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The theory of Bessel functions is a rich subject due to its essential role in providing solutions for differential equations associated
with many applications. As fractional calculus has become an efficient and successful tool for analyzing various mathematical and
physical problems, the so-called fractional Bessel functions were introduced and studied from different viewpoints. This paper is
primarily devoted to the study of developing two aspects. The starting point is to present a fractional Laplace transform via
conformable fractional-order Bessel functions (CFBFs). We establish several important formulas of the fractional Laplace
Integral operator acting on the CFBFs of the first kind. With this in hand, we discuss the solutions of a generalized class of
fractional kinetic equations associated with the CFBFs in view of our proposed fractional Laplace transform. Next, we derive
an orthogonality relation of the CFBFs, which enables us to study an expansion of any analytic functions by means of CFBFs
and to propose truncated CFBFs. A new approximate formula of conformable fractional derivative based on CFBFs is
provided. Furthermore, we describe a useful scheme involving the collocation method to solve some conformable fractional
linear (nonlinear) multiorder differential equations. Accordingly, several practical test problems are treated to illustrate the
validity and utility of the proposed techniques and examine their approximate and exact solutions. The obtained solutions of
some fractional differential equations improve the analog ones provided by various authors using different techniques. The
provided algorithm may be beneficial to enrich the Bessel function theory via fractional calculus.

1. Introduction

The theory of special functions is a critical branch of mod-
ern mathematical analysis. During the past three decades,
several new classes of special functions have been proposed
as solutions of fractional differential equations (FDEs). No
other special functions have received such detailed treat-
ment in readily available treatises as Bessel functions. The
investigation of such functions is an important problem
in fractional calculus, which has earned much attention as
real-life problems can be analyzed well. Fractional calculus
appears in many branches of science, such as medicine, mate-
rial sciences, electromagnetics, and fluid mechanics (see
[1–4]). Many applications have been performed through
FDEs, and their solution techniques could be found, for
example, in [5–11].

We trace the existing efforts regarding fractional order
derivatives. Several definitions of the fractional order deriva-
tive have been introduced by many famous authors, such as
Euler, Fourier, Letnikov, Laurent, Grünwald-Letnikov,
Caputo, and Riemann-Liouville. Other definitions have also
been provided by Kilbas et al. and Miller and Ross in [3, 10].
The most popular definitions considered frequently in the
literature are derivatives by Riemann-Liouville, Caputo,
and Grünwald-Letnikov. Interestingly, each definition of
the arbitrary order derivative captures only a few properties
of the classical integral derivative. However, a few drawbacks
exist; for instance, Dα

að1Þ = 0 does not fulfill the Riemann-
Liouville definition. In Caputo’s definition, f ðxÞ is assumed
to be differentiable; otherwise, one cannot use such a defini-
tion. Moreover, Liouville’s theorem in the fractional setting
does not hold. Therefore, it is clear that all definitions of
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fractional derivatives seem deficient regarding certain math-
ematical properties, such as the rules of product, quotient,
and chain. For more details concerning other properties of
these fractional order derivatives, see, for example, [4] and
the references therein.

Due to the mentioned arguments, a new definition of the
fractional order derivative is needed to achieve suitable
mathematical properties. Khalil et al. [12] introduced a
well-extended definition of the noninteger order derivative
called the conformable fractional derivative (CFD). This def-
inition is formulated as follows:

Definition 1 (see [12]). For the initial real value a, the con-
formable fractional derivative Dα

a f ðxÞ of a real function
f : ½a,∞Þ⟶ℝ, α ∈ ð0, 1� is defined by the following:

Dα
a f xð Þ = lim

h⟶0

f x + h x − að Þ1−α� �
− f xð Þ

h
, for all x > a:

ð1Þ

The initial value a can be zero, and if the limit exists,
then f ðxÞ is called α-differentiable.

Along with the CFD’s Definition 1, if f ðxÞ is differentiable,
then Dα f ðxÞ = x1−α f ′ðxÞ (see [12]). Moreover, if Definition 1
holds for α = 0, we obtain D0 f ðxÞ = f ðxÞ. Additionally, we
have D0 f ðxÞ = xf ′ðxÞ; hence, x = f ðxÞ/f ′ðxÞ, which indicates
that x relies on some functions; it is unreasonable. Therefore,
the CFD definition [12] does not need to hold for zero order.
For the conformable fractional integral, we state the following
definition as given in the following [12]:

Definition 2 (see [12]). Let f : ½0,∞Þ⟶ℝ: Then, for any
β ∈ ð0, 1�, the conformable fractional integral Iβ f ðxÞ of order
β of f is defined as follows:

Iβ f xð Þ =
ðx
0
tβ−1 f tð Þdt: ð2Þ

Definition 1 depends entirely on the basic limit like the
classical order derivative. Furthermore, Definition 1 fulfills
various classical properties, such as the mean value theorem
and the product, quotient, and chain rules. Moreover, this
definition is provided with the Leibniz rule, in which other
fractional derivatives can not achieve (see [13]). Growing
attention has been paid to explore the conformable deriva-
tives due to the enormous number of their meaningful
applications in many fields of science. Abul-Ez et al. [14]
introduced a comprehensive study on the conformable frac-
tional Legendre polynomials. They presented the shifted
conformable fractional Legendre polynomials and described
an applicable scheme using the collocation method to solve
some fractional differential equations (FDEs) in the sense of
conformable derivative. Recently, the conformable fractional
Gauss hypergeometric function and a class of conformable
fractional differential equations through that function were
treated in [15]. Further interesting ideas on the conformable
derivative can be found in the work by [16–23].

Note that some authors have demonstrated that the con-
formable derivative is not the same as a fractional order
derivative, but it is a first-order derivative multiplied by an
additional factor (see for example [23]). Hence, Definition
1 seems to be a natural extension of the conventional order
derivative to noninteger order loosing memory effect. In
addition, a new approach for finding fractional operators
was introduced by Antagan and Baleanu [24] with a nonsin-
gular Mittag-Leffler kernel with a memory effect.

Returning to the purpose of the present work, we
observe that Bessel functions are playing a significant role
in investigating the solution of important differential equa-
tions (for example, see [25]). The theory of Bessel functions
is usually used when solving problems related to information
theory, nuclear physics, radiophysics, and hydrodynamics.
Recently, as in [26–30], a resurgence of interest has occurred
in the study of Bessel functions in the framework of frac-
tional calculus theory. Along with the work in [26, 27], we
employ conformable fractional order Bessel functions
(CFBFs) to solve problems of a fractional nature. The study
of a Bessel function of half-integer order led to discovering
another interesting class of orthogonal polynomials called
the Bessel polynomials. Many authors have used these poly-
nomials. For example, Yüzbaşi et al. [31] solved linear inte-
gral, differential, and integro-differential equations, while
Parand et al. [32] applied Bessel functions to solve nonlinear
Lane-Emden equations. In [33], fractional optimal control
problems were solved using the Bessel collocation method.

The present work proposes an approach to approximat-
ing the solution for some important linear and nonlinear
FDEs in the conformable sense. The paper is designed with
two objectives. The first is to establish some interesting
properties of fractional Laplace-type integrals of functions
via CFBFs. Then, we use the obtained results to establish
the possible solutions of conformable fractional kinetic
equations through CFBFs. The second objective is concerned
with developing applications of the fundamental process of
the proposed approach in terms of CFBFs. To achieve that,
we derive an orthogonality relation, expand functions in
terms of the truncated CFBFs, and effectively formulate a
scheme involving the collocation method which employed
to provide solutions of certain types of linear and nonlinear
CFBEs.

