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In accordance with the quantum calculus, we introduced the two variable forms of Hermite-Hadamard- (HH-) type inequality
over finite rectangles for generalized Ψ-convex functions. This novel framework is the convolution of quantum calculus,
convexity, and special functions. Taking into account the q̂1q̂2-integral identity, we demonstrate the novel generalizations of the
HH-type inequality for q̂1q̂2-differentiable function by acquainting Raina’s functions. Additionally, we present a different
approach that can be used to characterize HH -type variants with respect to Raina’s function of coordinated generalized Ψ
-convex functions within the quantum techniques. This new study has the ability to generate certain novel bounds and some
well-known consequences in the relative literature. As application viewpoint, the proposed study for changing parametric values
associated with Raina’s functions exhibits interesting results in order to show the applicability and supremacy of the obtained
results. It is expected that this method which is very useful, accurate, and versatile will open a new venue for the real-world
phenomena of special relativity and quantum theory.

1. Introduction

Recently, a nonrestricted analysis is recognized as quantum
calculus (in short, q̂-calculus) and has initiated numerous q̂
-mathematical formulation as q̂↦ 1−: In 1707–1783, Euler
proposed q̂-calculus theory. Accordingly, Jackson [1]
explored the investigation of q̂-integrals efficiently. The pre-
viously mentioned outcomes prompted an escalated presen-
tation on quantum theory in the 20th Century. As an
application perspective, the concept of q̂-calculus has been
potentially utilized in quantum mechanics, special relativity
theory, anomalous diffusion equations, orthogonal polyno-
mials, fractional calculus, and henceforth. In [2, 3], authors
contemplated the q̂-derivatives on finite intervals of real line
and amplified several new generalizations of classical convex-

ity, q̂-version of Grüss, q̂-Cebyšev’s, and q̂-Pólya-Szegö type
inequalities. Over the most recent couple of years, the subject
of q̂-theory has become a fascinating theme for several
researchers, and new developments have been investigated
in the relative literature (see [4–6]).

Within the framework of q̂-calculus, mechanothermody-
namics, translimiting states, analysis, and generalization of
experimental data, several special approaches are being
developed to assess the quantum calculus in terms of a gener-
alized energy states (see [7, 8]).

Convex functions have potential applications in many
intriguing and captivating fields of research and furthermore
played a remarkable role in numerous areas, such as coding
theory, optimization, physics, information theory, engineer-
ing, and inequality theory. Several new classes of classical

Hindawi
Journal of Function Spaces
Volume 2021, Article ID 6631474, 16 pages
https://doi.org/10.1155/2021/6631474

https://orcid.org/0000-0001-7137-1720
https://orcid.org/0000-0001-7192-8269
https://orcid.org/0000-0002-4662-114X
https://orcid.org/0000-0002-5438-5407
https://orcid.org/0000-0002-0895-7128
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/6631474


convexity have been proposed in the literature (see [9–14]).
Mathematical inequalities are viewed as the prominent
framework for assembling the qualitative and quantitative
characterization in the area of applied analysis. A persistent
development of intrigue has emerged to address the prereq-
uisites of issue for rich utilization of these variants. Numer-
ous generalizations were investigated by several scientists
who thus utilized different procedures for introducing and
proposing these bounds [15–17]. Additionally, many authors
demonstrated various forms of inequalities such as
Ostrowski, Lyenger, Opial, Hardy, and Olsen, and the most
distinguished one is the Hermite-Hadamard inequality.
Here, we intend to find the novel version of HH -type
inequality in the frame of q̂1q̂2-integral on coordinated gen-
eralized Ψ-convex functions that correlates with Raina’s
function. Also, we shall represent the application of our find-
ings in the Mittag-Leffler and hypergeometric functions
which show the applicability of the suggested scheme.

Let G : I ⊆ℝ↦ℝ be a convex function such that φ1
< φ2: Then,

G
φ1 + φ2

2
� �

≤
1

φ2 − φ1

ðφ2

φ1

G zð Þdz ≤ G φ1ð Þ +G φ2ð Þ
2 : ð1Þ

The inequality (1) is a well-known paramount in related
literature and plays a pivotal role in optimization, coding,
and fractional calculus theory [18, 19].

In [20], Dragomir proposed the two-variable version of
the HH -type inequality for convex functions as follows:

Theorem 1. (see [20]). Let G : Δ↦ℝ be the coordinated con-
vex on Δ: Then, the following inequalities hold:

G
φ1 + φ2

2
, ϕ1 + ϕ2

2

� �
≤
1
2

1
φ2 − φ1

ðφ2
φ1

G μ, ϕ1 + ϕ2
2

� �
dμ

"

+ 1
ϕ2 − ϕ1

ðϕ2
ϕ1

G
φ1 + φ2

2
, ν

� �
dν

#

≤
1

φ2 − φ1ð Þ ϕ2 − ϕ1ð Þ
ðφ2
φ1

ðϕ2
ϕ1

G μ, νð Þdμdv

≤
1
4

1
φ2 − φ1

ðφ2
φ1

G μ, ϕ1ð Þdμ + 1
φ2 − φ1

"

�
ðφ2
φ1

G μ, ϕ2ð Þdμ + 1
ϕ2 − ϕ1

ðϕ2
ϕ1

G φ1, νð Þdν

+ 1
ϕ2 − ϕ1

ðϕ2
ϕ1

G φ2, νð Þdν
#

≤
G φ1, ϕ1ð Þ + G φ1, ϕ2ð Þ + G φ2, ϕ1ð Þ + G φ2, ϕ2ð Þ

4
:

ð2Þ

In [21], Kunt et al. established the q̂-HH -type inequality
for functions of two variables utilizing convexity on rectangle
from the plane ℝ2:

Theorem 2. Let G : Δ = ½φ1, φ2� × ½ϕ1, ϕ2� ⊆ℝ2 ↦ℝ be con-
vex on the coordinates on Δ with 0 < q̂1, q̂2 < 1 and φ1 < φ2,

ϕ1 < ϕ2: Then, one has the following inequalities:

G
q̂1φ1 + φ2

q̂1 + 1
, q̂2ϕ1 + ϕ2

q̂2 + 1

� �
≤
1
2

1
φ2 − φ1

ðφ2

φ1

G μ, q̂2ϕ1 + ϕ2
q̂2 + 1

� �
φ1

dq̂1μ + 1
ϕ2 − ϕ1

"

�
ðϕ2
ϕ1

G
q̂1φ1 + φ2

q̂1 + 1
, ν

� �
ϕ1

dq̂2ν

#

≤
1

φ2 − φ1ð Þ ϕ2 − ϕ1ð Þ
ðφ2
φ1

ðϕ2
ϕ1

G μ, νð Þφ1dq̂1μϕ1dq̂2ν

≤
1
2

q̂2
1 + q2ð Þ φ2 − φ1ð Þ

ðφ2

φ1

G μ, ϕ1ð Þφ1dq̂1μ
"

+ q̂2
1 + q̂2ð Þ φ2 − φ1ð Þ

ðφ2
φ1

G μ, ϕ2ð Þφ1dq̂1μ

+ q̂1
1 + q̂1ð Þ ϕ2 − ϕ1ð Þ

ðϕ2
ϕ1

G φ1, νð Þϕ1dq̂2ν

+ q̂1
1 + q̂1ð Þ ϕ2 − ϕ1ð Þ

ðϕ2
ϕ1

G φ2, νð Þϕ1dq̂2ν
#

≤
q̂1q̂2G φ1, ϕ1ð Þ + q̂1G φ1, ϕ2ð Þ + q̂2G φ2, ϕ1ð Þ +G φ2, ϕ2ð Þ

1 + q̂1ð Þ 1 + q̂2ð Þ :

ð3Þ

For many useful consequences on the coordinates on
rectangle from the planeℝ2 with the various sorts of variants
for mappings that hold numerous types of convex mappings,
see [22–24] and the references cited therein.

Owing to the above-mentioned work, this research is
aimed at exploring the novel generalizations of HH-type
inequalities on the coordinates by the use of generalized Ψ
-convex functions which are elaborated. An auxiliary identity
is derived with respect to the q̂1q̂2-derivative by the correlation
of Raina’s function. Considering this new approach, we derive
certain novel quantum bounds ofHH-type variants for coor-
dinated generalized Ψ-convex mappings. Meanwhile, we
recapture remarkable cases in the relative literature. For the
change of parameter in Raina’s function, we generate numer-
ous new outcomes depending on hypergeometric and Mittag-
Leffler functions. This new study may stimulate further inves-
tigation in this dynamic field of inequality theory.

