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Two common fixed point theorems for weakly compatible mappings satisfying contractive conditions of integral type in G-metric
spaces are demonstrated. The results obtained in this paper generalize and differ from a few results in the literature and are used to
prove the existence and uniqueness of common bounded and continuous solutions for certain functional equations and nonlinear
Volterra integral equations. A nontrivial example is included.

1. Introduction

The Banach fixed point theorem which was first presented by
Banach in 1922 is a significant result in fixed point theory.
Because of its importance in proving the existence of solutions
for functional equations, nonlinear Volterra integral equations
and nonlinear integro-differential equations, this result has
been extended in many different directions (see, e.g., [1–22]
and the references cited therein). In particular, Rhoades [12]
and Branciari [4] generalized the Banach fixed point theorem
and gave the following fixed point theorems, respectively.

Theorem 1 (see [12]). Let f be a mapping from a complete
metric space ðX, dÞ into itself satisfying

d f x, f yð Þ ≤ d x, yð Þ − φ d x, yð Þð Þ, ∀x, y ∈ X, ð1Þ

where φ ∈Φ4. Then, f has a unique fixed point in X.

Theorem 2 (see [4]). Let ðX, dÞ be a complete metric space
and f : X→ X be a mapping satisfying

ðd f x,f yð Þ

0
φ tð Þdt ≤ c

ðd x,yð Þ

0
φ tð Þdt, ∀x, y ∈ X, ð2Þ

where φ ∈Φ1 and c ∈ ½0, 1Þ is a constant. Then, f has a unique
fixed point a ∈ X such that limn→∞ f nx = a for each x ∈ X.

In 2013, Gupta and Mani [21] obtained the existence and
uniqueness of a fixed point for contractive mappings of an
integral type in complete metric spaces by using iterative
approximations. In 2007, Kumar et al. [6] proved a common
fixed point theorem for a pair of compatible mappings satis-
fying a contractive inequality of integral type, which
improves Theorem 2.

Theorem 3 (see [6]). Let ðX, dÞ be a complete metric space
and f , g : X → X be compatible mappings such that

f Xð Þ ⊆ g Xð Þ, g is continuous,ðd f x,f yð Þ

0
φ tð Þdt ≤ c

ðd gx,gyð Þ

0
φ tð Þdt, ∀x, y ∈ X,

ð3Þ

where φ ∈Φ1 and c ∈ ½0, 1Þ is a constant. Then, f and g
have a unique common fixed point in X.

In 2006, Mustafa and Sims [9] introduced a new concept
of generalized metric space called G-metric space. From then
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on, lots of research works have been carried out on generaliz-
ing contractive conditions for different contractive mappings
satisfying various known properties in G-metric spaces [1–3,
5, 10, 11, 13, 15, 19, 20]. In 2018, Gupta et al. [19] proved
some fixed point theorems for the functions satisfying ϕ
-contraction and mixed g-monotone property in G-metric
spaces. In 2015, Gupta and Deep [20] gave a few common
fixed point theorems using the property E.A. in the setting
of G-metric and fuzzy metric spaces by taking a set of three
conditions for self-mappings. In 2011, Aydi [1] proved a
fixed point theorem for mappings satisfying a ðψ, ϕÞ-weakly
contractive condition in G-metric spaces.

Theorem 4 (see [1]). Let ðX,GÞ be a complete G-metric space
and f be a mapping from X into itself satisfying

ψ G f x, f y, f zð Þð Þ ≤ ψ G x, y, zð Þð Þ − ϕ G x, y, zð Þð Þ, ∀x, y, z ∈ X,
ð4Þ

where ψ, ϕ ∈Φ2. Then, f has a unique fixed point u ∈ X and f
is G-continuous at u.

In 2012, Aydi [2] obtained the following common fixed
point theorem for a pair of mappings involving a contractive
condition of integral type in G-metric spaces.

Theorem 5 (see [2]). Let ðX,GÞ be a G-metric space and f , g
be two mappings from X into itself such that

ðG f x,f y,f zð Þ

0
φ tð Þdt ≤ α

ðG gx,gy,gzð Þ

0
φ tð Þdt, ∀x, y, z ∈ X, ð5Þ

where φ ∈Φ1 and α ∈ ½0, 1Þ is a constant. If f ðXÞ ⊆ gðXÞ and
gðXÞ is a complete subset of X, then f and g have a unique
point of coincidence in X. Moreover, if f and g are weakly
compatible, then f and g have a unique common fixed point.

The objective of this paper is both to introduce two new
classes of contractive mappings of integral type in the setting
ofG-metric spaces and to prove the existence and uniqueness
of points of coincidence and common fixed points for these
mappings. Our results extend Theorem 5, are different from
Theorem 4, and are used to show solvability of the functional
equations arising in dynamic programming and nonlinear
Volterra integral equations. A nontrivial example is given.

2. Preliminaries

Throughout this paper,ℕ denotes the set of all positive inte-
gers, ℕ0 = f0g ∪ℕ, ℝ+ = ½0,+∞Þ, and ℝ = ð−∞, +∞Þ. Put

 Φ1 =
n
φ ∣ φ : R+ →R+

  is Lebesgue integrable and summable on each compact subset of R+ and

 
ðϵ
0
φ tð Þdt > 0, ∀ϵ > 0

�
,

 Φ2 = φ ∣ φ : R+ →R+f

  is a continuous and nondecreasing function such thatφ tð Þ = 0

  if and only if t = 0g,

 Φ3 = φ ∣ φ : R+ →R+ satisfies thatf

 liminf
n→∞

φ anð Þ > 0↔ liminf
n→∞

an > 0

  for each anf gn∈N ⊂R+�,
 Φ4 = φ ∣ φ ∈Φ2 and lim

t→+∞
φ tð Þ = +∞

n o
,

 Φ5 = φ ∣ φ ∈Φ2 and φ t1 + t2ð Þ ≤ φ t1ð Þ + φ t2ð Þ, ∀t1, t2 ∈R+f g:
ð6Þ

Definition 6 (see [9]). Let X be a nonempty set and G : X ×
X × X→ℝ+ be a function satisfying the following properties:

(G1) Gðx, y, zÞ = 0 if x = y = z,
(G2) 0 <Gðx, x, yÞ for all x, y ∈ X with x ≠ y,
(G3) Gðx, x, yÞ ≤Gðx, y, zÞ for all x, y, z ∈ X with y ≠ z,
(G4) Gðx, y, zÞ =Gðx, z, yÞ =Gðy, z, xÞ =⋯, symmetry in

all three variables,
(G5)Gðx, y, zÞ ≤ Gðx, a, aÞ + Gða, y, zÞ for all x, y, z, a ∈ X:

The function G is called a G-metric in X, and the pair
ðX,GÞ is called a G-metric space.

Definition 7 (see [9]). Let ðX,GÞ be a G-metric space and
fxngn∈ℕ be a sequence of points of X. The sequence
fxngn∈ℕ is G-convergent to x ∈ X if

lim
n,m→∞

G x, xn, xmð Þ = 0, ð7Þ

that is, for any ε > 0, there exists N ∈ℕ such that

G x, xn, xmð Þ < ε, ∀m, n ≥N: ð8Þ

The point x is called the limit of the sequence fxngn∈ℕ
and writexn → x or limn→∞xn = x.

Lemma 8 (see [9]). Let ðX,GÞ be a G-metric space. Then, the
following statements are equivalent:

(1) fxngn∈ℕ is G-convergent to x,
(2) Gðxn, xn, xÞ→ 0 as n→∞,
(3) Gðxn, x, xÞ→ 0 as n→∞,
(4) Gðxn, xm, xÞ→ 0 as n,m→∞:

Definition 9 (see [9]). Let ðX,GÞ be a G-metric space. A
sequence fxngn∈ℕ in X is called G-Cauchy if for every ε > 0,
there is N ∈ℕ such that
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G xl, xn, xmð Þ < ε, ∀l, n,m ≥N , ð9Þ

that is, Gðxl, xn, xmÞ→ 0asl, n,m→∞.

Lemma 10 (see [9]). Let ðX,GÞ be a G-metric space. Then, the
following statements are equivalent:

(1) fxngn∈ℕ is G-Cauchy,

(2) For every ε > 0, there exists N ∈ℕ such that Gðxn, xn,
xmÞ < ε for all n,m ≥N:

Definition 11 (see [9]). A G-metric space ðX,GÞ is called G
-complete if every G-Cauchy sequence is G-convergent in
ðX,GÞ.

Lemma 12 (see [9]). Let ðX,GÞ be a G-metric space. Then, the
function Gðx, y, zÞ is jointly continuous in all three of its
variables.

Lemma 13 (see [9]). Let ðX,GÞ be a G-metric space. Then,

G x, y, yð Þ ≤ 2G y, x, xð Þ, ∀x, y ∈ X,
G x, y, zð Þ −G x, y, að Þj j ≤max G a, z, zð Þ, G z, a, að Þf g, ∀x, y, z, a ∈ X:

ð10Þ

Definition 14 (see [14]). LetS and T be self-mappings of a
nonempty set X.

(1) A point x ∈ X is said to be a fixed point of T if Tx = x.

(2) A point x ∈ X is said to be a coincidence point of S
and T if Tx = Sx and w = Sx = Tx is said to be a point
of coincidence of S and T .

(3) A point x ∈ X is said to be a common fixed point of S
and T if x = Tx = Sx.

Definition 15. A pair of self-mappings f and g in a G-metric
space ðX,GÞ are said to be weakly compatible if for any x ∈ X,
the equality f x = gx gives that f gx = gf x.