The structure of this paper is organized as follows. The
needed concepts and features of CFD are collected in Section
2. Next, Section 3 establishes useful properties of Laplace
transforms in the sense of CFBFs, with some applications
to solve a new type of conformable fractional kinetic equa-
tions. Section 4 is divided into four subsections. Section
4.1 provides essential results on orthogonality relations.
A brief study on an expansion of any analytic function
employing CFBFs is the subject of Section 4.2. In Section
4.3, we construct an algorithm for solving various kinds
of problems using CFBFs through the collocation method.
Section 4.4 presents the concepts that have been developed
through previous subsections to solve some linear and
nonlinear conformable fractional differential equations
(CFDEs), including the nonlinear Riccati FDE. Concluding
remarks are provided in Section 5.
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2. Preliminaries and Basic Concepts

The Bessel equation is a special case of the Sturm-Liouville
problem, and it can be written as [34]

x2y′′ + xy′ + x2 − n2
� �

y = 0: ð3Þ

In view of formula (1), the authors of [26] solved the fol-
lowing conformable fractional Bessel equation:

x2αDαDαy + αxαDαy + α2 x2α − n2
� �

y = 0, ð4Þ

around the regular singular point x = 0, and introduced the
CFBFs of the first kind JαnðxÞ as its solution such that

Jαn xð Þ = 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ

xα

2

� �n+2κ
: ð5Þ

Moreover, they investigated in [26] some of its recur-
rence relations from which we may mention

Dα xαnJαn xð Þ½ � = αxαnJαn−1 xð Þ,
Dα x−αnJαn xð Þ½ � = −αx−αnJαn+1 xð Þ,

Dα Jαn xð Þ½ � = αJαn−1 xð Þ − αn
xα

Jαn xð Þ,

Dα Jαn xð Þ½ � = αn
xα

Jαn xð Þ − αJαn+1 xð Þ,

ð6Þ

In the following, we are about to recall some essential
definitions and results which are needed in the sequel.

Definition 3. The Gauss hypergeometric function 2F1ða, b ;
c ; xÞ is defined by (see [35])

2F1 a, b ; c ; xð Þ = 〠
∞

n=0

að Þn bð Þn
cð Þn

xn

n!
,  xj j < 1 ð7Þ

where ðδÞn stands for the familiar Pochhammar symbol
which can be written in terms of Gamma function as

δð Þn =
Γ δ + nð Þ
Γ δð Þ = δ δ + 1ð Þ δ + 2ð Þ,⋯, δ + n − 1ð Þ, n ∈ℕ, δð Þ0 = 1:

ð8Þ

Definition 4 (see [36]). The function pψqðxÞ where p and q
refer to its numerators and denominators, respectively, is
called the Fox-Wright function, and it can be defined by
the formula

pψq xð Þ = pψq

ai, μið Þ1,p
bj, νj

� �
1,q

; x

0
@

1
A = 〠

∞

n=0

Qp
i=1Γ ai + nμið ÞQq
j=1Γ bj + nνj

� � xn
n!

,

ð9Þ

such that ∑q
j=1νj −∑p

i=1μi > −1, where ai, bj ∈ℝði = 1, 2,⋯,
p ; j = 1, 2,⋯, qÞ.

In particular, when μi = νj = 1 in Definition 4, then the
function pψqðxÞ immediately reduced to the generalized
hypergeometric function pFq (see [35]). Abdeljawad [16]
defined the fractional Laplace transform in the conformable
sense as follows:

Definition 5 (see [16]). For a real valued function f : ½0,∞Þ
⟶ℝ, the conformable fractional Laplace transform of
noninteger order α, α ∈ ð0, 1� is given by

Lα f tð Þ½ � = Fα sð Þ =
ð∞
0
e−s t

α/αð Þ f tð Þdαt =
ð∞
0
e−s t

α/αð Þ f tð Þtα−1dt:

ð10Þ

The inverse fractional Laplace transform is the transfor-
mation of a fractional Laplace transform into a function of
time. If Lα½ f ðtÞ� = FαðsÞ, then f ðtÞ is the inverse fractional
Laplace transform of FαðsÞ, and it can be written as

L−1α Fα sð Þ½ � = f tð Þ: ð11Þ

Remark 6. If α = 1, then (10) is the classical definition of the
Laplace transform of integer order.

Furthermore, the author in [16] gave the following inter-
esting results.

Lemma 7 [16]. For a real valued function f : ½0,∞Þ⟶ℝ
satisfying Lα½ f ðtÞ� = FαðsÞ, α ∈ ð0, 1�, the following relations
hold true:

(1) FαðsÞ = L½ f ðαtÞ1/α�, where L½ f ðtÞ� = Ð∞0 e−st f ðtÞdt
(2) Lα½1� = 1/s, s > 0

(3) Lα½tp� = αp/αððΓð1 + ðp/αÞÞÞ/ðs1+ðp/αÞÞÞ, s > 0

(4) Lα½ekðt
α/αÞ� = 1/ðs − kÞ

3. Fractional Laplace Transform of the CFBFs

In this section, we derive some new interesting fractional
Laplace-type integrals of functions involving CFBFs. Then,
as an application, we are going to employ the obtained
results in order to find the possible solutions of the fractional
kinetic equations in the conformable sense associated with
CFBFs.

3.1. Fractional Laplace Integral Formulas

Theorem 8. Let JαnðxÞ, α ∈ ð0, 1� be the CFBFs; then,

Lα Jαn tð Þf g = αn

2nsn+1 2F1
n + 1
2

, n
2
+ 1 ; n + 1 ; −α

2

s2

� �
: ð12Þ
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Proof. Owing to the definition of CFBFs (5) and applying the
conformable fractional Laplace transform operator of order
α ∈ ð0, 1� as stated in Lemma 7, we have

Lα Jαn tð Þf g = 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ Lα tα n+2κð Þ

n o
: ð13Þ

According to (3) of Lemma 7, one can see

Lα Jαn tð Þf g = 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ

αn+2κΓ n + 2κ + 1ð Þ
sn+2κ+1

= αn

2nsn+1 〠
∞

κ=0

Γ n + 2κ + 1ð Þ
κ!Γ n + κ + 1ð Þ22κ

−α2

s2

� �κ

= αn

2nsn+1 〠
∞

κ=0

n + 1ð Þ2κ
κ! n + 1ð Þκ22κ

−α2

s2

� �κ
:

ð14Þ

Using the identity ðn + 1Þ2κ = 22κððn + 1Þ/2Þκððn/2Þ + 1Þκ,
we obtain

Lα Jαn tð Þf g = αn

2nsn+1 〠
∞

κ=0

n + 1ð Þ/2ð Þκ n/2ð Þ + 1ð Þκ
κ! n + 1ð Þκ

−α2

s2

� �κ
:

ð15Þ

Therefore, the result is established.

Now, consider the Fox-Wright function 1Ψ1 defined in (9)
to deduce the following important results.

