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The paper deals with nonlinear elliptic differential equations subject to some boundary value conditions in a regular bounded
punctured domain. By means of properties of slowly regularly varying functions at zero and the Schauder fixed-point theorem,
we establish the existence of a positive continuous solution for the suggested problem. Global estimates on such solution, which
could blow up at the origin, are also obtained.

1. Introduction and Statement of Main Results

Consider the problem

−Δv zð Þ = p1 zð Þvα1 + p2 zð Þvα2 inΩ \ 0f g,
v > 0 inΩ \ 0f g,
lim
zj j⟶0

zj jN−2v zð Þ = 0,

v = 0 on ∂Ω,

8>>>>>><
>>>>>>:

ð1Þ

whereΩ be a bounded C1,1-domain inℝNðN ≥ 3Þ containing
0,α1, α2 < 1 and p1, p2 ∈ C+ðΩ \ f0gÞ satisfying some ade-
quate conditions. In this paper, we are interested in the study
of existence and global asymptotic behavior of positive
solutions for problem (1). In particular, as it will be seen,
the solution may blow up at the origin. The main feature of
this paper consists in the presence of the combined effects
of singular and sublinear terms in the nonlinearity. Our
approach combines properties of Karamata class and Kato
class (see [1–4]) with the Schauder fixed-point theorem.

In literature, many researches have studied similar
problems for both bounded and unbounded domains (see,
for example, [5–13] and the references therein).

In [12], Shi and Yao studied the problem

−Δv = λvr + b zð Þv−α inD,
v > 0 inD,
v = 0 on ∂D,

8>><
>>: ð2Þ

where D ⊂ℝNðN ≥ 2Þ is a bounded domain in ℝNðN ≥ 2Þ,
r, α ∈ ð0, 1Þ, and λ is a real parameter: The function b is
required to be in C2,γð�DÞ,γ ∈ ð0, 1Þ, with bðzÞ ≠ 0 in �D:
Under various assumptions on bðzÞ, they have proved
some existence results for λ belonging to a certain range.

If b ≡ 1, Colcite and Palmieri [14] showed that (2) has at
least one solution provided that λ ≥ 0 and r ∈ ð0, 1Þ: How-
ever, if r ≥ 1, they have also proved that there exists λ∗ > 0
such that (1.2) has a solution for λ ∈ ½0, λ∗Þ, and no solutions
exist if λ > λ∗:
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In [11], by combining monotonicity arguments with
variational techniques, Radulescu and Repovš studied the
competition between convex and concave nonlinearity and
variable potentials. They have proved that problem (2), with
−1 < α < 0 and r > 1, has a solution, provided that λ > 0 is
small enough.

In [7], Cîrstea et al. investigated the following bifurcation
problem:

−Δv = λf vð Þ + b zð Þg vð Þ inD,
v > 0 inD,
v = 0 on ∂D,

8>><
>>: ð3Þ

where D ⊂ℝNðN ≥ 2Þ is a bounded domain, λ ∈ℝ,b is a non-
negative Hölder function, and f is positive, continuous, and
nondecreasing function on ½0,∞Þ such that the mapping
f ðsÞ/s is nonincreasing in ð0,∞Þ: The nonnegative, contin-
uous nonlinearity g is assumed to fulfill the hypotheses:

g is nonincreasing on ð0,∞Þ with lim
s⟶0

gðsÞ = +∞:

There exist C0, η0 > 0 and α ∈ ð0, 1Þ so that gðsÞ ≤ C0s
−α,

∀s ∈ ð0, η0Þ:
They have proved the existence of a unique solution to

this problem.
If λ = 0, problem (3) becomes

−Δv = b zð Þg vð Þ inD,
v > 0 inD,
v = 0 on ∂D:

8>><
>>: ð4Þ

Many physical phenomena can be described by this kind
of problems, known as the Lane–Emden–Fowler equation,
see, for example, [7–9, 11, 15] and the references therein.

The study of such problems has been attracted by many
researches (see, for instance, [2, 16–25] and the references
therein).

In [18], Ghergu et al. considered the semilinear elliptic
equation

−Δv = vα log vj jβ inB \ 0f g, ð5Þ

where B is the the unit open ball in ℝN , with N ≥ 3,
N/N − 2 < α <N + 2/N − 2, and −∞ < β <∞: They have
proved that the nonnegative solution v ∈ C2ðB \ f0gÞ of the
above equation either has a removable singularity at the
origin or it behaves like

v zð Þ = A 1 + o 1ð Þð Þ zj j− 2
α−1 log 1

zj j
� �− β

α−1
as z⟶ 0, ð6Þ

with A = ½ð2/α − 1Þ1−βðN − 2 − 2/α − 1Þ�1/α−1:

In [25], Zhao et al. investigated the problem

Δv + 1
2 vΔv

2 − b− vj jr−2v + b+ vj js−2v = 0 inD,

v = 0 on ∂D,

8<
: ð7Þ

where D ⊂ℝN ,N ≥ 3, is a bounded smooth domain, r > 4,
4 < s < 4N/N − 2, and b± ∈ C+ð�DÞ:

Using variational techniques, they have proved the exis-
tence of infinitely many solutions.

Quoirin andUmezu [20] dealt with the following concave-
convex problems under Neumann boundary conditions

−Δv = vj jr−2v inD,
∂v
∂n = λb zð Þ vj js−2v on ∂D,

8><
>: ð8Þ

where D is a bounded and smooth domain of ℝNðN ≥ 2Þ,
1 < s < 2 < r,λ > 0, and r ∈ C1+αð∂DÞ for some α ∈ ð0, 1Þ:

They have proved that
Ð
∂Db < 0 is a necessary and suffi-

cient condition for the existence of nontrivial nonnegative
solutions of this problem.

In our analysis, we shall extensively use the class of slowly
regularly varying functions at zero introduced by Karamata
in [26] as follows.

Definition 1. A measurable function M : ð0, ηÞ⟶ ð0,∞Þ,
η > 0, is said to be slowly varying at zero if MðsÞ is repre-
sented in the form

M sð Þ≔ c exp
ðη
s

w rð Þ
r

dr
� �

, ð9Þ

where c > 0 and w ∈ Cð½0, η�Þ with wð0Þ = 0:

The set of slowly varying at zero (called also Karamata
class) is denoted byK : It is clear thatM belongs to the class
K if and only if M is a positive function in C1ðð0, ηÞÞ, for
some η > 0, with

lim
s⟶0+

sM′ sð Þ
M sð Þ = 0: ð10Þ

Typical examples of slowly varying functions at zero, also
used as weight functions (see, [27, 28]), are

Π
j=1

n
logj

ρ

s

� �� �ζ j , ð11Þ

where ρ is a positive real number, ζk ∈ℝ and logjs = log ∘
log ∘ ⋯ ∘ log ðsÞ (j-times). For more examples, we refer the
reader to [1, 3, 4].