Lemma 16 (see [14]). Let X be a nonempty set and f , g : X
→ X be weakly compatible mappings. If f and g have a
unique point of coincidence w ∈ X, then w is the unique com-
mon fixed point of f and g.

Lemma 17 (see [7]). Let φ ∈Φ1 and frngn∈ℕ be a nonnegative
sequence with limn→∞rn = a. Then,

lim
n→∞

ðrn
0
φ tð Þdt =

ða
0
φ tð Þdt: ð11Þ

Lemma 18 (see [8]). Let φ ∈Φ3. Then, φðtÞ > 0 if and only if
t > 0.

3. Main Results

Now, we study the existence and uniqueness of points of
coincidence and common fixed points for contractive map-
pings (12) and (51) below in G-metric spaces, respectively.

Theorem 19. Let ðX,GÞ be aG-metric space, f and g : X → X
be two mappings satisfying

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
≤ ψ

ðM1 x,y,zð Þ

0
φ tð Þdt

� �

− ϕ
ðM1 x,y,zð Þ

0
φ tð Þdt

� �
, ∀x, y, z ∈ X,

ð12Þ

where ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3 and

M1 x, y, zð Þ =max G gx, gy, gzð Þ, 1 +G gx, gx, f xð Þ½ �G gy, gy, f zð Þ
2 +G gx, f x, f yð Þ ,

�
1 +G gx, gx, f xð Þ½ �G gz, gz, f yð Þ

2 +G gx, f x, f zð Þ ,

1 +G gy, gy, f yð Þ½ �G gz, gz, f xð Þ
2 +G gy, f y, f zð Þ ,

1 +G gy, gy, f yð Þ½ �G gx, gx, f zð Þ
2 1 +G gy, f x, f yð Þ½ � ,

1 +G gz, gz, f zð Þ½ �G gy, gy, f xð Þ
2 1 +G gz, f y, f zð Þ½ � ,

1 +G gz, gz, f zð Þ½ �G gx, gx, f yð Þ
2 1 +G gz, f x, f zð Þ½ � ,

1 +G gx, gy, gzð Þ½ �G f x, f y, f zð Þ
1 +G gz, f y, f yð Þ +G gx, gy, gzð Þ ,
1 +G gx, gy, gzð Þ½ �G f x, f y, f zð Þ

1 +G gy, f x, f xð Þ +G gx, gy, gzð Þ ,
1 +G gx, gy, gzð Þ½ �G f x, f y, f zð Þ

1 +G gx, f z, f zð Þ +G gx, gy, gzð Þ
�
:

ð13Þ

If f ðXÞ ⊆ gðXÞ and gðXÞ is a complete subset of X, then f
and g have a unique point of coincidence in X. Furthermore,
if f and g are weakly compatible mappings, then f and g have
a unique common fixed point in X.

Proof. Let x0 be an arbitrary point in X. Since f ðXÞ ⊆ gðXÞ, it
follows that there exists a sequence fxngn∈ℕ0

in X satisfying

f xn = gxn+1, ∀n ∈ℕ0: ð14Þ

Put Gn = Gð f xn, f xn+1, f xn+2Þ for all n ∈ℕ0: Assume that
f xn0 = f xn0+1 for some n0 ∈ℕ0. It is clear that gxn0+1 = f xn0+1,
that is, f xn0+1 is a point of coincidence of f and g. Assume that
f xn ≠ f xn+1 for all n ∈ℕ0. Clearly, Gn > 0 for all n ∈ℕ0. By

3Journal of Function Spaces



virtue of (G3)–(G5) and (14), we observe that

1 + G gxn+1, gxn+1, f xn+1ð Þ½ �G gxn, gxn, f xn+2ð Þ
2 1 +G gxn+1, f xn, f xn+1ð Þ½ �

= 1 + G f xn, f xn, f xn+1ð Þ½ �G f xn−1, f xn−1, f xn+2ð Þ
2 1 +G f xn, f xn, f xn+1ð Þ½ �

= G f xn−1, f xn−1, f xn+2ð Þ
2 = G f xn+2, f xn−1, f xn−1ð Þ

2
≤
G f xn+2, f xn, f xnð Þ +G f xn, f xn−1, f xn−1ð Þ

2
= G f xn, f xn, f xn+2ð Þ +G f xn−1, f xn−1, f xnð Þ

2
≤
G f xn, f xn+2, f xn+1ð Þ + G f xn−1, f xn, f xn+1ð Þ

2
= Gn−1 +Gn

2 , ∀n ∈ℕ:

ð15Þ

Set

m1 xn, xn+1, xn+2ð Þ =max 1 +G gxn, gxn, f xnð Þ½ �G gxn+1, gxn+1, f xn+2ð Þ
2 +G gxn, f xn, f xn+1ð Þ ,

�
1 +G gxn, gxn, f xnð Þ½ �G gxn+2, gxn+2, f xn+1ð Þ

2 +G gxn, f xn, f xn+2ð Þ ,

1 +G gxn+1, gxn+1, f xn+1ð Þ½ �G gxn+2, gxn+2, f xnð Þ
2 +G gxn+1, f xn+1, f xn+2ð Þ ,

1 +G gxn+1, gxn+1, f xn+1ð Þ½ �G gxn, gxn, f xn+2ð Þ
2 1 +G gxn+1, f xn, f xn+1ð Þ½ � ,

1 +G gxn+2, gxn+2, f xn+2ð Þ½ �G gxn+1, gxn+1, f xnð Þ
2 1 +G gxn+2, f xn+1, f xn+2ð Þ½ � ,

1 +G gxn+2, gxn+2, f xn+2ð Þ½ �G gxn, gxn, f xn+1ð Þ
2 1 +G gxn+2, f xn, f xn+2ð Þ½ �

�
, ∀n ∈ℕ,

ð16Þ

which together with (15) yields that

m1 xn, xn+1, xn+2ð Þ =max 1 +G f xn−1, f xn−1, f xnð Þ½ �G f xn, f xn, f xn+2ð Þ
2 +G f xn−1, f xn, f xn+1ð Þ ,

�
1 +G f xn−1, f xn−1, f xnð Þ½ �G f xn+1, f xn+1, f xn+1ð Þ

2 +G f xn−1, f xn, f xn+2ð Þ ,

1 +G f xn, f xn, f xn+1ð Þ½ �G f xn+1, f xn+1, f xnð Þ
2 +G f xn, f xn+1, f xn+2ð Þ ,

1 +G f xn, f xn, f xn+1ð Þ½ �G f xn−1, f xn−1, f xn+2ð Þ
2 1 +G f xn, f xn, f n+1ð Þ½ � ,

1 +G f xn+1, f xn+1, f xn+2ð Þ½ �G f xn, f xn, f xnð Þ
2 1 +G f xn+1, f xn+1, f xn+2ð Þ½ � ,

1 +G f xn+1, f xn+1, f xn+2ð Þ½ �G f xn−1, f xn−1, f xn+1ð Þ
2 1 +G f xn+1, f xn, f xn+2ð Þ½ �

�

≤max 1 +Gn−1ð ÞGn

2 +Gn−1
, 0, 1 +Gnð ÞGn−1

2 +Gn
, Gn−1 +Gn

2 , 0,
�

1 + 2Gnð ÞGn−1
2 1 +Gnð Þ

�
≤max Gn−1, Gnf g, ∀n ∈ℕ:

ð17Þ

In light of (G1), (G3), (G5), and (13)–(17), we get that

M1 xn, xn+1, xn+2ð Þ =max G gxn, gxn+1, gxn+2ð Þ,m1 xn, xn+1, xn+2ð Þ,f
1 +G gxn, gxn+1, gxn+2ð Þ½ �G f xn, f xn+1, f xn+2ð Þ

1 +G gxn+2, f xn+1, f xn+1ð Þ +G gxn, gxn+1, gxn+2ð Þ ,
1 +G gxn, gxn+1, gxn+2ð Þ½ �G f xn, f xn+1, f xn+2ð Þ
1 + G gxn+1, f xn, f xnð Þ +G gxn, gxn+1, gxn+2ð Þ ,
1 + G gxn, gxn+1, gxn+2ð Þ½ �G f xn, f xn+1, f xn+2ð Þ

1 +G gxn, f xn+2, f xn+2ð Þ +G gxn, gxn+1, gxn+2ð Þ
�

=max G f xn−1, f xn, f xn+1ð Þ,m1 xn, xn+1, xn+2ð Þ,f
1 +G f xn−1, f xn, f xn+1ð Þ½ �G f xn, f xn+1, f xn+2ð Þ

1 +G f xn+1, f xn+1, f xn+1ð Þ +G f xn−1, f xn, f xn+1ð Þ ,
1 +G f xn−1, f xn, f xn+1ð Þ½ �G f xn, f xn+1, f xn+2ð Þ
1 +G f xn, f xn, f xnð Þ +G f xn−1, f xn, f xn+1ð Þ ,

1 +G f xn−1, f xn, f xn+1ð Þ½ �G f xn, f xn+1, f xn+2ð Þ
1 +G f xn−1, f xn+2, f xn+2ð Þ +G f xn−1, f xn, f xn+1ð Þ

�
=max Gn−1,m1 xn, xn+1, xn+2ð Þ,Gn,Gn,f

1 + Gn−1ð ÞGn

1 +G f xn−1, f xn+2, f xn+2ð Þ +Gn−1

�
=max Gn−1,Gnf g, ∀n ∈ℕ:

ð18Þ

Now we assert that Gn ≤Gn−1, ∀n ∈ℕ. Suppose that there
exists some n0 ∈ℕ satisfyingGn0

>Gn0−1. It follows from (12),
ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3 and Lemma 18, we infer that

ψ
ðGn0

0
φ tð Þdt

� �
= ψ

ðG f xn0 ,f xn0+1,f xn0+2ð Þ
0

φ tð Þdt
 !

