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In this research article, we propose efficient numerical iterative methods for estimating roots of interval-valued trapezoidal
fuzzy nonlinear equations. Convergence analysis proves that the order of convergence of numerical schemes is 3. Some
real-life applications are considered from optimization as numerical test problems which contain interval-valued trapezoidal
fuzzy quantities in parametric form. Numerical illustrations are given to show the dominance efficiency of the newly

constructed iterative schemes as compared to existing methods in literature.

1. Introduction

One of the ancient problems of science and engineering in
general and in mathematics is to approximate roots of a non-
linear equation. The nonlinear equations play a major role in
the field of engineering, mathematics, physics, chemistry,
economics, medicines finance, and in optimization. Many
times the particular realization of such type of nonlinear
problems involves imprecise and nonprobabilistic uncer-
tainties in the parameter, where the approximations are
known due to expert knowledge or due to some experimental
data. Due to these reasons, several real-world applications
contain vagueness and uncertainties. Therefore, in most of
real-world problems, the parameter involved in the system
or variables of the nonlinear functions are presented by a
fuzzy number or interval-valued trapezoidal fuzzy number.
The concept of fuzzy numbers and arithmetic operation with

fuzzy numbers were first introduced and investigated in
[1-8]. Hence, it is necessary to approximate the roots of
fuzzy nonlinear equation.

F(r)=c. (1)
The standard analytical technique like the Buckley and
Qu method [9-12] is not suitable for solving the equations

like

ar® +brt —cr’ +dr—e=f,r+cos (r)=g,rIn (r) + ¢

(2)

1
- +tan (r) =h,
1472 (r)

where a, b, ¢, d, e, f, g,and h are fuzzy numbers and r is a
fuzzy variable.
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FiGUrk 1: Alpha-cut level of interval-valued trapezoidal fuzzy number A.

We therefore look towards numerical iterative schemes
which approximate the roots of fuzzy nonlinear equations.
To approximate roots of fuzzy nonlinear equations, Abbs-
bandy and Asady [13] used Newton’s method, Allahviranloo
and Asari [14] used the Newton-Raphson method, Mosleh
[15] used the Adomian decomposition method, and Ibrahim
et al. give the Levenberg-Marquest method (see also [16-23]).

This research article is aimed at proposing efficient
higher order iterative method as compared to well-known
classical method, such as the Newton-Raphson method.
Numerical test results, CPU time, and log of residual show
the dominance efficiency of our newly constructed method
over the classical Newton’s method.

This paper is organized in five sections. In Section 2, we
recall some fundamental results of interval-valued trapezoi-
dal fuzzy numbers. In Section 3, we propose numerical itera-
tive scheme for approximating roots of interval-valued
trapezoidal fuzzy nonlinear equations and its convergence
analysis. In Section 4, we illustrate some real-world applica-
tions from optimization as numerical test examples to show
the performance and efficiency of the constructed method
and conclusions in the last section. Section 5 is a conclusion
section.

2. Preliminaries

Definition 1. A fuzzy number is a fuzzy set liker :R—

I =10, 1] which satisfies [24-27].
(1) ris upper semicontinuous
(2) r(a) =0 outside some interval [a,, a,]

(3) There are real numbers b, b, such that a, <b, <b,
<a, and

(i) r(a) is monotonic increasing on [a,, b;]

(ii) r(a) is monotonic decreasing on [b,, a,]

(iii) r(a)=1,forb,<ac<b,

We denote by E, the set of all fuzzy numbers. An equiva-
lent parametric form is also given in [19] as follows.

Definition 2 [28]. A fuzzy number r in parametric form is a
pair (7%, rY) of function X (7),rY(1),0 < 7 < 1, which satisfies
the following requirements:

(1) rL(7) is a bounded monotonic increasing left contin-
uous function

(2) rY(r) is a bounded monotonic decreasing left contin-
uous function

3) (1) <rV(r)0<T<1

A popular fuzzy number is the generalized interval-
valued trapezoidal fuzzy number A, denoted by A = (a;, a,,
as,a,3W),0 < < 1, a fuzzy number with membership func-
tion as follows:

ifa, <r<a,,
a, —a,
w ifa,<r<a,,
A(r)= a1 (3)
w as <r<ay,
ay —a;
0 otherwise.

