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The goal of this study is to propose a new interpolative contraction mapping by using an interpolative approach in the setting of
complete metric spaces. We present some fixed point theorems for interpolative contraction operators using w-admissible maps
which satisfy Suzuki type mappings. In addition, some results are given. These results generalize several new results present in

the literature. Moreover, examples are provided to show the suitability of our given results.

1. Introduction

In 1922, Banach [1] proved his famous remarkable fixed-
point theorem; the result is known as the Banach contraction
principle, which states that “Let (%, d) be a complete metric
space and S : # — H be a contraction, then S has a unique
fixed point.” The Banach contraction principle is one of the
essential and most valuable theorems of analysis and is
accepted as the main results of metric fixed-point theory. In
the last century, the fixed point and its applications have been
the subject of research by many authors in the literature,
since it provides useful tools to solve many complex prob-
lems that have applications in different sciences like com-
puter science, engineering, data science, physics, economics,
game theory, and biosciences [2-7]. Due to several applica-
tions of “fixed point theory,” researchers were motivated to
further generalize it in different directions, by generalizing
the contractive conditions underlying the space concept of
completeness.

The background literature on the famous Banach con-
traction principle has been extended in various comprehen-
sive directions by many researchers. One of the exciting
generalizations was given by Kannan [8], which characterize
the completeness of underlying metric spaces. Kannan intro-
duced the following theorem.

Theorem 1. [8] Let (K, d) be a complete metric space. A map-
ping S : K — K is said to be a Kannan contraction if there
exists A € [0, 1/2) such that

d(Sv, St) < A(d(v, Sv) + d(t, St)), (1)
forall v, t € # \ Fix(S). Then, S posses a unique fixed point.

The Kannan theorem has been generalized in different
aspects by many authors; one of the crucial generalizations
was given by Karapinar in [9]. Karapinar [9] introduced the
notion of an interpolative Kannan contraction mapping and
proved the following:

A mapping S: F — K on (X, d) a complete metric
space such that

d(Sv, St) < k[d(v, S¥)]* - [d(t, $t)]" 7%, (2)

where xk€[0,1) and a€(0,1), for each v,t € F \ Fix(S).
Then, S has a unique fixed point in % Subsequently, Karapi-
nar et al. [10] introduced the following notion of interpola-
tive Ciric-Reich-Rus contractions.

Theorem 2 (see [10]). Let (K, p) be a partial metric space.
The mapping S : K — K is called an interpolative Ciric-
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Reich-Rus contraction if there exist A € [0, 1) and positive reals
B,a>0, with B+a< 1, such that

p(8v8t) < A(Ip(w, ))° - [p(v, 9] [p(, ) F), - (3)

for each v,t € K \ Fix(S). Then, the mapping S has a fixed
point in K.

Afterward, this concept has been extended in different
aspects, for example, [11-15].

Let ¥ be the set of all nondecreasing self-mappings ¥ on
[0, 00) such that Y 2 y"(z) < co for every z > 0. Notice that
for y € ¥, we have y(0) =0 and y(z) <z for all z>0 (see
[16, 17]).

The concept of w-orbital admissible mappings was intro-
duced by Popescu as a clarification of the concept of «
-admissible mappings of Samet et al. [18].

Definition 3 (see [19]). Let S be a self-map defined on H
and w: K x K — [0,00) be a function. S is said to be
an w -orbital admissible if for all ve X , we have

w(v, Sv) 2 1= w(Sv, $%v) > 1. (4)

In our appointed theorems, if the continuity of the
involved contractive mappings is removed, to handle this
defect, it is necessary that (%,d) be w-regular.

(R) A space (#,d) is defined as w-regular, if {v,} is a
sequence in # such that w(v,,v,.;)>1 for each r and
v, — we X as r — 00, then w(v,, w)>1 for all r.

Some curious results in this sense are found in the works
in [20-24].