2. Prelude

This segment evokes certain earlier ideas and necessary
details related to the notion of a coordinated generalized Ψ
-convex set and coordinated generalized Ψ-convex function
by considering Raina’s function.

Assume that a finite interval of real numbers I , and we
say that a mapping G : I ↦ℝ is known to be convex if

G ζx + 1 − ζð Þyð Þ ≤ ζG xð Þ + 1 − ζð ÞG yð Þ, x, y ∈I , ζ ∈ 0, 1½ �:
ð4Þ

In [20], Dragomir introduced a new term in convexity
theory, which is known as the coordinated convex function
described as follows:

Definition 3. Let a mapping G : ∇~ →ℝ be said to be convex
on the coordinates, for all ζ, θ ∈ ½0, 1� with ðx, yÞ, ðu, vÞ ∈ ~∇, if
the partial functions
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G ζx + 1 − ζð Þu, θy + 1 − θð Þvð Þ
≤ ζθG x, yð Þ + ζ 1 − θð ÞG x, vð Þ

+ 1 − ζð ÞθG u, yð Þ + 1 − ζð Þ 1 − θð ÞG u, vð Þ,
ð5Þ

holds for all ζ, θ ∈ 0, 1] and ðx, yÞ, ðu, vÞ ∈ ~∇:
In [25], Raina contemplated the subsequent class of func-

tion

Fλ
γ,ρ tð Þ =Fλ 0ð Þ,λ 1ð Þ,⋯

γ,ρ tð Þ = 〠
∞

p=0

λ pð Þ
Γ γp + ρð Þ t

p, ð6Þ

where γ, ρ > 0,jtj <ℝ and

λ = λ 0ð Þ, λ 1ð Þ,⋯λ pð Þ,⋯ð Þ, ð7Þ

is a bounded sequence of ℝ+. Also, setting γ = 1, ρ = 0 in (6)
and

λ pð Þ =
ϑ1ð Þp ϑ2ð Þp

ϑ3ð Þp
 for p = 0, 1, 2, 3⋯ , ð8Þ

where the parameters ϑi, ði = 1, 2, 3Þ are assumed to be
real or complex (provided that ϑ3 = 0, −1,−2,⋯) and the
symbol ðzÞp mentions the value

zð Þp =
Γ z + pð Þ
Γ zð Þ = z z + 1ð Þ⋯ z + p − 1ð Þ, p = 0, 1, 2,⋯,

ð9Þ

and its domain is restricted as ∣t ∣ ≤1 (with t ∈ℂ), then we
attain the subsequent hypergeometric function,

Fλ
γ,ρ tð Þ = F ϑ1 ; ϑ2 ; ϑ3 ; tð Þ = 〠

∞

p=0

ϑ1ð Þp ϑ2ð Þp
p! ϑ3ð Þp

tp: ð10Þ

Furthermore, if λ = ð1, 1,⋯Þ with γ = ϑ1,ðRðϑ1Þ > 0Þ,
λ = 1 and its domain is restricted as t ∈ℂ in (6), then we
attain the subsequent Mittag-Leffler function

Eϑ1
tð Þ = 〠

∞

p=0

1
Γ 1 + ϑ1pð Þ t

p: ð11Þ

Next, we mention a novel concept that reunites the coor-
dinated convex function and Raina’s function as mentioned
above.

Definition 4. For γ, λ > 0 and λ = ðλð0Þ, λð1Þ,⋯λðpÞ,⋯Þ is
assumed to be a bounded sequence of ℝ+. A nonempty set
~Δ is known to be a coordinated generalized Ψ -convex set

G z + ζFλ
γ,ρ x − zð Þ,w + θFλ

σ,ρ y −wð Þ
� �

∈ ~Δ, ð12Þ

holds for all ζθ ∈ 0, 1], ðx, yÞ, ðz,wÞ ∈ ~Δ, and Fλ
γ,ρð:Þ

denotes Raina’s function.

Definition 5. For γ, λ > 0 and λ = ðλð0Þ, λð1Þ,⋯λðpÞ,⋯Þ is
assumed to be a bounded sequence of ℝ+. A mapping G

: ~Δ→ℝ is said to be a coordinated generalized Ψ -convex, if

G z + ζFλ
γ,ρ x − zð Þ,w + θFλ

γ,ρ y −wð Þ
� �
≤ ζθG x, yð Þ + ζ 1 − θð ÞG x,wð Þ

+ 1 − ζð ÞθG z, yð Þ + 1 − ζð Þ 1 − θð ÞG z,wð Þ,
ð13Þ

holds for all ζ, θ ∈ 0, 1] and ðx, yÞ, ðz,wÞ ∈ ~Δ:

Remark 6. Setting Fλ
γ,ρðx − φ1Þ = x − φ1 > 0 and Fλ

γ,ρðy − ϕ1Þ
= y − ϕ1 > 0 in Definition 5, we get Definition 3.

Furthermore, we demonstrate some essential ideas and
preliminaries in q̂-analog for a single and two-variable
senses.

Let J = ½ϱ1, ϱ2� ⊆ℝ, and let U = ½ϱ1, ϱ2� × ϱ3, ϱ4� ⊆ℝ2

with constants q̂, q̂k ∈ ð0, 1Þ, k = 1, 2.

Tariboon and Ntouyas [2, 3] studied the concept of q̂
-derivative, q̂-integral, and characteristics for finite interval,
which has been shown as

Definition 7. Assume that a continuous mapping G : J →ℝ
and t ∈ J . Then, one has q̂ -derivative of G on J at t which is
stated as

ϱ1
Dq̂G tð Þ = G tð Þ − G qt + 1 − qð Þϱ1ð Þ

1 − qð Þ t − ϱ1ð Þ ,  t ≠ ϱ1: ð14Þ

Clearly, we see that

lim
t→ϱ1ϱ1

Dq̂G tð Þ= ϱ1
Dq̂G ϱ1ð Þ: ð15Þ

We say that the mapping G is q̂-differentiable over J , also

ρ1
Dq̂GðtÞ exists ∀t ∈ J .
Observe that if ϱ1 = 0 in (14), then 0Dq̂G =Dq̂G , where

Dq̂G is a well-defined q̂-derivative of GðtÞ, i.e, it is mentioned
as

Dq̂G tð Þ = G tð Þ −G qtð Þ
1 − qð Þ tð Þ : ð16Þ

Definition 8. Assume that a continuous mapping G : J →ℝ
is symbolized as ϱ1

D2
q̂G , given that ϱ1

D2
q̂G is q̂ -differentiable

from J →ℝ defined by

ϱ1
D2

q̂G= ϱ1
Dq̂ ϱ1

Dq̂G
� �

: ð17Þ

Therefore, the higher order q̂-differentiable is defined as

ϱ1
Dn

q̂G : J →ℝ.
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Definition 9. Assume that a continuous mapping G : J →ℝ
and the q̂ -integral on J is stated asðt

ϱ1

G zð Þϱ1dq̂z = 1 − q̂ð Þ t − ϱ1ð Þ〠
∞

n=0
q∧nG q∧ntð

+ 1 − q∧nð Þϱ1Þ, ∀t ∈ J :

ð18Þ

Next, if ϱ1 = 0 in (18), then we have a new formulation of
q̂-integral, which is pointed out asðt

0
G zð Þ0dq̂z = 1 − q̂ð Þt 〠

∞

n=0
q∧nG q∧ntð Þ: ð19Þ

Theorem 10. Assuming that a continuous mapping G : J
→ℝ, the following assumptions hold:

ϱ1
Dq̂

ðt
ϱ1

G zð Þϱ1dq̂z =G tð Þ,
ðt
ϱ1

ϱ1
Dq̂G zð Þϱ1dq̂z = G tð Þ,

ðt
ϱ2

ϱ1
Dq̂G zð Þϱ1dq̂z =G tð Þ −G ϱ2ð Þ, ϱ2 ∈ ϱ1, tð Þ:

ð20Þ

Theorem 11. Assuming that a continuous mapping G : J
→ℝ and a ∈ℝ, then the following assumptions hold:ðt
ϱ1

G1 zð Þ +G2 zð Þ½ �ϱ1dq̂z =
ðt
ϱ1

G1 zð Þϱ1dq̂z +
ðt
ϱ1

G2 zð Þϱ1dq̂z,

ðt
ϱ1

aG1 zð Þð Þϱ1dq̂z = a
ðt
ϱ1

G1 zð Þϱ1dq̂z:

ð21Þ

In [26], Kalsoom et al. introduced the quantum integral
identities in a two-variable sense as follows:

Definition 12. Consider a continuous mapping in two-
variable senseG : U→ℝ, then the partial q̂1 -derivative, q̂2
-derivative, and q̂1q̂2 -derivative at ðz,wÞ ∈ ϱ1, ϱ2� × ϱ3, ϱ4�
are, respectively, stated as

 
ϱ1
∂q̂1G z,wð Þ
ϱ1
∂q̂1z

= G z,wð Þ � G q̂1z + 1� q̂1ð Þϱ1,wð Þ
1� q̂1ð Þ z � ϱ1ð Þ , z ≠ ϱ1,

  ϱ3
∂q̂2G z,wð Þ
ϱ3
∂q̂2w

= G z,wð Þ � G z, q̂2w + 1� q̂2ð Þϱ3ð Þ
1� q̂2ð Þ w� ϱ3ð Þ , w ≠ ϱ3,

 
ϱ1,ϱ3∂

2
q̂1,q̂2G z,wð Þ

ϱ1
∂q̂1zϱ3∂q̂2w

= 1
1� q̂1ð Þ 1� q̂2ð Þ z � ϱ1ð Þ w� ϱ3ð Þ

  × G q̂1z + 1� q̂1ð Þϱ1, q̂2w + 1� q̂2ð Þϱ3ð Þ½

 � G q̂1z + 1� q̂1ð Þϱ1,wð Þ

 �G z, q̂2w + 1� q̂2ð Þϱ3ð Þ + G z,wð Þ�, z ≠ ϱ1,w ≠ ϱ3:

ð22Þ

Definition 13. Consider a continuous mapping in two-
variable senseG : U→ℝ, then the definite q̂1q̂2 -integral on
½ϱ1, ϱ2� × ϱ3, ϱ4� is stated as

for ðt, t1Þ ∈ ϱ1, ϱ2� × ϱ3, ϱ4�.

Theorem 14. Consider a continuous mapping in two-variable
senseG : B→ℝ, then the following assumptions hold:

ϱ1 ,ϱ3∂
2
q̂1 ,q̂2

ϱ1
∂q̂1 tϱ3∂q̂2 t1

ðt1
ϱ4

ðt
ϱ1

G z,wð Þϱ1dq̂1 zϱ3dq̂2w =G t, t1ð Þ,

ðt1
ϱ3

ðt
ϱ1

ϱ1 ,ϱ3∂
2
q̂1 ,q̂2G z,wð Þ

ϱ1
∂q̂1 zϱ3∂q̂2w

ϱ1dq̂1zϱ3dq̂2w = G t, t1ð Þ,

ðt1
t2

ðt
y1

ϱ1 ,ϱ3∂
2
q̂1 ,q̂2G z,wð Þ

ϱ1
∂q̂1 zϱ3∂q̂2w

ϱ1dq̂1zϱ3dq̂2w;

= G t, t1ð Þ −G t, t2ð Þ −G y1, t1ð Þ
+ G y1, t2ð Þ, y1, t2ð Þ ∈ ϱ1, tð Þ × ϱ4, t1ð Þ:

ð24Þ

Theorem 15. Suppose that G1, G2 : U→ℝ are continuous
mappings of two variables. Then, the following properties hold
for ðt, t1Þ ∈ ϱ1, ϱ2� × ϱ3, ϱ4�,ðt1

ϱ3

ðt
ϱ1

G1 z,wð Þ + G2 z,wð Þ½ �ϱ1dq̂1 zϱ4dq̂2w

=
ðt1
ϱ3

ðt
ϱ1

G1 z,wð Þϱ1dq̂1 zϱ3dq̂2w

+
ðt
ϱ3

ðt
ϱ1

G2 z,wð Þϱ1dq̂1 zϱ3dq̂2w,

ðt1
ϱ3

ðt
ϱ1

aG z,wð Þϱ1dq̂1 zϱ3dq̂2w

= a
ðt1
ϱ3

ðt
ϱ1

G z,wð Þϱ1dq̂1 zϱ3dq̂2w:
ð25Þ

ðt
ϱ3

ðt
ϱ1

G z,wð Þϱ1dq̂1zϱ3dq̂2w = 1 − q̂1ð Þ 1 − q̂2ð Þ t − ϱ1ð Þ t1 − ϱ3ð Þ 〠
∞

m=0
〠
∞

n=0
q̂n1 q̂

m
2 G q̂n1t + 1 − q̂n1ð Þϱ1, q̂m2 t1 + 1 − q̂m2ð Þϱ3ð Þ, ð23Þ
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3. Quantum HH -Type Inequality for
Generalized Ψ-Convex on the Coordinates

This section addresses the q̂1-HH-type inequality on the
coordinates via generalized Ψ-convex functions.

Theorem 16. For γ, ρ > 0 with λ = ðλð0Þ,⋯, λðpÞÞ as the
bounded sequence of positive real numbers and let G : Δ↦
ℝ be the coordinated generalized Ψ -convex and partially dif-
ferentiable function on Δ∘ with 0 < q̂1, q̂2 < 1, then the follow-
ing inequalities hold:

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !

≤
1

2Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G

� μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
φ1

dq̂1μ

+ 1

2Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G

� q̂1 + 1ð Þφ1 +Fλ
γ,ρ φ2 − φ1ð Þ

1 + q̂1
, ν

 !
ϕ1

dq̂2ν

≤
1

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

�
ðϕ1+Fλ

γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1
dq̂1μ

≤
q̂2

2 1 + q̂2ð Þ
1

Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1
dq̂1μ

 !

+ q̂2
2 1 + q̂2ð Þ

1

Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1
dq̂1μ

 !

+ q̂1
2 1 + q̂1ð Þ

1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2μ
 !

+ q̂1
2 1 + q̂1ð Þ

1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
 !

≤
q̂1q̂2G φ1, ϕ1ð Þ + q̂1G φ1, ϕ2ð Þ + q̂2G φ2, ϕ1ð Þ + G φ2, ϕ2ð Þ

1 + q̂1ð Þ 1 + q̂2ð Þ :

ð26Þ

Proof. Since G is the coordinated generalized Ψ-convex on Δ
and partially differentiable mappings on Δ∘, clearly, we see
that the mapping Gμ : ½ϕ1, ϕ1 +Fλ

γ,ρðϕ2 − ϕ1Þ�↦ℝ,
GμðνÞ≔ Gðμ, νÞ is a generalized Ψ-convex on ½ϕ1, ϕ1 +
Fλ

γ,ρðϕ2 − ϕ1Þ� and a differentiable function on ðϕ1, ϕ1 +
Fλ

γ,ρðϕ2 − ϕ1ÞÞ for all μ ∈ ½φ1, φ1 +Fλ
γ,ρðφ2 − φ1Þ�: Then, by

using the q̂1-HH-type inequality, we obtain

Gμ

q̂2 + 1ð Þϕ1 +Fλ
γ,ρ ϕ2 − ϕ1ð Þ

1 + q̂2

 !

≤
1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

Gμ νð Þμdq̂2ν

≤
q̂2Gμ ϕ1ð Þ + Gϕ1

ϕ2ð Þ
1 + q̂2

, μ ∈ φ1, φ1 +Fλ
γ,ρ φ2 − φ1ð Þ

h i� �
,

ð27Þ

which can be written as

G μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !

≤
1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2ν

≤
q̂2G μ, ϕ1ð Þ +G μ, ϕ2ð Þ

1 + q̂2
, μ ∈ φ1, φ1 +Fλ

γ,ρ φ2 − φ1ð Þ
h i� �

:

ð28Þ

Applying q̂1-inegration on the above inequalities over
½φ1, φ1 +Fλ

γ,ρðφ2 − φ1Þ�, we have

1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
φ1

dq̂1μ

≤
1

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

�
ðϕ1+Fλ

γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1
dq̂1μ

≤
1

1 + q̂2

q̂2
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1
dq̂1μ

"

+ 1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1
dq̂1μ

#
:

ð29Þ

Adopting the same procedure for the mapping Gν :

½φ1, φ1 +Fλ
γ,ρðφ2 − φ1Þ�↦ℝ,GνðμÞ≔ Gðμ, νÞ, we have

1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G

� q̂1 + 1ð Þφ1 +Fλ
γ,ρ φ2 − φ1ð Þ

1 + q̂1
, ν

 !
ϕ1

dq̂1μ

≤
1

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

�
ðϕ1+Fλ

γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1
dq̂1μ

≤
1

1 + q̂1

q̂1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2ν
"

+ 1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
#
:

ð30Þ
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Adding (29) and (30), yields

1
2Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G

� μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
φ1

dq̂1μ

+ 1
2Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G

� q̂1 + 1ð Þφ1 +Fλ
γ,ρ φ2 − φ1ð Þ

1 + q̂1
, ν

 !
ϕ1

dq̂2ν+

≤
1

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

�
ðϕ1+Fλ

γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1
dq̂1μ

≤
q̂2

2 1 + q̂2ð ÞFλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1
dq̂1μ

"

+ 1
2 1 + q̂2ð ÞFλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1
dq̂1μ

+ q̂1
2 1 + q̂1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2ν

+ 1
2 1 + q̂1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
#
:

ð31Þ

Also, by considering the q̂-HH-type inequality, we
have

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !

≤
1

Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
φ1

dq̂1μ,

ð32Þ

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !

≤
1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

, ν
 !

ϕ1

dq̂2ν:

ð33Þ

Adding the inequalities (32) and (33), we have the
following inequality:

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !

≤
1

2Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
φ1

dq̂1μ

+ 1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

, ν
 !

ϕ1

dq̂2ν:

ð34Þ

Consequently, we have

q̂2
2 1 + q̂2ð Þ

1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1dq̂1μ
 !

≤
q̂2

2 1 + q̂2ð Þ
q̂1G φ1, ϕ1ð Þ + G φ2, ϕ1ð Þ

1 + q̂1

� �
, q̂2
2 1 + q̂2ð Þ

� 1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1dq̂1μ
 !

≤
q̂2

2 1 + q̂2ð Þ
q̂1G φ1, ϕ2ð Þ + G φ2, ϕ2ð Þ

1 + q̂1

� �
,

1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2μ
 !

≤
q̂1

2 1 + q̂1ð Þ
q̂2G φ1, ϕ1ð Þ + G φ1, ϕ2ð Þ

1 + q̂2

� �
, q̂1
2 1 + q̂1ð Þ

� 1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
 !

≤
q̂1

2 1 + q̂1ð Þ
q̂2G φ2, ϕ1ð Þ + G φ2, ϕ2ð Þ

1 + q̂2

� �
:

ð35Þ

Adding the above inequalities yields

q̂2
2 1 + q̂2ð Þ

1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1dq̂1μ
 !

+ q̂2
2 1 + q̂2ð Þ

1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1dq̂1μ
 !

+ q̂1
2 1 + q̂1ð Þ

1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2μ
 !

+ q̂1
2 1 + q̂1ð Þ

1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
 !

≤
q̂1q̂2G φ1, ϕ1ð Þ + q̂1G φ1, ϕ2ð Þ + q̂2G φ2, ϕ1ð Þ +G φ2, ϕ2ð Þ

1 + q̂1ð Þ 1 + q̂2ð Þ :

ð36Þ

A combination of (31), (34), and (36) gives (36). This
completes the proof.
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Corollary 17. In Theorem 16, if we choose q̂1, q̂2 ↦ 1−, we
have the following new double inequality:

G
2φ1 +Fλ

γ,ρ φ2 − φ1ð Þ
2

,
2ϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
2

 !

≤
1

2Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ,
2ϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
2

 !
dμ

+ 1

2Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

, ν
 !

dν

≤
1

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þdνdμ

≤
1
4

1

Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1
dq̂1μ

 !(

+ 1

Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1
dq̂1μ

 !

+ 1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2μ
 !

+ 1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
 !)

≤
G φ1, ϕ1ð Þ +G φ1, ϕ2ð Þ +G φ2, ϕ1ð Þ +G φ2, ϕ2ð Þ

4
:

ð37Þ

Remark 18. In Theorem 16,

(i) letting Fλ
γ,ρðφ2 − φ1Þ = φ2 − φ1 and Fλ

γ,ρðϕ2 − ϕ1Þ =
ϕ2 − ϕ1 along with q̂1, q̂2 ↦ 1−, then we attain Theo-
rem 1 in [20]

(ii) letting Fλ
γ,ρðφ2 − φ1Þ = φ2 − φ1 and Fλ

γ,ρðϕ2 − ϕ1Þ =
ϕ2 − ϕ1, then we attain Theorem 4 in [21]

4. Quantum Integral Identity for Coordinated
Generalized Ψ-Convex Functions

The following identity plays a significant role in inaugurating
the main consequences of this paper. The identification is
expressed as follows.

Lemma 19. For γ, ρ > 0 with λ = ðλð0Þ,⋯, λðpÞÞ as the
bounded sequence of positive real numbers and let a twice par-
tially q̂1q̂2 -differentiable mapping G : Δ↦ℝ be defined on
Δ∘ (the interior of Δ). If the second-order partial q̂1q̂2 -deriva-
tives are continuous and integrable over Δ with 0 < q̂1, q̂2 < 1,
then the following equality holds:

Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ

≔G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !

−
1

Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
φ1

dq̂1μ

−
1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

, ν
 !

ϕ1

dq̂2ν

+ 1

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1
dq̂1μ,

ð38Þ

where

Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ

≔ q̂1q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
A ζ, θð Þ

� φ1 ,ϕ1∂
2
q̂1 ,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ,

A ζ, θð Þ =

ζθ, ζ, θð Þ ∈ 0, 1
1 + q̂1

� 	
× 0, 1

1 + q̂2

� 	
,

ζ θ −
1
q̂2

� �
, ζ, θð Þ ∈ 0, 1

1 + q̂1

� 	
× 1

1 + q̂2
, 1

� 	
,

θ ζ −
1
q̂1

� �
, ζ, θð Þ ∈ 1

1 + q̂1
, 1

� 	
× 0, 1

1 + q̂2

� 	
,

ζ −
1
q̂1

� �
θ −

1
q̂2

� �
, ζ, θð Þ ∈ 1

1 + q̂1
, 1

� 	
× 1

1 + q̂2
, 1

� 	
:

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:
ð39Þ

Proof. Consider

q̂1q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
A ζ, θð Þ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= q̂1q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �

×
ð1/ 1+q̂1ð Þ

0

ð1/ 1+q̂2ð Þ

0
ζθ




� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+
ð1

1
1+q̂1

ð1/ 1+q̂2ð Þ

0
θ ζ −

1
q̂1

� �

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+
ð1/ 1+q̂1ð Þ

0

ð1
1/ 1+q̂2ð Þ

ζ θ −
1
q̂2

� �

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+
ð1
1/ 1+q̂1ð Þ

ð1
1/ 1+q̂2ð Þ

ζ −
1
q̂1

� �
θ −

1
q̂2

� �

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

)
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= q̂1q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� � ð1/ 1+q̂1ð Þ

0

ð1/ 1+q̂2ð Þ

0
ζθ




� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+
ð1
1/ 1+q̂1ð Þ

ð1/ 1+q̂2ð Þ

0
ζθ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+
ð1/ 1+q̂1ð Þ

0

ð1
1/ 1+q̂2ð Þ

ζθ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+
ð1
1/ 1+q̂1ð Þ

ð1
1/ 1+q̂2ð Þ

ζθ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

−
1
q̂1

ð1/ 1+q̂1ð Þ

0

ð1/ 1+q̂2ð Þ

0
θ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

−
1
q̂2

ð1
1/ 1+q̂1ð Þ

ð1/ 1+q̂2ð Þ

0
ζ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

−
1
q̂2

ð1/ 1+q̂1ð Þ

0

ð1
1/ 1+q̂2ð Þ

ζ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

� 1
q̂1q̂2

ð1
1/ 1+q̂1ð Þ

ð1
1/ 1+q̂2ð Þ1/ 1+q̂2ð Þ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFe
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

