(3) For {A,} € C(d, W, L), there exists S > 0 such that

d(\B)<S lim sup d(1,, f). 2)

The pair (W, d) is known as a generalized metric space.

Clearly, if the set C(d, W, 1) = ¢ for every A € W, then
(W, d) is a generalized metric space if and only if Equations
(35) and (44) are satisfied.

Definition 3 (see [8]). Let {A,,} be the sequence in the gener-

alized metric space (W, d). Then, {A,} is d-Cauchy sequence
if

, qligood()tp, Apig) =0. (3)

Definition 4 (see [8]). Consider the generalized metric space
(W, d) and A € W. The sequence {A,} in W is d which con-
verges to A if

(A} €C(d, W, A). (4)

Recall that open and closed balls in the generalized met-
ric space (W, d) are, respectively, defined as B(a,7) ={f €
W :d(a, B) <r}andBla, r| = { € W : d(a, 8) < r}forany «
€ Wandr > 0. Now, we define open set in a generalized
metric space similar as defined in [6].

Definition 5. A nonempty subset Y of the generalized metric
space (W, d) is said to be open if for any « € Y, there exists
&> 0 such that

B(k,e)<Y. (5)

In this case, we denote x € Y° and read it as k which is
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the interior point of Y. The collection of all such subsets of
W will be denoted by 7, which defines topology on (W, d).
The complement of an open set is called closed set and if «
€Y is called closure of Y; then, k€ Y or there exists {«,}
€ Y such that {«,} € C(d, W, k).

Remark 6. It is not necessary for an open ball in a general-
ized metric space to be an open set.

Example 1. Let P=][0,1/2],Q=(1/2,1], and W=PU Q.
Defined; W x W — [0,00] by

0, a=p,
d(a, f)=d(B,a)={ 1, a#p,a BePorafecQ
a, aeP,feqQ.

(6)

Then, (W, d) is the generalized metric space. Now, the
open ball having center «, = 1/2 and radius § = 1, denoted
by the set A, is given by the following:

1 1
) .

Choose 1 =y € Aand &' > 0, then
B(l,@’):{aeW:d(l,a)<6’}. (8)

For any 8’ > 0, we have infinite many « € P such that «
€ B(1,8"). So, there does not exist 8’ > 0 satisfying

3(1,6’) CA. (9)

Thus, the open ball A =B(1/2,1) is not an open set.

Definition 7. Consider the nonempty subset Y of the gener-
alized metric space (W, d). Then, Y is referred as sequen-
tially compact if there exists convergent subsequence {a, }
for every sequence {a,} in Y. Y is called compact if Y is
sequentially compact. Y is totally bounded if for any &> 0,
we have y, € Y, 1 <i<p such that

ve O B(y.e). (10)

i=1

3. Main Results

We start with some useful notions which are essential to
establish our main results.

Let Y and Z be two topological spaces and G : Y — 27
be the nonempty set-valued mapping, where 2Z represents
the collection of all nonempty subsets of Z.

The set-valued mapping G : Y — 27 is referred to be as
follows:
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(i) Closed if the graph Gr(G) ={(y,z) € Y xZ;z € G(y
)} is closed

(if) Compact if G(Y) is compact in Z

The set of all nonempty finite subsets of a set W is
denoted by <W >. For a nonempty bounded subset Y of
the generalized metric space (W, d), we define the following:

co(Y) = Nn{D c W, whereDis closed ball in W containing Y}

(11)
and Y is admissible in W, if
co(Y)=7Y, (12)

i.e, Y is admissible if the intersection of all closed balls D
containing Y is Y. If for any D € (Y),

co(D)cY, (13)

then Y is a subadmissible subset of W. Clearly, if Y is admis-
sible in W, then Y is also subadmissible.