Another most interesting Banach contraction principle
generalization was given by Suzuki [25, 26]. He intro-
duced a weaker notion of contraction and discussed the
existence of some new fixed point theorems. Besides the
famous theorem, Suzuki generalized also the results of
Nemytzki [27] and Edelstein [28] for compact metric
spaces. One of the recently popular topics in fixed point
theory is addressing the existence of fixed points of
Suzuki type mappings. As with many generalizations of
the famous Banach theorems, Suzuki type generalization
can be said to have many applications, such as in com-
puter science [29], game theory [30], and biosciences
[31] and in other areas of mathematical sciences such
as in dynamic programming, integral equations, data
dependence, and homotopy [32, 33]. Subsequently,
Popescu [34] has modified the nonexpansiveness situation
with the weaker C-condition presented by Suzuki.
Accordingly, the existence of fixed points of maps satisfy-
ing the C-condition has been extensively studied (see
[35-38]). Karapmar et al. [39] introduced the definition
of a nonexpansive mapping satisfying the C-condition:
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Definition 4. A mapping S on a metric space (K, d) satisfies
the C -condition if

%d(v, Sv)<d(v,t) = d(Sv,St) <d(v, ), (5)

for each v, t e #.

2. Main Results

We start the section with the following essential definition:

Definition 5. Let (K, d) be a metric space. A mapping S : F
—> K is called an w - y -interpolative Kannan contraction
of Suzuki type if there exist y €V, w: F x K — [0,00) ,
and a real number f8 € [0, 1), such that

%d(v, sv) < d(v, 1) = w(v, )d(sv, 8t) <y ([d(w SV - [d(5, 86)]F),
(6)
for each v, t € & \ Fix(S).

Theorem 6. Let (F#,d) be a complete metric space and
S:H — K be an w - y -interpolative Kannan contrac-
tion of the Suzuki type. Suppose that S is an w -orbital
admissible mapping and w(v,, Sv,) =1 for some v,€ K .
Then, S has a fixed point in K provided that at least one of
the following conditions holds:

(a) (%,d) is w-regular
(b) S is continuous

(c) 8 is continuous and w(v, Sv) > 1 where v € Fix(S?)

Proof. Let v, € # such that w(v,,Svy) =1 and {v,} be the
sequence constructed by S"(v,) = v, for each positive integer
r. Assuming that for somery € N, v, =v, ,wegetv, =Sv,,
so v, is a fixed point of S. Then, v, #v,,, for each positive
integer r. As S is w-orbital admissible, w(v,, Svy) =w(v,,
vy) =1 implies that w(v,,Sv;)=w(v,,v,) >1. Similarly,
continuing this process, we have

To

w(vr’ vr+1) 2 1. (7)

Thereupon, choosing v=v,_; and t=Sv,_; in (6), we
get

1 1
7d(vr—1’ Svr—l) = 7d(vr—l’ Vr) < d(Vr—l’ Vr)

2 2
= d(vr’ Vr+1) < w(vr—P Vr)d(svr—P SV,)
<y([A0,n Sy )P v se)] ) ()

=y (A0, v ) [ v )
< (A, v )P - [ (v v)] P
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whence it follows that

[d(‘V,, Vr+1)]‘8 < [d(vr—l’ Vr)]ﬁ’ (9)
or equivalent

AV Vyp) <d(Ve_p V). (10)

Thus, on the one hand, it follows that the sequence
{d(v,_;,v,)} is a nonincreasing sequence with positive
terms, so there exists 1> 0 such that lim, | d(v, ;,v,) =L

On the other hand, combining (8) and (10) and keeping in
mind that the function v is nondecreasing, we obtain

< V/Z(d(vr—Z’ Vr—l)) S sS 1ljr(d(VO’ vl))‘
(11)

AV vea) <y(d(vio> v,y))

Now, applying the triangle inequality and using (11), for
all j> 1, we get

AV Vyij) AV Vert) + A(Vysrs Veg)+o o+ d (Vo1 Vi)

<Y (d(v i) + ¥ (d (v, vy )y
r+j-1

Zw

d(vo, 1) (Vo> v1) -P.,

(12)

r+]—1

where P, = anzowm(d(vo, v1)). But, y € ¥, the series Y,
Y™ (d(vy, v;)) is convergent, so there exists a positive real
number P such that lim,_ P, = P. Consequently, letting r,
j— oo in the above inequality, we get

d(v,v,,j) — 0. (13)

r+j

Therefore, {v,} is a Cauchy sequence, and taking into
account the completeness of the space (K, d), it follows that
there exists w € & such that

lim v, = w, (14)

r—00

and we claim that this w is a fixed point of S.
In case that the assumption (a) holds, we have w(v,, w)
> 1, and we claim that

1
5d(v,, Sv,) <d(v,, w) (15)
or

%d(Svr, S(sv,)) < d(Sv, w), (16)

for every r € N. Supposing

%d(vr, Sv,)>d(v,, w),
1 (17)
3 d(Sv,, S(Sv,)) > d(Sv,, w),

on the account of the triangle inequality, we have
d(V,, Vr+1) = d(vr’ Svr) < d(V,, w) + d(w’ Svr)

