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In this article, applying the concept of a generalized c-distance in cone b-metric spaces over Banach algebra with a nonnormal solid
cone therein, we establish several common fixed point theorems for two noncontinuous mappings satisfying the Han-Xu-type
contraction. Our results are interesting, since they are not equivalent to former well-known results regarding a wt-distance in b
-metric spaces while they contain recent results corresponding to a generalized c-distance in cone b-metric spaces.

1. Introduction and Preliminaries

In 2015, Bao et al. [1] suggested a generalized c-distance,
which extended many former definitions in [2–10]) and ref-
erences therein. Moreover, with regard to a survey on fixed
point theory corresponding to this distance, see [11–13]).

In 2013, Liu and Xu [14] offered a cone metric space over
Banach algebra by replacing a Banach space E with a Banach
algebra E. After this definition, some other researchers sug-
gested new several various spaces over a Banach algebra
and extended available results in [15–17] and their refer-
ences. In 2015, Huang et al. [18] proposed a c-distance in
cone metric spaces over a Banach algebra E. In 2018, Han
and Xu [19] proved some common fixed point results by
removing the assumption of continuity of the mappings
and by deleting the hypothesis of the normality of the cone.
Recently, Arabnia et al. [20] suggested a generalized c-dis-
tance in cone b-metric spaces over a Banach algebra.

Here, we review some basic definitions and preliminary
lemmas which are needed to continue.

Let E be a Banach algebra with a unit element e, a zero
element θ, a norm ∥x∥, and a cone P therein. Define a partial
order ≼ with respect to P by x≼y iff y − x ∈ P. Also, x≼y if
x≼y and x ≠ y, and x≪ y iff y − x ∈ int P (int P is the same
as the interior of P). If int P ≠∅, then the cone P is named
solid. Further, if there is M > 0 so that θ≼x≼y deduced that

∥x∥≤M∥y∥ for every x, y ∈E, then the cone P is named a
normal cone.

Definition 1 (see [17]). Let X be a nonempty set, s ≥ 1 be a
constant, and E be a Banach algebra. For all x, y, z ∈X,
assume that d : X ×X→E satisfies the following items: 2

(d1)θ≼dðx, yÞ and dðx, yÞ = θ iff x = y
(d2)dðx, yÞ = dðy, xÞ
(d3)dðx, zÞ≼s½dðx, yÞ + dðy, zÞ�

Then, d is named a cone b-metric on X, and ðX, dÞ is
named a cone b-metric space over the Banach algebra E.

For definitions such as convergent and Cauchy sequences,
c-sequence, completeness, continuity, and examples, see [16,
17]. In the sequel, assume that ðX, dÞ is a cone b-metric space
with the coefficient s ≥ 1 over a Banach algebra E and P is a
solid cone therein.

Lemma 2 (see [17, 21]). Let E be a Banach algebra and u, v
∈E. Then, the following items hold:

(l1) if ρðuÞ < ∣w ∣ where ρðuÞ is the spectral radius and w
is a complex constant, then we − u is invertible in E and

we − uð Þ−1 = 〠
∞

i=0

ui

wi+1 , ρ we − uð Þ−1� �
≤

1
∣w∣−ρ uð Þ ð1Þ
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(l2)if u commutes with v, then ρðu + vÞ ≤ ρðuÞ + ρðvÞ and
ρðuvÞ ≤ ρðuÞρðvÞ

(l3)if u, k1, k2 ∈ P with k1≼k2, u≼k1u, and ρðk2Þ < 1, then
u = θ

(l4)if ρðuÞ < 1, then fung is a c-sequence. Furthermore,
fkung is a c-sequence for each arbitrarily vector k ∈ P

Definition 3 (see [20]). Let ðX, dÞ be a cone b-metric space
over a Banach algebra E with a constant s ≥ 1. A function ν
: X ×X→E is named a generalized c-distance on X if, for
all x, y, z ∈X, it satisfies in the following properties:

(ν1)θ≼νðx, yÞ
(ν2)νðx, yÞ≼s½νðx, zÞ + νðz, yÞ�
(ν3) for x ∈X and a sequence fyng converges to y in X, if

νðx, ynÞ≼u for some u = ux ∈ P and all n ≥ 1, then νðx, yÞ≼su
(ν4)for all c ∈E with θ≪ c, there exists e ∈E with θ≪ e

so that νðz, xÞ≪ e and νðz, yÞ≪ e imply dðx, yÞ≪ c

Notice that a generalized c-distance contains both wt
-distance and c-distance. Further, νðx, yÞ = νðy, xÞ is not nec-
essarily true and the νðx, yÞ = θ dose not imply that x = y for
every x, y ∈X.

