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The definition of uniformly nonsquareness in Banach spaces is extended to F-normed spaces. Most of the results from this paper
concern (uniformly) nonsquareness in the sense of James or in the sense of Schiffer in Orlicz spaces equipped with the Mazur-
Orlicz F-norm. It is well known that uniform nonsquareness in the sense of Schiffer and in the sense of James are equivalent in
Banach spaces. In this paper, we found that uniform nonsquareness in the sense of James and in the sense of Schiffer are not
equivalent for F-normed spaces. Criteria for Orlicz spaces equipped with the Mazur-Orlicz F-norm to be nonsquare and

uniformly nonsquare in the sense of James or in the sense of Schiffer are given.

1. Introduction and Preliminaries

As well known, Orlicz space is a generalization of classical
Lebesgue space. The theory of Orlicz space has important
applications in control theory, fixed point theory, ergodic
theory, probability theory, and theory of vector analytic func-
tion and has been intensively developed during the last
decades. In 2018, Cui et al. discussed the monotonicity of
Orlicz space that generated by the monotone continuous
function equipped with Mazur-Orlicz F-norm (see [1, 2]).
In 2020, Bai et al. given criteria that Orlicz spaces that gener-
ated by the monotone function equipped with Mazur-Orlicz
F-norm have strictly monotonicity and upper locally uni-
form monotonicity, and they get the conclusion that
[Ax+ (1-A)y||p <1 for each x,y € S(Lyp (1)) and A€ (0,1)
ifand only if @ is convex function on R. So, in order to study-
ing geometric properties of Orlicz spaces equipped with the
Mazur-Orlicz F-norm, we need to assume that @ is convex
see [3].

Inspired B-convex spaces, in 1964, the definition of uni-
formly nonsquare in normed linear space was introduced
by James (see [4]). In 1976, the concept of uniformly non-
square in normed linear space was introduced by Schiffer

(see [5]). A lot of results concerning with uniformly non-
square in Banach space are known. Among the great number
of papers concerning this topic, we list here a little [4-10].
Particularly, whether or not uniformly nonsquare Banach
space has fixed point of nonexpansive mapping has been dis-
cussed as an open problem. Until 2005, Garca-Falset et al.
solved the open problem and obtained that uniformly non-
square Banach space has fixed point property (see [11]).

The aim of this paper is to give criteria that Orlicz spaces
equipped with the Mazur Orlicz F-norm are nonsquare and
uniformly nonsquare in the sense of James or in the sense
of Schiffer.

1.1. Introduction. Denoted by N and R the sets of natural and
real numbers, respectively. Let R, = [0,4+00). Given any real
linear space X, the functional ||-||: X - R, is called an F
-norm if the following conditions are satisfied:

(i) ||x|| =0 if and only if x=0
(i) ||-x|| = ||x|| for all x € X

(iii) ||x+y|| < ||x]| + ||| for all x,y € X
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(iv) ||A,x,, — Ax|| — 0 whenever ||x, —x|| = 0 and A, —
Aforany x € X, (x,),2, in X and A€ R and (A,),,
in R

We say that X = (X, ||||) is an F-normed space if it is
complete with respect to the F-norm topology.

Definition 1. Let (G, Z, u) be a finite measure space and L be
the space of all (equivalence) classes of X-measurable real-
valued functions defined on G. A function @: (—co, + c0)
— [0, 0] is called an Orlicz function if @(u) > 0 for all u #
0, even, convex, and lim @(u) = co. Any Orlicz function @

determines a mapping I, : L° — [0,+00] defined by the for-
mula Ig(f) = [ D(f(t))dp called the modular. The order

ideal L? = {f € L: I(rf) < co for some r >0} in L is called
an Orlicz space.

The space L? is an F-normed space with respect to the
following lattice F-norm, called the Mazur-Orlicz F-norm
[12]:

Ifllp=inf {A>0:I4(f/A) <A} (1)

Definition 2. We say that @ satisfies A,-condition (® € A,, for
short) there are constants K > 0 and u, > 0 such that

D(2u) < KO(u), (2)
whenever |u | >u,.