1
<=d(v,Sv,)+ Ed(Sv,, S(Sv,))

/& N =

IA N =

1
r+1) + Zd( r+1° r+2)
1
A(Vp Vyy) + 2 A(Vp> V1) =d(Vs Vpp1)s
(18)

which is a contradiction. Thereupon, for every r € N, either

N =

%d(vr, Sv,) <d(v, w), (19)

or

%d(Sv,, S(sv,)) < d(Sv,, w), (20)

holds. In the case that (19) holds, we obtain

A(V41> Sw) < w(v,, w)d(Sv,, Sw) <y [d([d(v,, Sv,)IP - [d(w, Sw)]' P

Jd(w, Sw)]' P < [d(v,, v,.,1)]F - [d(w, Sw)]'F.

(21)

= V/ [d(vr’ VHI)}ﬁ

If the second condition, (20), holds, we have

d(sz,S ) ( r+1’w)d(s V Sw)

<y[d([d(Sv, $v,)]"

] d(
[[d(vrﬂ’ Vr+2)]ﬁ [d(w’ Sw)]
<[d(v,i1 Vr+2)] [d(w, S“’)]

w,Sa) 1-p

Therefore, letting ¥ — co in (21) and (22), we get that
d(w, Sw) =0, that is, w = Sw.

In the case that the assumption (b) is true, that is, the
mapping S is continuous,

Sw= lim Sv, =

lim v,,, =w. (23)
r—00 r—00

If the last assumption, (c), holds, as above, we have S*w
=lim $*v, =lim V,,, = w and we want to show that

r—00 r—00 " "r+2
also Sw = w. Supposing on the contrary, that w # Sw, since

%d(Sw, Sw) = - d(Sw, w) < d(Sw, w), (24)

N —



by (6), we get

d(w, Sw) < w(Sw, w)d(S*w, Sw) < \//( [d(Sw, Szw)}ﬁ . [d(w, Sw)l’BD
< [d(Sw, w)]? - [d(w, Sw)l-ﬁ] = d(Sw, w),
(25)

which is a contradiction. Consequently, w = Sw, that is, wis a
fixed point of the mapping S. O

Example 7. Let # =0,3] and d : F x K —> [0,4+00) be the
usual distance on R . Consider the mapping S : H — K be
defined as

4
-, if ve[o,1],
5
1 .
Sv= 3 ifve(1,2], (26)
A Tevin (=)
V3 +6v+In ( v), ifve (23],

5

Let also w : & X # — [0,00), where

2, if v,£€[0,1],
2, 2
Vit ifvte(1,2),
w(v,t) = (27)
1, ifv=0,t=3,
0, otherwise.

We remark that the space is not regular since, for example,
considering the sequence {v,}, with v, = (r +8)/(2r +4) we
have v, — 1/2 as r — 00, w(v,, v,,;) =V} + V%, < 1, but w
(v,» 1/2) = 0. On the other hand, the mapping S is not continu-
ous, but since S* = 4/5, we have that $? is a continuous map-
ping. Let the function w € ¥ defined as y(z) =z/3 and we
choose 8 =1/9. Thus, we have to check that (6) holds. We have

to consider the following cases:

(1) For v,t €0, 1], respectively, v,t € (1,2), we have d
(Sv,St) =0, so (6) holds

(2) Forv=0andt=3

1 2
5(0,50) = = <3=4d(0,3) = w(0, 3)d(80,53)
= 0, 088621339 < 0, 678785019

1 1/9 8/9 (28)
= ~(0.8)"7(2,288621339)

3
= y([d(0,50)] " - [d(3, 83)"")

(3) All other cases are not interesting because w(v, t) =0

Consequently, the assumptions of Theorem 6 being satis-
fied, it follows that the mapping S has a fixed point, which is
v =4/5.
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Corollary 8. Let (%, d) be a complete metric space and S be a
self-mapping on K , such that,

éd(v, $v) < d(v, 1) implies (v, $t) < ([d(v, Sv)]° - [d(t, $1)]' ),
(29)

foreach v,t € & \ Fix(S), where y € ¥ and 3 € [0, 1). Then, S
possesses a fixed point in K.

Proof. Theorem 6 is sufficient to get w(v, t) =1 for the proof.
m]

Moreover, taking w(z) = zx, with x € [0,1) in Corollary
(8), we obtain the following consequence.