Example 4. Take X = ½0, 1�, E = C1
ℝ½0, 1� with ∥f ∥ = ∥f ∥∞ + ∥

f ′∥∞. Let multiplication in E be just pointwise multiplica-
tion. Then, E is a Banach algebra with a unit eðtÞ = 1 for all
t ∈ ½0, 1�. Also, let P = f f ∈A ∣ f ðtÞ ≥ 0, ∀t ∈ ½0, 1�g be a solid
cone. Now, define d : X × X → P ⊂A by dða, bÞðtÞ =
ja − bj22t for all a, b ∈X, where 2t ∈ P. Then, ðX, dÞ is a cone
b -metric space over a Banach algebraE. Consider a mapping
ν : X ×X→E by νða, bÞðtÞ = ða2 + b2Þ2t for all a, b ∈X.
Then, ν is a generalized c-distance on X.

Lemma 5 (see [20]). Consider a generalized c-distance ν onX

with two sequences ftng and fsng in X, α, β, γ ∈X, and fpng
and fqng be two c-sequences. Then, the following cases hold:

(1) if νðtn, βÞ≼pn and νðtn, γÞ≼qn for n ∈ℕ, then β = γ. In
particular, if νðα, βÞ = θ and νðα, γÞ = θ, then β = γ

(2) if νðtn, snÞ≼pn and νðtn, γÞ≼qn for n ∈ℕ, then fsng
converges to γ

(3) if νðtn, tmÞ≼pn for m > n, then ftng is a Cauchy
sequence in X

(4) if νðβ, tnÞ≼pn for n ∈ℕ, then ftng is a Cauchy
sequence in X

Lemma 6 (see [20]). Let ν be a generalized c-distance onX. If
νðα, βÞ = νðβ, αÞ = θ for α, β ∈X, then α = β.

In this work, we establish several common fixed point
theorems regarding a generalized c-distance over a Banach
algebra by removing the normality of the cone and the conti-
nuity of the mappings.

2. Main Results

The following theorem is the principal result of this paper
using Han-Xu-type contraction [19].

Theorem 7. Consider a generalized c-distance ν on a complete
cone b-metric space ðX, dÞ over a Banach algebra E. Assume
that two mappings F,G : X→X for every a, b ∈X satisfy
the following relations:

ν Fa,Gbð Þ≼h1ν a, bð Þ + h2ν a, Fað Þ + h3ν a,Gbð Þ, ð2Þ

ν Ga, Fbð Þ≼h1ν a, bð Þ + h2ν a,Gað Þ + h3ν a, Fbð Þ, ð3Þ
where h1, h2, h3 ∈ P so that sh3 commutes with ðh1 + h2

+ sh3Þ and

ρ sh3ð Þ + ρ sh1 + sh2 + s2h3
� �

< 1: ð4Þ

Then, F and G have a unique common fixed point.

Proof. Assume that a0 ∈X is an arbitrary point with Fa0 ≠ a0.
Consider the sequence fang by putting a2n+1 = Fa2n and
a2n+2 =Ga2n+1 for all n ∈ℕ. Applying relation (2) by a = a2n
and b = a2n+1, we get

ν a2n+1, a2n+2ð Þ = ν Fa2n,Ga2n+1ð Þ≼h1ν a2n, a2n+1ð Þ
+ h2ν a2n, Fa2nð Þ + h3ν a2n,Ga2n+1ð Þ

≼h1ν a2n, a2n+1ð Þ + h2ν a2n, a2n+1ð Þ
+ sh3 ν a2n, a2n+1ð Þ + ν a2n+1, a2n+2ð Þ½ �,