Definition 3. Let @ be an Orlicz function, p be the right deriv-
ative of @, and g be the right-inverse function of p. Then, we
call

vl
() j a(s)ds, 3)

0

the complementary function of @.

Definition 4. We say @ satisfies V,-condition (P € V,, for
short) there exist 1, > 0 and &; > 0 such that

D2u) = (2+8,)D(u), (4)

whenever |u | 2u,,. It is well known that @ € V, if and only if
YeA,.

Lemma 5. (see [13]).
@ € A, if and only if there exist constants o> 0 and u, > 0
such that

up(u)
0 <a, (5)

whenever |u | >u,,.

The characteristic of convexity of X is defined by ¢,(X)
=sup {e€0,2]: 8y(¢) =0}, where J8y(e)=inf {1-1/2|x
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+y| : |Ix[I<L|lyl|<L|lx - y|| = €} is the Clarkson modulus
of convexity of X. A Banach space X is said to be uniformly
nonsquare whenever &,(X) < 2. Since X satisfies the defini-
tion of a finite tree, we can get that X is superreflexive (see
[4]). Now, we extend the definition of nonsquare and uni-
formly nonsquare to F-normed space.

Definition 6. An F-normed space X is said to be nonsquare in
the sense of James if for any r > 0 it is verified that

min {|Jx +y||p [lx=yllp } <2r, (6)

whenever ||x||p =7, [|y| =T

Definition 7. An F-normed space X is said to be nonsquare in
the sense of Schiffer if for any r > 0 it is verified that

min {{x+y[p [l =yllp} > 7 (7)
whenever ||x||p =7, [|y| =T
Definition 8. An F-normed space X is said to be uniformly

nonsquare in the sense of James if for any r > 0 there exists
8 > 0 such that

max {min {||x+y

xl[p=1|

y||F:r} <2r-9,
(8)

x‘)’HF}’

P

whenever ||x||p =7, [|y| =T
Definition 9. An F-normed space X is said to be uniformly

nonsquare in the sense of Schiffer if for any r > 0 there exists
8 > 0 such that

max {min {|x+y|[p %= yllg} |6l =7 [yl p =1} > 7 +9,
©)

whenever ||x| =7, ||yl =T

2. Main Results

Lemma 10. Suppose that @ € A,. If there exists € > 0 such that

I(xIT) =7 + € for anyr > 0, then there exists 8 > 0 which sat-

isfy ||x|| p > 7 + 6.

Proof. If there exists a sequence {x,} C Ly, such that I,(x,/r
)>r+eand ||x,|| — 1, then

Iy (ﬁ) >, (10)

thanks to @ € A,, a contradiction.

Theorem 11. L, is nonsquare in the sense of Schiffer if and
only if ® € A,.
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Proof. Necessity. Assume that @ ¢ A,. We show that there
exists a strictly increasing sequence numbers {u,} such that
for each n € N, lim u, = +00 and

n—o00

®(<1+ %)u) > 2"D(u,). (11)

We take G, G, € G and G, N G, = @ which satisfy u(G,
) =u(G,) > 0. There exists a sequence {G%}" of pairwise
disjoint sets in G, for some 1, € N, such that u(G?) > (1/®
(,)) - (r122), w(G,) = (r/2) - (12" D(u,,, ), (n=1,2---).
Let x =12 ., Xco- Then, supp (x) € G,, and we can get
the following '

0 n=1 n=1 n
X 0 < 1 r
= (D G = (D . —
ngl (u’””l)#( ﬂ) r;l (u”+”1) 2n®(un+nl) 2
B ri": 1 r
242772
(12)

On the other hand, for any A € (0, 1), there exists n, € N
such that

1 1
A n+n;