≤ ψ
ðM1 xn0 ,xn0+1,xn0+2ð Þ
0

φ tð Þdt
 !

− ϕ
ðM1 xn0 ,xn0+1,xn0+2ð Þ
0

φ tð Þdt
 !

= ψ
ðGn0

0
φ tð Þdt

� �
− ϕ

ðGn0

0
φ tð Þdt

� �

< ψ
ðGn0

0
φ tð Þdt

� �
,

ð19Þ

which is a contradiction. Therefore, Gn ≤Gn−1 for all n ∈ℕ
and

M1 xn, xn+1, xn+2ð Þ =Gn−1, ∀n ∈ℕ: ð20Þ

It is apparent that the sequence fGngn∈ℕ0
is nonincreasing

and bounded, which implies that there exists r with

lim
n→∞

Gn = r ≥ 0: ð21Þ

Now, we demonstrate that r = 0. Suppose that r > 0. On
account of (12), (20), and (21), ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3 and
Lemma 17, we deduce that
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ψ
ðr
0
φ tð Þdt

� �
= lim sup

n→∞
ψ
ðGn

0
φ tð Þdt

� �

= lim sup
n→∞

ψ
ðG f xn ,f xn+1,f xn+2ð Þ

0
φ tð Þdt

� �

≤ lim sup
n→∞

ψ
ðM1 xn ,xn+1,xn+2ð Þ

0
φ tð Þdt

� ��

− ϕ
ðM1 xn ,xn+1,xn+2ð Þ

0
φ tð Þdt

� ��

= lim sup
n→∞

ψ
ðGn−1

0
φ tð Þdt

� �
− ϕ

ðGn−1

0
φ tð Þdt

� �� �

≤ lim sup
n→∞

ψ
ðGn−1

0
φ tð Þdt

� �
− lim inf

n→∞
ϕ
ðGn−1

0
φ tð Þdt

� �

= ψ
ðr
0
φ tð Þdt

� �
− lim inf

n→∞
ϕ
ðGn−1

0
φ tð Þdt

� �

< ψ
ðr
0
φ tð Þdt

� �
,

ð22Þ

which is impossible. Thus, r = 0. That is,

lim
n→∞

Gn = 0: ð23Þ

It follows from (G3), (G4), and (23) that

0 ≤G f xn−1, f xn−1, f xnð Þ ≤G f xn−1, f xn, f xn+1ð Þ→ 0 asn→∞,

0 ≤G f xn−1, f xn, f xnð Þ =G f xn, f xn, f xn−1ð Þ ≤G f xn, f xn−1, f xn−2ð Þ→ 0 asn→∞,

ð24Þ

which yield that

lim
n→∞

G f xn−1, f xn−1, f xnð Þ = lim
n→∞

G f xn−1, f xn, f xnð Þ = 0:

ð25Þ

Next, we verify that f f xngn∈ℕ0
is a G-Cauchy sequence.

Suppose that f f xngn∈ℕ0
is not aG-Cauchy sequence. It follows

from Lemma 10 that there exist a constant ε > 0 and two sub-
sequences f f xmðkÞgk∈ℕ and f f xnðkÞgk∈ℕ of f f xngn∈ℕ0

such
that nðkÞ is minimal in the sense that

k <m kð Þ < n kð Þ <m k + 1ð Þ andG f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


> ε, ∀k ∈ℕ,

ð26Þ

which means that Gð f xmðkÞ, f xmðkÞ, f xnðkÞ−1Þ ≤ ε for all k ∈ℕ.

By means of (G3)–(G5) and Lemma 13, we deduce that

ε <G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


=G f xn kð Þ, f xm kð Þ, f xm kð Þ
	 


≤G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 

+G f xn kð Þ−1, f xm kð Þ, f xm kð Þ
	 


≤ ε +G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 


≤ ε +Gn kð Þ−1, ∀k ∈ℕ,
ð27Þ

G f xn kð Þ, f xm kð Þ−1, f xm kð Þ
	 


−G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 
��� ���

≤max G f xm kð Þ−1, f xm kð Þ, f xm kð Þ
	 


,G f xm kð Þ, f xm kð Þ−1, f xm kð Þ−1
	 
n o

≤ 2G f xm kð Þ−1, f xm kð Þ, f xm kð Þ+1
	 


= 2Gm kð Þ−1, ∀k ∈ℕ,

ð28Þ

G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ
	 


−G f xn kð Þ, f xm kð Þ−1, f xm kð Þ
	 
��� ���

≤max G f xm kð Þ−1, f xm kð Þ, f xm kð Þ
	 


,G f xm kð Þ, f xm kð Þ−1, f xm kð Þ−1
	 
n o

≤ 2G f xm kð Þ−1, f xm kð Þ, f xm kð Þ+1
	 


= 2Gm kð Þ−1, ∀k ∈ℕ,

ð29Þ

∣G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 


−G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ
	 


∣

≤max G f xn kð Þ−1, f xn kð Þ, f xn kð Þ
	 


,G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 
n o

≤ 2G f xn kð Þ−1, f xn kð Þ, f xn kð Þ+1
	 


= 2Gn kð Þ−1, ∀k ∈ℕ,

ð30Þ

∣G f xm kð Þ, f xm kð Þ, f xn kð Þ−1
	 


−G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


∣

≤max G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 


, G f xn kð Þ−1, f xn kð Þ, f xn kð Þ
	 
n o

≤ 2G f xn kð Þ−1, f xn kð Þ, f xn kð Þ+1
	 


= 2Gn kð Þ−1, ∀k ∈ℕ

ð31Þ

G f xn kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 


−G f xm kð Þ, f xm kð Þ, f xn kð Þ−1
	 
��� ���

≤max G f xm kð Þ, f xm kð Þ−1, f xm kð Þ−1
	 


,G f xm kð Þ−1, f xm kð Þ, f xm kð Þ
	 
n o

≤ 2G f xm kð Þ−1, f xm kð Þ, f xm kð Þ+1
	 


= 2Gm kð Þ−1, ∀k ∈ℕ:

ð32Þ

Letting k→∞ in (27)–(32) and using (23) and (25), we
obtain that

ε = lim
k→∞

G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


= lim
k→∞

G f xn kð Þ, f xm kð Þ−1, f xm kð Þ
	 


= lim
k→∞

G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ
	 


= lim
k→∞

G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 


= lim
k→∞

G f xm kð Þ, f xm kð Þ, f xn kð Þ−1
	 


= lim
k→∞

G f xn kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 


:

ð33Þ
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In view of (G3)–(G5) and Lemma 13, we infer that

G f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


= G f xm kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 


≤ G f xm kð Þ, f xn kð Þ, f xn kð Þ
	 

+G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 


≤ G f xm kð Þ, f xm kð Þ−1, f xn kð Þ
	 

+G f xn kð Þ+1, f xn kð Þ, f xn kð Þ−1
	 


= G f xm kð Þ, f xm kð Þ−1, f xn kð Þ
	 

+Gn kð Þ−1, ∀k ∈N ,

ð34Þ

G f xm kð Þ, f xm kð Þ−1, f xn kð Þ
	 


=G f xn kð Þ, f xm kð Þ−1, f xm kð Þ
	 


≤G f xn kð Þ, f xm kð Þ, f xm kð Þ
	 

+G f xm kð Þ, f xm kð Þ−1, f xm kð Þ
	 


≤G f xn kð Þ, f xn kð Þ−1, f xm kð Þ
	 

+G f xm kð Þ, f xm kð Þ−1, f xm kð Þ
	 


≤G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 

+G f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


+G f xm kð Þ, f xm kð Þ−1, f xm kð Þ
	 


≤Gn kð Þ−1 + 2Gm kð Þ−1

+ G f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


, ∀k ∈ℕ:

ð35Þ

Taking k→∞ in (34) and (35) and utilizing (23) and (33),
we conclude that

ε = lim
k→∞

G f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


: ð36Þ

On the basis of (G3)–(G5) and Lemma 13, we arrive at

G f xn kð Þ−1, f xm kð Þ, f xn kð Þ
	 


=G f xn kð Þ, f xn kð Þ−1, f xm kð Þ
	 


≤G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 

+G f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


≤Gn kð Þ−1 +G

� f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


, ∀k ∈ℕ,

ð37Þ

G f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


≤G f xn kð Þ−1, f xn kð Þ, f xn kð Þ
	 

+G f xn kð Þ, f xn kð Þ−1, f xm kð Þ
	 


≤ 2G f xn kð Þ, f xn kð Þ−1, f xn kð Þ−1
	 


+G f xn kð Þ−1, f xm kð Þ, f xn kð Þ
	 


≤ 2Gn kð Þ−1 +G f xn kð Þ−1, f xm kð Þ, f xn kð Þ
	 


, ∀k ∈ℕ:

ð38Þ

Letting k→∞ in (37) and (38) and using (23) and (36),
we deduce that

ε = lim
k→∞

G f xn kð Þ−1, f xm kð Þ, f xn kð Þ
	 


: ð39Þ

On account of (G3)–(G5) and Lemma 13, we receive that

G f xn kð Þ, f xn kð Þ, f xm kð Þ−1
	 


=G f xm kð Þ−1, f xn kð Þ, f xn kð Þ
	 


≤G f xm kð Þ−1, f xn kð Þ−1, f xn kð Þ−1
	 

+ G f xn kð Þ−1, f xn kð Þ, f xn kð Þ
	 


≤G f xn kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 

+ 2Gn kð Þ−1, ∀k ∈ℕ,

ð40Þ

G f xn kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 


≤G f xn kð Þ−1, f xm kð Þ−1, f xm kð Þ−1
	 

+G f xm kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 


≤G f xn kð Þ−1, f xn kð Þ, f xm kð Þ−1
	 

+Gm kð Þ−1 ≤G f xn kð Þ−1, f xn kð Þ, f xn kð Þ

	 