Consider the subadmissible subset Y of the generalized
metric space (W, d). A set-valued mapping G: Y — 2V
is known as KKM mapping if

co(A) Cc G(A), (14)

for any A € (Y). More generally, for the topological space Z,
consider the two set-valued mappings G:Y — 2¢ and
H:Y —2% such that

H(co(A)) € G(A), (15)

for any A € (Y); in this case, G is referred as a generalized
KKM mapping with reference to H.

If the set-valued mapping H : Y — 2 satisfies the con-
dition that for any generalized KKM mapping G : Y — 2%
with reference to H, the class {G(y),y € Y} has finite inter-
section property, then H has KKM property, and we write
it as follows:

HeKKM(Y,Z)={H:Y —2%  HhasKKM property}.
(16)

Consider the generalized metric space (W,d) and ¢ +
Y ¢ W. Then, H: Y — 2" is called to have approximate
fixed point property if for any € > 0, there exists y € Y such
that

H(y)NB(y,e) # ¢. (17)
We now present approximate fixed point property of

KKM type mapping on subadmissible subset of a generalized
metric space and generalize the main results of [6, 18].

Theorem 8. Consider the nonempty subadmissible subset Y
of the generalized metric space (W, d). Let H e KKM(Y,Y)

be such that H(Y) is totally bounded. Then, H has an
approximate fixed point property.

Proof. Consider

Z=H(Y)cCY, (18)

where Z is totally bounded. Thus, for any € > 0, Y has a finite
subset C such that

Z C b b
C cch(C €) (19)

where B(c, €) is an open ball having radius ¢ and center c.
Now, we define a map G : Y — 2¥ by the following:

G(y) = ZNnB(y, S¢), (20)

where S represents the constant associated with inequality
and B‘(y,¢) denotes the complement of B(y,¢) in W for
any € >0 and y € Y . Obviously, G(y) is closed.

Now we prove CQCG(C) =¢. On contrary assume that

ﬂCG(C) # ¢, then we have the following:
ce
k€ ZNB(c, Se) = k € B(c, €), k € B(c, Se). (21)
So, there exists {x, } € B°(¢, S¢) such that d(«,, k) < € for
alle>0 and n>N.
So,
Kk € B(k,, €) foralln > N. (22)
Thus,

B(x,,€) N B(c,¢) # ¢ foralln>N. (23)

Now, choose {z,, } € B(x,, ) N B(c, &) for all £>0 and
n>N. Then, {z,, } € C(d, W,c) and

lim d(c,x,)<S lim

n—=oo n,m,—0oo

sup d(z,, ,k,) < Se, (24)

which contradicts to {x,} € B(c, S¢). Thus, we have ﬂCG
ce

(€)=¢.

Hence, G is not a generalized KKM mapping with refer-
ence to H. As H € KKM(Y, Y), so there is a finite nonempty
subset D C Y such that

H(co(D))¢ U G(p), (25)

i.e., we have y, € H(co(D)) such that y, ¢ G(p) for any p € D.
As y, ¢ G(p)=ZnB(p, Se), so

yoe (B(p S (26)



for any p € D. Now,

y. € (Bp.58)) < B(p,Se), (27)

for any p € D. We may write it as D C B(y,, Se).
As

co(D) € B(y,, Se). (28)

For y, € H(co(D)), we have y, € co(D) such that y, €
H(y.). And

y.€co(D)CB(y.,S,)- (29)
Thus, we have the following:
H(ys) nB(ys’Sg) 3&(/5 (30)

As ¢ is arbitrary, so, H has an approximate fixed point
property. |

4. Applications of KKM Maps

As the consequence of Theorem 8, we deduce the following
fixed point theorem.

Theorem 9. Consider the nonempty subset Y which is subad-
missible in the generalized metric space (W,d) and H €
KKM(Y,Y) be such that H is compact and closed. Then, H
has a fixed point.