Assume F.y () be the family of all @-trapezoidal fuzzy
number, i.e.,

Fry(@) = {

A=(a,ayas5a,;W),a,<a,<as<a,;
O<w<1

(4)
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FIGURE 2: Analytical solution of Examples 1-3.
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Fh(rk, ek eV el 1) = ck(x),
FE(rb vk vV el 1) = (),
Step 1. Transform F(r, 7) = ¢ into v LU . Ve [0, 1].
FY(rl ke rV 1) = (1),
F(rportorsrf 1) = ¢ (7).
Fr(rfsriorfsrts 1) = ¢ (7)),
Fr(rb, el e, rl 1) = ch(n),
Step 2. Solve Uil v v v for 7=0 and 7 =1 to obtain initial guess value
F(r,risrfsrd 1) = ¢ (1),
FU(rk ok el 7Y, 1) = U (7).
Step 3. Evaluate F(r,T) = c at initial guess point and compute Jacobian matrix J,, J,,.
Step 4. Use MM to compute next iteration
1l -1
¥, (7) =1,(7) = (F(r, (7)) K(r,(7)),
: Ve [0,1],
, -
1,0(7) =y, (1) = Z % (F(r, (7)) K(r,(7)),
where
Z= (4]** _2]*)_1 * (I*_I**)'
Step 5. For given €>0, if (i) e, = ||F(r, 7)|| < € and (ii) e, = ||r,,, () — 1, (7)]| < €, then stop.
Step 6. Set k =k + 1 and go to step 1.
ALGORITHM 1: (MM method).
- TaBLE 1
Definition 3 [29]. Let AL € Fp(wAl) and AY € Fpy(wnAY)A
level (wAL, wAY) — interval-valued trapezoidal fuzzy num- MM NN
T
ber A, denoted by ||rn+1 _rnH HF(rn)H Hrn+1 _rn” ”F(rn)”
0.0 3.1e-47 1.2e-36 4.1e-10 1.4e-8
A= [AL,AU] = <(a"1‘,aé’, alg,a{;;w/\L)) (aij, a;j)agj, ai} ;w/\U)>, 0.1 1.1e-43 3.1e-32 3.1e-10 1.1e-8
(5) 0.2 1.4e-45 1.1e-32 0.1e-20 8.2e-7
0.3 5.6e-46 3.4e-34 1.7e-10 7.2e-9
o Lvalued £ 5 R with 0.4 1.3¢-41 1.4¢-32 1.5¢-16 5.5¢-9
1s an interval-valued fuzzy number on set R wit 05 44e-41 1.76-32 79011 41e-9
0.6 6.1e-49 7.1e-37 3.2e-11 3.1e-9
L
WAL ’L‘ ‘ZIL if ab <r<at, 0.7 8.1e-47 9.1¢-33 4.1e-10 6.2e-9
aoa 0.8 1.3¢-45 4.1e-32 6.3¢-11 7.5¢-9
AL if a) <r<aj,
Ay =" 1922729 (ower trapezoidal fuzzy number) 0.9 1.6e-46 6.4¢-33 7.8¢-11 8.1¢-9
L_
WA BT gl gt 1 7.7e-47 6.8¢-33 5.1e-12 3.4¢-9
ag—a;
0 otherwise,
U by F(wAl, wAY) = A = [AL(r), AY(7)], i,
wnY = IU ifaij<r<a§],
a; —a
L AU\ _ A _ 4L U/ — L L L L. . .L
A whlU ifal <r<al, i F(w/\,w/\ )—A—[A (r),A (r)]—{<(a1,a2,a3,a4,w/\ ),
(r)= Uy (upper trapezoidal fuzzy number) (al,ay,af,af ;wA)): af <af;af<af
wAY l? T a§1<r<aij,
ag —a;
0 otherwise. A" (r) € Fyy (wnh), AY(r) € Frg(wAY), 0 swnA' <wA < 1.

(6)

where a} <ab <al<al, af <a¥ <af <al, 0 <wAl <wn?
<1, aV <al, and at <a¥. This interval-valued trapezoidal
fuzzy number is shown in Figure 1. Moreover, AL (r) < AY(
r), which means the grade of membership r € A = [AL(r),
AY(r)], and the latest and greatest grade of membership at
r are A(r) and AY(r), respectively. We therefore denote
the family of all interval-valued trapezoidal fuzzy number

(7)

Definition 4 [29]. A (wAL, wAY) is said to be nonnegative F
(wAL, wAY) iff a¥ > 0 and denoted by F*(wAL, wAY).

Definition 5 [30]. Two (wAL, wAY) — interval-valued trape-
zoidal fuzzy numbers.