)

= q̂1q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
ζθ




� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

− q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
θ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

− q̂1 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
ζ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+ q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1/ 1+q̂1ð Þ

0

ð1
0
θ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+ q̂1 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1/ 1+q̂1ð Þ

0
ζ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+ Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

− Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1/ 1+q̂1ð Þ

0

ð1
0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

− Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1/ 1+q̂1ð Þ

0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

+ Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1/ 1+q̂1ð Þ

0

ð 1
1+q̂2

0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

)
:

ð40Þ

In view of Definition 12 and Definition 13, we conclude
the following identities with the aid of the last nine integrals
appearing in the aforementioned identities as follows:

q̂1q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
ζθ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1

= −G φ2, ϕ2ð Þ − 1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þ0dq̂1μ

−
1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þ0dq̂2ν

+ 1
Fλ

γ,ρ φ2 − φ1ð ÞFλ
γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

� G μ, νð Þϕ1dq̂2νφ1
dq̂1μ,

ð41Þ

q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
θ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G φ2, ϕ2ð Þ − 1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þ0dq̂2ν,

ð42Þ
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q̂1 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
ζ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G φ2, ϕ2ð Þ − 1
Fλ

γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þ0dq̂1ν,

ð43Þ

q̂2 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1/ 1+q̂1ð Þ

0

ð1
0
θ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

, ϕ2

 !
−

1
Fλ

γ,ρ ϕ2 − ϕ1ð Þ

�
ðϕ1+Fλ

γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

, ν
 !

0

dq̂1ν,

ð44Þ

q̂1 Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1/ 1+q̂1ð Þ

0
ζ

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G φ2,
q̂1 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂1

 !
−

1
Fλ

γ,ρ φ2 − φ1ð Þ

�
ðφ1+Fλ

γ,ρ φ2−φ1ð Þ

φ1

G μ,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
0

dq̂1μ,

ð45Þ

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1/ 1+q̂1ð Þ

0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G φ2, ϕ2ð Þ,
ð46Þ

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1/ 1+q̂1ð Þ

0

ð1
0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

, ϕ2

 !
,

ð47Þ

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1/ 1+q̂1ð Þ

0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G φ2,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
,

ð48Þ

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1/ 1+q̂1ð Þ

0

ð1/ 1+q̂2ð Þ

0

� φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
φ1∂q̂1ζ ϕ1∂q̂2θ 0

dq̂2θ0dq̂1ζ

= −G
q̂1 + 1ð Þφ1 +Fλ

γ,ρ φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
1 + q̂2

 !
:

ð49Þ

Combining (42), (43), (44), (45), (46), (47), (48), and
(49), we have the identity (38). This is the proof of Lemma 19.

Corollary 20. In Lemma 19, if we choose q̂1, q̂2 ↦ 1−, we have
the following new identity:

Λ φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ≔G
2φ1 +Fλ

γ,ρ φ2 − φ1ð Þ
2

,
2ϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
2

 !

−
1

Fλ
γ,ρ φ2 − φ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

G

� μ,
2ϕ1 +Fλ

γ,ρ ϕ2 − ϕ1ð Þ
2

 !
dμ −

1

Fλ
γ,ρ ϕ2 − ϕ1ð Þ

�
ðϕ1+Fλ

γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G
2φ1 +Fλ

γ,ρ φ2 − φ1ð Þ
2

, ν
 !

dv

+ 1

Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2−φ1ð Þ

φ1

�
ðϕ1+Fλ

γ,ρ ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þdνdμ,

ð50Þ

where

Λ φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ≔ Fλ
γ,ρ φ2 − φ1ð ÞFλ

γ,ρ ϕ2 − ϕ1ð Þ
� �ð1

0

ð1
0
A ζ, θð Þ

�
∂2G φ1 + ζFλ

γ,ρ φ2 − φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
∂ζ∂θ

dθdζ,

9Journal of Function Spaces



A ζ, θð Þ

ζθ, ζ − θð Þ ∈ 0, 1
2

� 	
× 0, 1

2

� 	
,

ζ θ − 1ð Þ, ζ − θð Þ ∈ 0, 1
2

� 	
× 1

2
, 1

� 	
,

θ ζ − 1ð Þ, ζ − θð Þ ∈ 1
2
, 1

� 	
× 0, 1

2

� 	
,

ζ − 1ð Þ θ − 1ð Þ, ζ − θð Þ ∈ 1
2
, 1

� 	
× 1

2
, 1

� 	
:

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

ð51Þ

5. Certain New q̂1q̂2-Integral Estimates
for Generalized Ψ-Convex Functions

The following results exhibit some practice related to Lemma 19
on quantum calculus for generalized Ψ-convex on coordinates.

Theorem 21. For γ, ρ > 0 with λ = ðλð0Þ,⋯, λðpÞÞ as the
bounded sequence of positive real numbers and let a mapping
G : Δ↦ℝ be a twice partially q̂1q̂2 -differentiable on Δ∘ such
that continuous partial q̂1q̂2 -derivatives φ1 ,ϕ1∂

2
q̂1 ,q̂2G/ φ1

∂q̂1
ζϕ1∂q̂2θ is integrable on Δ with 0 < q̂1, q̂2 < 1: If

j φ1 ,ϕ1∂
2
q∧1 ,q∧2

G/ φ1∂q∧1
ζϕ1∂q∧2

θjσ is a generalized Ψ -convex

on the coordinates on Δ for σ ≥ 1, where σ−1 + β−1 = 1: Then,
the following inequality holds:

Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ
��� ��� ≤ q̂1q̂2 Fλ

γ,ρ φ2 − φ1ð ÞFλ
γ,ρ ϕ2 − ϕ1ð Þ

� �
� B1 q∧1, q∧2ð Þð Þ1− 1/σð Þ × B2 q∧1, q∧2ð Þ½

� φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B3 q∧1, q∧2ð Þ

� φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B4 q∧1, q∧2ð Þ

� φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B5 q∧1, q∧2ð Þ

� φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ#1/σ

,

ð52Þ

where

B1 q̂1, q̂2ð Þ≔ 4

1 + q∧1ð Þ3 1 + q∧2ð Þ3 , ð53Þ

B2 q̂1, q̂2ð Þ≔ 9

1 + q∧1ð Þ3 1 + q∧2ð Þ3 1 + q̂1 + q̂21
� �

1 + q̂2 + q̂22
� � ,

ð54Þ

B3 q̂1, q̂2ð Þ≔ 1 + q̂1 + q̂2 + q̂22 � 3q̂1q̂2 � q̂1q̂
3
2

q̂1q̂2 1 + q∧1ð Þ3 1 + q∧2ð Þ3 1 + q̂1 + q̂21
� �

1 + q̂2 + q̂22
� � ,

ð55Þ

B4 q̂1, q̂2ð Þ≔ 1 + q̂1 + q̂2 + q̂21 + q̂22 � 3q̂1q̂2 � q̂2q̂
3
1 � q̂31q̂

2
2 + 6q̂1q̂

2
2 � q̂21q̂

3
2 � q̂31q̂

3
2 + 5q̂1q̂

3
2

q̂1q̂2 1 + q∧1ð Þ3 1 + q∧2ð Þ3 1 + q̂1 + q̂21
� �

1 + q̂2 + q̂22
� �

ð56Þ

 B5 q̂1, q̂2ð Þ≔ �2q̂51 � 6q̂41 + 2q̂41q̂
3
2 + 2q̂31q̂

4
2 � 4q̂41q̂

2
2 � 4q̂41q̂2 � 2q̂1q̂

5
2

�
 � 2q̂51q̂2 � 2q̂51q̂

3
2 + 16q̂31q̂

3
2 � 4q̂21 + 2q̂31q̂2 � 2q̂21q̂

5
2 � 4q̂21q̂

4
2

  + 4q̂21q̂2 + 6q̂31 + 8q̂21q̂
2
2 + 10q̂31q̂

2
2 + 10q̂21q̂

3
2 � 6q̂42 � 6q̂32

 �4q̂22 � 4q̂1q̂
4
2 + 2q̂1q̂

3
2 + 4q̂1q̂

2
2 + 9q̂1q̂2 � 2q̂52

�
 /q̂1q̂2 1 + q∧1ð Þ3 1 + q∧2ð Þ3 1 + q̂1 + q̂21

� �
1 + q̂2 + q̂22
� �

ð57Þ
Proof. Taking into consideration the q̂1q̂2-integral power
mean inequality, the generalized Ψ-convexity of
j φ1,ϕ1∂