The Karamata class has been frequently used in describ-
ing the asymptotic analysis of solutions (see, for examples,
[29–33] and the subsequent papers [5, 6, 15, 34–44]).

To simplify our statements in this paper, we need some
notations.

2 Journal of Function Spaces



(i) d≔ diamðΩÞ and δΩðzÞ = dðz, ∂ΩÞ denote the
Euclidean distance from z to ∂Ω

(ii) η denotes a positive real number such that η > d
(iii) For α < 1,ν ≤N + ð2 −NÞα,λ ≤ 2, and L,L ∈K

defined on ð0, ηÞ, such that

ðη
0
rN+ 2−Nð Þα−ν−1L rð Þdr <∞ and

ðη
0
r1−λL rð Þdr <∞ ð12Þ

define the functions ΦL,ν,αðsÞ and ΨL ,λ,αðsÞ, for s ∈ ð0, ηÞ by

ΦL,ν,α sð Þ =

1, if ν < 2,ðη
s

L rð Þ
r

dr
� � 1

1−α
, if ν = 2,

L sð Þð Þ 1
1−α, if 2 < ν <N + 2 −Nð Þα,ðs

0

L rð Þ
r

dr
� � 1

1−α
, if ν =N + 2 −Nð Þα,

8>>>>>>>>>><
>>>>>>>>>>:

ΨL ,λ,α sð Þ =

1, if λ < 1 + α,ðη
s

L rð Þ
r

dr
� � 1

1−α
, if λ = 1 + α,

L sð Þð Þ 1
1−α, if 1 + α < λ < 2,ðs

0

L rð Þ
r

dr
� � 1

1−α
, if λ = 2:

8>>>>>>>>>><
>>>>>>>>>>:

ð13Þ

(iv) BðΩÞ (resp., B+ðΩÞ) denotes the collection of
all (resp., nonnegative) Borel measurable func-
tions in Ω

(v) For f , g ∈B+ðΩÞ, we say f ≈ g in Ω, if there
exists c > 0 such that ð1/cÞf ðzÞ ≤ gðzÞ ≤ cf ðzÞ, for
all z ∈Ω

C0 �Ω
� �

= v ∈ C �Ω
� �

: lim
z⟶ξ∈∂Ω

v zð Þ = 0
� 	

ð14Þ

(vi) GΩ denotes Green’s function of the Laplace opera-
tor in Ω with Dirichlet conditions

(vii) For f ∈B+ðΩÞ, we set

Vf zð Þ =
ð
Ω

GΩ z, yð Þf yð Þdy ð15Þ

(viii) From ([45], Lemma 9), we know that for any func-
tion f ∈B+ðΩÞ such that f ∈ L1locðΩÞ and Vf ∈
L1locðΩÞ, we have

−Δ Vfð Þ = f , inΩ in the distributional senseð Þ ð16Þ

(ix) The letter c will denote a positive constant which
may vary from line to line

In [46], the authors investigated the problem

−Δv zð Þ = b zð Þvα zð Þ, z ∈Ω \ 0f g,
v > 0, inΩ \ 0f g,
lim
zj j⟶0

zj jN−2v zð Þ = 0,

v zð Þ = 0, z ∈ ∂Ω,

8>>>>>><
>>>>>>:

ð17Þ

where α < 1 and b are a positive continuous function in Ω \
f0g satisfying

b zð Þ ≈ zj j−νL zj jð Þ δΩ zð Þð Þ−λL δΩ zð Þð Þ, for z ∈Ω \ 0f g, ð18Þ

where α < 1,ν ≤N + ð2 −NÞα,λ ≤ 2, and L,L ∈K defined on
ð0, ηÞ such that (12) is fulfilled.

They have proved that problem (17) has at least one
positive continuous solution v on �Ω \ f0g satisfying

v zð Þ ≈ zj jmin 0,2−ν1−αð ÞΦL,ν,α zj jð Þ δΩ zð Þð Þmin 1,2−λ1−αð ÞΨL ,λ,α δΩ zð Þð Þ:
ð19Þ

In this paper, we aim at generalizing the results obtained
in [46] to problem (1).

To this end, we make the following hypothesis:
ðHÞ For i ∈ f1, 2g,pi is a positive continuous functions in

Ω \ f0g satisfying

pi zð Þ ≈ zj j−νi Li zj jð Þ δΩ zð Þð Þ−λiL i δΩ zð Þð Þ, ð20Þ

where αi < 1,νi ≤N + ð2 −NÞαi,λi ≤ 2, and Li,L i ∈K
defined on ð0, ηÞ such that

ðη
0
rN+ 2−Nð Þαi−νi−1Li rð Þdr <∞ and

ðη
0
r1−λiL i rð Þdr <∞: ð21Þ

We may assume that

2 − ν1
1 − α1

≤
2 − ν2
1 − α2

and 2 − λ1
1 − α1

≤
2 − λ2
1 − α2

: ð22Þ

For i ∈ f1, 2g, we denote by

σi ≔min 0, 2 − νi
1 − αi

� �
andβi ≔min 1, 2 − λi

1 − αi

� �
: ð23Þ

Define the function θ on �Ω \ f0g as follows.
If σ1 < σ2 and β1 < β2, then

θ zð Þ = zj jσ1ΦL1,ν1,α1 zj jð Þ δΩ zð Þð Þβ1ΨL1,λ1,α1 δΩ zð Þð Þ: ð24Þ
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If σ1 < σ2 and β1 = β2, then

θ zð Þ = zj jσ1ΦL1,ν1,α1 zj jð Þ δΩ zð Þð Þβ1 ΨL1,λ1,α1 +ΨL2,λ2,α2
� �

δΩ zð Þð Þ:
ð25Þ

If σ1 = σ2 and β1 < β2, then

θ zð Þ = zj jσ1 ΦL1,ν1,α1 zj jð Þ +ΦL2,ν2,α2 zj jð Þ� �
δΩ zð Þð Þβ1ΨL1,λ1,α1 δΩ zð Þð Þ:

ð26Þ

If σ1 = σ2 and β1 = β2, then

θ zð Þ = zj jσ1 ΦL1,ν1,α1 zj jð Þ +ΦL2,ν2,α2 zj jð Þ� �
× δΩ zð Þð Þβ1 ΨL1,λ1,α1 +ΨL2,λ2,α2

� �
δΩ zð Þð Þ:

ð27Þ

By using properties of slowly regularly varying functions
at zero, we prove the following results.

Theorem 2. Under hypothesis ðHÞ, we have for z ∈ �Ω \ f0g,

V pð Þ zð Þ ≈ θ zð Þ, ð28Þ

where pðzÞ≔ p1ðzÞθα1ðzÞ + p2ðzÞθα2ðzÞ:

Theorem 3. Assume that hypothesis ðHÞ is satisfied: Then,
problem (1) admits a solution v on C+ð�Ω \ f0gÞ satisfying

v zð Þ ≈ θ zð Þ: ð29Þ

Remark 4.