A=((ak,ab, al, ak s wAb), (a¥,aY,ay,ay ;wAY)) and B
= (Y, b5, bk, bh s wal), (b7, 0, bY, bY s wAl)) are said to
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TaBLE 2: Analytical solution for Example 1.
T 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
T’ZU 0.9172 0.9268 0.9368 0.9473 0.9581 0.9694 0.9812 0.9936 1.0065 1.0200 1.0342
VZL 1.0000 1.0096 1.0197 1.0304 1.0418 1.0538 1.0666 1.0802 1.0947 1.1102 1.1269
Vf 1.2749 1.2394 1.2080 1.1800 1.1547 1.1318 1.1109 1.0918 1.0743 1.0581 1.0430
VtU 1.4371 1.3974 1.3620 1.3301 1.3012 1.2749 1.2507 1.2285 1.2080 1.1890 1.1712
be equal iff A = B, i.e, af = bf and a = b forall i=1,2,3,4. TABLE 3
Definition 6. [30]. Extend addition, scalar multiplication, and ; MM NN
extend multiplication in (wAL, wAY) interval-valued trape- [Fns1 =Tl [[E(r,) [Tn1 = Tl [[E(r) |l
zoidal fuzzy number are defined as if A =((al,al,at,al; 0.0 4.0e-49 4.0e-33 1.7¢-13 1.7e-11
wA), (aV,a¥,a¥,a¥ ;wAl)) and B=((bk, b5, bk, bk swAl) o1 5.6e-47 5.6e-32 34e-13 12e-11
L (b7, 65,65, b7 s wAl)) e F(wAl, wAY) and k € R; then, 0.2 3.1e-43 8.8¢-33 6.1e-14 3.6e-11
0.3 5.4e-48 6.1e-36 5.1e-13 7.1e-11
(a{ +bh,ak + bk, ek + bk, ak + b w/\L) 0.4 6.1e-49 7.9¢-35 4.4e-14 5.6¢-12
A®B= < >, 0.5 3.7e-48 4.0e-33 4.3e-13 3.4e-11
<a}’ +by, a3 + b5, a) +b5,a] +b]; w/\U) 0.6 1.6¢-48 8.2¢-33 1.7e-13 4.6e-11
0.7 3.6e-49 4.3e-33 3.7e-13 6.7e-11
<(kaf, kal, ka®, kat ;w/\L), (ka?, ka¥, ka¥, ka¥ ;w/\U) >’ k>0, 0.8 1.2e-49 3.6e-34 7.1e-14 5.6e-11
0.9 7.5e-46 8.9e-34 8.7e-14 1.2e-11
kA = <<ka§,ka§, ka, ka* ;w/\L), (kaf{,ka;f,ka;f, kaV ;w/\U) >,k<0, 1 8.1e-49 6.1e-35 9.le-14 5.1e-11

((0,0,0,0;wA"), (0,0,0,0;wAY)), k=0,
(af * bf, ak x hjz“, ag * bg, ak « h4L;w/\L>
A®B:< ,al,bU>0>
U U
(s )
(®)

Definition 7 [28]. Let 0, 0 € R. The signed distance between o
and 0 is d(0,0) = 0.

U U U U, U U, U,
# by, ay % by, ay % by, a; xb] ;wA

Definition 8 [31]. Let A € F(wAL, wAY); then, alpha-cut set of
A denotes and is defined by

Aa) = [AL((X) AU((X)]
= {[A] (@), Af (a)] U [Af(a), A7 (a)] 5 9)
0<a<wA'[A] (), A (a)] swAt <a<wAY,
where

M) =+ dh-al)

Ab(o)=af+ (af —af)
( )w/(\x o)

A ) =a (- )

3. Construction of Iterative Scheme (MM)

In order to approximate the roots of interval-valued trapezoi-
dal fuzzy nonlinear equation F(r) = ¢, we propose the follow-
ing two-step iterative scheme as follows:

Fi (i1t 11> T) =€ (1),
FE(rk, ot vV ,r CL(T),
(ro T T) =6 Vrelo, 1] (11)
FY (s risris 1) = (1),
F(rf,rfor 1 1) = ¢/ (1)

Suppose that r = (af , ak, af, ) is the solution of above

system and r, = (rf, %, rj0, ) is approximate solutions of

the system, t denote the alpha-cut parameter; then,

af (r) = () + 1y (7),
af (r) = (1) + ki (), )
af (v) = i (x) + (),
af (r) = i(¥) + (7).

By using Taylor’s series of Fr, F-, FY, FY about (rk (),
rly (1), rly (1), 75 (7)), then we have the following:
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If (rk (1), (1), r5 (), r§ (7)) are close to (
saf (1), 0/ (7)), then hy(7), k(7). h

F ("o”fo’rlo’ Tig>
Fi (rx

"o O,rlo,rlo, +hF

1

F 7%’ T'10> "lo’ Tlo>

L L U
(rlo>Thor Tion Tig» T) + Iy Fr . (1o 100 Tlo» 7100 T) + o Fy

(”lo> "zLo’ o> rtO’ ) +k F

i (rlo Tos Tios Tip T) + By Fr v (1o 70> Ti0> Tio» T) + ko FY

L L (L U

T)=F (rlo> Tio> ’Io> '10) ) +hF) r,ﬁJ (”lo’ rrLo’ Tio> rtO’ ) +k F1 e ('{b’ 10> rlo’ ”ro’ T) +h FI I (’10’ 100 rlo’ r:o’ ) +k FI " ('{b) Tio> '10’ ’ro’ ) + O((hl’ ki, hy, ky) )
L
t

v (’”{fv "fw o> ’m’ T) + O((hh ki, hy, kz) ))

_ L L U (L L U U U (L L U U U (L L U .U U (L L U U 2
=F (Vzo’rzo”m”loﬁ) +h Fi o (s 7100 7> 7100 T) + Ky F I (io» 7100 110> 7100 ) + Mo B I (o> 7100 T2 7100 T) + ko F rf;,(rlO’ Tior Tl T T) + O((hys ey iy, Ky)?),

= Y (rios g Tig»Tio» ¥) + I FY

L U U U U U (L L U U 2
L (i o> Tig> Tio0 T) + ey FY o (o o> Tig» Tio» T) + 1y Fy w (rlo oo Tigr 7100 ) + o 0 (Tio> T10> Tioo Tiop T) + O((hy ky, 1y, ky)*).

o (7), af (1)