+G f xn kð Þ, f xn kð Þ, f xm kð Þ−1
	 


+Gm kð Þ−1

� ≤ 2Gn kð Þ−1 +G f xn kð Þ, f xn kð Þ, f xm kð Þ−1
	 


+Gm kð Þ−1, ∀k ∈ℕ:

ð41Þ

Taking k→∞ in (40) and (41) and using (23) and (33),
we conclude that

ε = lim
k→∞

G f xn kð Þ, f xn kð Þ, f xm kð Þ−1
	 


: ð42Þ

Making use of (12)–(14), (23), (25), (33), (36), (39), (42),
ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3, and Lemma 12, we obtain that

6 Journal of Function Spaces



lim
k→∞

M1 xm kð Þ, xm kð Þ, xn kð Þ
	 


= lim
k→∞

max G gxm kð Þ, gxm kð Þ, gxn kð Þ
	 


,
n

1 + G gxm kð Þ, gxm kð Þ, f xm kð Þ
	 
h i

G gxm kð Þ, gxm kð Þ, f xn kð Þ
	 


2 +G gxm kð Þ, f xm kð Þ, f xm kð Þ
	 
 ,

1 + G gxm kð Þ, gxm kð Þ, f xm kð Þ
	 
h i

G gxn kð Þ, gxn kð Þ, f xm kð Þ
	 


2 +G gxm kð Þ, f xm kð Þ, f xn kð Þ
	 
 , 

1 + G gxm kð Þ, gxm kð Þ, f xm kð Þ
	 
h i

G gxn kð Þ, gxn kð Þ, f xm kð Þ
	 


2 +G gxm kð Þ, f xm kð Þ, f xn kð Þ
	 
 , 

1 + G gxm kð Þ, gxm kð Þ, f xm kð Þ
	 
h i

G gxm kð Þ, gxm kð Þ, f xn kð Þ
	 


2 1 + G gxm kð Þ, f xm kð Þ, f xm kð Þ
	 
h i , 

1 + G gxn kð Þ, gxn kð Þ, f xn kð Þ
	 
h i

G gxm kð Þ, gxm kð Þ, f xm kð Þ
	 


2 1 +G gxn kð Þ, f xm kð Þ, f xn kð Þ
	 
h i , 

1 + G gxn kð Þ, gxn kð Þ, f xn kð Þ
	 
h i

G gxm kð Þ, gxm kð Þ, f xm kð Þ
	 


2 1 +G gxn kð Þ, f xm kð Þ, f xn kð Þ
	 
h i , 

1 + G gxm kð Þ, gxm kð Þ, gxn kð Þ
	 
h i

G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


1 +G gxn kð Þ, f xm kð Þ, f xm kð Þ
	 


+ G gxm kð Þ, gxm kð Þ, gxn kð Þ
	 
 , 

1 +G gxm kð Þ, gxm kð Þ, gxn kð Þ
	 
h i

G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


1 +G gxm kð Þ, f xm kð Þ, f xm kð Þ
	 


+ G gxm kð Þ, gxm kð Þ, gxn kð Þ
	 
 , 

1 + G gxm kð Þ, gxm kð Þ, gxn kð Þ
	 
h i

G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


1 +G gxm kð Þ, f xn kð Þ, f xn kð Þ
	 


+G gxm kð Þ, gxm kð Þ, gxn kð Þ
	 


9=
;

= lim
k→∞

max G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 


,
n

1 + G f xm kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 
h i

G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ
	 


2 +G f xm kð Þ−1, f xm kð Þ, f xm kð Þ
	 
 ,

1 + G f xm kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 
h i

G f xn kð Þ−1, fxn kð Þ−1, f xm kð Þ
	 


2 + G f xm kð Þ−1, f xm kð Þ, f xn kð Þ
	 
 , 

1 + G f xm kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 
h i

G f xn kð Þ−1, f xn kð Þ−1, f xm kð Þ
	 


2 +G f xm kð Þ−1, f xm kð Þ, f xn kð Þ
	 
 , 

1 + G f xm kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 
h i

G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ
	 


2 1 +G f xm kð Þ−1, f xm kð Þ, f xm kð Þ
	 
h i , 

1 + G f xn kð Þ−1, f xn kð Þ−1, f xn kð Þ
	 
h i

G f xm kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 


2 1 +G f xn kð Þ−1, f xm kð Þ, f xn kð Þ
	 
h i , 

1 + G f xn kð Þ−1, f xn kð Þ−1, f xn kð Þ
	 
h i

G f xm kð Þ−1, f xm kð Þ−1, f xm kð Þ
	 


2 1 +G f xn kð Þ−1, f xm kð Þ, f xn kð Þ
	 
h i , 

1 + G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 
h i

G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


1 +G f xn kð Þ−1, f xm kð Þ, f xm kð Þ
	 


+G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 
 , 

1 + G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 
h i

G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


1 +G f xm kð Þ−1, f xm kð Þ, f xm kð Þ
	 


+G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 
 , 

1 +G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 
h i

G f xm kð Þ, f xm kð Þ, f xn kð Þ
	 


1 + G f xm kð Þ−1, f xn kð Þ, f xn kð Þ
	 


+G f xm kð Þ−1, f xm kð Þ−1, f xn kð Þ−1
	 


)

=max ε, ε2 ,
ε

2 + ε
, ε

2 + ε
, ε2 , 0, 0,

1 + εð Þε
1 + 2ε , ε, 1 + εð Þε

1 + 2ε

� �
= ε:

ð43Þ

Making use of (12), (33), (43), ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3,
and Lemma 17, we conclude that

ψ
ðε
0
φ tð Þdt

� �
= lim sup

k→∞
ψ
ðG f xm kð Þ ,f xm kð Þ ,f xn kð Þð Þ
0

φ tð Þdt
 !

≤ lim sup
k→∞

ψ
ðM1 xm kð Þ ,xm kð Þ ,xn kð Þð Þ
0

φ tð Þdt
 !"

− ϕ
ðM1 xm kð Þ ,xm kð Þ ,xn kð Þð Þ
0

φ tð Þdt
 !#

≤ lim sup
k→∞

ψ
ðM1 xm kð Þ ,xm kð Þ ,xn kð Þð Þ
0

φ tð Þdt
 !

− lim inf
k→∞

ϕ
ðM1 xm kð Þ ,xm kð Þ ,xn kð Þð Þ
0

φ tð Þdt
 !

= ψ
ðε
0
φ tð Þdt

� �
− lim inf

k→∞
ϕ

�
ðM1 xm kð Þ ,xm kð Þ ,xn kð Þð Þ
0

φ tð Þdt
 !

< ψ
ðε
0
φ tð Þdt

� �
,

ð44Þ

which is ridiculous. Thus, f f xngn∈ℕ0
is a G-Cauchy sequence.

Since gðXÞ is complete, it follows that there exists w ∈ gðXÞ
such that

lim
n→∞

f xn =w: ð45Þ

In light of Lemma 8 andw ∈ gðXÞ, there exists a ∈ X satis-
fying ga =w and

lim
n→∞

G f xn, f xn, gað Þ = lim
n→∞

G f xn, ga, gað Þ = 0: ð46Þ

Next, we prove ga = f a. Suppose that ga ≠ f a. In view of
(12), (13), (25), (46), ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3, and Lemmas
12 and 17, we obtain that
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lim
n→∞

M1 xn, xn, að Þ = lim
n→∞

max G gxn, gxn, gað Þ,f
1 +G gxn, gxn, f xnð Þ½ �G gxn, gxn, f að Þ

2 + G gxn, f xn, f xnð Þ ,

1 +G gxn, gxn, f xnð Þ½ �G ga, ga, f xnð Þ
2 + G gxn, f xn, f að Þ ,

1 +G gxn, gxn, f xnð Þ½ �G ga, ga, f xnð Þ
2 + G gxn, f xn, f að Þ ,

1 +G gxn, gxn, f xnð Þ½ �G gxn, gxn, f að Þ
2 1 +G gxn, f xn, f xnð Þ½ � ,

1 +G ga, ga, f að Þ½ �G gxn, gxn, f xnð Þ
2 1 +G ga, f xn, f að Þ½ � ,

1 +G ga, ga, f að Þ½ �G gxn, gxn, f xnð Þ
2 1 +G ga, f xn, f að Þ½ � ,

1 + G gxn, gxn, gað Þ½ �G f xn, f xn, f að Þ
1 + G ga, f xn, f xnð Þ +G gxn, gxn, gað Þ ,
1 +G gxn, gxn, gað Þ½ �G f xn, f xn, f að Þ

1 + G gxn, f xn, f xnð Þ +G gxn, gxn, gað Þ ,
1 +G gxn, gxn, gað Þ½ �G f xn, f xn, f að Þ
1 + G gxn, f a, f að Þ + G gxn, gxn, gað Þ

�
= lim

n→∞
max G f xn−1, f xn−1, gað Þ,f

1 +G f xn−1, f xn−1, f xnð Þ½ �G f xn−1, f xn−1, f að Þ
2 +G f xn−1, f xn, f xnð Þ ,