ð5Þ

for all n ∈ℕ, which induces that

e − sh3ð Þν a2n+1, a2n+2ð Þ≼ h1 + h2 + sh3ð Þν a2n, a2n+1ð Þ: ð6Þ

Similarly, applying relation (3) by a = a2n+1 and b = a2n+2,
we get

ν a2n+2, a2n+3ð Þ = ν Ga2n+1, Fa2n+2ð Þ
≼h1ν a2n+1, a2n+2ð Þ + h2ν a2n+1, a2n+2ð Þ

+ sh3 ν a2n+1, a2n+2ð Þ + ν a2n+2, a2n+3ð Þ½ �,
ð7Þ

for all n ∈ℕ, which induces that

e − sh3ð Þν a2n+2, a2n+3ð Þ≼ h1 + h2 + sh3ð Þν a2n+1, a2n+2ð Þ: ð8Þ

Now, the inequalities (6) and (8) show that

e − sh3ð Þν an, an+1ð Þ≼ h1 + h2 + sh3ð Þν an−1, anð Þ: ð9Þ

Since ρðsh3Þ < 1 (by relation (4)), it follows from Lemma
2, (l1), that ðe − sh3Þ is invertible and ðe − sh3Þ−1 =∑∞

i=0 ðsh3Þi.
Let h = ðe − sh3Þ−1ðh1 + h2 + sh3Þ. Since sh3 commutes with
h1 + h2 + sh3, we obtain
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e − sh3ð Þ−1 h1 + h2 + sh3ð Þ = h1 + h2 + sh3ð Þ e − sh3ð Þ−1: ð10Þ

Now, set h = ðe − sh3Þ−1ðh1 + h2 + sh3Þ. Then, by Lemma
2, (l1) and (l2), we obtain

ρ hð Þ = ρ e − sh3ð Þ−1 h1 + h2 + sh3ð Þ� �

≤
1

1 − ρ sh3ð Þ ρ h1 + h2 + sh3ð Þ < 1
s
,

ð11Þ

which implies that ðe − shÞ−1 =∑∞
i=0 ðshÞi. Moreover, by

multiplying ðe − sh3Þ−1 in relation (9), we get

ν an, an+1ð Þ≼ e − sh3ð Þ−1 h1 + h2 + sh3ð Þν an−1, anð Þ
= hν an−1, anð Þ≼⋯≼hnν a0, a1ð Þ: ð12Þ

Consider m, n ∈ℕ with m > n ≥ 1. Using relation (12)
and (ν2), we deduce by a simple computation that

ν an, amð Þ≼ e − shð Þ−1shnν a0, a1ð Þ: ð13Þ

Since ρðhÞ < 1/s and s ≥ 1, we have ρðhÞ < 1 which means
that fhng is a c-sequence by Lemma 2, (l4). Using Lemma 5,
(3), fang is a Cauchy sequence. Due to the completeness of
the space X, there is a u ∈X so that an → u as n→∞. Using
relation (13) and (ν3), we have

ν an, uð Þ≼ e − shð Þ−1s2hnν a0, a1ð Þ, ð14Þ

which shows that

ν a2n+1, uð Þ≼ e − shð Þ−1s2h2n+1ν a0, a1ð Þ, ð15Þ

ν a2n, uð Þ≼ e − shð Þ−1s2h2nν a0, a1ð Þ: ð16Þ

Now, we establish that Fu = Gu = u. In relation (2), set
a = a2n and b = u. Then, we get

ν a2n+1,Guð Þ = ν Fa2n,Guð Þ≼h1ν a2n, uð Þ + h2ν a2n, a2n+1ð Þ
+ sh3 ν a2n, a2n+1ð Þ + ν a2n+1,Guð Þ½ �,

ð17Þ

which induces that ðe − sh3Þνða2n+1,GuÞ≼h1νða2n, uÞ +
ðh2 + sh3Þνða2n, a2n+1Þ. Note that e − sh3 is invertible. Thus,
by the inequalities (12) and (16), we get

ν a2n+1, Guð Þ≼ e − sh3ð Þ−1 h1ν a2n, uð Þ + h2 + sh3ð Þν a2n, a2n+1ð Þ½ �
≼ e − sh3ð Þ−1 h1 e − shð Þ−1s2h2nν a0, a1ð Þ + h2 + sh3ð Þsh2nν a0, a1ð Þ� �

= e − sh3ð Þ−1 h1 e − shð Þ−1s2 + s h2 + sh3ð Þ� �
h2nν a0, a1ð Þ:

ð18Þ

By considering the inequalities (15) and (18), Lemma
2, (l4), and Lemma 5, (1), we conclude that Gu = u.
Now, in relation (3), set a = a2n+1 and b = u. Then, we get

ν a2n+2, Fuð Þ = ν Ga2n+1, Fuð Þ≼h1ν a2n+1, uð Þ
+ h2ν a2n+1, a2n+2ð Þ
+ sh3 ν a2n+1, a2n+2ð Þ + ν a2n+2, Fuð Þ½ �,

ð19Þ

which induces that ðe − sh3Þνða2n+2, FuÞ≼h1νða2n+1, uÞ
+ ðh2 + sh3Þνða2n+1, a2n+2Þ. Note that e − sh3 is invertible.
Thus, by the inequalities (12) and (15), we get

ν a2n+2, Fuð Þ≼ e − sh3ð Þ−1 h1ν a2n+1, uð Þ½
+ h2 + sh3ð Þν a2n+1, a2n+2ð Þ�

≼ e − sh3ð Þ−1 h1 e − shð Þ−1s2h2n+1ν a0, a1ð Þ�

+ h2 + sh3ð Þsh2n+1ν a0, a1ð Þ�

= e − sh3ð Þ−1 h1 e − shð Þ−1s2�

+ s h2 + sh3ð Þ�h2n+1ν a0, a1ð Þ:

ð20Þ

By considering the inequalities (16) and (20), Lemma
2, (l4), and Lemma 5, (1), we conclude that Fu = u. Con-
sequently, Fu =Gu = u; that is, u is a common fixed point
of F and G. Also, by using the relation (2), we have

ν u, uð Þ = ν Fu,Guð Þ≼h1ν u, uð Þ
+ h2ν u, Fuð Þ + h3ν u,Guð Þ

= h1 + h2 + h3ð Þν u, uð Þ,
ð21Þ

which induces that ðe − h1 − h2 − h3Þνðu, uÞ≼θ. Now,
notice that h1 + h2 + h3≼sh1 + sh2 + s2h3. Thus, by relation
(4), ðe − h1 − h2 − h3Þ is invertible. Hence, by Lemma 2, (l3),
we have νðu, uÞ = θ. Next, we prove that the common fixed
point of F and G is unique. Assume that v is another common
fixed point F and G. It follows from relation (2) that

ν u, vð Þ = ν Fu,Gvð Þ≼h1ν u, vð Þ
+ h2ν u, Fuð Þ + h3 u,Gvð Þ

= h1 + h3ð Þν u, vð Þ:
ð22Þ

Since h1 + h3≼sh1 + sh2 + s2h3 and by using relation (4),
we have νðu, vÞ = θ by Lemma 2, (l3). Also, it follows from
relation (3) that

ν v, uð Þ = ν Gv, Fuð Þ≼h1ν v, uð Þ
+ h2ν v,Gvð Þ + h3 v, Fuð Þ

= h1 + h3ð Þν v, uð Þ,
ð23Þ

which implies by the above procedure that νðv, uÞ = θ.
Now, by Lemma 6, we obtain u = v. Consequently, the com-
mon fixed point of F and G is unique. Here, the proof ends.

Corollary 8. Consider a generalized c-distance ν on a com-
plete cone b-metric space ðX, dÞ over a Banach algebra E.
Assume that two mappings F,G : X→X for every a, b ∈X
satisfy the following relations:

3Journal of Function Spaces



ν Fa,Gbð Þ≼h1ν a, bð Þ + h2ν a, Fað Þ,
ν Ga, Fbð Þ≼h1ν a, bð Þ + h2ν a,Gað Þ,

ð24Þ

where h1, h2 ∈ P with ρðsh1 + sh2Þ < 1. Then, F and G
have a unique common fixed point.

Proof. It is sufficient to set h3 = θ in Theorem 7.