(13)

whenever n > n,,.
Combing (11) and (13), the following inequalities are
found to be true:

n+n v n+n 1 r
> 2+‘® n+n1)M(G(r]x) ZZ+ 127 E
n=n, n=n,
oo
=52 Z 1=+00
n=ny,
(14)
Similar to the selection method of sequence {G2}'- , the

selection of sequence {G}} -, of pairwise disjoint sets in G,
satisfies u(GL) = (r/2) - (1/2”*”1CD( Upin))> (n=1,2 ). Sup-
posing y =rY.2 t,,, X¢1» We verity that Iy (y/r) =r/2 and
I (y/Ar) = +00. According to the definition of F-norm, we
can obtain that ||x||; = ||y|| = r. Furthermore, by supp (x)
Nsupp (y) = &, we deduce that

W) ) ) )= 08

which implies that ||x + y|| . = ||x — y|| = r. Namely

max {||x +y[p [x =yl p} =1 (16)

contradiction with max {||x + y||5, ||x— ||z} >r, the proof
of necessity is completed.

Sufficiency. Assume on the contrary that Ly is not nonsquare
in the sense of Schiffer, then Ly, has elements x, y satisfying
%[l =7 Iyl =7 and [lx +y[p =7 |x =y =7 for some
>0. Using @ € A,, we conclude that I,((x+y)/r)=1Ip((x
—y)lr)=r.

Due to the convexity of @, we have the following inequal-

) e(2)
_>max{ (_f),@(ﬂ_)}

and then

(18)

Observing that the Orlicz function @ has the property
O(lx|-ly|) <1D(x) —D(y) |, the following inequality can
be obtained

x(t) t
r

Lo o
[

(19)

Hence |x| = |y| holds.
Since @(u) = [;p(t)dt, the following formula can be
obtained

2u U

p(t)dt> ZJ p(t)dt =20(u),

0

D(2u) = Eup(t)dt = J:p(t)dt + J

u

(20)

whenever u > 0.



From the above analysis,

J ®(x<t)+y<r>> e ®<x<r)—y<r> dt) . ®<|x<r>|+|y<t)| dt)
G r G r G r

[ 020 o] oML ) -

(21)

Therefore, we obtain that

Lo((x+y)ir) +1o((x = y)/1)
2

>r. (22)

It means that max {Io((x+y)/r), Io((x=y)ir)} >,
hence max {|x+y| . ||x—y|z} >, a contradiction. The
proof is complete.

Theorem 12. The following conditions are equivalent:

(i) Ly is uniformly nonsquare in the sense of James
(ii) Ly, is nonsquare in the sense of James

(iii) € A,

Proof. It is obvious that (i) = (ii). We only need to prove (
i) = (iii) and (iii) = (i).

(ii) = (iii). Assume that @ does not satisfy A,-condition.
Since the idea is similar to the proof of Theorem 11, we can
findG,, G, ¢ G, u(G,) >0, u(G;) >0, and G, N G, = . Con-
struct x, y € Ly, such that supp (x) ¢ G, and supp () C G;.
Then, Ig(x/r)=7r/2 and I4(y/r) =r/2 and I4(x/Ar) = +o0
and I4(y/Ar)=+0co0 for any A€ (0,1). For convenience,
denote u=x+y and v=x-y which shows that ||u| =
vl =r.

Otherwise, we let u +v=2x and u — v =2y; then, I,((u
+v)/2r) =r/2, and 1, ((u — v)/2r) = r/2. By the arbitrariness
of A€ (0, 1), we obtain that I,((u+v)/2Ar) = +00 and I ((
u—v)[2Ar) = +oo.

Then, by the definition of Mazur-Orlicz F-norm, we con-
clude that

[+ v][p =l = v]|p =2r- (23)
It shows that L, is not a nonsquare in the sense of James.
Namely, we have @ € A,.

We prove the implication (iii) = (i). Obviously, by the
convexity of @, we have

W) <3 6) ) e

For the sake of simplicity, we set z = x + y. Next, we want
to prove that the inequality

sup {Hz”F Iy (%) < r} <2r, (25)

holds.
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Since I (z/2r) < r < 2r, we have ||z|| z < 2r,which implies
that sup {||z||z : I(2/2r) < r} < 2r holds.