1 +G f xn−1, f xn−1, f xnð Þ½ �G ga, ga, f xnð Þ
2 +G f xn−1, f xn, f að Þ ,

1 +G f xn−1, f xn−1, f xnð Þ½ �G ga, ga, f xnð Þ
2 +G f xn−1, f xn, f að Þ ,

1 +G f xn−1, f xn−1, f xnð Þ½ �G f xn−1, f xn−1, f að Þ
2 1 +G f xn−1, f xn, f xnð Þ½ � ,

1 +G ga, ga, f að Þ½ �G f xn−1, f xn−1, f xnð Þ
2 1 +G ga, f xn, f að Þ½ � ,

1 +G ga, ga, f að Þ½ �G f xn−1, f xn−1, f xnð Þ
2 1 +G ga, f xn, f að Þ½ � ,

1 +G f xn−1, f xn−1, gað Þ½ �G f xn, f xn, f að Þ
1 + G ga, f xn, f xnð Þ +G f xn−1, f xn−1, gað Þ ,

1 + G f xn−1, f xn−1, gað Þ½ �G f xn, f xn, f að Þ
1 + G f xn−1, f xn, f xnð Þ +G f xn−1, f xn−1, gað Þ ,
1 +G f xn−1, f xn−1, gað Þ½ �G f xn, f xn, f að Þ

1 + G f xn−1, f a, f að Þ +G f xn−1, f xn−1, gað Þ
�

=max 0, G ga, ga, f að Þ
2 , 0, 0,

�
G ga, ga, f að Þ

2 , 0, 0,G ga, ga, f að Þ,G ga, ga, f að Þ,
G ga, ga, f að Þ

1 + G ga, f a, f að Þ
�
=G ga, ga, f að Þ

ð47Þ

ψ
ðG ga,ga,f að Þ

0
φ tð Þdt

� �
= lim sup

n→∞
ψ
ðG f xn ,f xn ,f að Þ

0
φ tð Þdt

� �

≤ lim sup
n→∞

ψ
ðM1 xn ,xn ,að Þ

0
φ tð Þdt

� ��

− ϕ
ðM1 xn ,xn ,að Þ

0
φ tð Þdt

� ��

≤ lim sup
n→∞

ψ
ðM1 xn ,xn ,að Þ

0
φ tð Þdt

� �
− lim inf

n→∞
ϕ
ðM1 xn ,xn ,að Þ

0
φ tð Þdt

� �

= ψ
ðG ga,ga,f að Þ

0
φ tð Þdt

� �
− lim inf

n→∞
ϕ
ðM1 xn ,xn ,að Þ

0
φ tð Þdt

� �

< ψ
ðG ga,ga,f að Þ

0
φ tð Þdt

� �
,

ð48Þ

which is absurd. Consequently, w = ga = f a, that is, w is a
point of coincidence of f and g.

Lastly, we certify that f and g have a unique point of
coincidence in X. Assume that there exists b ∈ X with f b =
gb ≠ f a. In terms of (13), (G2), and Lemma 13, we receive
that

M1 a, a, bð Þ =max G ga, ga, gbð Þ, 1 +G ga, ga, f að Þ½ �G ga, ga, f bð Þ
2 +G ga, f a, f að Þ ,

�
1 +G ga, ga, f að Þ½ �G gb, gb, f að Þ

2 +G ga, f a, f bð Þ , 1 + G ga, ga, f að Þ½ �G gb, gb, f að Þ
2 +G ga, f a, f bð Þ ,

1 +G ga, ga, f að Þ½ �G ga, ga, f bð Þ
2 1 + G ga, f a, f að Þ½ � , 1 +G gb, gb, f bð Þ½ �G ga, ga, f að Þ

2 1 + G gb, f a, f bð Þ½ � , 

1 +G gb, gb, f bð Þ½ �G ga, ga, f að Þ
2 1 + G gb, f a, f bð Þ½ � , 1 +G ga, ga, gbð Þ½ �G f a, f a, f bð Þ

1 +G gb, f a, f að Þ +G ga, ga, gbð Þ , 
1 + G ga, ga, gbð Þ½ �G f a, f a, f bð Þ

1 + G ga, f a, f að Þ +G ga, ga, gbð Þ ,
1 +G ga, ga, gbð Þ½ �G f a, f a, f bð Þ

1 + G ga, f b, f bð Þ + G ga, ga, gbð Þ
�

=max G f a, f a, f bð Þ, G f a, f a, f bð Þ
2 , G f b, f b, f að Þ

2 +G f a, f a, f bð Þ , 
�

G f b, f b, f að Þ
2 + G f a, f a, f bð Þ ,

G f a, f a, f bð Þ
2 , 0, 0,

1 +G f a, f a, f bð Þ½ �G f a, f a, f bð Þ
1 + 2G f a, f a, f bð Þ , G f a, f a, f bð Þ,

1 + G f a, f a, f bð Þ½ �G f a, f a, f bð Þ
1 + G f a, f b, f bð Þ +G f a, f a, f bð Þ

�
=G f a, f a, f bð Þ > 0:

ð49Þ

According to (12), (49), ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3, and
Lemma 18, we gain that

ψ
ðG f a,f a,f bð Þ

0
φ tð Þdt

� �
≤ ψ

ðM1 a,a,bð Þ

0
φ tð Þdt

� �
− ϕ

ðM1 a,a,bð Þ

0
φ tð Þdt

� �

= ψ
ðG f a,f a,f bð Þ

0
φ tð Þdt

� �
− ϕ

ðG f a,f a,f bð Þ

0
φ tð Þdt

� �

< ψ
ðG f a,f a,f bð Þ

0
φ tð Þdt

� �
,

ð50Þ

which is contradictive. Therefore, f and g have a unique
point of coincidence in X. Moreover, if f and g are weakly
compatible mappings, by Lemma 16, we know that f and g
have a unique common fixed point in X. This completes
the proof.

Similar to the argument of Theorem 19, we derive the fol-
lowing result and omit its proof.
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Theorem 20. Let ðX,GÞ be aG-metric space, f and g : X→ X
be two mappings satisfying

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
≤ ψ

ðM2 x,y,zð Þ

0
φ tð Þdt

� �
− ϕ

ðM2 x,y,zð Þ

0
φ tð Þdt

� �
, ∀x, y, z ∈ X,

ð51Þ

where ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3 and

M2 x, y, zð Þ =max G gx, gy, gzð Þ, 1 + G gx, f x, f xð Þ½ �G gz, f y, f yð Þ
2 +G gx, gy, f xð Þ ,

�
1 +G gy, f y, f yð Þ½ �G gz, f x, f xð Þ

2 + G gx, gy, f yð Þ , 1 + G gz, f z, f zð Þ½ �G gx, f y, f yð Þ
2 +G gy, gz, f zð Þ ,

1 +G gx, f x, f xð Þ½ �G gy, f z, f zð Þ
2 1 +G gx, gz, f xð Þ½ � , 1 +G gy, f y, f yð Þ½ �G gx, f z, f zð Þ

2 1 + G gy, gz, f yð Þ½ � ,

1 +G gz, f z, f zð Þ½ �G gy, f x, f xð Þ
2 1 +G gx, gz, f zð Þ½ � , 1 +G gx, gy, gzð Þ½ �G f x, f y, f zð Þ

1 + G gz, gz, f yð Þ + G gx, gy, gzð Þ , 
1 +G gx, gy, gzð Þ½ �G f x, f y, f zð Þ

1 + G gy, gy, f xð Þ +G gx, gy, gzð Þ ,
1 +G gx, gy, gzð Þ½ �G f x, f y, f zð Þ

1 +G gx, gx, f zð Þ + G gx, gy, gzð Þ
�
:

ð52Þ

If f ðXÞ ⊆ gðXÞ and gðXÞ is a complete subset of X, then f
and g have a unique point of coincidence in X. Furthermore,
if f and g are weakly compatible mappings, then f and g have
a unique common fixed point in X.

Remark 21. In case ψðtÞ = t, ϕðtÞ = ð1 − λÞt, ∀t ∈ R+ and λ ∈
ð0, 1Þ is a constant, then Theorems 19 and 20 reduce to
results, which include Theorem 5 as a special case. The fol-
lowing example shows that Theorems 19 and 20 generalize
substantially Theorem 5 and differ from Theorem 4.