Corollary 9. Consider a generalized c-distance ν on a com-
plete cone b-metric space ðX, dÞ over a Banach algebra E.
Assume that a mapping F : X→X for every a, b ∈X satisfies
the following relation:

ν Fa, Fbð Þ≼h1ν a, bð Þ + h2ν a, Fað Þ, ð25Þ

where h1, h2 ∈ P with ρðsh1 + sh2Þ < 1. Then, F has a
unique fixed point.

Proof. It follows by taking F =G in Corollary 8.

Corollary 10. Consider a generalized c-distance ν on a com-
plete cone b-metric space ðX, dÞ over a Banach algebra E.
Assume that a mapping F : X→X for every a, b ∈X satisfies
the following relation:

ν Fa, Fbð Þ≼h1ν a, bð Þ, ð26Þ

where h1 ∈ P with ρðh1Þ < 1/s. Then, F has a unique fixed
point.

Proof. It is sufficient to set h2 = θ in Corollary 9.

Example 11. Let X = ½0, 1�, E = C1
ℝ½0, 1� with the norm ∥f ∥

= ∥f ∥∞ + ∥f ′∥∞ and multiplication in E be just pointwise
multiplication. Then, E is a real Banach algebra with a unit
eðtÞ = 1 for all t ∈ ½0, 1�. Take a solid cone P = f f ∈E ∣ f ðtÞ
≥ 0 for all t ∈ ½0, 1�g and define the cone b-metric d : X ×X

→ P ⊆E by dða, bÞ = ja − bjs2t , where 2t ∈ P ⊂E and s = 2.
Consider a mapping ν : X ×X→E by νða, bÞðtÞ = b22t for
all a, b, t ∈X. Then, ν is a generalized c-distance in cone b
-metric space d over Banach algebra E. Take h1 = 2/121 + ð
3/121Þt and define the mapping F : X→X by

F að Þ =

ffiffiffi
2

p

11 a, a ∈ℚ ∩X,
ffiffiffi
2

p

12 a, otherwise:

8>>><
>>>:

ð27Þ

Clearly, F is not continuous. Also,

ρ sh1ð Þ = 10
121 < 1: ð28Þ

On the other hand, we have the following two cases:

(i) for all a ∈X and b ∈ℚ ∩X, we get

ν Fa, Fbð Þ tð Þ = Fbð Þ22t = 2
121 b

22t≼h1ν a, bð Þ tð Þ ð29Þ

(ii) for all a ∈X and b∈ℚ ∩X, we get

ν Fa, Fbð Þ tð Þ = Fbð Þ22t = 2
144 b

22t≼h1ν a, bð Þ tð Þ ð30Þ

That is, all hypotheses of Corollary 10 are held. Thus, F
has a unique fixed point at a = 0.

Corollary 12. Consider a generalized c-distance ν on a com-
plete cone b-metric space ðX, dÞ. Assume that two mappings
F,G : X→X for every a, b ∈X satisfy the following relations:

ν Fa,Gbð Þ≼h1ν a, bð Þ + h2ν a, Fað Þ + h3ν a,Gbð Þ,
ν Ga, Fbð Þ≼h1ν a, bð Þ + h2ν a,Gað Þ + h3ν a, Fbð Þ,

ð31Þ

where h1, h2, h3 ∈ P so that sðh1 + h2Þ + ðs2 + sÞh3 < 1.
Then, F and G have a unique common fixed point.

Proof. In Theorem 7, put ρðh1Þ = h1, ρðh2Þ = h2, and ρðh3Þ
= h3. The proof is evident.

Remark 13. In Theorem 7 and its corollaries, we take s = 1.
Then, we obtain the same Theorem 16 and its next corollaries
fromHan and Xu [19] regarding a c-distance ν over a Banach
algebra E. Also, these results generalize some main theorems
and its next corollaries in [1, 3, 12, 13, 15, 18, 20].

3. Conclusions

In this paper, we established several fixed point results for
two mappings F and G regarding a generalized c-distance ν
over a Banach algebra E. Notice that the class of these dis-
tances is bigger than the class of usual c-distances over the
same Banach algebra. Also, this class is not equivalent to
the class of wt-distances in b-metric spaces. Further, we
removed the continuity condition of the mappings F and G
in expressing our results.
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