Without loss of generality, we may assume sup {||z||
: Ip(z/2r) < v} =2r. Then, there exists {z,} € Ly, which sat-
isfies I,(z,/2r) < rand ||z,||  — 2r as n — oo.

Since @ € A,, for a fixed § = 1/4 find 0 < € < 1 such that

D((1+e)u) < (1+8)D(u), (26)
for every u > u,, where u, = (1/2)®@ ! (r/4u(G)). Namely,
D((1+e)u) < ZCD(u). (27)

Since ||z,||p — 2r as n— 00, we can obtain lim (2r/

n—00

|z,|lz) = 1. Then, there exists 1, € N such that

T <l (28)
121l 5

whenever n > n,,.
Combining conditions (27) and (28) and I (z,/2r) <,
we derive a contradiction:

z, 2r  z, J ( zn(t)>
2r=1 =] ) <] O (1T+e) 22 ) dt
®<||zn||p> “’(nz” 2r> AR

=JG @((1 +s)Z”2(:)>dt+JG|G (D((1+e)z"2(:))dt

0

- <D2uy)u(G) + ZJG(D (an(rt)> dt = ; <2r,

(29)

where G, ={t€G: (z,(t)/2r) < u,}.
We get that sup {||x+y|: Io((x+y)/2r)<r}<2r
Hence, we can obtained that

min {[}x+ ¥ p = yllp t %] = ¥l =7} <sup

eyl s To(50) <} <2r,, (30)

which shows that L, is uniformly nonsquare in the sense of
James.

Theorem 13. Ly, is uniformly nonsquare in the sense of Schif-
ferif and only if ® € A, and D € V,,.

Proof. Since the necessity of @ € A, is similar to the one given
in Theorem 11, we only state the results without the proof.
We only need to prove the necessity of V,-condition.
Suppose that V,-condition is invalid. There exists a
strictly increasing sequence {&,}72, which satisfy nlirgo £, =

+00 and

> s, (31)
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Without loss of generality, we may take G, ¢ G with
@(fn)[/t(Gn)=T(}’l= L,2-). (32)

Let x, =&, X , it means that I, (x,/r) =r. Then, ||x,,[|
=r.

Divided G, into disjoint two subsets G, and G| with z(
G,) =u(G,) = (12)u(G,).

Suppose y, = (&, xo' — & x o) we also have I, (y,/r) =1
and |y, [| = 1.

Consequently, by the convexity of @, we deduce that

T (S52) =1, (38, ) = 9(8,) 3 4(G,) 2 20(E,) S (G,)

= 0(Eu(G,) =,
(33)

then the following inequality is found to be true
(1% +ull p 2 1 (34)

To prove the reverse inequalities, notice that by (31) and
(32), we can obtain the following inequality

1 :y> =Ip(2,x0, ) < ﬁ@(snm(q@)

| 1
= Ty O =T gy

(35)

That is I,((1— (1/n))(x, +y,)/(1 = (1/n))r) <r/1—(1/
n), it follows that

Hn

(% +¥0) (36)

< —.
n-—1 F~ 1-(1/n)

Next, we will prove that lim ||(1/n—-1)(x, +y,)| ;= 0.
n—-00

Otherwise, we assume that lim [[(1/n—1)(x, +y,)| > 0.
n—00

Without loss of generality, we may suppose there exists ¢,
> 0, which satisfies the following inequality

> €. (37)

1
—l(xn +yn)
F

n-—

lim
n—00

Take n, € N large enough for which (r/(n—1)¢,) <1
whenever n > n,. By the convexity of @ and (37), this lead
to a contradiction:

g < lim I, (w) ~ lim I(p( r (M))

n—00 & n—00 (I’l - 1)80 r
r X, +
. < lim I(D( " y”)
n—co (n—1)g, r
. r r . r’n
- < lim . = lim — 0.

n—oo (n—1)gy 1-(1/n) s (n- 1)230

5

By inequality (36), we have the following results

n 1 n

I enle= [ e = 2y )| < e,

1 r X, +Y,

' 7anl(x"+y") FS 1-(1/n) =T llE
(39)
It is easily to see that

T |, +, <. (40)