Example 22. Let X = ½0, 2�. Define f , g : X → X, φ, ψ, ϕ, η
: ℝ+ →ℝ+, and G : X × X × X→ R+ by

f x =
0, ∀x ∈ 0, 1½ �,
1
6 , ∀x ∈ 1, 2ð �,

gx =
x, ∀x ∈ 0, 1½ �,
7
6 , ∀x ∈ 1, 2ð �,

8<
:

8<
:

φ tð Þ = 2t, ψ tð Þ = 3t, ϕ tð Þ = t, η tð Þ = 2t, ∀t ∈ℝ+,

G x, y, zð Þ = x − yj j + y − zj j + z − xj j,∀x, y, z ∈ X: ð53Þ

Clearly, ðX,GÞ is a G-metric space, ðφ, ψ, ϕÞ ∈Φ1 ×Φ2
×Φ3, f and g are weakly compatible mappings, f ðXÞ ⊆ gð
XÞ and gðXÞ is complete, ηðtÞ = ψðtÞ − ϕðtÞ, ∀t ∈ℝ+ and η
is nondecreasing in ℝ+. Let x, y, z ∈ X. In order to verify
(12) and (51), we consider the following seven cases:

Case 1. x, y, z ∈ ½0, 1� or x, y, z ∈ ð1, 2�. It follows that

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 0 ≤ η

ðMi x,y,zð Þ

0
φ tð Þdt

� �
= ψ

ðMi x,y,zð Þ

0
φ tð Þdt

� �

− ϕ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀i ∈ 1, 2f g:

ð54Þ

Case 2. x, y ∈ ½0, 1� and z ∈ ð1, 2�. It follows that

M1 x, y, zð Þ ≥ 1 +G gy, gy, f yð Þ½ �G gz, gz, f xð Þ
2 + G gy, f y, f zð Þ

= 1 +G y, y, 0ð Þ½ �G 7/6, 7/6, 0ð Þ
2 +G y, 0, 1/6ð Þ

= 7/3ð Þ 1 + 2yð Þ
2 + y + 1/6 + y − 1/6j j ≥ 1,

M2 x, y, zð Þ ≥ 1 +G gy, f y, f yð Þ½ �G gz, f x, f xð Þ
2 + G gx, gy, f yð Þ

= 1 +G y, 0, 0ð Þ½ �G 7/6, 0, 0ð Þ
2 + G x, y, 0ð Þ

= 7/3ð Þ 1 + 2yð Þ
2 + x + y+∣x − y ∣

≥
7
12 :

ð55Þ

It is easy to see that

Mi x, y, zð Þ ≥ 7
12 ,

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 3
ð1/3
0
2tdt = 1

3 < 2 · 49
144

= η
ð7/12
0

φ tð Þdt
� �

≤ η
ðMi x,y,zð Þ

0
φ tð Þdt

� �

= ψ
ðMi x,y,zð Þ

0
φ tð Þdt

� �

− ϕ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀i ∈ 1, 2f g:

ð56Þ

Case 3. x, z ∈ ½0, 1� and y ∈ ð1, 2�. It follows that

M1 x, y, zð Þ ≥ 1 +G gz, gz, f zð Þ½ �G gy, gy, f xð Þ
2 1 +G gz, f y, f zð Þ½ �

= 1 +G z, z, 0ð Þ½ �G 7/6, 7/6, 0ð Þ
2 1 +G z, 1/6, 0ð Þ½ �

= 7/3ð Þ 1 + 2zð Þ
2 1 + 1/6 + z + z − 1/6j jð Þ ≥

7
8 ,

M2 x, y, zð Þ ≥max 1 +G gx, f x, f xð Þ½ �G gy, f z, f zð Þ
2 1 +G gx, gz, f xð Þ½ � ,

�
1 + G gz, f z, f zð Þ½ �G gy, f x, f xð Þ

2 1 + G gx, gz, f zð Þ½ �
�

=max 1 +G x, 0, 0ð Þ½ �G 7/6, 0, 0ð Þ
2 1 + G x, z, 0ð Þ½ � ,

�
1 + G z, 0, 0ð Þ½ �G 7/6, 0, 0ð Þ

2 1 + G x, z, 0ð Þ½ �
�

=max 7/3ð Þ 1 + 2xð Þ
2 1 + x + z+∣x − z ∣ð Þ ,

7/3ð Þ 1 + 2zð Þ
2 1 + x + z+∣x − z ∣ð Þ

� �

≥
7
6 :

ð57Þ
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It is obvious that

Mi x, y, zð Þ ≥ 7
8 ,

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 3
ð1/3
0
2tdt = 1

3 < 2 · 4964

= η
ð7/8
0
φ tð Þdt

� �
≤ η

ðMi x,y,zð Þ

0
φ tð Þdt

� �

= ψ
ðMi x,y,zð Þ

0
φ tð Þdt

� �

− ϕ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀i ∈ 1, 2f g:

ð58Þ

Case 4. y, z ∈ ½0, 1� and x ∈ ð1, 2�. It follows that

M1 x, y, zð Þ ≥ 1 +G gy, gy, f yð Þ½ �G gx, gx, f zð Þ
2 1 +G gy, f x, f yð Þ½ �

= 1 +G y, y, 0ð Þ½ �G 7/6, 7/6, 0ð Þ
2 1 + G y, 1/6, 0ð Þ½ �

= 7/3ð Þ 1 + 2yð Þ
2 1 + y + 1/6 + y − 1/6j jð Þ ≥

7
8 ,

M2 x, y, zð Þ ≥ 1 +G gz, f z, f zð Þ½ �G gx, f y, f yð Þ
2 + G gy, gz, f zð Þ

= 1 +G z, 0, 0ð Þ½ �G 7/6, 0, 0ð Þ
2 + G y, z, 0ð Þ = 7/3ð Þ 1 + 2zð Þ

2 + y + z+∣y − z ∣

≥
7
12 :

ð59Þ

It is apparent that

Mi x, y, zð Þ ≥ 7
12 ,

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 3
ð1/3
0
2tdt = 1

3 < 2 · 49
144

= η
ð7/12
0

φ tð Þdt
� �

≤ η
ðMi x,y,zð Þ

0
φ tð Þdt

� �

= ψ
ðMi x,y,zð Þ

0
φ tð Þdt

� �

− ϕ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀i ∈ 1, 2f g:

ð60Þ

Case 5. x ∈ ½0, 1� and y, z ∈ ð1, 2�. It follows that

M1 x, y, zð Þ ≥ 1 +G gz, gz, f zð Þ½ �G gy, gy, f xð Þ
2 1 + G gz, f y, f zð Þ½ �

= 1 +G 7/6, 7/6, 1/6ð Þ½ �G 7/6, 7/6, 0ð Þ
2 1 +G 7/6, 1/6, 1/6ð Þ½ �

= 7/3ð Þ 1 + 2ð Þ
2 1 + 2ð Þ = 7

6 ,

M2 x, y, zð Þ ≥ 1 +G gy, f y, fyð Þ½ �G gz, f x, f xð Þ
2 + G gx, gy, f yð Þ

= 1 +G 7/6, 1/6, 1/6ð Þ½ �G 7/6, 0, 0ð Þ
2 + G x, 7/6, 1/6ð Þ

= 7/3ð Þ 1 + 2ð Þ
2 + 1+∣x − 7/6∣+∣x − 1/6 ∣ ≥

21
13 :

ð61Þ

It is distinct that

Mi x, y, zð Þ ≥ 7
6 ,

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 3
ð1/3
0
2tdt = 1

3 < 2 · 4936

= η
ð7/6
0
φ tð Þdt

� �
≤ η

ðMi x,y,zð Þ

0
φ tð Þdt

� �

= ψ
ðMi x,y,zð Þ

0
φ tð Þdt

� �

− ϕ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀i ∈ 1, 2f g:

ð62Þ

Case 6. y ∈ ½0, 1� and x, z ∈ ð1, 2�. It follows that

M1 x, y, zð Þ ≥ 1 +G gy, gy, f yð Þ½ �G gx, gx, f zð Þ
2 1 +G gy, f x, f yð Þ½ �

= 1 +G y, y, 0ð Þ½ �G 7/6, 7/6, 1/6ð Þ
2 1 +G y, 1/6, 0ð Þ½ �

= 2 1 + 2yð Þ
2 1 + y + 1/6 + y − 1/6j jð Þ ≥

3
4 ,

M2 x, y, zð Þ ≥ 1 +G gy, f y, f yð Þ½ �G gz, f x, f xð Þ
2 + G gx, gy, f yð Þ

= 1 +G y, 0, 0ð Þ½ �G 7/6, 1/6, 1/6ð Þ
2 +G 7/6, y, 0ð Þ

= 2 1 + 2yð Þ
2 + y + 7/6+∣y − 7/6 ∣ ≥

6
13 :

ð63Þ
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It is clear that

Mi x, y, zð Þ ≥ 6
13 , ψ

ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 3
ð1/3
0
2tdt

= 1
3 < 2 · 36

169 = η
ð6/13
0

φ tð Þdt
� �

≤ η
ðMi x,y,zð Þ

0
φ tð Þdt

� �

= ψ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
− ϕ

ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀i ∈ 1, 2f g:

ð64Þ

Case 7. z ∈ ½0, 1� and x, y ∈ ð1, 2�. It follows that

M1 x, y, zð Þ ≥ 1 +G gy, gy, f yð Þ½ �G gx, gx, f zð Þ
2 1 +G gy, f x, f yð Þ½ �

= 1 +G 7/6, 7/6, 1/6ð Þ½ �G 7/6, 7/6, 0ð Þ
2 1 +G 7/6, 1/6, 1/6ð Þ½ �

= 7/3ð Þ 1 + 2ð Þ
2 1 + 2ð Þ = 7

6 ,

M2 x, y, zð Þ ≥ 1 +G gy, f y, f yð Þ½ �G gx, f z, f zð Þ
2 1 +G gy, gz, f yð Þ½ �

= 1 +G 7/6, 1/6, 1/6ð Þ½ �G 7/6, 0, 0ð Þ
2 1 +G 7/6, z, 1/6ð Þ½ �

= 7/3ð Þ 1 + 2ð Þ
2 1 + 1+∣z − 7/6∣+∣z − 1/6 ∣ð Þ ≥

21
20 :

ð65Þ

It is easy to obtain that

Mi x, y, zð Þ ≥ 21
20 ,

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 3
ð1/3
0
2tdt = 1

3 < 2 · 441400

= η
ð21/20
0

φ tð Þdt
� �

≤ η
ðMi x,y,zð Þ

0
φ tð Þdt

� �

= ψ
ðMi x,y,zð Þ

0
φ tð Þdt

� �

− ϕ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀i ∈ 1, 2f g:

ð66Þ

Therefore, (12) and (51) hold. That is, the conditions of
Theorems 19 and 20 are fulfilled. It follows from each of The-
orems 19 and 20 that f and g have a unique common fixed
point in X.