(i) Theorem 3 generalizes the main result in [46]:

(ii) For ν1 > 2, we have lim
jzj⟶0

vðzÞ =∞

(iii) lim
jzj⟶0

jzjN−2θðzÞ = 0, where θ is the function given by

(24), (25), (26), and (27).

The paper is organized as follows. In Section 2, we recall
some fundamental properties of functions belonging to the
Karamata class, and we prove Theorem 2. In Section 3, we
prove Theorem 3 by means of the Schauder fixed-point
theorem.

2. Karamata Class and Proof of Theorem 2

2.1. Basic Properties of Karamata Class

Lemma 5 (See [1, 3, 4]). If M1,M2 ∈K , then

(i) For every c ≥ 0 and r ∈ℝ,

M1 + cM2,M1M2, andMr
1 are also inK : ð30Þ

(ii) For every ε>0,

lim
s⟶0+

sεM1 sð Þ = 0 and lim
s⟶0+

s−εM1 sð Þ =∞: ð31Þ

Lemma 6 (Asymptotic behavior, see [1, 3, 4]). IfM ∈K , then

(i) For every γ > −1,Ð η0rγMðrÞdr converges and

ðs
0
rγM rð Þdr ~

s⟶0+

s1+γM sð Þ
1 + γ

: ð32Þ

(ii) For every γ < −1,
Ð η
0r

γMðrÞdr diverges and

ðη
s
rγM rð Þdr ~

s⟶0+
−
s1+γM sð Þ
1 + γ

: ð33Þ

Lemma 7 (See [4, 6]). Let M ∈K , then

(i) s↦
Ð η
s ðMðrÞ/rÞdr belongs to K and

lim
s⟶0+

M sð ÞÐ η
s M rð Þ/rð Þdr = 0: ð34Þ

(ii) If
Ð η
0ðMðrÞ/rÞdr <∞, then s↦ Ð s

0ðMðrÞ/rÞdr belongs
to K and

lim
s⟶0+

M sð ÞÐ s
0 M rð Þ/rð Þdr = 0: ð35Þ

2.2. Proof of Theorem 2. The next Proposition, which follows
from ([46], Proposition 2.12), will be used.

Proposition 8. Let ≤N ,ζ ≤ 2, and M1, M2 ∈K such that

ðη
0
rN−γ−1M1 rð Þdr <∞ and

ðη
0
r1−ζM2 rð Þdr <∞: ð36Þ

Then for z ∈Ω \ f0g,

Vh zð Þ ≈ zj jmin 0,2−γð ÞΦM1,γ,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζð ÞΨM2 ,ζ,0 δΩ zð Þð Þ,
ð37Þ

where hðzÞ≔ jzj−γM1ðjzjÞðδΩðzÞÞ−ζM2ðδΩðzÞÞ:

We recall that for i ∈ f1, 2g,pi ∈ C+ðΩ \ f0gÞ satisfying

pi zð Þ ≈ zj j−νi Li zj jð Þ δΩ zð Þð Þ−λiL i δΩ zð Þð Þ, ð38Þ
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where αi < 1,νi ≤N + ð2 −NÞαi,λi ≤ 2, and Li,L i ∈K
defined on ð0, ηÞ such that (21) is fulfilled.

We aim at proving that on Ω \ f0g,

V pð Þ zð Þ ≈ θ zð Þ, ð39Þ

where pðzÞ≔ p1ðzÞθα1ðzÞ + p2ðzÞθα2ðzÞ and the function θ
given by (24), (25), (26), and (27):

Throughout the proof, we will apply Lemma 5 and
Lemma 7 to verify that some functions are in K :

We distinguish the following cases:

Case 9. If σ1 < σ2 and β1 < β2, then for z ∈Ω \ f0g,

θ zð Þ = zj jσ1ΦL1,ν1,α1 zj jð Þ δΩ zð Þð Þβ1ΨL1,λ1,α1 δΩ zð Þð Þ: ð40Þ

Therefore,

p zð Þ ≈ zj j−ν1+σ1α1 L1Φ
α1
L1,ν1,α1

� �
zj jð Þ δΩ zð Þð Þ−λ1+β1α1

� L1Ψ
α1
L1,λ1,α1

� �
δΩ zð Þð Þ + zj j−ν2+σ1α2 L2Φ

α2
L1,ν1,α1

� �
� zj jð Þ δΩ zð Þð Þ−λ2+β1α2 L2Ψ

α2
L1,λ1,α1

� �
δΩ zð Þð Þ:

ð41Þ

Since σ1 < σ2 and β1 < β2, we deduce by Lemma 5 that

p zð Þ ≈ zj j−ν1+σ1α1 L1Φ
α1
L1,ν1,α1

� �
zj jð Þ δΩ zð Þð Þ−λ1+β1α1

� L1Ψ
α1
L1,λ1,α1

� �
δΩ zð Þð Þ:

ð42Þ

Using Lemma 6 (i), (21), and Proposition 8 with γ = ν1 −
σ1α1,ζ = λ1 − β1α1,M1 = L1Φ

α1
L1,ν1,α1 , and M2 =L1Ψ

α1
L1,λ1,α1 ,

we obtain for z ∈Ω \ f0g,

Vp zð Þ ≈ zj jmin 0,2−γð ÞΦM1,γ,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζð ÞΨM2,ζ,0 δΩ zð Þð Þ:
ð43Þ

Since min ð0, 2 − γÞ = σ1 and min ð1, 2 − ζÞ = β1, we
deduce that

Vp zð Þ ≈ zj jσ1ΦM1,γ,0 zj jð Þ δΩ zð Þð Þβ1ΨM2,ζ,0 δΩ zð Þð Þ: ð44Þ

Now, by using a simple computation, we obtain for z
∈Ω \ f0g,

ΦM1,γ,0 zj jð Þ ≈ΦL1,ν1,α1 zj jð Þ andΨM2,ζ,0 δΩ zð Þð Þ ≈ΨL1,λ1,α1 δΩ zð Þð Þ:
ð45Þ