From (34) and (40), it follows that lim [|x, +y, || =r.
Using the method of the proof of lim ||x, +y,||, =7, we
n—-o00
can obtain that lim ||x, -y, ||, = r. This implies that L, is

not uniformly nonsquare in the sense of Schiffer, that is @
eV,

Sufficiency. Assume for the contrary that Ly, is not uni-
formly nonsquare in the sense of Schiffer. We can find sub-
sequences {x,},{y,} CLy, satisfying |x,||z=r and
Iyl = and [[x, + 3]l — r and [}, =7, |, — r for some
r>0.

Without loss of generality, we may take u; > 0 such that

O(u,)m(G) < . (41)
Since @ € V,, there exists §, > 0 such that
D(2u) = (2+6,)P(u), (42)
whenever u > u;.
Put
- (oSO o (U AON) 5.
(43)

The following equation can be obtained by integrating
both sides of the above formula

J'Gan(t)dt: . (L@ (x—"(t) . ”(t))dm J‘G(D (X—"(t) . ”(t))dt> —r.
(44)

Since @ € A,, there exists K >2 and u; > 0 such that
D(2u) <KD(u) + 1, (45)

whenever u > u,.



Hence, we have the following results

bl + Dl (2l 2Dl L0 (25 (2
’@(f ST ) = e ) e

: s%(KI(p(x—r") +1+K1®(y7") +1)

1
= S (Kl + L+ Ky, [+ 1) = Kr+ 1.
(46)
Put
L=Kr+1,
Oy (47)
6
Using @ € A,, there exists § > 0 such that
o (x+y) —Ip(x)| <& (48)

whenever I,(x) <L and I;(y) < 8.
Obviously,

()
<

We can choose n, € N such that

r

Ip (M) <4, (50)

whenever n > n,,.
Therefore, we have

b, |+, | lx, =1y, | lxc, [+, |
I n n n 1. (= n . (51
<1>< ; + ; ) ; <e (51)
this shows that
2
Iq)( 9:) _I®<|xn|+r|m> e (52)
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Define G, ={t€G: |x,(t)/r| > u, }, then we derive that

| GQ)(M) e JGQ)(M) dr> J;p(MW
=] o) dqu>(2_<f>> p
-2 o, ®<xnr(t)> dt - e= 2JG@ (L@) o
+81JGu (D(xnrt))dt_s:zJAG@(x”—ft)) dt

1

+6, <L<D <L£Q> dt - L‘G O] (x”ir(t)> dt) —&e22r

5 1
+r—1—€22}’+—r81.
2 3

(53)

It follows that max {I,((x, +y,)/r),Io(x, -y, )Ir} =1
+8,7/6 holds. Thanks to Lemma 10, there exists 8’ > 0 such
thatmax {||x, +, |l o %, = ¥,llz} =7 +68", which contra-
dicts with the assumption ||x, +y,|l, —r and |x,-y,|;
— 1. So Ly, is uniformly nonsquare in the sense of Schéffer.
The proof is complete.

Example 14. Put
D(u) = e —Jul - 1. (54)

The derivative of the function ®@(u) is p(t) = €' — 1. Obvi-
ously,

lim u-p(u) = lim M

= +00. 55
u—co P(u) u—oco et —y — 1 & (55)

So, from the Lemma 1.3, we immediately have @(u) does
not satisfy the A,-condition.
On the other hand, we can get that g(s) =1n (s + 1). Thus

‘I’(v):qu(s)ds:rln(s+1)ds:(l+v)ln(1+v)—v (v=0).
0 0
(56)
Then
. vegq(v) v-ln (v+1) _ . v _
Yy T T maey TR G mary) -
(57)

Using Lemma 1.3 in [6], we have ¥(v) satisfy the A,
-condition, i.e., @ € V,. Then, Ly is uniformly nonsquare in
the sense of James and is not uniformly nonsquare in the
sense of Schiffer. The proof is complete.
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