Theorem 9. Let JαnðxÞ, α ∈ ð0, 1� be the CFBFs. Then, the fol-
lowing relation is satisfied:

Lα Jαn aμtμð Þf g = αað Þμn
2nsμn+1 1ψ1

μn + 1, 2μð Þ
n + 1, 1ð Þ

; αað Þ2μ
4s2μ

 !
:

ð16Þ

Proof. By combining (5) and (10), we get

Lα Jαn aμtμð Þf g = Lα 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ

aμtμα

2

� � n+2κð Þ( )

= 〠
∞

κ=0

−1ð Þκaμ n+2κð Þ

κ!Γ n + κ + 1ð Þ2n+2κ Lα tαμ n+2κð Þ
n o

:

ð17Þ

Due to (3) of Lemma 7, it follows that

Lα Jαn aμtμð Þf g = 〠
∞

κ=0

−1ð Þκaμ n+2κð Þ

κ!Γ n + κ + 1ð Þ2n+2κ

:
αμ n+2κð ÞΓ μn + 2μκ + 1ð Þ

sμn+2μκ+1

= αμnaμn

2nsμn+1 〠
∞

κ=0

Γ μn + 2μκ + 1ð Þ
κ!Γ n + κ + 1ð Þ

− αað Þ2μ
4s2μ

" #κ

= αað Þμn
2nsμn+1 1ψ1

μn + 1, 2μð Þ
n + 1, 1ð Þ

; − αað Þ2μ
4s2μ

 !
,

ð18Þ

as required.

Theorem 10. Let JαnðxÞ, α ∈ ð0, 1� be the CFBFs. Then,

Lα tα μ−1ð Þ Jαn tð Þ
n o

= αð Þn+μ
2nsn+μ 1ψ1

n + μ, 2ð Þ
n + 1, 1ð Þ

; −α
2

4s2

 !
:

ð19Þ

Proof. As proceeded in the proof of Theorem 8 then, relying
on Equation (5) and Lemma 7, we conclude that

Lα tα μ−1ð Þ Jαn tð Þ
n o

= 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ Lα tα n+2κ+μ−1ð Þ

n o

= 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ

� α
n+2κ+μð ÞΓ n + 2κ + μð Þ

s n+2κ+μð Þ

= αn+μ

2nsn+μ 〠
∞

κ=0

Γ n + 2κ + μð Þ
Γ n + κ + 1ð Þκ!

−α2

4s2
� �κ

:

ð20Þ

Theorem 11. Let JαnðxÞ, α ∈ ð0, 1� be the CFBFs. Then, the fol-
lowing identity holds:

Lα tα μ−1ð Þ Jαn
1
t

� �� 	
= αð Þμ−n
2nsμ−n 1ψ1

μ − n,−2ð Þ
n + 1, 1ð Þ

; −s
2

4α2

 !
:

ð21Þ
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Proof. The reduction of (5) and (10) yields

Lα tα μ−1ð Þ Jαn
1
t

� �� 	
= 〠

∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ Lα tα μ−n−2κ−1ð Þ

n o

= 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ

� α
μ−n−2κð ÞΓ μ − n − 2κð Þ

s μ−n−2κð Þ

= αμ−n

2nsμ−n 〠
∞

κ=0

Γ μ − n − 2κð Þ
Γ n + κ + 1ð Þκ!

−s2

4α2
� �κ

,

ð22Þ

which ends the proof.

The above obtained results provide the necessary tools
which enable us to carry out the following interesting study.

3.2. Fractional Kinetic Equations Associated with the CFBFs
and Their Solutions via Fractional Laplace Transform. One
of the most important equations in mathematical physics
and natural sciences is the kinetic equation, which describes
the continuity of motion of substances. Therefore, many
researchers investigated extensions and generalizations of this
equation in the context of various fractional calculus opera-
tors. For such type of work, we refer for example to [37, 38].
We begin by briefly reviewing these previous efforts; then,
we introduce our extended form of the fractional kinetic dif-
ferential equation associated with the CFBFs. Assuming that
N ðtÞ denotes an arbitrary reaction which depends on time,
d refers to the destruction rate, and p is the production rate
on N , Haubold and Mathai [37] characterized the FDE of
the quantities N ðtÞ, d and p, by the formula

dN
dt

= −d N tð Þ + p N tð Þ, ð23Þ

where N tðt∗Þ =N ðt − t∗Þ for t∗ > 0. In the case where spatial
fluctuation or inhomogeneities in the quantity N ðtÞ is
neglected, the authors in [37] handled the following equation:

dN i

dt
= −ciN i tð Þ, ð24Þ

where the primary condition N iðt = 0Þ =N 0 gives the num-
ber density of species i at time t = 0 and constant ci > 0. Equa-
tion (24) is known as the standard kinetic equation.
Alternatively, if the index i is neglected, then, by integrating
the standard kinetic Equation (24), one can get

N tð Þ −N 0 = c0D
−1N tð Þ, ð25Þ

where 0D
−1 is the standard integral operator. Equation Equa-

tion (25) has been extended to the fractional setting in the
form (see [37]).

N tð Þ −N 0 = c0D
−νN tð Þ, ð26Þ

where 0D
−ν denotes the standard fractional integral operator

in Riemann-Liouville sense (see [10, 39]).
Now, consider the conformable fractional kinetic equa-

tion in the form:

N tð Þ −N 0 = cIα N tð Þð Þ, ð27Þ

where Iαð·Þ is the conformable fractional integral of order
ν ∈ ð0, 1� in the frame of Definition 2. Accordingly, we
develop here a new type of generalization of the fractional
kinetic differential equation in the conformable sense involv-
ing the fractional-order Bessel function in view of a frac-
tional Laplace transform.

Remark 12. The solutions we are going to conclude for the
conformable fractional kinetic equations will be determined
through the generalized Mittag-Leffler function Eμ,νðxÞ [36],
which is defined as

Eμ,ν xð Þ = 〠
∞

n=0

xn

Γ μn + νð Þ , μ, ν > 0: ð28Þ

Theorem 13. For d > 0 and α ∈ ð0, 1�, the following conform-
able fractional equation

N tð Þ −N 0 Jαn tð Þf g = −dαIα N tð Þð Þ ð29Þ

has a solution in the form

N tð Þ =N 0 〠
∞

κ=0

−1ð ÞκΓ n + 2κ + 1ð Þ
κ!Γ n + κ + 1ð Þ

tα

2

� �n+2κ

� E 1,n+2κ+1ð Þ
−dαtα

α

� �
:

ð30Þ

Proof. Following Abdeljawad [16], then, in virtue of Iαð f ðtÞÞ,
we have

Lα Iα f tð Þð Þf g = Fα sð Þ
s

, ð31Þ

where FαðsÞ = Lαf f ðtÞg defined in (10) and Iα is the con-
formable fractional integral operator (2). Acting by the con-
formable fractional Laplace transform on both sides of
Equation (30) implies that

Lα N tð Þf g −N 0Lα Jαn tð Þf g = −dαLα Iα N tð Þð Þf g: ð32Þ

Combining Equation (5) and Equation (31) leads to

N α sð Þ −N 0 〠
∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ Lα tα n+2κð Þ

n o

= −dα
N α sð Þ

s
,

ð33Þ
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N α sð Þ 1 + dα

s

� �
=N 0 〠

∞

κ=0

−1ð Þκ
κ!Γ n + κ + 1ð Þ2n+2κ

�
ð∞
0
e−s t

α/αð Þtα n+2κð Þdαt:

ð34Þ

Considering Equation (10) with (34), we obtain

N α sð Þ 1 + dα

s

� �
=N 0 〠

∞

κ=0

−1ð Þκα n+2κð Þ

κ!Γ n + κ + 1ð Þ2n+2κ
Γ n + 2κ + 1ð Þ

sn+2κ+1
:

ð35Þ

Therefore,

N α sð Þ =N 0 〠
∞

κ=0

−1ð Þκα n+2κð ÞΓ n + 2κ + 1ð Þ
κ!Γ n + κ + 1ð Þ2n+2κ

1
sn+2κ+1

1 + dα

s

� �−1

=N 0 〠
∞

κ=0

−1ð Þkα n+2κð ÞΓ n + 2κ + 1ð Þ
κ!Γ n + κ + 1ð Þ2n+2κ

� 1
sn+2κ+1

〠
∞

i=0

1ð Þi −dα/sð Þi
i!