Combining this fact with (44), we obtain for z ∈Ω \ f0g,

Vp zð Þ ≈ θ zð Þ: ð46Þ

Case 10. If σ1 < σ2 and β1 = β2, then for z ∈Ω \ f0g,

θ zð Þ = zj jσ1ΦL1,ν1,α1 zj jð Þ δΩ zð Þð Þβ1 ΨL1,λ1,α1 +ΨL2,λ2,α2
� �

δΩ zð Þð Þ:
ð47Þ

In this case,

p zð Þ ≈ zj j−ν1+σ1α1 L1Φ
α1
L1,λ1,α1

� �
zj jð Þ × δΩ zð Þð Þ−λ1+β1α1

� L1: ΨL1,λ1,α1 +ΨL2,λ2,α2
� �α1
 �

δΩ zð Þð Þ + zj j−ν2+σ1α2

� L2Φ
α2
L1,λ1,α1

� �
zj jð Þ × δΩ zð Þð Þ−λ2+β2α2

� L2: ΨL1,λ1,α1 +ΨL2,λ2,α2
� �α2
 �

δΩ zð Þð Þ:
ð48Þ

Since σ1 < σ2 and β1 = β2, we deduce that

p zð Þ ≈ zj j−ν1+σ1α1 L1Φ
α1
L1,λ1,α1

� �
zj jð Þ × δΩ zð Þð Þ−λ1+β1α1

� L1: ΨL1,λ1,α1 +ΨL2,λ2,α2
� �α1
 �

δΩ zð Þð Þ + zj j−ν1+σ1α1
� L1Φ

α1
L1,λ1,α1

� �
zj jð Þ × δΩ zð Þð Þ−λ2+β2α2

� L2: ΨL1,λ1,α1 +ΨL2,λ2,α2
� �α2
 �

δΩ zð Þð Þ
= b1 zð Þ + b2 zð Þ:

ð49Þ

Applying again Proposition 8 with γ = ν1 − σ1α1,
ζ1 = λ1 − β1α1,M1 = L1Φ

α1
L1,ν1,α1 and M2 =L1 × ðΨL1,λ1,α1 +

ΨL2,λ2,α2Þ
α1 , we obtain for z ∈Ω \ f0g,

Vb1 zð Þ ≈ zj jmin 0,2−γð ÞΦM1,γ,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζ1ð ÞΨM2,ζ1,0 δΩ zð Þð Þ:
ð50Þ

Similarly, by using Proposition 8 with γ = ν1 − σ1α1,ζ2 =
λ2 − β2α2,M1 = L1Φ

α1
L1,ν1,α1 , and M2 =L2 × ðΨL1,λ1,α1 +

ΨL2,λ2,α2Þ
α2 , we obtain for z ∈Ω \ f0g,

Vb2 zð Þ ≈ zj jmin 0,2−γð ÞΦM1,γ,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζ2ð ÞΨM2,ζ2,0 δΩ zð Þð Þ:
ð51Þ

Hence,

Vp zð Þ ≈Vb1 zð Þ + Vb2 zð Þ
≈ zj jmin 0,2−γð ÞΦM1,γ,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζ1ð ÞΨM2,ζ1,0

� δΩ zð Þð Þ + zj jmin 0,2−γð ÞΦM1,γ,0 zj jð Þ
� δΩ zð Þð Þmin 1,2−ζ2ð ÞΨM2,ζ2,0 δΩ zð Þð Þ:

ð52Þ

Using the fact that min ð0, 2 − γÞ = σ1 and min ð1, 2 − ζ1Þ
= β1 = β2 = min ð1, 2 − ζ2Þ, we deduce that
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Vp zð Þ ≈ zj jσ1ΦM1,γ,0 zj jð Þ δΩ zð Þð Þβ1ΨM2,ζ1,0

� δΩ zð Þð Þ + zj jσ1ΦM1,γ,0 zj jð Þ δΩ zð Þð Þβ1ΨM2,ζ2,0 δΩ zð Þð Þ:
ð53Þ

Using Lemma 7, ([6], Lemmas 8 and 9) and a simple
computation, we deduce that

ΦM1,γ,0 zj jð Þ ≈ΦL1,ν1,α1 zj jð Þ
and
ΨM2,ζ1,0 +ΨM2,ζ2,0
� �

δΩ zð Þð Þ ≈ ΨL1,λ1,α1 +ΨL2,λ2,α2
� �

δΩ zð Þð Þ:

8>><
>>:

ð54Þ

Hence,

Vp zð Þ ≈ zj jσ1ΦL1,ν1,α1 zj jð Þ δΩ zð Þð Þβ1 ΨL1,λ1,α1 +ΨL2,λ2,α2
� �

� δΩ zð Þð Þ = θ zð Þ:
ð55Þ

Case 11. If σ1 = σ2 and β1 < β2, then for z ∈Ω \ f0g,

θ zð Þ = zj jσ1 ΦL1,ν1,α1 zj jð Þ +ΦL2,ν2,α2 zj jð Þ� �
δΩ zð Þð Þβ1ΨL1,λ1,α1 δΩ zð Þð Þ:

ð56Þ

Therefore,

p zð Þ ≈ zj j−ν1+σ1α1 L1: ΦL1,ν1,α1 +ΦL2,ν2,α2
� �α1
 �

zj jð Þ
× δΩ zð Þð Þ−λ1+β1α1 L1: ΨL1,λ1,α1

� �α1
 �
δΩ zð Þð Þ

+ zj j−ν2+σ1α2 L2: ΦL1,ν1,α1 +ΦL2,ν2,α2
� �α2
 �

zj jð Þ
× δΩ zð Þð Þ−λ2+β1α2 L2: ΨL1,λ1,α1

� �α2
 �
δΩ zð Þð Þ:

ð57Þ

Since σ1 = σ2 and β1 < β2, we deduce that

p zð Þ ≈ zj j−ν1+σ1α1 L1: ΦL1,ν1,α1 +ΦL2,ν2,α2
� �α1
 �

zj jð Þ
× δΩ zð Þð Þ−λ1+β1α1 L1: ΨL1,λ1,α1

� �α1
 �
δΩ zð Þð Þ

+ zj j−ν2+σ2α2 L2: ΦL1,ν1,α1 +ΦL2,ν2,α2
� �α2
 �

zj jð Þ
× δΩ zð Þð Þ−λ1+β1α1 L1: ΨL1,λ1,α1

� �α1
 �
δΩ zð Þð Þ

= b1 zð Þ + b2 zð Þ:

ð58Þ

Using Proposition 8 with γ1 = ν1 − σ1α1,ζ = λ1 − β1α1,
M1 = L1:ðΦL1,ν1,α1 +ΦL2,ν2,α2Þ

α1 , and M2 =L1:ðΨL1,λ1,α1Þ
α1 ,

we obtain for z ∈Ω \ f0g,

Vb1 zð Þ ≈ zj jmin 0,2−γ1ð ÞΦM1,γ1,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζ1ð ÞΨM2,ζ,0 δΩ zð Þð Þ:
ð59Þ

Similarly, by using Proposition 8 with γ2 = ν2 − σ2α2,
ζ = λ1 − β1α1,M1 = L2:ðΦL1,ν1,α1 +ΦL2,ν2,α2Þ