(1), ky(7) are small

Since h, (1), k; (1), h,(7), k,(7) are unknown quantities,
they are obtained by solving the following equations:

hy(7) q(r) -
ky(T) ¢ (1) -
T (1> 710> Tiop Ti0> ©) =,
hz(T) q (T)
ky(7) o (T)
where
- L
I r (rﬁ), 10 rlo’ ”to’ )
L L
Fy r (7’%, 10 rlo’ rtO’ T)
J. =
U (L L
Fy rﬁ) (rlo 10 rlo’ rzo’ T)
U (L L
Fya (rlo 10 "0’ "to’ )

FlL(rlo’ tO’rIO’rtO’ )
7)

F (10’ tO’rIO’rtO’
FlU(rlm o»rzo”’:o’ ) ,
F (”lo>”to>"lo»”:o’ )
(15)
fo (”IL i 02 7102 T)
O(T’IL rtO’rlO’rt[(])’T)
B (bl 78 )
B (rhy b )

Yio(7) (7
Yio(7) _ (7
i(7) rio(
Yio(7) io(T

L L
(’lo’ LD Tlo> rro’

(13)

enough. Assume all partial derivatives of h,(7), k; (1), h,(7)

,k,(7) exist and bounded; then, we have the following:

U
lr(J

I

(rlo>"tLo’rlo’ L ) +h, F

)+hF

AAAA

U
”lL > ”ro’ ”lo’ "> T

U
”lL ”ro’ ”lo’ "> T

L L U U
10> 10> T10> T10> T

L L U U
10> T10> T10> T10> T

17

17

hy(7)
ky(7)
hy(7)
ky(7)

2

L U U
(rlo’ 10> T10> T10

~—  —

~—  —

) +kyFY

1

( Lo’ Tlo» rzo’ T
( L L

Tl0> T10> "lo> "t0>

7)
7)

IU("Z > Voo rlO’rZO’ )"’thlUr,LO (rlLO’rtLO’ ’l%> ’%>T) +k1F1UrL (’ﬁ)) rtLO’rZ%’ rtl(])’ )"’h Fl v (’lo> "to»rm)”to’ )"’kzFl v (rl()’ 10> ’lo>"tl(])’7) :ClL(T)’
( 7)

U L U U _\_
+h F, rg(’ﬁ)’ffox Tl "r0> ) +ky F r,‘{)( 10> T100 Tlo> rro’T) =

10> rro’ rlo’ ”ro’ )

"ﬁ)’ rfo’ o> ”ro’ T)

)
7) ]

+h Flr (rlLO,rfo,r,O, 10> )+kFIr (rlLo’rfo’rlo’rto’ )+h Flr (IO’rIO’rIO’rtO’ )+kFIr ("IL()’rrLo>rl%”'%’T):ClL(T)>

("lLo’rtO’ rlO’rtO’ )+k Ftr ("ﬁ)’rm’rlo’rtw ) Cf( ),

(7).
(14)
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h®] [ ()
| _ Ao ], kO]
he | | ()
HCN I PHIC k(1)

rlL L U UT),

( 0> "0> T10> V10>
( L

L U U )T
%()’10’%0>J’lo’)’ro> 7) Fyyu Yio Vi Vior Yior T

Z= (4]**()’%4’%0’}’1[(])4’%’7) -2], rlLo’ tO’rZO’rtO’ )) * (], ( lo>)’zo’)’lo’)’z0’ )_]**
FzLyL Vi Yio Yio Yo T) Fi . Vo Vi Yio Vit

L U .U L
(J’o Yo Yio> Voo T Fyg()’lo’)’Lo’)’lo’)/ro’

(16)

st

7)

) F tyh (Vio» Yio» Yio» Vior T) ;(;()’0 YiorVio»Yio»
FlUyU(}’lo’)’LO))’lo’)’w 7) FlUyO(J’{b’ 0o Vi 7) FIU)/’ (v

) 7)

F?yfo (Vi Vo Vi Vi T) Y tyy o (Vio» Vi Vioo Vior T

)

7) 7)

0 Vi Yo Yo T) Fi yu (Voo Vios Yios Vo )
) )

L U U U L U U
Ft )’ﬁ, (ylo)ytoaylo)ytoa T Ft yr (y 0> V10 Vio» Vio> T

] ] (rﬁl’ rtn’rln’rﬁ"[) ]** :]**(yﬁl’yfn’yllé’ygt’T)’
and the next approximation for r{(z), r-(7), r/ (), r{ (1) is
found by using recursive scheme as follows:

@] @ ] (0
(D) || V(@ oy (7)
Pon@ | D@ | e |
W@ | 0@ ] an(T)
J’lL(n) (v [n (n(7) ] By (7)
Vi@ @ | ()
W@ | @ | @ |
W@ W@ ] LR

L L _L v .U
¢ (T) = Fy (T s T T T)
L _L v U
(T Tt Vo Teno T)
n,
L .U U
Tan, T T Teno T)

hi(

k
et |7

an(

U U
> rfn’ TSR T)
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i FlLrl’;q (ran’ rfn’ rllrll’ rtlijfl’ T) F% L (1’1 tn’ rln’ rm’