=N 0 〠
∞

κ=0

−1ð Þκα n+2kð ÞΓ n + 2κ + 1ð Þ
κ!Γ n + κ + 1ð Þ2n+2κ 〠

∞

i=0

−1ð Þidαi
sn+2κ+i+1

:

ð36Þ

With the aid of the inverse Laplace transform (10), it fol-
lows that

N tð Þ =N 0 〠
∞

κ=0

−1ð Þκα n+2κð ÞΓ n + 2κ + 1ð Þ
κ!Γ n + κ + 1ð Þ2n+2κ

�〠
∞

i=0

−1ð Þidαitα n+2κ+ið Þ

αn+2κ+iΓ n + 2κ + i + 1ð Þ

=N 0 〠
∞

κ=0

−1ð ÞκΓ n + 2κ + 1ð Þ
k!Γ n + κ + 1ð Þ

tα

2

� �n+2κ

�〠
∞

i=0

1
Γ n + 2κ + i + 1ð Þ

−dαtα

α

� �i

=N 0 〠
∞

κ=0

−1ð ÞκΓ n + 2κ + 1ð Þ
κ!Γ n + κ + 1ð Þ

tα

2

� �n+2κ

� E 1,n+2κ+1ð Þ
−dαtα

α

� �
:

ð37Þ

Theorem 14. The solution of the following conformable frac-
tional equation

N tð Þ −N 0 Jαn dμtμð Þf g = −dαμIα N tð Þð Þ, for d, μ > 0, α ∈ 0, 1ð �,
ð38Þ

is given by

N tð Þ =N 0 〠
∞

κ=0

−1ð ÞκΓ nμ + 2μκ + 1ð Þ
κ!Γ n + κ + 1ð Þ

dαμtαμ

2

� �n+2κ

� E 1,nμ+2μκ+1ð Þ
−dαμtα

α

� �
:

ð39Þ

Proof. Operating the conformable fractional Laplace trans-
form on both sides of Equation (38), we get

Lα N tð Þf g −N 0Lα Jαn dμtμð Þf g = −dαμLα Iα tð Þð Þf g: ð40Þ

In view of Equations (5) and (31), we obtain

N α sð Þ + dαμ
N α sð Þ

s

=N0 〠
∞

κ=0

−1ð Þκdμα n+2κð Þ

κ!Γ n + κ + 1ð Þ2n+2κ Lα tαμ n+2κð Þ
n o

:

ð41Þ

Hence, using (3) of Lemma 7 implies

N α sð Þ 1 + dαμ

s

� �
=N 0 〠

∞

κ=0

−1ð Þκdμα n+2κð Þ

κ!Γ n + κ + 1ð Þ2n+2κ

� α
μ n+2κð ÞΓ nμ + 2μκ + 1ð Þ

snμ+2μκ+1
,

ð42Þ

from which one can obtain

N α sð Þ =N 0 〠
∞

κ=0

−1ð Þκdμα n+2κð Þαμ n+2κð ÞΓ nμ + 2μκ + 1ð Þ
κ!Γ n + κ + 1ð Þ2n+2κ

� 1
snμ+2μκ+1

〠
∞

i=0

−1ð Þidαiμi
si

:

ð43Þ

Therefore,

N α sð Þ =N 0 〠
∞

κ=0

−1ð Þκdμα n+2κð Þαμ n+2κð ÞΓ nμ + 2μκ + 1ð Þ
κ!Γ n + κ + 1ð Þ2n+2κ

�〠
∞

i=0
−1ð Þidαiμi 1

snμ+2μκ+i+1
:

ð44Þ

In view of the inverse fractional Laplace transform (10),
it follows that
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N tð Þ =N 0 〠
∞

κ=0

−1ð Þκdμα n+2κð ÞΓ nμ + 2μκ + 1ð Þ
κ!Γ n + κ + 1ð Þ2n+2κ tα nμ+2μκð Þ

�〠
∞

i=0

1
Γ nμ + 2μκ + i + 1ð Þ

−dαμtα

α

� �i

=N 0 〠
∞

κ=0

−1ð ÞκΓ nμ + 2μκ + 1ð Þ
κ!Γ n + κ + 1ð Þ

dμαtαμ

2

� �n+2κ

� E 1,μn+2μκ+1ð Þ
−dαμtα

α

� �
:

ð45Þ

Thus, the result is established.

4. Orthogonality of the CFBFs

Understanding the orthogonality relation of the CFBFs is
mandatory to compute coefficients of series whose terms
include the CFBFs. These series represent solutions of the
FDEs as we will encounter in the application part of this sec-
tion. Along with [40] and in view of the CFD definition (1),
we introduce the following interesting results on orthogonal-
ity which will be useful in the current study.

4.1. An Orthogonal Relation of the CFBFs

Theorem 15. The orthogonality relation of the CFBFs JαnðxÞ
is deduced over ½0, b� with respect to the weight function
wðxÞ = x2α−1 by the following:

ðb
0
x2α−1 Jαn λsxð ÞJαn λrxð Þdx = b2α

2α
Jαn+1 λsbð Þ½ �2δλsλr , α ∈ 0, 1ð �,

ð46Þ

where δλsλr is the familiar Kronker delta function and λs, λr
are distinct roots of JαnðxÞ = 0:

Proof. Since JαnðxÞ is a solution of the CFBE (4), it follows
that y = JαnðλsxÞ which satisfies the more general equation

x2αDαDαy xð Þ + αxαDαy xð Þ + α2 x2αλ2αs − n2
� �

y xð Þ = 0:
ð47Þ

It is convenient to reformulate (47) in the following way:

xαDα xαDαy xð Þð Þ + α2 x2αλ2αs − n2
� �

y xð Þ = 0: ð48Þ

Consequently, JαnðλsxÞ and JαnðλrxÞ satisfy the following
CFDEs, respectively:

xαDα xαDα Jαn λsxð Þð Þ + α2 x2αλ2αs − n2
� �

Jαn λsxð Þ = 0, ð49Þ

xαDα xαDα Jαn λrxð Þð Þ + α2 x2αλ2αr − n2
� �

Jαn λrxð Þ = 0: ð50Þ

Multiplying (49) by x−α JαnðλrxÞ and (50) by x−α JαnðλsxÞ
and then subtracting the resulting equations produce