α2 , and M2 =L1:
ðΨL1,λ1,α1Þ

α1 , we obtain for z ∈Ω \ f0g,

Vb2 zð Þ ≈ zj jmin 0,2−γ2ð ÞΦM1,γ2,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζð ÞΨM2,ζ,0 δΩ zð Þð Þ:
ð60Þ

Since min ð0, 2 − γ1Þ = σ1 = σ2 = min ð0, 2 − γ2Þ and min
ð1, 2 − ζÞ = β1, we deduce that

Vp zð Þ ≈ Vb1 zð Þ +Vb2 zð Þ
≈ zj jσ1 ΦM1,γ1,0 zj jð Þ +ΦM1,γ2,0 zj jð Þ

� �
� δΩ zð Þð Þβ1ΨM2,ζ,0 δΩ zð Þð Þ:

ð61Þ

By using similar arguments as in the proof of Case 10, we
deduce that

ΦM1,γ1,0 +ΦM1,γ2,0
� �

zj jð Þ ≈ ΦL1,ν1,α1 +ΦL2,ν2,α2
� �

zj jð Þ
and
ΨM2,ζ,0 δΩ zð Þð Þ ≈ΨL1,λ1,α1 δΩ zð Þð Þ:

8>>><
>>>:

ð62Þ

Hence,

Vp zð Þ ≈ θ zð Þ: ð63Þ

Case 12. If σ1 = σ2 and β1 = β2, then

θ zð Þ = zj jσ1 ΦL1,ν1,α1 zj jð Þ +ΦL2,ν2,α2 zj jð Þ� �
× δΩ zð Þð Þβ1

� ΨL1,λ1,α1 +ΨL2,λ2,α2
� �

δΩ zð Þð Þ:
ð64Þ

In this case,

p zð Þ ≈ zj j−ν1+σ1α1 L1: ΦL1,ν1,α1 +ΦL2,ν2,α2
� �α1
 �

zj jð Þ
× δΩ zð Þð Þ−λ1+β1α1 L1: ΨL1,λ1,α1 +ΨL2,λ2,α2

� �α1
 �
� δΩ zð Þð Þ + zj j−ν2+σ2α2 L2: ΦL1,ν1,α1 +ΦL2,ν2,α2

� �α2
 �
zj jð Þ

× δΩ zð Þð Þ−λ2+β2α2 L2: ΨL1,λ1,α1 +ΨL2,λ2,α2
� �α2
 �

δΩ zð Þð Þ
= b1 zð Þ + b2 zð Þ:

ð65Þ

Now, by using Proposition 8 with γ1 = ν1 − σ1α1,
ζ1 = λ1 − β1α1,M1 = L1:ðΦL1,ν1,α1 +ΦL2,ν2,α2Þ

α1 , and M2 =L1
:ðΨL1,λ1,α1 +ΨL2,λ2,α2Þ

α1 , we obtain for z ∈Ω \ f0g,

Vb1 zð Þ ≈ zj jmin 0,2−γ1ð ÞΦM1,γ1,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζ1ð ÞΨM2,ζ1,0 δΩ zð Þð Þ:
ð66Þ

By applying again Proposition 8 with γ2 = ν2 − σ2α2,
ζ2 = λ2 − β2α2,M1 = L2:ðΦL1,ν1,α1 +ΦL2,ν2,α2Þ

α2 , and M2 =L2
:ðΨL1,λ1,α1 +ΨL2,λ2,α2Þ

α2 , we obtain for z ∈Ω \ f0g,
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Vb2 zð Þ ≈ zj jmin 0,2−γ2ð ÞΦM1,γ2,0 zj jð Þ δΩ zð Þð Þmin 1,2−ζ2ð ÞΨM2,ζ2,0 δΩ zð Þð Þ:
ð67Þ

Since min ð0, 2 − γ1Þ = σ1 = σ2 = min ð0, 2 − γ2Þ and min
ð1, 2 − ζ1Þ = β1 = β2 = min ð1, 2 − ζ2Þ, we deduce that

Vp zð Þ ≈ zj jσ1 δΩ zð Þð Þβ1
h
ΦM1,γ1,0 zj jð ÞΨM2,ζ1,0 δΩ zð Þð Þ

+ΦM1,γ2,0 zj jð ÞΨM2,ζ2,0 δΩ zð Þð Þ
i

≈ zj jσ1 δΩ zð Þð Þβ1 ΦM1,γ1,0 +ΦM1,γ2,0
� �

zj jð Þ
� ΨM2,ζ1,0 +ΨM2,ζ2,0
� �

δΩ zð Þð Þ:

ð68Þ

As in the proof of Case 11 and Case 10, we deduce that

ΦM1,γ1,0 +ΦM1,γ2,0
� �

zj jð Þ ≈ ΦL1,ν1,α1 +ΦL2,ν2,α2
� �

zj jð Þ
and
ΨM2,ζ1,0 +ΨM2,ζ2,0
� �

δΩ zð Þð Þ ≈ ΨL1,λ1,α1 +ΨL2,λ2,α2
� �

δΩ zð Þð Þ:

8>>><
>>>:

ð69Þ

That is

Vp zð Þ ≈ θ zð Þ: ð70Þ

The proof is completed.

3. Kato Class and Proof of Theorem 3

3.1. Kato Class KðΩÞ. From [24], we recall that Green’s
function GΩðz, yÞ satisfied

GΩ z, yð Þ ≈ 1
z − yj jN−2 min 1, δΩ zð ÞδΩ yð Þ

z − yj j2
� 	

, z, y ∈Ω:

ð71Þ

Definition 13. A Borel measurable function q in Ω is in the
Kato class KðΩÞ if

lim
s⟶0

sup
z∈Ω

ð
Ω∩B z,sð Þ

δΩ yð Þ
δΩ zð ÞGΩ z, yð Þ ∣ q yð Þ ∣ dy

 !
: ð72Þ

Note that this class KðΩÞ was introduced in [2] and
properly contains the usual Kato class KNðΩÞ defined
(see, [24, 47]) as

KN Ωð Þ = q ∈B Ωð Þ, lim
s⟶0

sup
z∈Ω

ð
Ω∩B z,sð Þ

1
z − yj jN−2 ∣ q yð Þ ∣ dy

 !
= 0

( )
:

ð73Þ

Proposition 14 (See [46], Proposition 2.8). For i ∈ f1, 2g,
let Mi ∈K and λi ∈ℝ: The following properties are
equivalent:

(i) The function z↦ jzj−λ1M1ðjzjÞðδΩðzÞÞ−λ2M2ðδΩ
ðzÞÞ is in KðΩÞ

(ii)
Ð η
0r

1−λiMiðrÞdr <∞, for i ∈ f1, 2g
(iii) λi < 2 or λi = 2with

Ð η
0ðMiðrÞ/rÞdr <∞, for i ∈ f1, 2g

As a consequence of the above Proposition, hypothesis
ðHÞ, Lemma 5, and Lemma 6 (i), we obtain the following.