Corollary 9. Let (%, d) be a complete metric space and S be a
self-mapping on K , such that

éd(v, Sv) < d(v, t) implies d(Sv, St) < k[d(v, Sv)]* - [d(t, $t)]"F,
(30)

for each v, t € # \ Fix(S), where 8 € |0, 1). Then, the mapping
S possesses a fixed point in K.

Definition 10. Let (#,d) be a metric space. The mapping
S: K —> H is called an w - y -interpolative Ciri¢-Reich-Rus
contraction of Suzuki type if there exist y eV, w: X x K
— [0,00) , and positive reals 3,0 >0, with f+a <1, such
that

%d(v, Sv) <d(v, t) = w(v, t)d(Sv, St)
<y ([ 0)F - [ sn)* - [d(,51)])

for each v, t € & \ Fix(S).

Theorem 11. Let (%, d) be a complete metric space and the
mapping S: K — K be an w - y -interpolative Cirié-
Reich-Rus contraction of the Suzuki type. Suppose that S is
w -orbital admissible and w(v,y, Sv,) > 1 for some vy e F . If
(H,d) is w -regular or either

(1) S is continuous or

(2) § is continuous and w(Sw, w) < I for any v € Fix(S?),
then the mapping S has a fixed point in K

Proof. Let vy e X satisfy w(vy,Svy)>1 and {v,} be the
sequence defined by S'(v,) = v, for each positive integer r.
Ifv, =v, for some ry € N, we get v, =Sv, , that means

v, is a fixed point of S. Then, we can assume that v, # v,
0

for each positive integer r. Moreover, due to the assumption
that S is w-orbital admissible, as in the previous proof, we
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have
w(vr’ VH—l) 21 (32)
By letting v=v,_, and t = Sv,_, = v, in (31), we obtain

1 1
Ed(vr—l’ Svr—l) = Ed(v v )

r=1>"r
< d(vr—l’ 1)r) = d(vr’ Vr+1)

< w(vr—l > Vr)d(svy_l, S‘Vr)
< (15,91 3,1 0, ] (3,59, F)

= V/([d(vrfp Vr)}/j . [d(vr—lr Vr)]a . [d(Vr, Vrﬂ)]l_“—ﬁ)’
(33)

then, using y(z) < z for every z > 0.
d(Vr’ Vr+1) = [d(vr—l’ Vr)]ﬁﬂx ’ [d(Vr, Vr+1)]17a7ﬁ’ (34)
or equivalent
[d(vr’ Vr+1)}“+ﬁ < [d(vr—l’ Vr)}m'ﬁ' (35)
So,
d(vr’ Vr+1) < d(vr—l’ V'r)’ (36)

for every r € IN. Therefore, the positive sequence {d(v,_;, v,)}
is decreasing. Eventually, by (33), we have

d(vw Vr+1) < 1l’(d(vr—l’ Vr))’ (37)

and by repeating this process, we find that

A(Vps Vyin) <Y (d(vo, 7)) (38)

We assert that {v, } is a fundamental sequence in (%, d).
Thus, using the triangle inequality with (38), we can write
d(vr’ Vr+l> < d(V,, Vr+1) + d(vr+1’ Vr+2)+' "+d(vr+l—1’ Vr+l)

<y d(vo,v) + ¥ (d(vg, )+ (d (v, 1))
< kZ ‘//k(d(vo’ v1))-
(39)

Taking r — oo in (39), we deduce that {v,} is a fun-
damental sequence in (%, d), and using the completeness
(#,d), there exists w € # such that

lim d(v,, w) =0. (40)

r—00

We claim that the point w is a fixed point of S. In the
case of the space (%, d) being w-regular and {v,} verifies
(32), that is, w(v,,v,,;) =1 for every r € N, we get w(v,,
w)>1. On the other hand, we know (see the proof of

5
Theorem 6) that either
%d(vr, Sv,) <d(v,, w), (41)
or
%d(Sv,, S(Sv,)) <d(Sv,, w), (42)
holds, for every r € N. If (41) is holds, we obtain
d(v,, > Sw) Sw(v,, w)d(Sv,, Sw)
<yl @) do S o S0 <P,

= Y[d (v, @))F - [d(v,, v,00)]" - [, Sw)] ' F
<d(v,, w)]ﬁ AW, v, [d(, Sw>]1—a—/5'

Letting r — oo in the above inequality, we get that
d(w, Sw) =0, that is, w = Sw. If the second condition (42)
is true, we get that w is a fixed point S by a similar
argument.