] Ffrll; (ran’ rfn’ rllrll’ rtlijfl’ T) Ffr{-n (1’1 rtn’ rln’ rm’

' FlUrﬁ1 (rlI;P rI;n’ rllrjl’ rgl’ T) FlUran (ran’ tn> rln’ rtn’

L Ff]rﬁ] (rlI;P rI;n’ rllrjl’ rgl’ T) FtUrth (ran’ tn> rln’ rtn’
[ Fi e (o Yoo Vi Yoo ©) FL ot (s Vi Vi Yo )
| Fiye o Yoo Vi Vi T) - iy (Vs Vi Vi Vi )
" FzUyn D Yo Vi Vi ©) - FL o (Vi Vi Vi Yoo T)
LE e O Vi Yo Yoo T) - Byt (o Vi Vi Vi ©)

For initial guess, one can use the fuzzy number

U

U
o

(1); 74 0

1o

T’L

I 10

0= (ri0(0):719(0)): 7io (1), i (1), (1), 11 (0)r19(0))»

(18)

Remark 9. Sequence {(rf,

L
(Xt,(XlU, U

rkLr,rU)} 7, converges to (af,
) iff Vre [0 1} limnﬁoorln(‘[) ‘xl( ) llmn*?OO
rk (1) = (xt( 1), lim, () =af (1), and lim,  r7(7)
_ U

=a/ (7).

Lemma 10. Let F(of, of, of , of ) = (¢}, ¢k, ¢f s ¢ ), and if the

sequence of {(rk,rk, Y, rU)}7  converges to (af,at,a’,

aY) according to Newton’s method, then
1lim P, =0, (19)
where
P, = sup max {hy,(7), k;(7), hz(7)s kza(T)}. (20)

0<t<1

Proof. 1t is obvious, because for all ¥V € [0, 1] in convergent
case,

lim hy,(7)= lim k,(7)= lim h,, (7)= lim k,, (7)=0.

n—-00 n—00
(21)

Hence, it is proved. O

Finally, it is shown that under certain condition, the MM
method for fuzzy equation F(r) =0 is cubic convergent. In
compact form for F(r) =0, the MM method can be written

11

) Fo (Mo T T Tow ) Flw (Mo T s T 7).
7) Ffrg(rfnmm,nn,rm,) Ftu (Mo T T Tonn T
7)o (bl t) FY (bt rlrt ) |
7) Ff]rlg(rﬁprm,nn,rm, ) F o (s Tt i T T) |
Fp o (o Ve Yo Vi T) - FL 0 (Moo Voo Yo Vi 7) ]
Fi o (Vi Yo Vi Yoo T) Fyg(yln,ytn,yln,wa)

VT €0, 1].
o o Yoo Yo Vi T) - FU o o Yo Vi Vi T)
E{ o o Yo Vi Vi ©) - F o O Yiw Yino Vi ) |

(17)

as follows:
(1) =5,(7) = (F (5,(1))) " Flr, (1)
» V1 €0, 1]
£t (1) =¥,(7) = Z # (F (5,(r)))  E(r, (7)),
(22)
where
Z=4),.-2J.)" * (J.-)..)- (23)

Theorem 11. Let F : HC R" — R”, be u-times Fréchet dif-
ferential function on a convex set H containing the root a of
F(r) = 0; then, the MM method has cubic convergence and sat-
isfies the following error equation.

+[|0(e,)’

=2+ (A= JA0- 408, ) (e . (24)

where A, = 1/2%F(x,, T)/F (r,, ), n=2,3, .
Proof. Let e,=r,—«a and e,,, =r,,; —a, then by Taylor