λ2αs − λ2αr
� �

xα Jαn λsxð ÞJαn λrxð Þ
= Jαn λsxð ÞDα xαDα Jαn λrxð Þ½ � − Jαn λrxð ÞDα xαDα Jαn λsxð Þ½ �:

ð51Þ

In view of the conformable fractional integral formula
(2) over ½0, b�, we obtain

λ2αs − λ2αr
� �ðb

0
xα Jαn λsxð ÞJαn λrxð Þdαx

=
ðb
0
Jαn λsxð ÞDα xαDα Jαn λrxð Þ½ �dαx

−
ðb
0
Jαn λrxð ÞDα xαDα Jαn λsxð Þ½ �dαx:

ð52Þ

By performing integration by parts [16] on the right-
hand side divided by the factor ðλ2αs − λ2αr Þ, one can conclude
that

ðb
0
xα Jαn λsxð ÞJαn λrxð Þdαx =

xα

λ2αs − λ2αr
� � Jαn λsxð ÞDα Jαn λrxð Þ½

− Jαn λrxð ÞDα Jαn λsxð Þ�b0:
ð53Þ

Hence, according to the values of λs and λr , we consider
the following two cases:

(i) If λs ≠ λr and by hypothesis JαnðλsÞ = JαnðλrÞ = 0, then
the right-hand side of (53) vanishes

(ii) If λs = λr , then the resulting integral

I =
ðb
0
xα Jαn λsxð Þ½ �2dαx =

ðb
0
x2α−1 Jαn λsxð Þ½ �2dx ð54Þ

creates an interest to look at. In order to deduce its value, we
take the limit of (53) as λr ⟶ λs. As the right-hand side in
(53) approaches the indeterminate form 0/0 in the limit, we
apply L’Hopital’s rule, which leads to

I = xα

2αλαs
Dα

λs
Jαn λsxð ÞDα

x J
α
n λsxð Þ − Jαn λsxð ÞDα

λs
Dα

x J
α
n λsxð Þ

h ib
0

ð55Þ

Now, using the following recurrence relations of CFBFs
[26]

Dα
λs
Jαn λsxð Þ = n

xα
Jαn λsxð Þ − λαs J

α
n+1 λsxð Þ,

Dα
x J

α
n λsxð Þ = n

λαs
Jαn λsxð Þ − xα Jαn+1 λsxð Þ,

ð56Þ
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it follows that

I =
�

n2

2αλ2αs
Jαn λsxð Þ½ �2 + x2α

2α Jαn+1 λsxð Þ½ �2

−
nxα

2αλαs
Jαn λsxð ÞJαn+1 λsxð Þ

�b
0
= b2α

2α Jαn+1 λsbð Þ½ �2:
ð57Þ

As a special case of Theorem 15, the following result can be
easily verified.

Corollary 16. The CFBFs JαnðxÞ are orthogonal over ½0, 1�
with respect to the weight function wðxÞ = x2α−1 and

ð1
0
x2α−1 Jαn λsxð ÞJαn λrxð Þdx = 1

2α
Jαn+1 λsð Þ½ �2δλsλr : ð58Þ

The results obtained in the current Section 4.1 treated
the topic of orthogonal polynomials which pave the way to
discuss a function representation via a series of the CFBFs.

4.2. Expansion of Functions via CFBFs. The classical theory
of expressing analytic functions as expansions in terms of
an arbitrary set of orthogonal polynomials can be described
as the backbone of many topics in analysis. It was originated
by several authors to whom we may mention Boas and Buck
[41], Faber [42], and Whittaker and Gattegno [43] and later
on in higher dimension by Abul-Ez et al. [29, 30, 44–46]. In
the usual classical calculus, we found that not all functions
have the Taylor power series representation around specific
points, but this is not the case in the theory of conformable
fractional calculus. This fact has been shown by Abdeljawad
[16], where he also proposed the expansion of the fractional
power series for an infinity α-differentiable function through
the fractional Taylor series. The expansion of a given real
function in a series of Bessel functions is extremely useful
in determining the solution of certain FDEs involving radial
symmetry [40]. Related to the work of finding the expansion
of a given function by means of Bessel polynomials in the
higher-dimensional context, see the work given in [29, 30].
Using the orthogonality property (46), one can easily repre-
sent a given function f ðxÞ over the interval ½0, b� by a series
of Bessel functions such as

f xð Þ = 〠
∞

i=0
ai J

α
n λixð Þ, 0 < x < b, ð59Þ

where JαnðλibÞ = 0, i = 0, 1, 2, 3,⋯, and ai are determined by

ai =
2α

b2α Jαn+1 λibð Þ½ �2
ðb
0
x2α−1 f xð ÞJαn λixð Þdx, i = 0, 1, 2, 3,⋯ ð60Þ

As the topic of expansions of an arbitrary function, of
either a real or a complex variable, into a series of polyno-
mials has not been fully explored, we believe that several
open problems remain untouched in particular in the frame-
work of fractional calculus.

4.3. Applications. In this subsection, we intend to indicate
the efficiency and applicability of the results developed in
this study. Precisely, we construct a scheme which will be
employed to solve some linear and nonlinear CFDEs. In this
concern, we first define the mth truncated CFBFs of the first
kind. Then, we introduce the noninteger derivative in the
conformable context of an approximated function expanded
in terms of the CFBFs. Several important examples including
famous FDEs have been comprehensively treated, and their
solutions have been compared to other existing methods in
the literature to show the consistency and accuracy of our
proposed method.
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Figure 1: Graph of CFBFs with M = 2,m = 2 and various values of
α = 0:2,0:4,0:6,0:8,1:
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Figure 2: Graph of CFBFs with M = 2, α = 0:5 and various values
of m = 0, 1, 2.
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We begin by considering the mth truncated CFBFs of the
first kind as follows:

~J
α
m xð Þ = 〠

M−mð Þ/2b c

κ=0

−1ð Þκ
κ!Γ m + κ + 1ð Þ

xα

2

� �2κ+m
, 0 ≤ x <∞,

ð61Þ

where M is a positive integer such that M ≥m and m = 0,
1, 2,⋯,M. For M = 2, we have

~J
α
0 xð Þ = 1 − x2α

4 ,

~J
α
1 xð Þ = xα

2 ,

~J
2
m xð Þ = x2α

8 :

ð62Þ

Figures 1 and 2 show the graphs of the truncated CFBFs
when M = 2 and by taking various values of m and α.

Let f ðxÞ be a function defined over ½0, 1�; then, f ðxÞ can
be expanded in terms of CFBFs as follows:

f xð Þ = 〠
∞

i=0
ai~J

α
i xð Þ: ð63Þ

Thus, the following truncated series for f ðxÞ is supposed
to be

f xð Þ = 〠
M

m=0
am~J

α
m xð Þ: ð64Þ

Theorem 17. The noninteger derivative of order γ > 0 of the
CFBFs in the conformable sense is given by

Dγ~J
α
m xð Þ = 〠

M−mð Þ/2b c

κ=0
ηα,γκ,mx

α 2κ+mð Þ−γ, ð65Þ

where

ηα,γκ,κ =
−1ð ÞκΓ α 2κ +mð Þ + 1ð Þ

22κ+mk!Γ m + κ + 1ð ÞΓ α 2κ +mð Þ − γd e + 1ð Þ : ð66Þ

Proof. The linearity of the conformable derivative (see [12,
16]) leads to

Dγ~J
α
m xð Þ = 〠

M−mð Þ/2b c

κ=0

−1ð Þκ
22κ+mκ!Γ m + κ + 1ð ÞD

γxα 2κ+mð Þ

= 〠
M−mð Þ/2b c

κ=0

−1ð Þκ
22κ+mκ!Γ m + κ + 1ð Þ

� Γ α 2κ +mð Þ + 1ð Þ
Γ α 2κ +mð Þ − γd e + 1ð Þ x

α 2κ+mð Þ−γ,

ð67Þ

as required.