Furthermore, if the w-regular of (%, d) is removed and,
instead, S is continuous, we get that S has a fixed point in
J, because

w= lim v, = lim Sv,=S( lim vr> = Sw. (44)

r—0o0 —00 r—0o0

Finally, if the mapping S is such that S* is continu-
ous, we easily obtain S?w=w. Supposing that Sw# w,
since w(Sw,w) <1 for any veFix($?) and (1/2)d(Sw, S*
w) =(1/2)d(Sw, w) < d(Sw, w), we have
d(w, Sw) = d(S*w, Sw) < w(Sw, w)d (S*w, Sw)

< w([d(Sw, W)]*- [d(Sw, Sw)]P - [d(w, Sw)]l-“-ﬁ)
< [d(Sw, 0)]* - [d(Sw, @)]? - [d(w, Sw)]'™*F = [d(«w, Sw))].
(45)

That is a contradiction. Thereupon, Sw = w. d

Example 12. Let & ={0,1/8,1/4,1/2,1}, d : I x K — [0,
+00), dv, t)=|v—t|, and S: X — K , where SO =5(1/2)
=1/8, S(1/8)=1/2 , and S1=8(1/4) =1/4 . Consider the
function w : F x F — [0,00),

1, if(ni)e {(o, 1), (o, %) }

1
3,  if(nt)exU {Z}’

w(v, t) = (46)
if (v,t) € {%} UZ,

0, otherwise,

let y eV, w(z) =2z/5, and the real constants a=f=1/3.



Taking into account the definition of the function w, the only
interesting situations are for v =0, y = 1/2, respectively, v =
0, y = 1. For the first case, we have

1 1 1 1 1
Ld(0,50) = —d(o, _) Ll =d(
2 2 8 16 2

ﬁw(o, l)d(so,sl) 0
2 2

For the second case,

8 16

1 2 N3 3\ 18
=—-<0,158740105= - - | = Lz
8 5 \8 4

=y ([0, 1)) - [d(0,50)]"® - [d(1, SL)]'" ).

%d(o, 50) = %d(o, 3) =L 12 d(0,1) = w(0, 1)d(S0, S1)

(48)

Definition 13. Let (K, d) be a metric space. The mapping
S:H — K is called an vy -interpolative Ciri¢-Reich-Rus
contraction of Suzuki type if there exist y € ¥ and the con-
stants B,a>0 , with S+ a <1, such that

1
Ed(v, Sv) <d(v, t) = d(Sv, St)

(49)
<y ([0 ) - [, )] d(t, $t)]F),

for each v,t € & \ Fix(S).

Theorem 14. Let (#,d) be a complete metric space and the
mapping S: K — K be an y -interpolative Ciri¢-Reich-
Rus contraction of the Suzuki type. Then, the mapping S has
a fixed point in K.

Proof. Put w(v, t) =1 in Theorem 11. g

Definition 15. Let (#,d) be a metric space. A mapping S
: K — K is called an interpolative Ciri¢-Reich-Rus contrac-
tion of the Suzuki type if there exist k € [0, 1) and positive reals
B,a>0, with B+a<1, such that

%d(v, Sv) <d(v, t) = d(Sv, St) < k[d(v, 1)]F - [d(v, Sv)]*
-[d(s, s0))' =,
(50)
for each v, t € # \ Fix(S).

Theorem 16. Let (#,d) be a complete metric space and S
: H — K be an interpolative Ciri¢-Reich-Rus contraction
of the Suzuki type. Therefore, S has a fixed point in K.
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Proof. Put y(z) = xz, for all z > 0, in Theorem 14. O

3. Conclusions

In this manuscript, we introduce new concepts on complete-
ness of w-y-interpolative Kannan contraction of Suzuki type
and w-y-interpolative Ciri¢-Reich-Rus contraction of Suzuki
type mappings in metric space. We prove the existence of
some fixed point theorems for mappings these concepts. Fur-
ther, we obtain some fixed point results and give examples to
show that the new results are applicable. Interpolation con-
traction, which is generalized from the Kannan type contrac-
tion, is a new and interesting contraction in fixed point
theory, and different interpolation contractions of Suzuki
type studies can be obtained by combining it with a Suzuki
type contraction in the future. Additionally, these proposed
contractions can be generalized in other well-known spaces
and can give new fixed point results.
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