Proof. As H is compact, hence, H(Y) is compact. So, H(Y) is
totally bounded. Hence by Theorem 8, H has an approxi-
mate fixed point property; i.e., for any > 0, there exists y,
€Y such that

H( s)ﬂB(ys,€)$¢. (31)

In particular for n>1 and &= 1/n, we have y, € Y such
that

H)0B (3 1) #6250, 05 (5, 1) G2

n n

Since (z,,) is a sequence in H(Y) for n>1 and H(Y) is
compact, so, there exists convergent subsequence (an) in

H(Y) and suppose it converges to z.
Also for n > 1, we have the following:

A0 2) < 1 (33)

As the sequence (an) in (W, d) is convergent to z, so,
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there exists S > 0 such that

dy,,2)<8 lim supd(y,,z,)
<S lim sup d(y,,z,) = d(y,,z) — 0asn — co.
n—aoo

(34)

So, (y,) also converges to z.
Since {(y,,z,)} € Gr(H) and H is closed, so, z € H(z),
which is our required result. O

Example 2. Let ([0,00),d) be the generalized metric space
with a generalized metric:

d(x,y) = (x=»)’, (35)

and Y = [0, 1] € [0,00) be subadmissible subset of ([0,00), d).
As d is continuous in first variable from Remark 5.1 in [19],
Proposition 3.11 in [20] states that closed ball in ([0,00), d
is a closed set. Define H : Y — 2% by the following:

H(y) = [0,y)- (36)

Then, H is a KKM map and H € KKM(Y, Y). Also, H(

Y) is closed and bounded and clearly H(Y) = [0, 1] is totally
bounded. So, by Theorem 8, H has an approximate fixed
point property. Further, H is closed and compact, so by The-
orem 9, H has a fixed point.

The next result will be helpful to present Schauder’s type
fixed point theorem for generalized metric spaces.

Lemma 10. Let Y be the nonempty subadmissible subset of
the generalized metric space (W, d) and Z be the topological
space. Suppose that g:Z—Y is continuous and H e

KKM(Y, Z). Then, g o H € KKM(Y, Y).

Proof. Consider the generalized KKM mapping G : Y — 2%
with reference to go H such that G(y) is closed for every y
€Y. Since G is a generalized KKM mapping with reference
to g o H, so, for any nonempty finite subset A of Y, we have
the following:

geH(eo(4)) ¢ U G(y) = H(co(4)) € ygAg“ (G(y))- (37)

Thus, g (G) is a generalized KKM mapping with refer-
ence to H.

As H e KKM(Y, Z), then {g™!(G(y)), y € Y} has a finite
intersection property.

Also, g is continuous and

a(o()) #o=a (A (5)) +o= Ao(s) #o
(39)

Thus, the collection {G(y), y € Y} has finite intersection
property, which gives go H € KKM(Y,Y).
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As the consequence of Theorem 9 and Lemma 10, we
obtain Schauder’s type fixed point theorem in generalized
metric spaces. O

Theorem 11. Let Y be the nonempty subadmissible subset of
the generalized metric space (W, d). Suppose that I ¢ KKM
(Y,Y). Then any continuous map S:Y — Y such that
S(Y) is compact has a fixed point.

Proof. From Lemma 10, we have the following:
S=SoIcKKM(Y,Y). (39)

As S is continuous and S(Y) is compact, so S is closed
and compact. Hence, from Theorem 9, S has a fixed point.

Now, we present the generalized Fan’s matching theo-
rem in generalized metric spaces by using KKM property. [

Theorem 12. Let Y be the nonempty admissible subset of the
generalized metric space (W,d) and Z be the topological
space. Suppose that H €e KKM(Y, Z) is compact and consider

the open valued map K : Y — 2% satisfying H(Y) C K(Y).
Then, there exists A € (Y) such that

H(co(A))N (yQAK(y)) + . (40)

Proof. Assume that H € KKM(Y, Z) and define the multiva-
lued map G:Y—2% by G(y)=H(Y)nK(y)foryeY.
Then, G(y) is closed for every y €Y. On the contrary,
assume that H(co(A)) N (yQAK (y)) = ¢ for any A € (Y). Since