Remark 18. If αð2κ +mÞ < γ, where αð2κ +mÞ ∈ℕ0, then,
Dγ~J

α
mðxÞ = 0:

Theorem 19. Let uMðxÞ be an approximated function given
by means of the truncated formula of CFBFs (61). Then,

DγuM xð Þ = 〠
M

m=0
〠

M−mð Þ/2b c

κ=0
amη

α,γ
κ,mx

α 2κ+mð Þ−γ: ð68Þ

Proof. The induction of Theorem 17 and in view of the lin-
earity property leads to the required result.

4.3.1. Proposed Scheme

(1) Linear Multiorder CFDEs. Suppose that the generalized
linear multiorder CFDE is given in the form

Dγu xð Þ + 〠
s

j=0
AjD

γ j u xð Þ + As+1u xð Þ = As+2h xð Þ, ∈ 0, 1½ �,

ð69Þ

subject to the initial conditions

D ið Þu xð Þ = di, i = 0, 1, 2,⋯, γd e − 1, ð70Þ

where Dγ, 0 < γ1 < γ2 <⋯ < γs < γ, denotes to the CFD of
order γ > 0,hðxÞ are known to be a continuous function,
and di, i = 0, 1, 2,⋯, dγe − 1 are some constants.

Assume that the solution of the CFDE (69) can be given
in the form

uM xð Þ = 〠
M

m=0
am~J

α
m xð Þ: ð71Þ

Substituting (71) into (69) and using Theorem 19, we
have

〠
M

m=0
〠

M−mð Þ/2b c

κ=0
amη

α,γ
κ,mx

α 2κ+mð Þ−γ

+ 〠
s

j=0
Aj 〠

M

m=0
〠

M−mð Þ/2b c

κ=0
amη

α,γ j
κ,mx

α 2κ+mð Þ−γ j

( )

+ As+1 〠
M

m=0
am~J

α
m xð Þ = As+2h xð Þ:

ð72Þ

Collocating Equation (72) at the points xq = q/M, = 1,
2, 3,⋯,M + 1 − dγe, we get
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〠
M

m=0
〠

M−mð Þ/2b c

κ=0
amη

α,γ
κ,mx

α 2κ+mð Þ−γ
q

+ 〠
s

j=0
Aj 〠

M

m=0
〠

M−mð Þ/2b c

κ=0
amη

α,γ j
κ,mx

α 2κ+mð Þ−γ j
q

( )

+ As+1 〠
M

m=0
am~J

α
m xq
� �

= As+2h xq
� �

:

ð73Þ

These equations give ðM + 1 − dγeÞ linear algebraic
equations. Combining (71) and (70) produces dγe-algebraic
equations. Thus, we obtain a linear algebraic system of M
+ 1 equations in the unknown am,m = 0, 1, 2,⋯,M. By
solving this system, we obtain the solution of Equation
(69) associated with the initial condition (70).

(2) Nonlinear Multiorder CFDEs. Consider the generalized
nonlinear multiorder CFDE such that

Dγu xð Þ = F x, u xð Þ,Dγ1u xð Þ,Dγ2u xð Þ,⋯,
�

Dγsu xð ÞÞ, x ∈ 0, 1½ �,
ð74Þ

with the initial conditions

D ið Þu xð Þ = ci, i = 0, 1, 2,⋯, γd e − 1, ð75Þ

where Dγ, 0 < γ1 < γ2 <⋯ < γs < γ, stands for the CFD of
order γ > 0,F is a nonlinear operator, and ci, i = 0, 1, 2,⋯,
dγe − 1 are given constants. A similar procedure as in estab-
lishing (69) can be used to approximate uðxÞ in terms of
CFBFs. Thus, combining (71) with (74) and using Theorem
19 yield

〠
M

m=0
〠

M−mð Þ/2b c

κ=0
amη

α,γ
κ,mx

α 2κ+mð Þ−γ

= F x, 〠
M

m=0
am~J

α
m xð Þ, 〠

M

m=0
〠

M−mð Þ/2b c

κ=0

0
@

� amηα,γ1κ,m xα 2κ+mð Þ−γ1 , 〠
M

m=0
〠

M−mð Þ/2b c

κ=0

� amηα,γ2κ,m xα 2κ+mð Þ−γ2 ,⋯, 〠
M

m=0
〠

M−mð Þ/2b c

κ=0

� amηα,γsκ,mx
α 2κ+mð Þ−γs

1
A:

ð76Þ

Collocating Equation (76) at the points xq, = 1, 2, 3,⋯,
M + 1 − dγe, thus, we have the following:

〠
M

m=0
〠

M−mð Þ/2b c

κ=0
amη

α,γ
κ,mx

α 2κ+mð Þ−γ
q

= F xq, 〠
M

m=0
am~J

α
m xq
� �

, 〠
M

m=0
〠

M−mð Þ/2b c

κ=0

0
@

� amηα,γ1κ,m xα 2κ+mð Þ−γ1
q , 〠

M

m=0
〠

M−mð Þ/2b c

κ=0

� amηα,γ2κ,m xα 2κ+mð Þ−γ2
q ,⋯, 〠

M

m=0
〠

M−mð Þ/2b c

κ=0

� amηα,γsκ,mx
α 2κ+mð Þ−γs
q

1
A

ð77Þ

Equation (77) determines ðM + 1 − dγeÞ nonlinear equa-
tions. In virtue of (71) and the initial conditions (75), we get
dγe equations. Immediately, one can get a system of M + 1
nonlinear equations in the unknown am,m = 0, 1, 2,⋯,M:
As usual, Newton’s iterative method can be used to solve this
system. Thus, the solution of the nonlinear CFDE (74) with
(75) can be deduced.

We can briefly clarify the achieved advantages of
employing the proposed method as follows. The fractional-
order Bessel functions approximate the fractional function
with more accuracy. This feature has made the FBFs more
effective than Bessel functions in solving the fractional prob-
lems. As the values of coefficients in Bessel polynomials are
smaller than the coefficients of Chebyshev, Legendre, and
Bernoulli polynomials, the computational error in the cur-
rent method is less. Furthermore, our detailed treatment to
these FDEs using the collocation method is aimed at encour-
aging the use of such approach which allows reaching the
required solutions with ease and accuracy.

In the following subsection, we discuss several numerical
examples to demonstrate the consequences of the above-
mentioned features.

4.4. Illustrative Examples. In view of the above arguments, it
is interesting to employ the provided techniques to solve
some useful FDEs, as we shall see through the following
examples.