Corollary 15. Assume that hypothesis ðHÞ is satisfied and let

p zð Þ≔ p1 zð Þθα1 zð Þ + p2 zð Þθα2 zð Þ, ð74Þ

where the function θ is given by (24), (25), (26), and (27):
Then, the function z⟶ jzjN−2pðzÞ ∈ KðΩÞ:

Proposition 16 (See [46], Proposition 2.5). Let q ∈ KðΩÞwith
q ≥ 0: Then, the family

Λq = z⟶ zj jN−2
ð
Ω

GΩ z, yð Þ yj j2−N f yð Þdy, fj j ≤ q
� 	

ð75Þ

is uniformly bounded and equicontinuous in �Ω: Conse-
quently, Λq is relatively compact in C0ð�ΩÞ:
3.2. Proof of Theorem 3. Assume that hypothesis ðHÞ is sat-
isfied and let θ be the function given by (24), (25), (26),
and (27):

By Theorem 2, there exists M > 1 such that for each
Ω \ f0g,

1
M

Vp zð Þ ≤ θ zð Þ ≤MVp zð Þ, ð76Þ

where pðzÞ is given by (74).
Put α =max ðjα1j, jα2jÞ,c0 =Mα/1−α, and consider the set

S = w ∈ C0 �Ω
� �

: 1
c0

zj jN−2Vp zð Þ ≤w zð Þ ≤ c0 zj jN−2Vp zð Þ
� 	

:

ð77Þ

By Corollary 15 and Proposition 16, it follows that
z⟶ jzjN−2VpðzÞ ∈ C0ð�ΩÞ. So, S ≠∅, closed, bounded,
and convex set in C0ð�ΩÞ:

For w ∈ S, set

Fw zð Þ = zj jN−2
ð
Ω

GΩ z, yð Þ
h
p1 yð Þ yj j 2−Nð Þα1wα1 yð Þ

+ p2 yð Þ yj j 2−Nð Þα2wα2 yð Þ
i
dy:

ð78Þ

By using (76), for all w ∈ S, we have

p1 zð Þ zj j 2−Nð Þα1wα1 zð Þ + p2 zð Þ zj j 2−Nð Þα2wα2 zð Þ
��� ��� ≤ c0 zj j2−Nq zð Þ,

ð79Þ
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where qðzÞ = jzjN−2pðzÞ, which belongs to KðΩÞ by Corollary
15. Hence, by Proposition 16, the family of functions
fz⟶ FwðzÞ,w ∈ Sg is relatively compact in C0ð�ΩÞ:

Next, we aim at proving that FðSÞ ⊂ S:
Indeed, by using (76), for all w ∈ S, we have

Fw zð Þ = zj jN−2
ð
Ω

GΩ z, yð Þ
h
p1 yð Þ yj j 2−Nð Þα1wα1 yð Þ

+ p2 yð Þ yj j 2−Nð Þα2wα2 yð Þ
i
dy

≤ zj jN−2
ð
Ω

GΩ z, yð Þ½p1 yð Þcα0Mαθα1 yð Þ

+ p2 yð Þcα0Mαθα2 yð Þ�dy = c0 zj jN−2Vp zð Þ:

ð80Þ

On the other hand,

Fw zð Þ = zj jN−2
ð
Ω

GΩ z, yð Þ
h
p1 yð Þ yj j 2−Nð Þα1wα1 yð Þ

+ p2 yð Þ yj j 2−Nð Þα2wα2 yð Þ
i
dy

≥ zj jN−2
ð
Ω

GΩ z, yð Þ½p1 yð Þc−α0 M−αθα1 yð Þ

+ p2 yð Þc−α0 M−αθα2 yð Þ�dy = 1
c0

zj jN−2Vp zð Þ:

ð81Þ

Hence, FðSÞ ⊂ S:
Next, we shall prove the continuity of F in the supremum

norm. Let ðwkÞk be a sequence in Swhich converges tow in S:
For each z ∈Ω, we have

Fwk zð Þ − Fw zð Þj j ≤
ð
Ω

GΩ z, yð Þ
h
p1 yð Þ yj j 2−Nð Þα1 wα1

k yð Þ −wα1 yð Þ�� ��
+ p2 yð Þ yj j 2−Nð Þα2 wα2

k yð Þ −wα2 yð Þ�� ��idy:
ð82Þ

Since from (79), we have

jp1 yð Þ yj j 2−Nð Þα1 wα1
k yð Þ −wα1 yð Þ�� ��

+ p2 yð Þ yj j 2−Nð Þα2 wα2
k yð Þ −wα2 yð Þ�� ��j ≤ c0 yj j2−Nq yð Þ,

ð83Þ

and we deduce by Proposition 16 and the dominated conver-
gence theorem that for all z ∈Ω, lim

k⟶∞
FwkðzÞ = FwðzÞ:

Since FðSÞ is relatively compact in C0ð�ΩÞ, then lim
k⟶∞

F

wkðzÞ = FwðzÞ uniformly. Thus, we have proved that F is a
compact mapping from S to itself.

So, by the Schauder fixed-point theorem, there exists a
function w ∈ S such that

w zð Þ = zj jN−2
ð
Ω

GΩ z, yð Þ
h
p1 yð Þ yj j 2−Nð Þα1wα1 yð Þ

+ p2 yð Þ yj j 2−Nð Þα2wα2 yð Þ
i
dy:

ð84Þ

Put vðzÞ = jzj2−NwðzÞ: Then, v ∈ Cð�Ω \ f0gÞ and satisfies
the equation

v zð Þ =V p1v
α1 + p2v

α2ð Þ zð Þ, for z ∈ �Ω \ 0f g: ð85Þ

Since the function y↦ ψðyÞ≔ p1ðyÞvα1ðyÞ + p2ðyÞvα2ðyÞ
∈ L1locðΩ \ f0gÞ and from (85) the function z↦ VðψÞðzÞ ∈
L1locðΩ \ f0gÞ, we deduce by (16) that

−Δv zð Þ = p1 zð Þvα1 zð Þ + p2 zð Þvα2 zð Þ, z ∈Ω \ 0f g: ð86Þ

By (76), we deduce that

M
−1
1−αθ zð Þ ≤ v zð Þ ≤M

1
1−αθ zð Þ: ð87Þ

Using (87), Remark 4 (iii), and the fact that w ∈ S, we
obtain

lim
zj j⟶0

zj jN−2v zð Þ = 0 and lim
z⟶∂Ω

v zð Þ = 0: ð88Þ

So, v is a solution of problem (1) satisfying (29).