A€ (Y) and Y is admissible, so,

Hence, G is a generalized KKM mapping with reference
to H. As H e KKM(Y, Z), thus, the class {G(y): y€ Y} has a
finite intersection property. So,

yQYG(y)¢¢:>y€ (Y)buty ¢ K(Y), (42)

which is contrary to the fact H(Y) € K(Y). So, there exists
A € (Y) such that

H(co(A)) N <yQAK(y)) +9. (43)

Now, we present an application of Theorem 11 to find

the existence of solutions to the following AB-Caputo frac-
tional BVP:

(ABC )
Du |(t)=g(tu(t)), 1<a<2, telo,1],
0

with boundary conditions
u(0) =0,
Au (1) = yu' (1),

ABC
D* represents the AB-Caputo fractional deriva-

where
tiveand g : [0,1] x R — R. Also, A,y>0,0<t<yn<1. O

Lemma 13 [21]. For 0 < a < 1, we obtain the following:

(ABI*ABCD*)(g(1) = 9(1) - 9(a),

(ABI,"ABCDy)(g(1)) = g(t) — 9 (b)-

(46)

Proposition 14 (see [22]). For g(t) defined on [a, b] and o
€ (k, k + 1] for some x € N, we have the following:

(AIQSRD“AQBI“) (9(t)) = g(t),

Mi
«Q
<
|
Q
=
—
iy
|
Q
Na¥
—
N
AN/
N

(AaBI"‘AlfRD“) (9(t))=9g(t) - "
y=0

(aprasco) g(0) =g0) - Y T - o

~

Lemma 15 (see [23]). A subset H in C(I, R) is relatively com-
pact if and only if it is uniformly bounded and equicontinu-
ous on 1.

The following lemma will be crucial for the proof of our
next result.

Lemma 16. Assume that K :[0,1]— R is continuous.
Then, the solution of linear AB-Caputo fractional BVP

ABC
( ) D“u)( )=K(1) (48)

with boundary Equation (45) is given by the following:

(YK (1) - AK (1)) + J G(t, x)K (x)dx,

0

(2-a)

“O = = B

(49)



6
where
yla-1)°t Y= Moo= 1)t _ a2
B r@ T Wy YT 0
(2-a) | (a-1)
Ba=1) ' Ba-1r@ "
)= Pla— 1yt Ma— 1)t
- a-2 - a-2
AyBe- i@ YT Wy r 1T s
pa— I)Zt .
7(){—}/)3@—1)1"(“)(1_)‘) 2 n<s<lI.
(50)
Proof. We have given the following:
ABC
D*u | (t)=K(t), l<a<2,tel0,1]. (51)
0
From Proposition 14, we get the following:
2 - t
u(t)=c, +ct + (706)J K(x)dx
Bla-1) J, (52)
a-1 t
+ # (t—x)*"K(x)dx.
Bla-1)I'(a) ),

Now, using #(0) =0 in Equation (52), which implies
¢; =0, replace value of ¢; in Equation (52):

2-a [
u(t) =ct+ —— | K(x)dx
L;(()C“__I;) JO . (53)
Bla— )T (a) Jo(t - x)* K (x)dx.
Take first ordinary derivative on both sides.
, 2-a)
u(t)=c (1)
B(a-1) (54)

(@-1) Jt (t - x)* 2K (x)dx.

" Bla-DI(a) J,

Using boundary condition Au'(y)=yu' (Equation
(35)), in Equation (54), we get the following:

2-a)
(A-y)Bla-1)

pa—1)* L ety
+(A—V)B(oc—1)r(a)L(1 )" K () (55)

AMa—1)? n w2
B Ay D@ J U S

(vK(1) - AK(n))

C =
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Putting the value of ¢, in Equation (53),
2—
()= K() = AK()

y(a— 1)2t 1
* =B D) .L(

Ma—1)%t 1 w2
B B D@ L(” —OTKE)

1-x)"?K(x)

dx+ B((Za‘_"‘l)) J'OK(x)dx + % L (t )" K (x)dx.