Example 20. Consider the famous Bagley-Torvik equation

D2u xð Þ +D3/2u xð Þ + u xð Þ = 1 + x, 0 ≤ x ≤ 1, ð78Þ

subject to the initial conditions

u 0ð Þ = 1, u′ 0ð Þ = 1: ð79Þ

This equation has been solved using Legendre polyno-
mials in view of the conformable fractional sense in [14],
as well as in [47–50] in the sense of Caputo derivative. The
exact solution of (78) was given in ([47, 49]) as uðxÞ = 1 +
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x; then for M = 2 and α = 1 in (71), one gets the approxi-
mated solution of (78) in the form

u2 xð Þ = 〠
2

m=0
am~J

α
m xð Þ: ð80Þ

Owing to initial condition (79), then (80) gives

a0 = 1, a1 = 2 ð81Þ

Using the collocation point x = 0:5 and in view of (81),
one can get

0:3982a2 = 0:7964: ð82Þ

Hence, a2 = 2: Therefore, we have uðxÞ = 1 + x, which
coincides with the one given in ([47, 49]).

A similar procedure can be carried out as in Example 20,
so that we may summarize the corresponding details for two
different CFDEs as follows.

Remark 21.

(i) The problem in Table 1 has been treated in [47–50]
with the Caputo fractional derivative using various
methods such as Legendre polynomials, homotopy
perturbation method, and homotopy analysis method

(ii) The problem in Table 2 has been manipulated in [51]
by means of Legendre polynomials with conformable

Table 1

Conformable fractional differential equation D3u xð Þ +D5/2u xð Þ + u2 xð Þ = x4, x ∈ 0, 1½ �
Initial conditions u 0ð Þ = 0, u′ 0ð Þ = 0, and u′′ 0ð Þ = 2
Exact solution x2 (as given by various authors in [47–50])

Values of M and α, as indicated in relation (71) M = 4 and α = 1
Coefficients to be determined in relation (71) ai = 0 for i = 0, 1, 3, a2 = 8, and a4 = 32
Solution x2

Table 2

Conformable fractional differential equation D4u xð Þ +D7/2u xð Þ + u3 xð Þ = x9, 0 < x ≤ 1
Initial conditions u 0ð Þ = 0, u′ 0ð Þ = 0, u′′ 0ð Þ = 0, and u′′′ 0ð Þ = 6
Exact solution x3 (as given in [51, 52])

Values of M and α, as is indicated in relation (71). M = 4 and α = 1
Coefficients to be determined in relation (71) ai = 0 for i = 0, 1, 2, 4, a3 = 48
Solution x3
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Figure 3: Graph of the approximate solutions of Example 22 when M = 5 with γ = α = 0:5,0:7,0:9,1:
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derivative and in [52] in view of Laguerre polynomials
involving Caputo derivative

Example 22. Suppose that we have the following linear frac-
tional differential equation in the form

Dγu xð Þ + u xð Þ = 0, 0 < γ ≤ 1, ð83Þ

with the initial condition

u 0ð Þ = 1: ð84Þ

The exact solution of (83) is uðxÞ = exp ð−ðxγ/γÞÞ (see
[47]). This problem has been evaluated using various
methods (see for example [47, 49, 53]) in the sense of the
Caputo fractional derivative. Putting M = 5 in (71) with γ
= α, then using the presented technique, we computed the
approximate solution of the problem (83) for the values γ
= α = 0:5,0:7,0:9,1. We indicate the approximate solution

through Figure 3, while Figure 4 compares the obtained
solution with the exact solution of (83). Moreover, the corre-
sponding absolute errors of our approximate solution are
displayed in Table 3. From Figure 4, it is clear that the
approximate solutions converge to the exact solutions.

Example 23. It is well known that the theory of Bessel func-
tions is connected with the Riccati equations. In fact, Bessel
functions are defined as solutions of Bessel equations, which
can be derived from the Riccati equations. This motivates us
to consider the following the nonlinear Riccati fractional dif-
ferential equation:

Dγu xð Þ + u2 xð Þ = 1, 0 < γ, x ≤ 1, ð85Þ

subject to the initial condition

u 0ð Þ = 0: ð86Þ
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Figure 4: The comparison of the approximate solutions of Example 22 with the exact solution when M = 5 and for γ = α = 0:5,0:7,0:9,1:
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This problem has the exact solution ueðxÞ = ½exp ð2xγ/γÞ
− 1�/½exp ð2xγ/γÞ + 1� (see [21]), and it has been treated by
many authors using various methods such as the collocation
method, operational matrix method, homotopy perturbation
Pade technique, homotopy analysis method, modified homo-
topy perturbation (MHP) method, modified variational iter-
ation method, B-spline operational matrix method, and
polynomial least squares method (see, for example, [54, 55].
In all these methods, the authors used the Caputo fractional
derivative.

Now, regarding the proposed method here, the approxi-
mated analytical solution of the initial value problem (85)
has been computed for M = 10 with various values of γ = α.
Figure 5 shows the approximate solutions forM = 10 and var-
ious values of γ = α = 0:5,0:7,0:9,1. Table 4 illustrates both

numerical and exact solutions of (85). The comparison
between the obtained values of uðxÞ by the presented method
and the modified Homotopy perturbation method (MHPM)
given in [55] for γ = 1 and M = 10 is shown in Table 5.
Table 5 illustrates that our method is more accurate compared
to other methods.

Example 24. Suppose that a system of fractional differential
equations is given in the form

Dγ1u1 xð Þ = u1 xð Þ + u2 xð Þ, 0 < γ1 ≤ 1, 0 ≤ x ≤ 1,
Dγ2u2 xð Þ = −u1 xð Þ + u2 xð Þ, 0 < γ2 ≤ 1,

ð87Þ
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Figure 5: The approximate solutions for various values of γ = α in Example 23.

Table 3: Absolute errors for example 22 in the case of M = 5 with various values of γ = α:

x α = 0:5 α = 0:7 α = 0:9 α = 1
0:1 1:698913766905:10−3 2:01482483935533:10−4 2:55260108363852:10−5 9:4292936385015:10−6

0:2 1:341809039425:10−3 1:80206291971352:10−4 2:57393080246859:10−5 1:0100445353045:10−5

0:3 1:094073239144:10−3 1:53118426981402:10−4 2:22828517444373:10−5 8:740914169325:10−6

0:4 9:222016584745:10−4 1:32711916546735:10−4 1:9580499485472:10−5 7:674994977578:10−6

0:5 7:94771487391:10−4 1:17204363458189:10−4 1:77639190854228:10−5 7:0847477455521:10−6

0:6 6:94723214864:10−4 1:04225706794691:10−4 1:61290436707651:10−5 6:5282543029262:10−6

0:7 6:13410718572:10−4 9:28101826830340:10−5 1:43823651976849:10−5 5:7858773236572:10−6

0:8 5:46280728516:10−4 8:30201804029595:10−5 1:2815490789575:10−5 5:0984705504265:10−6

0:9 4:90369742377:10−4 7:50420455738476:10−5 1:18437600535870:10−5 4:8554037531864:10−6

1 4:42903116775:10−4 6:82330917218671:10−5 1:11289526305072:10−5 4:7847594708325:10−6
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Table 5: Comparison of obtained values of u10ðxÞ with MHPM in Example 23 with γ = 1.