series of F(r,, T) in the neighborhood of aif J, and J,, exist.
Then,

F(r,7) =F(r,,7) + F (r,, 7)(r-1,) + %F"(rn, 7)(r—r,)"+
(25)
and F(r,a) =0.
F(r,, 1) = ( f)( A,(e )2+A( )+HO )4”.
(26)
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TAaBLE 4: Analytical solution for Example 2.
T 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
rlU 0.6433 0.6437 0.6440 0.6443 0.6446 0.6450 0.6453 0.6457 0.6460 0.6464 0.6468
rlL 0.6450 0.6454 0.6458 0.6463 0.6467 0.6472 0.6477 0.6482 0.6487 0.6493 0.6498
rtL 0.6616 0.6606 0.6596 0.6586 0.6577 0.6568 0.6560 0.6552 0.6544 0.6537 0.6530
r,U 0.6666 0.6655 0.6645 0.6635 0.6625 0.6616 0.6607 0.6599 0.6591 0.6583 0.6576
This gives TaBLE 5
. MM NN
-1 ||rn+1 _rnH HF(I‘,‘)H Hrn+1 _rn” ”F(rn)”
F(r, ) F(r,,7)=e, +A,(e,)* + (2A, + 2A e,
( (1, 7) (10 7) = € + Ay (e,)" + (24, 3)(€n) 0.0 2.8e-43 5.4¢-33 1.1e-9 1.6e-7
y, —a= A2 (en)z + (—2A2 + 2A3)(en)3+ 0.1 3.8e-44 3.0e-33 7.6e-10 3.4e-7
(27) 0.2 4.7e-43 5.8e-33 3.5e-10 4.2e-7
0.3 9.1e-43 2.7e-33 6.1e-11 6.1e-7
0.4 6.2e-50 5.6e-39 5.1e-12 5.8e-7
Expanding F'(y,, T) about a, we have the following: 0.5 3.6e-51 6.1¢-38 4.6e-11 6.5¢-7
0.6 4.8e-50 7.8e-39 3.1e-11 8.9¢-7
0.7 9.1e-51 3.6e-39 4.2e-11 1.3e-7
F(y,7)=1+2(A,)%(e,)? +2(-2(A,)* + 2A5) (e,) >+,
(¥ 7) (A2) (&) +2(=2(Ay) ) (€) 0.8 8.1e-48 8.4¢-40 7.7¢-11 4.1e-7
0.9 9.8e-49 3.5e-39 5.1e-11 5.6e-7
1 6.1e-52 4.0e-38 3.3e-11 1.2e-7
Z (F'(r,,, 1))’1F(rn,r) =-A,(e,) + (4(A2)2 - %A3 - 4(A2)2> (,) +
where
hln(T) CIL(T) - FlL(rn’rtn’rln’rtL:t’T)
L I'L U U kln(T) Cf(T) - Ff (T’an, tn> rln’ rtn’ T)
3 ]* (rln’ tn "o T T) h (T) = U FU I L U
r-a=y,—a-A(e,)’+ <4(Az)2 - 5A3—4(Az)2> (e,)++, o a(7) = Fi (r'“’r‘”’rh" r””T)
U UL L U U
an (T) [ (T) - Ft (rln T Mo T T)

€uer =2 (A2~ A 440)" ) )"+ 0(e,|.

Hence, the theorem is proved. d

A well-known existing method in literature for solving
triangular fuzzy nonlinear equation is classical Newton
Raphson’s method. Interval-valued trapezoidal fuzzy version
of well-known Newton method [13] (abbreviated as NN) for
finding roots of interval-valued trapezoidal fuzzy nonlinear
equation is as follows:

1 (ne1) (7) [ 71 n (T) By (7)
rzL(n+1)(T) _ ’f(n)(T) . kyn(7) (29)
rlU(n+1)(T) n n(7) han(7)
Han® | | Hw@]| L)

(30)

4. Numerical Applications

Here, we present examples to illustrate the performance and
efficiency of MM and NN methods for approximating roots
of interval-valued trapezoidal fuzzy nonlinear equations.
Examples 1-3 are considered from Buckley and Qu [9]. All
the computations are performed using CAS Maple 18 with
64 digits floating point arithmetic with stopping criteria as
follows. Analytical, numerical approximate solutions, com-
putational order of convergence [32], computational time
in second, and residual error graph of interval-valued trape-
zoidal fuzzy nonlinear equation used in Examples 1-3 are
shown in Figures 2-8(a) and 8(c), respectively. Algorithm 1
shows the implementation of MM iterative method on CAS
Maplel8.
(ey=ErT) <€ (if)e,=[Irus(t) (D] <& (31)
where e, represents the absolute error. We take € = 107",
In Figure 2, left shows analytical solution of interval-
valued trapezoidal fuzzy nonlinear equation used in Example
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TABLE 6: Analytical solution for Example 3.

T 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
rZU 0.3173 0.3266 0.3355 0.3440 0.3522 0.3600 0.3675 0.3747 0.3817 0.3883 0.3947
rlL 0.3600 0.3690 0.3775 0.3857 0.3935 0.4009 0.4080 0.4148 0.4213 0.4276 0.4336
rtL 0.5005 0.4971 0.4935 0.4898 0.4860 0.4821 0.4780 0.4738 0.4694 0.4648 0.4601
rtU 0.5137 0.5112 0.5087 0.5060 0.5033 0.5005 0.4977 0.4947 0.4917 0.4886 0.4854
1, center shows for Example 2, and right shows for Example  or
3, respectively.

Figure 3 shows computational order of convergence of
iterative methods MM and NN for finding roots of interval- Ay x (r(t)*) +Bxr(1)=C, (36)

valued trapezoidal fuzzy nonlinear equations used in Exam-
ples 1-3, respectively.

In Figure 3, MM1-MM4 and NN1-NN4 show computa-
tional order of convergence of iterative method MM and
NN for approximating roots of interval-valued trapezoidal
fuzzy nonlinear equations wused in Examples 1-3,
respectively.

Figure 4 shows computational time in seconds of iterative
methods MM and NN for finding roots of interval-valued
trapezoidal fuzzy nonlinear equations used in Examples 1-
3, respectively.

In Figure 4, MM1-MM4 and NN1-NN4 show computa-
tional time in seconds of iterative method MM and NN for
finding roots of interval-valued trapezoidal fuzzy nonlinear
equation used in Examples 1-3, respectively.