2
q∧1,q∧2

G/ φ1
∂q∧1

ζϕ1∂q∧2
θjσ on the coordinates on Δ with

the aid of Lemma 19, we have

  Yq̂1,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ
��� ���

  ≤ q̂1q̂2 Fλ
γ,ρ φ2 � φ1ð ÞFλ

γ,ρ ϕ2 � ϕ1ð Þ
� �

  ×
ð1
0

ð1
0
A ζ, θð Þj j



� φ1,ϕ1∂

2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
φ1
∂q̂1ζϕ1∂q̂2θ

������
������
0

  �φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
φ1
∂q̂1ζϕ1∂q̂2θ

������
������ · dq̂2θ0dq̂1ζ

9=;
  ≤ q̂1q̂2 Fλ

γ,ρ φ2 � φ1ð ÞFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
 ⋅

ð1
0

ð1
0
A ζ, θð Þj j0dq∧2

θ0dq∧1
ζ

� �1� 1/σð Þ

  ×
ð1
0

ð1
0
A ζ, θð Þj j

�
� φ1,ϕ1∂

2
q∧1,q∧2

G φ1 + ζFλ
γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ

γ,ρ ϕ2 � ϕ1ð Þ
� �

φ1
∂q∧1

ζϕ1∂q∧2
θ

������
������
σ

0

� 
φ1,ϕ1∂

2
q∧1,q∧2

G φ1 + ζFλ
γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ

γ,ρ ϕ2 � ϕ1ð Þ
� �

φ1
∂q∧1

ζϕ1∂q∧2
θ

������
������
σ

0

· dq∧2
θ0dq∧1

ζ

1A1/σ

  = q̂1q̂2 Fλ
γ,ρ φ2 � φ1ð ÞFλ

γ,ρ ϕ2 � ϕ1ð Þ
� �

  ·
ð1/ 1+q̂1ð Þ

0

ð1/ 1+q̂1ð Þ

0
ζθ0dq̂2θ0dq̂1ζ

�
+
ð1/ 1+q̂1ð Þ

0

ð1
1/ 1+q̂2ð Þ

ζ

� 1
q̂2

� θ

� �
0
dq̂2θ0dq̂1ζ
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  +
ð1
1/ 1+q̂1ð Þ

ð1/ 1+q̂2ð Þ

0
θ

1
q̂1

� ζ

� �
0
dq̂2θ0dq̂1ζ

 +
ð1
1/ 1+q̂1ð Þ

ð1
1/ 1+q̂2ð Þ

1
q̂1

� ζ

� � 1
q̂2

� θ

� �
0
dq̂2θ0dq̂1ζ

#

  ×
ð1/ 1+q∧1ð Þ

0

ð1/ 1+q∧1ð Þ

0
ζθ

ζθ
φ1,ϕ1∂

2
q∧1,q∧2

G φ2, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

θ 1� ζð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

 ζ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

  1� ζð Þ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

26666666666666666664

37777777777777777775
0

26666666666666666664

  · dq∧2
θ0dq∧1

ζ  +
ð1/ 1+q∧1ð Þ

0

ð1
1/ 1+q∧2ð Þ

ζ
1
q∧2

� θ

� �

�

ζθ
φ1,ϕ1∂

2
q∧1,q∧2

G φ2, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

θ 1� ζð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

 ζ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

  1� ζð Þ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

26666666666666666664

37777777777777777775
0

  · dq∧2
θ0dq∧1

ζ  +
ð1
1/ 1+q∧1ð Þ

ð1/ 1+q∧2ð Þ

0
θ

1
q∧1

� ζ

� �

�

ζθ
φ1,ϕ1∂

2
q∧1,q∧2

G φ2, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

θ 1� ζð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

 ζ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

  1� ζð Þ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

26666666666666666664

37777777777777777775
0

 ⋅dq∧2
θ0dq∧1

ζ  +
ð1
1/ 1+q∧1ð Þ

ð1
1/ 1+q∧2ð Þ

1
q∧1

� ζ

� � 1
q∧2

� θ

� �

  ×

ζθ
φ1,ϕ1∂

2
q∧1,q∧2

G φ2, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

θ 1� ζð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

 ζ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

  1� ζð Þ 1� θð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

26666666666666666664

37777777777777777775
0

dq∧2
θ0dq∧1

ζ

37777777777777777775

1/σ

  = q̂1q̂2 Fλ
γ,ρ φ2 � φ1ð ÞFλ

γ,ρ ϕ2 � ϕ1ð Þ
� �

B1 q∧1, q∧2ð Þð Þ1�1/σ

  × B2 q∧1, q∧2ð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B3 q∧1, q∧2ð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ"

  + B4 q∧1, q∧2ð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B5 q∧1, q∧2ð Þ φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ#1/σ

:

ð58Þ

This completes the proof of Theorem 21.

Corollary 22. In Theorem 21, if we choose q̂1, q̂2 ↦ 1−, we
have the following new inequality:

  G
2φ1 +Fλ

γ,ρ φ2 � φ1ð Þ
2

,
2ϕ1 +Fλ

γ,ρ ϕ2 � ϕ1ð Þ
2

 !�����
 � 1

Fλ
γ,ρ φ2 � φ1ð Þ

ðφ1+Fλ
y,ρ φ2�φ1ð Þ

φ1

G μ,
2ϕ1 +Fλ

γ,ρ ϕ2 � ϕ1ð Þ
2

 !
dμ

 � 1

Fλ
γ,ρ ϕ2 � ϕ1ð Þ

ðϕ1+Fλ
y,ρ ϕ2�ϕ1ð Þ

ϕ1

G
2φ1 +Fλ

γ,ρ φ2 � φ1ð Þ
2

, ν
 !

dν

 � 1

Fλ
γ,ρ φ2 � φ1ð ÞFλ

γ,ρ ϕ2 � ϕ1ð Þ

ðφ1+Fλ
y,ρ φ2�φ1ð Þ

φ1

ðϕ1+Fλ
y,ρ ϕ2�ϕ1ð Þ

ϕ1

G μ, νð Þdνdμ
�����

  ≤
Fλ

γ,ρ φ2 � φ1ð ÞFλ
γ,ρ ϕ2 � ϕ1ð Þ

16

 

· ∂2G φ2, ϕ2ð Þ/∂ζ∂θ�� ��σ + ∂2G φ1, ϕ2ð Þ/∂ζ∂θ�� ��σ + ∂2G φ2, ϕ1ð Þ/∂ζ∂θ�� ��σ + ∂2G φ1, ϕ1ð Þ/∂ζ∂θ�� ��σ
4

( )
:

ð59Þ

Remark 23. In Theorem 21,

(i) letting Fλ
γ,ρðφ2 − φ1Þ = φ2 − φ1 and Fλ

γ,ρðϕ2 − ϕ1Þ =
ϕ2 − ϕ1, then we attain Theorem 5 in [21]

(ii) letting Fλ
γ,ρðφ2 − φ1Þ = φ2 − φ1 and Fλ

γ,ρðϕ2 − ϕ1Þ =
ϕ2 − ϕ1 along with q̂1, q̂2 ↦ 1−, then we attain Corol-
lary 1 in [21] and Theorem 4 in [27], respectively

Theorem 24. For γ, ρ > 0 with λ = ðλð0Þ,⋯, λð1ÞÞ as the
bounded sequence of positive real numbers and let a mapping
G : Δ↦ℝ be a twice partially q̂1q̂2 -differentiable on Δ∘(the
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interior of Δ) such that continuous partial q̂1q̂2 -derivatives

φ1 ,ϕ1∂
2
q̂1 ,q̂2G/ φ1∂q̂1ζϕ1∂q̂2θ is integrable on Δ with 0 < q̂1, q̂2 <

1: If j φ1 ,ϕ1∂
2
q∧1 ,q∧2

G/ φ1
∂q∧1

ζϕ1∂q∧2
θjσ is a generalized Ψ -con-

vex on the coordinates on Δ for σ > 1 where σ−1 + β−1 = 1:
Then, the following inequality holds

Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ
��� ��� ≤ q̂1q̂2 Fλ

γ,ρ φ2 � φ1ð ÞFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
�
ð1
0

ð1
0
A ζ, θð Þj jβ0dq∧2

θ0dq∧1
ζ

� �1/β

× φ1 ,φ1
∂2q∧1 ,q∧2

G φ2, ϕ2ð Þ/ ϕ1∂q∧1
ζϕ1∂q∧2

θ
��� ���σ�h

+ q∧1 φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ1, ϕ2ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ
+ q∧2 φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ2, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ
+ q∧1q∧2 φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ1, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ�
/ 1 + q∧1ð Þ 1 + q∧2ð Þð Þ

i1/σ
,

ð60Þ

where Aðζ, θÞ is defined as in (38).