Example 17. Let α1 < 0 < α2 < 1. Consider p1, p2 ∈ CðΩ \ f0gÞ
such that

p1 zð Þ ≈ zj j−ν1 log 4d
zj j

� �� �−α
δΩ zð Þð Þ−2 log 4d

δΩ zð Þ
� �� �−2

,

ð89Þ

p2 zð Þ ≈ zj j−ν2 log 4d
zj j

� �� �−α

δΩ zð Þð Þ−λ2 log 4d
δΩ zð Þ
� �� �−ζ

,

ð90Þ
where νi <N + ð2 −NÞαi with 2 − ν1/1 − α1 ≤ 2 − ν2/1 − α2,
λ2 < 2,α ∈ ð0, 1Þ, and ζ ∈ℝ: Then, by Theorem 3, problem
(1) has at least one positive solution v ∈ Cð�Ω \ f0gÞ satisfying
the following estimates:

(i) If 2 < ν1 <N + ð2 −NÞα1, then for z ∈Ω \ f0g,

v zð Þ ≈ zj j
2−ν1
1−α1 log 4d

zj j
� �� � −α

1−α1 log 4d
δΩ zð Þ
� �� � −1

1−α1

ð91Þ

(ii) If ν1 = ν2 = 2, then for z ∈Ω \ f0g,

v zð Þ ≈ log 4d
zj j

� �� � 1−α
1−α2 log 4d

δΩ zð Þ
� �� � −1

1−α1 ð92Þ

(iii) If ν1 = 2 and ν2 < 2, then for z ∈Ω \ f0g,

v zð Þ ≈ log 4d
zj j

� �� � 1−α
1−α1 log 4d

δΩ zð Þ
� �� � −1

1−α
ð93Þ
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(iv) If ν1 < 1, then for z ∈Ω \ f0g,

v zð Þ ≈ log 4d
δΩ zð Þ
� �� � −1

1−α
ð94Þ

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

Authors’ Contributions

All authors contributed equally to writing of this paper. All
authors read and approved the final manuscript.

Acknowledgments

The authors would like to extend their sincere appreciation
to the Deanship of Scientific Research, King Saud University
for funding this research group No. (RG-1435-043). The
authors would like to thank the referees for their careful
reading of the paper.

References

[1] N. H. Bingham, C. M. Goldie, and J. L. Teugels, “Regular Var-
iation,” in Encyclopedia of Mathematics and its Applications,
vol. 27, p. 491, Cambridge University Press, Cambridge, UK,
1989.

[2] H. Mâagli and M. Zribi, “On a new Kato class and singular
solutions of a nonlinear elliptic equation in bounded domain
of ℝN ,” Positivity, vol. 9, pp. 667–686, 2005.

[3] V. Maric, “Regular variation and differential equations,” in
Lecture Notes in Math, vol. 1726, p. 132, Springer-Verlag, Ber-
lin, Germany, 2000.

[4] R. Seneta, “Regularly varying functions,” in Lectures Notes in
Math, vol. 508, p. 112, Springer-Verlag, Berlin, Germany,
1976.

[5] R. Chemmam, A. Dhifli, and H. Mâagli, “Asymptotic behavior
of ground state solutions for sublinear and singular nonlinear
Dirichlet problem,” Electronic Journal of Differential Equa-
tions, vol. 2011, no. 88, pp. 1–12, 2011.

[6] R. Chemmam, H. Mâagli, S. Masmoudi, and M. Zribi, “Com-
bined effects in nonlinear singular elliptic problems in a
bounded domain,” Advances in Nonlinear Analysis, vol. 1,
pp. 301–318, 2012.

[7] F. Cîrstea, M. Ghergu, and V. Rădulescu, “Combined effects of
asymptotically linear and singular nonlinearities in bifurcation
problems of Lane-Emden-Fowler type,” Journal de Mathéma-
tiques Pures et Appliquées, vol. 84, no. 4, pp. 493–508, 2005.

[8] M. Ghergu and V. Rădulescu, “On a class of sublinear singular
elliptic problems with convection term,” Journal of Mathemat-
ical Analysis and Applications, vol. 311, no. 2, pp. 635–646,
2005.

[9] M. Ghergu and V. Rădulescu, “Sublinear singular elliptic prob-
lems with two parameters,” Journal of Differential Equations,
vol. 195, no. 2, pp. 520–536, 2003.

[10] N. S. Papageorgiou and V. D. Rădulescu, “Combined effects of
singular and sublinear nonlinearities in some elliptic prob-
lems,” Nonlinear Analysis: Theory, Methods & Applications,
vol. 109, pp. 236–244, 2014.

[11] V. Rădulescu and D. Repovš, “Combined effects in nonlinear
problems arising in the study of anisotropic continuous
media,” Nonlinear Analysis: Theory, Methods & Applications,
vol. 75, no. 3, pp. 1524–1530, 2012.

[12] J. Shi and M. Yao, “On a singular nonlinear semilinear elliptic
problem,” Proceedings of the Royal Society of Edinburgh,
vol. 128, no. 6, pp. 1389–1401, 1998.

[13] V. Rădulescu, “Combined effects in nonlinear singular ellip-
tic problems with convection,” Revue Roumaine des Mathe-
matiques Pures et Appliquees, vol. 53, no. 5-6, pp. 543–553,
2008.

[14] M. M. Coclite and G. Palmieri, “On a singular nonlinear
Dirichlet problem,” Communications in Partial Differential
Equations, vol. 14, no. 10, pp. 1315–1327, 1989.

[15] J. S. W. Wong, “On the generalized Emden–fowler equation,”
SIAM Review, vol. 17, no. 2, pp. 339–360, 1975.

[16] M. Clapp and J. Faya, “Concentration with a single sign-
changing layer at the higher critical exponents,” Advances in
Nonlinear Analysis, vol. 7, no. 3, pp. 271–283, 2018.

[17] S. Dumont, L. Dupaigne, O. Goubet, and V. Rădulescu, “Back
to the Keller-Osserman condition for boundary blow-up solu-
tions,” Advanced Nonlinear Studies, vol. 7, no. 2, 2007.

[18] M. Ghergu, S. Kim, and H. Shahgholian, “Exact behavior
around isolated singularity for semilinear elliptic equations
with a log-type nonlinearity,” Advances in Nonlinear Analysis,
vol. 8, no. 1, pp. 995–1003, 2019.

[19] H. Mâagli and M. Zribi, “Existence and estimates of solutions
for singular nonlinear elliptic problems,” Journal of Mathe-
matical Analysis and Applications, vol. 263, no. 2, pp. 522–
542, 2001.

[20] H. R. Quoirin and K. Umezu, “An elliptic equation with an
indefinite sublinear boundary condition,” Advances in Nonlin-
ear Analysis, vol. 8, no. 1, pp. 175–192, 2016.