x MHPM [55] Present method Exact solution Absolute error

0:1 0:099668 0:099667671416668 0:099667994624956 3:232082876148868:10−7

0:2 0:197375 0:197375012267825 0:197375320224904 3:079570785998806:10−7

0:3 0:291312 0:291312318874021 0:291312612451591 2:935775703234479:10−7

0:4 0:379944 0:379948688365082 0:379948962255225 2:738901430200881:10−7

0:5 0:462078 0:462116905688459 0:462117157260010 2:515715507406561:10−7

0:6 0:536857 0:537049339939348 0:537049566998035 2:270586874674282:10−7

0:7 0:603631 0:604367573599157 0:604367777117164 2:035180060362447:10−7

0:8 0:661706 0:664036591419464 0:664036770267849 1:788483853309343:10−7

0:9 0:709919 0:716297714005185 0:716297870199024 1:561938393935934:10−7

1 0:746032 0:761594024015154 0:761594155955765 1:319406113975582:10−7

Table 4: Obtained values of uðxÞ for Example 23 by the present method with M = 10 and γ = α = 0:7 and 0:9:

x
γ = α = 0:7 γ = α = 0:9

Exact solution ue xð Þ Appr. Sol u10 xð Þ Exact solution ue xð Þ Appr. Sol u10 xð Þ
0:1 0:277560937258027 0:396329287768680 0:138975357216608 0:165142712549575
0:2 0:432562507032238 0:541472216303135 0:255255338098812 0:287926712330121
0:3 0:547648770236210 0:634513884465960 0:359212661331767 0:391527449696852
0:4 0:636470555494007 0:700774990734457 0:451905777263955 0:480439682175042
0:5 0:706113027676249 0:750534511840285 0:533789465005938 0:556914559531437
0:6 0:761214832718165 0:789171534868799 0:605386508611184 0:622580109650008
0:7 0:805098130420862 0:819896688293229 0:667388747653672 0:678810765325902
0:8 0:840237973205243 0:844771155592644 0:720626381374415 0:726831787717051
0:9 0:868514797371047 0:865206088424650 0:766006660708606 0:767744616102944
1 0:891373467734719 0:882214664339926 0:804454800298401 0:802541763903386
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Figure 6: Graph of the approximate solutions u1ðxÞ and u2ðxÞ of Example 24 for M = 5 and various values of α = γ1 = γ2 = 0:7,0:8,0:9,1.
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with the primary conditions

u1 0ð Þ = 0, u2 0ð Þ = 1: ð88Þ

We proceed the solution as follows. When γ1 = γ2 = 1,
the exact solution of this system was given in [56, 57] as u1
ðxÞ = ex sin x, and u2ðxÞ = ex cos x: Applying the same tech-
nique described above and by putting M = 5 in (71) with α
= γ1 = γ2, we have computed the approximate solution for
the values α = γ1 = γ1 = 0:7,0:8,0:9,1. Figure 6 shows the
graphs of approximate solution for various values of α = γ1
= γ2 with M = 5: Tables 6 and 7 display the corresponding
absolute error to our approximate solutions for α = γ1 = γ2
= 1 and various values of M. Note that the absolute error
tends to zero when the terms M of CFBFs increase.

5. Conclusion

Exploring the multifaceted applications of Bessel functions
in several fields of science with recognition of the growing
impact conformable fractional calculus has in many applica-
tions, this paper exhibits further developments on the con-
formable fractional-order Bessel functions (CFBFs). The

novelty of this research paper is determined by explaining
the comparison between our obtained solutions (results)
and the solutions in previously published articles by various
authors. Such novelty may be described as follows. In the
first part of the paper, some useful formulas concerning
the properties of conformable fractional Laplace transforms
are obtained. These formulas are successfully employed to
obtain the solutions for a new type of fractional kinetic equa-
tions associated with the CFBFs in the conformable frac-
tional sense which is generalized and developed in this
study. These solutions are newly presented compared with
those given by various authors (see [38, 58–61]).

In addition, an interesting orthogonal relation of the
CFBFs is established. This gives rise to the discussion of func-
tions expansions where we present a given function in a series
of the CFBFs. Consequently, we investigate the analytical and
approximate solutions of some linear and nonlinear CFDEs
using a proposed scheme depending on the collocation
method, involving CFBFs. Particular emphasis is paid to indi-
cate that our approach, in some sense, is easily applicable and
provides more accurate results with refined errors. The pro-
posed scheme is used to approximate the solutions of linear,
nonlinear CFDEs, and also systems of CFDEs. The numerical

Table 7: Absolute errors of u2ðxÞ for various values of M = 5, 8, 10 with α = γ1 = γ2 = 1 in Example 24.

x M = 5 M = 8 M = 10
0:1 1:764442982358745:10−4 1:289165400939913:10−8 6:228629314555091:10−12

0:2 2:483473612144735:10−4 3:801071933089472:10−9 1:613098247747954:10−11

0:3 2:943918013066388:10−4 6:996798181222391:10−9 3:734106142077792:10−11

0:4 3:463545496320502:10−4 1:992154729449800:10−8 6:483630453443810:10−11

0:5 4:089060754978633:10−4 3:538677484194269:10−8 9:820822938741669:10−11

0:6 4:761667760399912:10−4 5:339426604651616:10−8 1:410768556814162:10−10

0:7 5:435609065997361:10−4 7:429242006830613:10−8 2:010920588084222:10−10

0:8 6:132891968498514:10−4 9:811361566232743:10−8 2:860794615286945:10−10

0:9 6:915106434315280:10−4 1:250216107427356:10−7 4:199493848745102:10−10

1 7:750844548684034:10−4 1:556557391707215:10−7 6:201785524511703:10−10

Table 6: Absolute errors of u1ðxÞ for various values of M = 5, 8, 10 with α = γ1 = γ2 = 1 in Example 24.

x M = 5 M = 8 M = 10
0:1 2:175152855412623:10−4 9:162421859512191:10−8 1:758976284592979:10−10

0:2 2:563542720906999:10−4 1:010603222372797:10−7 1:884819425658612:10−10

0:3 2:455251579074233:10−4 1:112064359635733:10−7 2:046192475246368:10−10

0:4 2:320713758760705:10−4 1:218391399387871:10−7 2:191098474404878:10−10

0:5 2:201273528237466:10−4 1:315382035648231:10−7 2:333426724860480:10−10

0:6 1:996737905732100:10−4 1:409308454622984:10−7 2:471041121886989:10−10

0:7 1:643238206067162:10−4 1:489432328394127:10−7 2:648922750010470:10−10

0:8 1:175657989381895:10−4 1:556332410815428:10−7 2:906084812992896:10−10

0:9 6:701651870429315:10−5 1:606609913492092:10−7 3:310520786806953:10−10

1 6:404833938994381:10−6 1:601412220569667:10−7 4:151750389509799:10−10
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examples show the validity and efficiency of the method. Nota-
bly, it is demonstrated that the presented method works well
and achieves better accuracy compared with exact solutions
and with results obtained using other methods. Our scheme
is beneficial in the way that using the fractional-order Bessel
functions leads to more accurate results in approximating the
fractional function. Because of this characteristic, FBFs are
more effective than Bessel functions in treating fractional prob-
lems. Because Bessel polynomials have smaller coefficients than
Chebyshev, Legendre, and Bernoulli polynomials, the compu-
tational error in the current approach is less. Importantly, the
employment of the collocation method provides convenient
and accurate solutions. Furthermore, all the given solutions
are obtained differently, unlike those established by the authors
in [47–55] and the references therein where other fractional
derivatives such as Caputo derivative were used.
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