However, Theorem 4 cannot be applied to testify the exis-
tence of fixed points of the mapping f in X. Suppose that
there exists ψ, ϕ ∈Φ2 satisfying the conditions of Theorem

4. In virtue of (4), we infer that

ψ
1
3

� �
= ψ G f 1, f 1, f 76

� �� �
≤ ψ G 1, 1, 76

� �� �

− ϕ G 1, 1, 76

� �� �
= ψ

1
3

� �
− ϕ

1
3

� �
< ψ

1
3

� �
,

ð67Þ

which is a contradiction.
Now we claim that Theorem 5 is useless in proving the

existence of common fixed points of the mappings f and g
in X. Suppose that there exist α ∈ ½0, 1Þ and φ ∈Φ1 satisfying
the conditions of Theorem 5. Taking advantage of (5), we
receive that

ð1/3
0
φ tð Þdt =

ðG f 1,f 2,f 2ð Þ

0
φ tð Þdt ≤ α

ðG g1,g2,g2ð Þ

0
φ tð Þdt

= α
ð1/3
0
φ tð Þdt <

ð1/3
0
φ tð Þdt,

ð68Þ

which is impossible.

4. Applications

In this section, we study the existence and uniqueness of
common solutions for the below functional equations (72)
and nonlinear Volterra integral equations (94) by using the
results obtained in Section 3.

Let U and V denote two Banach spaces; S ⊆U and D ⊆V
signify the state and decision spaces, respectively. BðSÞ indi-
cates the Banach space of all bounded functions in S with
norm

hk k = sup h xð Þj j: x ∈ Sf g, ∀h ∈ B Sð Þ: ð69Þ

Define G : ðBðSÞÞ3 →ℝ+ by

G x, y, zð Þ =max x − yk k, y − zk k, z − xk kf g, ∀x, y, z ∈ B Sð Þ:
ð70Þ

It is clear that ðBðSÞ,GÞ is a complete G-metric space.
Consider the functional equations arising in dynamic

programming:

f xð Þ = sup
y∈D

u x, yð Þ +H x, y, f a x, yð Þð Þð Þf g, ∀x ∈ S, ð71Þ

g xð Þ = sup
y∈D

v x, yð Þ + L x, y, g b x, yð Þð Þð Þf g, ∀x ∈ S, ð72Þ

whereu, v : S ×D→ℝ, a, b : S ×D→ S, and H, L : S ×D ×
ℝ→ℝ are mappings. Put

f h xð Þ = sup
y∈D

u x, yð Þ +H x, y, h a x, yð Þð Þð Þf g, ∀ x, hð Þ ∈ S × B Sð Þ,

ð73Þ
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gh xð Þ = sup
y∈D

v x, yð Þ + L x, y, h b x, yð Þð Þð Þf g, ∀ x, hð Þ ∈ S × B Sð Þ:

ð74Þ
Theorem 23. Let u, v : S ×D→ℝ, a, b : S ×D→ S, and H,
L : S ×D ×ℝ→ℝ satisfy that

(C1) u, v,H, and L are bounded;
(C2) f gh = gf h for each h ∈ BðSÞ with f h = gh;
(C3) f ðBðSÞÞ ⊆ gðBðSÞÞ and gðBðSÞÞ is complete;
(C4) for each i ∈ f1, 2, 3g, x ∈ S, y ∈D, and h1, h2, h3 ∈

BðSÞ

ψ
ð∣H x,y,hi a x,yð Þð Þð Þ−H x,y,hi+1 a x,yð Þð Þð Þ∣

0
φ tð Þdt

� �
≤ ψ

ðM∗
1

0
φ tð Þdt

� �
− ϕ

ðM∗
1

0
φ tð Þdt

� �
,

ð75Þ

where ðφ, ψ, ϕÞ ∈Φ1 ×Φ5 ×Φ3, h4 = h1 and

M∗
1 h1, h2, h3ð Þ =max G gh1, gh2, gh3ð Þ,f

1 +G gh1, gh1, f h1ð Þ½ �G gh2, gh2, f h3ð Þ
2 +G gh1, f h1, f h2ð Þ ,

1 +G gh1, gh1, f h1ð Þ½ �G gh3, gh3, f h2ð Þ
2 +G gh1, f h1, f h3ð Þ ,

1 +G gh2, gh2, f h2ð Þ½ �G gh3, gh3, f h1ð Þ
2 +G gh2, f h2, f h3ð Þ ,

1 +G gh2, gh2, f h2ð Þ½ �G gh1, gh1, f h3ð Þ
2 1 +G gh2, f h1, f h2ð Þ½ � ,

1 +G gh3, gh3, f h3ð Þ½ �G gh2, gh2, f h1ð Þ
2 1 +G gh3, f h2, f h3ð Þ½ � ,

1 +G gh3, gh3, f h3ð Þ½ �G gh1, gh1, f h2ð Þ
2 1 +G gh3, f h1, f h3ð Þ½ � ,

1 +G gh1, gh2, gh3ð Þ½ �G f h1, f h2, f h3ð Þ
1 +G gh3, f h2, f h2ð Þ +G gh1, gh2, gh3ð Þ ,
1 +G gh1, gh2, gh3ð Þ½ �G f h1, f h2, f h3ð Þ

1 +G gh2, f h1, f h1ð Þ +G gh1, gh2, gh3ð Þ ,
1 +G gh1, gh2, gh3ð Þ½ �G f h1, f h2, f h3ð Þ

1 +G gh1, f h3, f h3ð Þ +G gh1, gh2, gh3ð Þ
�
:

ð76Þ

Then, the functional equations (72) have a unique
common bounded solution h∗ ∈ BðSÞ.

Proof. By virtue of (C1) and (73), we obtain that f h and gh
are bounded for each h ∈ BðSÞ, which yields that f and g
are self mappings in BðSÞ. It follows from φ ∈Φ1 that for each
ε > 0 there exists δ > 0 such that

ð
C
φ tð Þdt < ε, ∀C ⊂ℝ+ withm Cð Þ ≤ δ, ð77Þ

where m denotes the Lebesgue measure. Put x ∈ S and h1, h2
, h3 ∈ BðSÞ. (73) means that there exist y1, y2 ∈D such that

f h1 xð Þ < u x, y1ð Þ +H x, y1, h1 a x, y1ð Þð Þð Þ + δ, ð78Þ

f h2 xð Þ < u x, y2ð Þ +H x, y2, h2 a x, y2ð Þð Þð Þ + δ, ð79Þ
f h1 xð Þ ≥ u x, y2ð Þ +H x, y2, h1 a x, y2ð Þð Þð Þ, ð80Þ

f h2 xð Þ ≥ u x, y1ð Þ +H x, y1, h2 a x, y1ð Þð Þð Þ: ð81Þ
In terms of (78) and (81), we gain that

f h1 xð Þ − f h2 xð Þ <H x, y1, h1 a x, y1ð Þð Þð Þ
−H x, y1, h2 a x, y1ð Þð Þð Þ + δ ≤ ∣H x, y1, h1 a x, y1ð Þð Þð Þ
−H x, y1, h2 a x, y1ð Þð Þð Þ∣ + δ:

ð82Þ

On account of (79) and (80), we derive that

f h2 xð Þ − f h1 xð Þ <H x, y2, h2 a x, y2ð Þð Þð Þ
−H x, y2, h1 a x, y2ð Þð Þð Þ + δ ≤ H x, y2, h2 a x, y2ð Þð Þð Þj
−H x, y2, h1 a x, y2ð Þð Þð Þj + δ:

ð83Þ

In light of (82) and (83), we get that

f h1 xð Þ − f h2 xð Þj j <max T1, T2f g + δ, ð84Þ

where

T1 = H x, y1, h1 a x, y1ð Þð Þð Þ −H x, y1, h2 a x, y1ð Þð Þð Þj j,
T2 = H x, y2, h2 a x, y2ð Þð Þð Þ −H x, y2, h1 a x, y2ð Þð Þð Þj j:

ð85Þ

It follows from (75), (84), and ðφ, ψ, ϕÞ ∈Φ1 ×Φ5 ×Φ3
that

ψ
ð f h1 xð Þ−f h2 xð Þj j

0
φ tð Þdt

� �
≤ ψ

ðmax T1,T2f g+δ

0
φ tð Þdt

� �

=max ψ
ðT1+δ

0
φ tð Þdt

� �
, ψ

ðT2+δ

0
φ tð Þdt

� �� �

=max ψ
ðT1

0
φ tð Þdt +

ðT1+δ

T1

φ tð Þdt
 !

, ψ
(

�
ðT2

0
φ tð Þdt +

ðT2+δ

T2

φ tð Þdt
 !)

≤max ψ
ðT1

0
φ tð Þdt

� �
+ ψ

ðT1+δ

T1

φ tð Þdt
 !

, ψ
(

�
ðT2

0
φ tð Þdt

� �
+ ψ

ðT2+δ

T2

φ tð Þdt
 !)

≤max ψ
ðT1

0
φ tð Þdt

� �
, ψ

ðT2

0
φ tð Þdt

� �� �

+max ψ
ðT1+δ

T1

φ tð Þdt
 !