Example 1 Application in optimization (a profit maximiza-
tion problem). A corporation company wishes to invest one
million dollar A, = ((10, 20, 30, 40; 2/3), (5, 15, 35,43 ;1))
at fuzzy interest rate r to earn maximum profit, so that after
a year, they may withdraw 25000$ S, = ((45, 55, 75,95 ;2/3)
,(80,90,110,120;1)) approximately and after two years
9000008 S, = ((10, 15,20,25;2/3), (5,10,25,47;1))  left.
Find r so that A, will be sufficient to cover S, and S,. where
r is an interval-valued trapezoidal fuzzy number whose sup-
port lies between [0,1] After a year, the amount in the
account will be

(A, = 8)) +A,r(T). (32)
At the end of second year, total amount left is
(A =8) + A, = r(1)+ ((A = S;) — Ay = r(T))r(1), (33)
or
A, (r(t)®>) +Bxr(1) + D, (34)

where B=2A, - §, and D=A, - S,. Therefore, we have to
solve

A, # (r(1))>+B=*r(t)+D=S,, (35)

where C =S, — D. For fuzzy interest rate substituting values
of A, B, and C in above equation, we have the following:

2
< (10, 20,30,40; 5), (5,15,35,45; 1)> (r(=)?)
2
+ <(so, 60, 70,80 ; 5), (45,55,75,95; 1)>r(‘r) (37)

2
= < (80, 90,110, 120; g)’ (75,85, 115, 125;1)>.

Without any loss of generality, assume that r is positive;
then, the parametric form of this equation is as follows:

{((10 + 157,40 - 157), (5 + 107,45 - 107))(r(1))?
+((50 + 157, 80 — 157), (45 + 107, 95 — 207))r(7)
= ((80 + 157, 120 — 157), (75 + 107, 125 — 107)),

10 + 157

40 — 157 ’

(ri (7)
(i (7)

( )(rE(x))? + (50 + 157)rk (7) = (80 + 157),
( )(ri (7))

(5+107) (rl (7))” + (45 + 107)rY (1) = (75 + 107),
( )

+ (80 — 157)rk (1) = (120 - 157),

45 - 10T

(rU(7))" + (95 - 207)r (7) = (125 - 107).
(38)

Table 1 clearly shows the dominance behavior of MM
over NN in terms of absolute error on the same number of
iterations n = 4 for Example 1.

Table 2 shows analytical solutions for Example 1.

Figure 5 shows initial guessed values, analytical, and
numerical approximate solution graph of iterative methods
MM and NN for interval-valued trapezoidal fuzzy nonlinear
equation used in Example 1.
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To obtain initial guess, we use above system for 7 =0 and
7 = 1; therefore,

(1) +55r] (1) = 85,

(1) +75r7 (1) = 115.

Consequently, r(0) =0.5, r{(0 ) 0.5, r(0) = 0.5, r7 (0
)=0.5,and r/ (0) = rF(0) = r£(0) = rV (0) = 1/2. After 4 itera-
tions, we obtain the solution with the maximum error less
than 107, Now suppose r is negative, we have the following:

10 + 157) (rF(1))” + (50 + 157) 5 (1) = (80 + 157),

(ri(7))
40— 157) (ry(z )2 (80 - 157)r} (1) = (120 - 157),

(75 + 107),

( )
( )
(5+107) (rf (1))" + (45 + 107)rY (1) =
( )

45-107) (! (1)) + (95 - 207)r7 (v) = (125 - 107).

(40)

For 7 =0, we have r{(0) > r-(0); therefore negative root
does not exist.

Example 2. Consider the interval-valued trapezoidal fuzzy
nonlinear equation

2
< (0.65, 0.73,0.87,0.95; 3), (0.6,0.7,0.9,1; 1)>(r(‘r))2
2
+ < (0.25,0.33,0.47, 0.55; 5), (0.2,0.3,0.5,0.6; 1)>r(T)

2
<<045 0.53,0.67,0.75; > (0.4,0.5,0.7,0.8; 1)>
(41)

Without any loss of generality, assume that r is positive;
then, the parametric form of this equation is as follows:

{{(0.65 +0.127,0.95 - 0.127), (0.6 + 0.17, 1 — 0.17))
- (r(z))* + ((0.25 +0.127,0.55 - 0.127),
(0.240.17,0.6 — 0.17))7(7)
= ((0.45 +0.127,0.75 - 0.127), (0.4 + 0.17,0.8 — 0.17)),
(42)
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or

0.65 +0.127) (rF (7)) + (0.25 + 0.127)rF (1) = (0.45 + 0.127),

0.6 +0.17) (rY (1)) + (0.2 + 0.17)r (1) =

(

(0.95 - 0.127) (rk (1)) + (0.55 - 0.127)rk (1) = (0.75 - 0.127).
( (0.4+0.17),
(

(0.6 -0.17)rY (1) =

1-0.17) (Y (1)) + (0.8-0.17).

(43)

Table 3 clearly shows the dominance behavior of MM
over NN in terms of absolute error on the same number of
iterations n = 4 for Example 2.

Table 4 shows analytical solutions for Example 2.

Figure 6 shows initial guessed values, analytical, and
numerical approximate solution graph of iterative methods
MM and NN for interval-valued trapezoidal fuzzy nonlinear
equation used in Example 2.