(56)

After simplification, we get the required result which is
given in Equation (49); ie.,

1

(yK(1) = AK(n)) + JOG(t, X)K(x)dx.

(57)

(2-)

“O= BT

In the view of Lemma 16, we transform AB-Caputo
fractional BVP (Equations (44) and (45)) into a fixed
point problem as follows:

u="Tu, (58)

where the operator
defined as follows:

T: (0,1, R) — C([0, 1, R) is

1

T(u(t)) =67 + J G(t,x)g(x, u(x))dx, (59)

0

where

2-a

S A BE D

(vg(Lu(1)) = Ag(m, u(n))),  (60)

and G(t,x) is defined in Equation (50).

For now and onwards, take X = {u € C([0, 1], R): |u(¢)]
<00} be the Banach space with norm defined by the follow-
ing:

lull = sup u()]. (61)
te[0,1]

We also use following assumptions:

g ut) <p #>0, (62)

2
Q= m[w% (63)



Journal of Function Spaces

u 1 < su 1 y(a- 1)t - x)*?
Bl ti[oﬁljo{ e r@
Ma— 1)t w2| | (2-@)
o pBe-r@ Y| By
((X—l) — )] X Y( _1)
" Ba-r@ ' }d < 3= DT
Ma-1) (| 2-a)
o= r@ )| fae
+ ((X—l) _
B(a—1)al'(«)

(64)
O

Remark 17. Since the generalized metric space is not much
explored for finding the results like Arzela Ascoli, therefore,
in the next application, we will use metric space (as every
metric space is a generalized metric space). This application
will constitute a base for application of KKM mappings in
the existence theory of differential equations.

Theorem 18. Let X =C([0, 1], R), Y =B[0, 7], and I € KKM
(Y,Y). Let g:[0,1] x R—> R be continuous and satisfy-
ing Equations (62)-(64). Then, the AB-Caputo fractional
BVP (Equation (44) and Equation (45)) has a solution in X.

Proof. T : X — Xis defined as follows:

1

T<u<t>>=8r+j G(t, X)g(x u(x)dx,  (65)

0

where 87 is defined in Equation (60). Suppose a closed ball
Y=B,={ueX: |u|| <r}isaconvex subset of X. Now con-
sider u € B,:

W)l < su (27
o= s |t

+ JO\G(t, x)g(x, u(x))|dx} <

\wg (L (1)) ~ Ag(r u(n)|

T e Dottt

Mgl u(m)[} + supj Gt ) (%, u(x)) dx <
te0,1]J 0

[y + Al + Fpl =2+ Fpl

oz
(A-y)B(a—1)

(66)
which implies that
IT(®)] <pll2+F] <r. (67)
Hence, T(B,) CB,.
Continuity of g implies continuity of T and
IT(u(t)|| <r. (68)

Therefore, T is uniformly bounded on B,.

Now, we show T is equicontinous. For this, take 0 <t;
<t,<y<L

[(Tu)(t2) = (Tu)(t,)]| = sup

te[0,1]

“Aglnw)m)} + [;Gm, x)g(x u(x))dx)
L e-a)
"(A-y)B(a-1)

(=B vg01u)

{(vg(Lu(1)) - Ag(n u)(n))}

+J1G(tl,x)g(x,u(x))dx ’

0

= sup
tef0,1]

' {J;{G(tz’x) —G(thx)}g(%, u(x))dx}

2
< opBa-1) ol

+ ] 106060 - Gt g e e — 035, — 1,

(2-9
{(tz - tl)m{()’g(l’ u(1)) = Ag(n, ”)(W))}dx}

t){(vg (L, u(1)) = Ag(n, u(n))}}|

(69)

Therefore, T is equicontinuous. Further by virtue of

Lemma 15, T(B)is compact. Therefore, by Theorem 11,
T has a fixed point in Y, which means given AB-Caputo
fractional BVP (Equation (44) and Equation (45)) has a
solution. O
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