[21] S. Shabani Rokn-e-vafa and H. T. Tehrani, “Diffusive logistic
equations with harvesting and heterogeneity under strong
growth rate,” Advances in Nonlinear Analysis, vol. 8, no. 1,
pp. 455–467, 2017.

[22] N. Zeddini, R. Alsaedi, and H. Mâagli, “Exact boundary behav-
ior of the unique positive solution to some singular elliptic
problems,” Nonlinear Analysis, vol. 89, pp. 146–156, 2013.

[23] Z. Zhang and B. Li, “The boundary behavior of the unique
solution to a singular Dirichlet problem,” Journal of Mathe-
matical Analysis and Applications, vol. 391, no. 1, pp. 278–
290, 2012.

[24] Z. Zhao, “Green function for Schrodinger operator and condi-
tioned Feynman-Kac gauge,” Journal of Mathematical Analy-
sis and Applications, vol. 116, no. 2, pp. 309–334, 1986.

[25] J. Zhao, X. Liu, and Z. Feng, “Quasilinear equations with indef-
inite nonlinearity,” Advances in Nonlinear Analysis, vol. 8,
no. 1, pp. 1235–1251, 2018.

[26] J. Karamata, “Sur un mode de croissance régulière. Théorèmes
fondamentaux,” Bulletin de la Société Mathématique de
France, vol. 2, pp. 55–62, 1873.

9Journal of Function Spaces



[27] S. G. Krantz and S. Stević, “On the iterated logarithmic Bloch
space on the unit ball,” Nonlinear Analysis: Theory, Methods
& Applications, vol. 71, no. 5-6, pp. 1772–1795, 2009.

[28] S. Li and S. Stević, “On an integral-type operator from iterated
logarithmic Bloch spaces into Bloch-type spaces,” Applied
Mathematics and Computation, vol. 215, no. 8, pp. 3106–
3115, 2009.

[29] F.-C. Ş. Cîrstea and V. D. Rădulescu, “Existence and unique-
ness of blow-up solutions for a class of logistic equations,”
Communications in Contemporary Mathematics, vol. 4,
pp. 559–586, 2011.

[30] F.-C. Cı̂rstea and V. Rădulescu, “Unicite de la solution explo-
sant au bord pour equations logistiques avec absorption,”
Comptes Rendus Mathematique, vol. 335, no. 5, pp. 447–452,
2002.

[31] F.-C. Cîrstea and V. Rădulescu, “Comportement asymptotique
de la solution explosant au bord de l'equation logistique avec
absorption,” Comptes Rendus Mathematique, vol. 336, no. 3,
pp. 231–236, 2003.

[32] F.-C. Cîrstea and V. Rădulescu, “Solutions singulieres extre-
males des equations du type logistique en milieu anisotrope.,”
Comptes Rendus Mathematique, vol. 339, no. 2, pp. 119–124,
2004.

[33] F.-C. Cîrstea and V. Rădulescu, “Nonlinear problems with
boundary blow-up: a Karamata regular variation theory
approch,” Asymptotic Analysis, vol. 46, pp. 275–298, 2006.

[34] S. Ben Othman, H. Mâagli, S. Masmoudi, and M. Zribi, “Exact
asymptotic behavior near the boundary to the solution for sin-
gular nonlinear Dirichlet problems,” Nonlinear Analysis,
vol. 71, no. 9, pp. 4137–4150, 2009.

[35] F.-C. Cîrstea and V. Rădulescu, “Boundary blow-up in nonlin-
ear elliptic equations of Bieberbach–Rademacher type,” Trans-
actions of the American Mathematical Society, vol. 359, no. 7,
pp. 3275–3287, 2007.

[36] M. Ghergu and V. Rădulescu, Nonlinear PDEs Mathematical
Models in Biology, Chemistry and Population Genetics,
Springer Monographs in Mathematics, Springer-Verlag, Ber-
lin, Germany, 2012.

[37] M. Ghergu and V. Rădulescu, “Singular elliptic problems.
Bifurcation and asymptotic analysis,” in Oxford Lecture Series
in Mathematics and Applications, vol. 37, p. 320, Oxford Uni-
versity Press, 2008.

[38] S. Gontara, H. Måagli, S. Masmoudi, and S. Turki, “Asymp-
totic behavior of positive solutions of a singular nonlinear
Dirichlet problem,” Journal of Mathematical Analysis and
Applications, vol. 369, no. 2, pp. 719–729, 2010.

[39] H. Mâagli, “Asymptotic behavior of positive solutions of a
semilinear Dirichlet problem,” Nonlinear Analysis, vol. 74,
no. 9, pp. 2941–2947, 2011.

[40] H. Mâagli, S. Ben Othman, and S. Dridi, “Existence and
asymptotic behavior of ground state solutions of semilinear
elliptic system,” Advances in Nonlinear Analysis, vol. 6, no. 3,
pp. 301–315, 2017.

[41] V. Rădulescu, “Qualitative analysis of nonlinear elliptic partial
differential equations: monotonicity, analytic and variational
methods,” in Contemporary Mathematics and its Applications
6, p. 210, Hindawi Publishing, New York, Ny, USA, 2008.

[42] D. Repovš, “Asymptotics for singular solutions of quasilinear
elliptic equations with an absorption term,” Journal of Mathe-
matical Analysis and Applications, vol. 395, no. 1, pp. 78–85,
2012.

[43] D. Repovš, “Singular solutions of perturbed logistic-type equa-
tions,” Applied Mathematics and Computation, vol. 218, no. 8,
pp. 4414–4422, 2011.

[44] Z. Zhang, “The asymptotic behaviour of the unique solution
for the singular Lane-Emden- Fowler equation,” Journal of
Mathematical Analysis and Applications, vol. 312, no. 1,
pp. 33–43, 2005.

[45] K. L. Chung and Z. Zhao, From Brownian Motion to Schrödin-
ger's Equation, Springer-Verlag, 1995.

[46] I. Bachar, H. Maagli, and V. Rădulescu, “Singular solutions of a
nonlinear elliptic equation in a punctured domain,” Electronic
Journal of Qualitative Theory of Differential Equations, vol. 94,
pp. 1–19, 2017.

[47] M. Aizenman and B. Simon, “Brownian motion and Harnack
inequality for Schrödinger operators,” Communications on
Pure and Applied Mathematics, vol. 35, no. 2, pp. 209–273,
1982.

10 Journal of Function Spaces


	Combined Effects in Singular Elliptic Problems in Punctured Domain
	1. Introduction and Statement of Main Results
	2. Karamata Class and Proof of Theorem 2
	2.1. Basic Properties of Karamata Class
	2.2. Proof of Theorem 2

	3. Kato Class and Proof of Theorem 3
	3.1. Kato Class KΩ
	3.2. Proof of Theorem 3

	Data Availability
	Conflicts of Interest
	Authors’ Contributions
	Acknowledgments