Proof. Taking into consideration the q̂1q̂2-Hölder integral
inequality, the generalized Ψ-convexity of
j φ1,ϕ1∂

2
q∧1,q∧2

G/ φ1
∂q∧1

ζϕ1∂q∧2
θjσ on the coordinates on Δ with

the aid of Lemma 19, we have

  Yq̂1,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ
��� ��� ≤ q̂1q̂2 Fλ

γ,ρ φ2 � φ1ð ÞFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
  ×

ð1
0

ð1
0
A ζ, θð Þj j φ1,ϕ1∂

2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
σ1
∂q̂1ζϕ1∂q̂2θ

������
������
0

8<:
 

φ1,ϕ1∂
2
q̂1,q̂2G φ1 + ζFλ

γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
φ1
∂q̂1ζϕ1∂q̂2θ

������
������ · dq̂2θ0dq̂1ζ

9=;
  ≤ q̂1q̂2 Fλ

γ,ρ φ2 � φ1ð ÞFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
  ×

ð1
0

ð1
0
A ζ, θð Þj jβ0dq∧2

θ0dq∧1
ζ

� �1/β"

  ×
ð1
0

ð1
0
A ζ, θð Þj j φ1,ϕ1∂

2
q∧1,q∧2

G φ1 + ζFλ
γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ

γ,ρ ϕ2 � ϕ1ð Þ
� �

φ1
∂q∧1

ζϕ1∂q∧2
θ

������
������
σ

0

0@

 
φ1,ϕ1∂

2
q∧1,q∧2

G φ1 + ζFλ
γ,ρ φ2 � φ1ð Þ, ϕ1 + θFλ

γ,ρ ϕ2 � ϕ1ð Þ
� �

φ1
∂q∧1

ζϕ1∂q∧2
θ

������
������
σ

0

· dq∧2
θ0dq∧1

ζ

1A1/σ375

  = q̂1q̂2 Fλ
γ,ρ φ2 � φ1ð ÞFλ

γ,ρ ϕ2 � ϕ1ð Þ
� � ð1

0

ð1
0
A ζ, θð Þj jβ0dq∧2

θ0dq∧1
ζ

� �1/β
 

  × φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σð1

0

ð1
0
ζθ0dq∧2

θ0dq∧1
ζ

"

  + φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σð1

0

ð1
0
θ 1� ζð Þ0dq∧2

θ0dq∧1
ζ

  + φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σð1

0

ð1
0
ζ 1� θð Þ0dq∧2

θ0dq∧1
ζ

 + φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σð1

0

ð1
0
1� ζð Þ 1� θð Þ0dq∧2

θ0dq∧1
ζ

#1/σ

  = q̂1q̂2 Fλ
γ,ρ φ2 � φ1ð ÞFλ

γ,ρ ϕ2 � ϕ1ð Þ
� � ð1

0

ð1
0
A ζ, θð Þj jβ0dq∧2

θ0dq∧1
ζ

� �1/β

  × φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ2ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ + q∧1 φ1,ϕ1∂
2
q∧1,q∧2

G φ1, ϕ2ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ�h

  + q∧2 φ1,ϕ1∂
2
q∧1,q∧2

G φ2, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ
 +q∧1q∧2 φ1,ϕ1∂

2
q∧1,q∧2

G φ1, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ�
 / 1 + q∧1ð Þ 1 + q∧2ð Þð Þ�1/σ: ð61Þ

This completes the proof of Theorem 21.

Corollary 25. In Theorem 21, if we choose q̂1, q̂2 ↦ 1−, we
have the following new inequality:

G
2φ1 +Fλ

γ,ρ φ2 � φ1ð Þ
2

,
2ϕ1 +Fλ

γ,ρ ϕ2 � ϕ1ð Þ
2

 !�����
� 1

Fλ
γ,ρ φ2 � φ1ð Þ

ðφ1+Fλ
γ,ρ φ2�φ1ð Þ

φ1

G μ,
2ϕ1 +Fλ

γ,ρ ϕ2 � ϕ1ð Þ
2

 !
dμ

� 1

Fλ
γ,ρ ϕ2 � ϕ1ð Þ

ðϕ1+Fλ
γ,ρ ϕ2�ϕ1ð Þ

ϕ1

G
2φ1 +Fλ

γ,ρ φ2 � φ1ð Þ
2

, ν
 !

dν

� 1

Fλ
γ,ρ φ2 � φ1ð ÞFλ

γ,ρ ϕ2 � ϕ1ð Þ

ðφ1+Fλ
γ,ρ φ2�φ1ð Þ

φ1

�
ðϕ1+Fλ

γ,ρ ϕ2�ϕ1ð Þ

ϕ1

G μ, νð Þdνdμj ≤
q̂1q̂2 Fλ

γ,ρ φ2 � φ1ð ÞFλ
γ,ρ ϕ2 � ϕ1ð Þ

� �
4 β + 1ð Þ2/β

× φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ2, ϕ2ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ�h
+ φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ1, ϕ2ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ
+ φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ2, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ
+ φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ1, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σÞ/ 4ð Þ
i1/σ

:

ð62Þ

Remark 26. In Theorem 21,

(i) letting Fλ
γ,ρðφ2 − φ1Þ = φ2 − φ1 and Fλ

γ,ρðϕ2 − ϕ1Þ =
ϕ2 − ϕ1, then we attain Theorem 6 in [21]

(ii) letting Fλ
γ,ρðφ2 − φ1Þ = φ2 − φ1 and Fλ

γ,ρðϕ2 − ϕ1Þ =
ϕ2 − ϕ1 along with q̂1q̂2 ↦ 1−, then we attain Theo-
rem 3 in [27]

6. Applications

This section contains some useful utilities of our findings
derived in the previous sections. For appropriate and suitable
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selections of parameters γ, ρ, and λ in the special functions
stated in (6), (10), and (11). Taking into account Raina’s
function (6), we shall derive outcomes for the hypergeo-
metric function and Mittag-Leffler function as particular
cases.

6.1. Hypergeometric Function. Letting γ = 1 and ρ = 0, and

λ pð Þ =
ϑ1ð Þp ϑ2ð Þp

ϑ3ð Þp
, for p = 0, 1, 2,⋯, ð63Þ

then for Theorem 16, Lemma 19, and Theorems 21–24,
the following results hold.

Theorem 27. Suppose λ = ðλð0Þ,⋯, λðpÞÞ is the bounded
sequence of positive real numbers and let G : O = ½φ1, φ1 +
Fðϑ1 ; ϑ2 ; ϑ3, φ2 − φ1Þ� × ½ϕ1, ϕ1 +Fðϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1Þ�↦
ℝ is the coordinated generalized Ψ -convex and partially
differentiable function on O∘ with 0 < q̂1, q̂2 < 1, then the
following inequalities hold:

G
q̂1 + 1ð Þφ1 +F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ

1 + q̂1
, q̂2 + 1ð Þϕ1 +F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ

1 + q̂2

� �
≤

1
2F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ

ðφ1+F ϑ1 ;ϑ2 ;ϑ3 ,φ2−φ1ð Þ

φ1

G

� μ, q̂2 + 1ð Þϕ1 +F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ
1 + q̂2

� �
φ1

dq̂1μ 

+ 1
2F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ

ðϕ1+F ϑ1 ;ϑ2 ;ϑ3 ,ϕ2−ϕ1ð Þ

ϕ1

G

� q̂1 + 1ð Þφ1 +F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ
1 + q̂1

, ν
� �

ϕ1

dq̂2ν

≤
1

F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð ÞF ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ
ðφ1+F ϑ1 ;ϑ2 ;ϑ3 ,φ2−φ1ð Þ

φ1

�
ðϕ1+F ϑ1 ;ϑ2 ;ϑ3 ,ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1
dq̂1

≤
q̂2

2 1 + q̂2ð Þ
1

F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ
ðφ1+F ϑ1 ;ϑ2 ;ϑ3 ,φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1dq̂1μ
 !