, ψ
ðT2+δ

T2

φ tð Þdt
 !( )

≤ ψ
ðM∗

1

0
φ tð Þdt

� �
− ϕ

ðM∗
1

0
φ tð Þdt

� �
+ ψ εð Þ:

ð86Þ

Taking ε→ 0+ in the above inequalities and using ψ ∈Φ5

12 Journal of Function Spaces



and (70), we infer that

ψ
ð∣f h1 xð Þ−f h2 xð Þ∣

0
φ tð Þdt

� �
≤ ψ

ðM∗
1

0
φ tð Þdt

� �
− ϕ

ðM∗
1

0
φ tð Þdt

� �
,

ψ
ð∥f h1−f h2∥
0

φ tð Þdt
� �

≤ ψ
ðM∗

1

0
φ tð Þdt

� �
− ϕ

ðM∗
1

0
φ tð Þdt

� �
:

ð87Þ

Similarly, we deduce that

ψ
ð∥f h2−f h3∥
0

φ tð Þdt
� �

≤ ψ
ðM∗

1

0
φ tð Þdt

� �
− ϕ

ðM∗
1

0
φ tð Þdt

� �
,

ψ
ð∥f h3−f h1∥
0

φ tð Þdt
� �

≤ ψ
ðM∗

1

0
φ tð Þdt

� �
− ϕ

ðM∗
1

0
φ tð Þdt

� �
:

ð88Þ

It follows that

ψ
ðG f h1,f h2,f h3ð Þ

0
φ tð Þdt

� �
= ψ

ðmax ∥f h1−f h2∥,∥f h2−f h3∥,∥f h3−f h1∥f g

0
φ tð Þdt

� �

=max ψ

ð∥f h1−f h2∥
0

φ tð Þdt
� �

, ψ
�

�
ð∥f h2−f h3∥
0

φ tð Þdt
� �

, ψ
ð∥f h3−f h1∥
0

φ tð Þdt
� ��

≤ ψ
ðM∗

1

0
φ tð Þdt

� �

− ϕ
ðM∗

1

0
φ tð Þdt

� �
, ∀h1, h2, h3 ∈ B Sð Þ:

ð89Þ

Consequently, the conditions of Theorem 19 are satisfied.
It follows from Theorem 19 that f and g have a unique com-
mon fixed point h∗ ∈ BðSÞ, that is, the functional equations
(72) have a unique common bounded solution h∗ ∈ BðSÞ.
This completes the proof.

As in the proof of Theorem 23, we obtain similarly the
following result and omit its proof.

Theorem 24. Let u, v : S ×D→ℝ, a, b : S ×D→ S, and H,
L : S ×D ×ℝ→ℝ satisfy (C1)–(C3) and (C5) for each i ∈ f1
, 2, 3g, x ∈ S, y ∈D and h1, h2, h3 ∈ BðSÞ

ψ
ð∣H x,y,hi a x,yð Þð Þð Þ−H x,y,hi+1 a x,yð Þð Þð Þ∣

0
φ tð Þdt

� �
≤ ψ

ðM∗
2

0
φ tð Þdt

� �
− ϕ

ðM∗
2

0
φ tð Þdt

� �
,

ð90Þ

where ðφ, ψ, ϕÞ ∈Φ1 ×Φ5 ×Φ3, h4 = h1 and

M∗
2 h1, h2, h3ð Þ =max G gh1, gh2, gh3ð Þ,f

1 +G gh1, f h1, f h1ð Þ½ �G gh3, f h2, f h2ð Þ
2 + G gh1, gh2, f h1ð Þ ,

1 +G gh2, f h2, f h2ð Þ½ �G gh3, f h1, f h1ð Þ
2 + G gh1, gh2, f h2ð Þ ,

1 +G gh3, f h3, f h3ð Þ½ �G gh1, f h2, f h2ð Þ
2 + G gh2, gh3, f h3ð Þ ,

1 +G gh1, f h1, f h1ð Þ½ �G gh2, f h3, f h3ð Þ
2 1 +G gh1, gh3, f h1ð Þ½ � ,

1 +G gh2, f h2, f h2ð Þ½ �G gh1, f h3, f h3ð Þ
2 1 +G gh2, gh3, f h2ð Þ½ � ,

1 +G gh3, f h3, f h3ð Þ½ �G gh2, f h1, f h1ð Þ
2 1 +G gh1, gh3, f h3ð Þ½ � ,

1 +G gh1, gh2, gh3ð Þ½ �G f h1, f h2, f h3ð Þ
1 +G gh3, gh3, f h2ð Þ +G gh1, gh2, gh3ð Þ ,
1 +G gh1, gh2, gh3ð Þ½ �G f h1, f h2, f h3ð Þ

1 +G gh2, gh2, f h1ð Þ +G gh1, gh2, gh3ð Þ ,
1 +G gh1, gh2, gh3ð Þ½ �G f h1, f h2, f h3ð Þ

1 +G gh1, gh1, f h3ð Þ +G gh1, gh2, gh3ð Þ
�
:

ð91Þ

Then, the functional equations (72) have a unique com-
mon bounded solution h∗ ∈ BðSÞ.

Let Cð½0, T�,ℝÞ denote the Banach space of all continu-
ous functions in ½0, T� with norm

xk k = sup ∣x tð Þ∣ : t ∈ 0, T½ �f g, ∀x ∈ C 0, T½ �, Rð Þ: ð92Þ

Put X = Cð½0, T�,ℝÞ and define G : X × X × X→ℝ+ by

G x, y, zð Þ = x − yk k + y − zk k + z − xk k, ∀x, y, z ∈ X:
ð93Þ

It is obvious that ðX,GÞ is a complete G-metric space.
Consider the nonlinear Volterra integral equations:

x tð Þ = p1 tð Þ +
ðt
0
K1 t, s, x sð Þð Þds,∀t ∈ 0, T½ �, y tð Þ

= p2 tð Þ +
ðt
0
K2 t, s, y sð Þð Þds,∀t ∈ 0, T½ �,

ð94Þ

where T > 0 is a constant, p1, p2 : ½0, T�→ℝ and K1, K2
: ½0, T�2 ×ℝ→ℝ are given functions.

Put

f x tð Þ = p1 tð Þ +
ðt
0
K1 t, s, x sð Þð Þds, ∀ t, xð Þ ∈ 0, T½ � × X,

ð95Þ
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gx tð Þ = p2 tð Þ +
ðt
0
K2 t, s, x sð Þð Þds, ∀ t, xð Þ ∈ 0, T½ � × X:

ð96Þ

Theorem 25. Let K1, K2 : ½0, T�2 ×ℝ→ℝ and p1, p2 : ½0, T�
→ R satisfy that

(d1) K1, K2, p1, and p2 are continuous;
(d2) f gx = gf x for each x ∈ X with f x = gx;
(d3) f ðXÞ ⊆ gðXÞ and gðXÞ is complete;
(d4) there exists a continuous function Q : ½0, T� × ½0, T�

→ℝ+ such that

K1 t, s, x sð Þð Þ − K1 t, s, y sð Þð Þj j ≤Q t, sð Þ gx sð Þ − gy sð Þj j, ∀t, s ∈ 0, T½ �, x, y ∈ X:
ð97Þ

(d5) supt∈½0,T�
Ð t
0Qðt, sÞds ≤ 1/2.

Then, the nonlinear Volterra integral equations (94) have
a unique common continuous solution in X.

Proof. Define φ, ψ, ϕ : ℝ+ →ℝ+ by

φ tð Þ = 1, ψ tð Þ = 2t, ϕ tð Þ = t, ∀t ∈ R+: ð98Þ

Clearly, ðφ, ψ, ϕÞ ∈Φ1 ×Φ2 ×Φ3. On account of (d1) and
(95), we deduce that for each x ∈ X, f x and gx are continuous
functions in ½0, T�, that is, f and g are mappings from X into
itself. By means of (93), (95), (97), and (d5), we obtain that

ψ
ðG f x,f y,f zð Þ

0
φ tð Þdt

� �
= 2
ðG f x,f y,f zð Þ

0
φ tð Þdt = 2G f x, f y, f zð Þ

= 2 f x − f yk k + f y − f zk k + f z − f xk kð Þ

≤ 2 sup
t∈ 0,T½ �

ðt
0
K1 t, s, x sð Þð Þ − K1 t, s, y sð Þð Þj jds

 

+ sup
t∈ 0,T½ �

ðt
0
K1 t, s, y sð Þð Þ − K1 t, s, z sð Þð Þj jds

+ sup
t∈ 0,T½ �

ðt
0
K1 t, s, z sð Þð Þ − K1 t, s, x sð Þð Þj jds

!

≤ 2 sup
t∈ 0,T½ �

ðt
0
Q t, sð Þ gx sð Þ − gy sð Þj jds

 

+ sup
t∈ 0,T½ �

ðt
0
Q t, sð Þ gy sð Þ − gz sð Þj jds

+ sup
t∈ 0,T½ �

ðt
0
Q t, sð Þ gz sð Þ − gx sð Þj jds

!

≤ 2 sup
t∈ 0,T½ �

ðt
0
Q t, sð Þds

 !
gx − gyk kð

+ gy − gzk k + gz − gxk kÞ ≤G gx, gy, gzð Þ

≤Mi x, y, zð Þ = ψ
ðMi x,y,zð Þ

0
φ tð Þdt

� �
− ϕ

�
ðMi x,y,zð Þ

0
φ tð Þdt

� �
, ∀x, y, z ∈ X, i ∈ 1, 2f g,

ð99Þ

where M1ðx, y, zÞ and M2ðx, y, zÞ are defined by (13) and
(52), respectively. That is, the conditions of Theorems 19
and 20 are fulfilled. Therefore, each of Theorems 19 and 20
guarantees that f and g have a unique common fixed point
x ∈ X, which is a unique common continuous solution of
the nonlinear Volterra integral equations (94) in X. This
completes the proof.
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