To obtain initial guess, we use above system for 7 =0 and
T = 1; therefore,

rF)?(0) +0.2rF(0) = 0.45,

(0) +0.55r1(0) =0.75,
(0) +0.2r7(0) = 0.4,
(

0) +0.6r7(0)

0.8,
(44)
)7(1) +0.37rf (1) = 0.57,
rF)*(1) +0.43rL (1) = 0.63,

(1) +0.3r/ (1) =0.5,

(1) +0.5r7(1) =0.7.

Consequently, r/(0) = 0.6, rlL(O) 0.6, r£(0)=0.6, rY (0
)=0.6,and r/ (0) = rI(0) = r£(0) = Y (0) = 1/2. After 4 itera-
tions, we obtain the solution with the maximum error less
than 1073°. Now suppose r is negative, we have

0.65 +0.127) (rF(7))” + (0.25 + 0.127)rf () = (0.45 + 0.127),
0.95 - 0.127) (rF (7)) + (0.55 - 0.127)r5(7) = (0.75 - 0.127),

0.6 +0.17) (1 (7))* + (0.2 +0.17)rY (1) = (0.4 + 0.17),

(
(
(
(1-0.17)(rY (1)) +

(0.6 - 0.17)rY (1) = (0.8 - 0.17).

(45)

For 7 =0, we have r¥(0) > r£(0), therefore, negative root
does not exist.
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Example 3. Consider the interval-valued trapezoidal fuzzy
nonlinear equation

2
< (0.45, 0.53,0.67,0.75; 5) ,(0.4,0.5,0.7,0.8; 1)>(r(r))3
2 .
+ <<0.65, 0.73,0.87,0.95; g)’ (0.6,0.7,0.9,1; 1)> sin (r(7))

2
= < (0.25, 0.33,0.47,0.55; 5) ,(0.2,0.3,0.5,0.6; 1)>

(46)

Without any loss of generality, assume that r is positive;
then, the parametric form of this equation is as follows:

{((0.45+0.127,0.75 - 0.127), (0.4 + 0.17,0.8 — 0.17))
- (r(7))’ + ((0.65 +0.127,0.95 - 0.127),
(0.6 +0.17,1.0 - 0.17))r(7)
=((0.25 +0.127,0.55 - 0.127), (0.2 + 0.17, 0.6 — 0.17)),
(47)

or

(0.45+0.127)r[ (1) + (0.65 +0.127) sin (r{ (7)) = (0.25 +0.127),

(
(0.75 - 0.127) (rk (1)) + (0.95 - 0.127) sin (£ (7)) = (0.55 - 0.127),

(0.4+0.17)(rY (7))’ + (0.6 + 0.17) sin (r (7)) = (0.2 + 0.17),

(0.8-0.17) (r,U(‘r))3 +(1.0-0.17) sin (rtU(‘r)) =(0.6-0.17).

(48)

Table 5 clearly shows the dominance behavior of MM
over NN in terms of absolute error on the same number of
iterations n = 4 for Example 3.

Table 6 shows analytical solutions for Example 3.

Figure 7 shows initial guessed values, analytical, and
numerical approximate solution graph of iterative methods
MM and NN for interval-valued trapezoidal fuzzy nonlinear
equation used in Example 3.

To obtain initial guess, we use above system for 7 =0 and
T = 1; therefore,

=]
—~

0.63 (rf)3(1) +0.83 sin

(1)
r(l

15

Consequently, r/(0) =0.5, rlL(O) 0.3, r(0)=0.5, rY(0
)=0.3,and r/(0) = rF(0) = r£(0) = Y (0) = 1/2. After 4 itera-
tions, we obtain the solution with the maximum error less
than 107*°. Now suppose r is negative, we have

0.45+0.127) (r(7))” + (0.65 +0.127) sin (rl (7)) = (0.25+0.127),

)=
7)

(
0.75 - 0.127)(r} (r)) +(0.95-0.127) sin (r{(7)
)

(
( =(0.55-0.127),
(0.4+0.17) (Y (1)) + (0.6 + 0.17) sin (Y (7)) = (0.2 + 0.17),
(0.8~ 0.17) (rl (7))’ + (1.0~ 0.17) sin (' () = (0.6 - 0.17)
(50)

For 7=0, we have hence r}(0) > r£(0); therefore, nega-
tive root does not exist.

Figures 8(a)-8(c) show residual falls for iterative methods
MM and NN for interval-valued trapezoidal fuzzy nonlinear
equation used in Examples 1-3, respectively.

5. Conclusion

In this research paper, we constructed highly efficient two-
step numerical iterative method to approximate roots of
interval-valued trapezoidal fuzzy nonlinear equations. A set
of real-life applications from optimization are considered as
a numerical test examples showing the practical performance
and dominance efficiency of MM over NN method on the
same number of iterations. From Tables 1-6 and Figures 1-
8, we observe that numerical results of MM methods are bet-
ter in terms of absolute error and CPU time as compared to
NN method. Considering the same ways as in this article,
we can establish higher order and efficient numerical iterative
methods for solving system of fuzzy nonlinear equations.
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