+ q̂2
2 1 + q̂2ð Þ

1
F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ

ðφ1+F ϑ1 ;ϑ2 ;ϑ3 ,φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1
dq̂1μ

 !

+ q̂1
2 1 + q̂1ð Þ

1
F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ

ðϕ1+F ϑ1 ;ϑ2 ;ϑ3 ,ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2μ
 !

+ q̂1
2 1 + q̂1ð Þ

1
F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ

ðϕ1+F ϑ1 ;ϑ2 ;ϑ3 ,ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
 !

≤
q̂1q̂2G φ1, ϕ1ð Þ + q̂1G φ1, ϕ2ð Þ + q̂2G φ2, ϕ1ð Þ +G φ2, ϕ2ð Þ

1 + q̂1ð Þ 1 + q̂2ð Þ :

ð64Þ

Lemma 28. Suppose λ = ðλð0Þ,⋯, λðpÞÞ be the bounded
sequence of positive real numbers and let a twice partially q̂1
q̂2 -differentiable mapping G : O = ½φ1, φ1 +Fðϑ1 ; ϑ2 ; ϑ3, φ2
− φ1Þ� × ½ϕ1, ϕ1 +Fðϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1Þ�↦ℝ defined on O∘

(the interior ofO). If the second-order partial q̂1q̂2 -derivatives
are continuous and integrable over O with 0 < q̂1, q̂2 < 1, then
the following equality holds:

~Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ

≔G
q̂1 + 1ð Þφ1 +F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ

1 + q̂1
, q̂2 + 1ð Þϕ1 +F ϑ1 ; ϑ2 ; ϑ3, ϕ2−c1ð Þ

1 + q̂2

� �
−

1
F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ

ðφ1+F ϑ1 ;ϑ2 ;ϑ3 ,φ2−φ1ð Þ

φ1

G

� μ, q̂2 + 1ð Þϕ1 +F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ
1 + q̂2

� �
φ1

dq̂1μ  −
1

F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ

�
ðϕ1+F ϑ1 ;ϑ2 ;ϑ3 ,ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 +F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ

1 + q̂1
, ν

� �
ϕ1

dq̂2ν

+ 1
F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð ÞF ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þ

ðφ1+F ϑ1 ;ϑ2 ;ϑ3 ,φ2−φ1ð Þ

φ1

�
ðϕ1+F ϑ1 ;ϑ2 ;ϑ3 ,ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1
dq̂1μ,

ð65Þ

where

~Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ≔ q̂1q̂2 F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þð

�F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð ÞÞ ×
ð1
0

ð1
0
A ζ, θð Þ

� φ1 ,ϕ1∂
2
q̂1 ,q̂2G φ1 + ζF ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þ, ϕ1 + θF ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð Þð Þ

φ1∂q̂1ζ ϕ1∂q̂2θ 0

� dq̂2θ0dq̂1ζf v,
ð66Þ

and Aðζ, θÞ given in (38).

Theorem 29. Suppose λ = ðλð0Þ,⋯, λðpÞÞ is the bounded
sequence of positive real numbers and let a mapping G

: O = ½φ1, φ1 +Fðϑ1 ; ϑ2 ; ϑ3, φ2 − φ1Þ� × ½ϕ1, ϕ1 +Fðϑ1 ; ϑ2 ;
ϑ3, ϕ2 − ϕ1Þ�↦ℝ be a twice partially q̂1q̂2 -differentiable on
O∘ such that continuous partial q̂1q̂2 -derivatives φ1 ,ϕ1∂

2
q̂1 ,q̂2

G/ φ1
∂q̂1ζϕ1∂q̂2θ is integrable on O with 0 < q̂1, q̂2 < 1: If

j φ1 ,ϕ1∂
2
q∧1 ,q∧2

G/ φ1
∂q∧1

ζϕ1∂q∧2
θjσ is a generalized Ψ -convex

on the coordinates on O for σ ≥ 1 where σ−1 + β−1 = 1:
Then, the following inequality holds:

~Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ
��� ��� ≤ q̂1q̂2 F ϑ1 ; ϑ2 ; ϑ3, φ2 − φ1ð Þð

�F ϑ1 ; ϑ2 ; ϑ3, ϕ2 − ϕ1ð ÞÞ B1 q∧1, q∧2ð Þð Þ1−1/σ

× B2 q∧1, q∧2ð Þ φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B3 q∧1, q∧2ð Þ
"

� φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B4 q∧1, q∧2ð Þ φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B5 q∧1, q∧2ð Þ φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ#1/σ

,

ð67Þ

where B1ðq̂1, q̂2Þ, B2ðq̂1, q̂2Þ,B3ðq̂1, q̂2Þ,B4ðq̂1, q̂2Þ, and B5ð
q̂1, q̂2Þ are given in (53), (54), (55), (56), and (57),
respectively.

Theorem 30. Suppose λ = ðλð0Þ,⋯, λðpÞÞ is the bounded
sequence of positive real numbers and let a mapping G : O
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= ½φ1, φ1 +Fðϑ1 ; ϑ2 ; ϑ3, φ2 − φ1Þ� × ½ϕ1, ϕ1 +Fðϑ1 ; ϑ2 ; ϑ3,
ϕ2 − ϕ1Þ�↦ℝ be a twice partially q̂1q̂2 -differentiable on O∘

such that continuous partial q̂1q̂2 -derivatives φ1 ,ϕ1∂
2
q̂1 ,q̂2G/ φ1

∂q̂1ζϕ1∂q̂2θ is integrable on O with 0 < q̂1, q̂2 < 1: If

j φ1 ,ϕ1∂
2
q∧1 ,q∧2

G/ φ1∂q∧1
ζϕ1∂q∧2

θjσ is a generalized Ψ -convex

on the coordinates on O for σ > 1 where σ−1 + β−1 = 1: Then,
the following inequality holds:

Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ
��� ��� ≤ q̂1q̂2 F ϑ1 ; ϑ2 ; ϑ3, φ2 � φ1ð Þð

�F ϑ1 ; ϑ2 ; ϑ3, ϕ2 � ϕ1ð ÞÞ ∫1
0
∫1
0
A ζ, θð Þj jβ0dq∧2

θ0dq∧1
ζ

� �1/β
× φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ2, ϕ2ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ�h
+ q∧1 φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ1, ϕ2ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ
+ q∧2 φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ2, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ
+ q∧1q∧2 φ1 ,ϕ1∂

2
q∧1 ,q∧2

G φ1, ϕ1ð Þ/ φ1
∂q∧1

ζϕ1∂q∧2
θ

��� ���σ�/
1 + q∧1ð Þ 1 + q∧2ð Þð Þ

i1/σ
,

ð68Þ

where Aðζ, θÞ is defined as in (38).

6.2. Mittag-Leffler Function. Setting ν = ð1, 1,⋯Þ having γ
= ϑ1,Rðϑ1Þ > 0 and ρ = 1, then from Theorem 16, Lemma
19, and Theorems 21–24, the following results hold.

Theorem 31. Let G : S = ½φ1, φ1 + Eϑ1
ðφ2 − φ1Þ� × ½ϕ1, ϕ1 +

Eϑ1
ðϕ2 − ϕ1Þ�↦ℝ be the coordinated generalized Ψ-convex

and partially differentiable function on S∘ with 0 < q̂1, q̂2 < 1,
then the following inequalities hold:

G
q̂1 + 1ð Þφ1 + Eϑ1

φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 + Eϑ1

ϕ2 − ϕ1ð Þ
1 + q̂2

� �
≤

1
2Eϑ1

φ2 − φ1ð Þ
ðφ1+Eϑ1

φ2−φ1ð Þ

φ1

G

� μ,
q̂2 + 1ð Þϕ1 + Eϑ1

ϕ2 − ϕ1ð Þ
1 + q̂2

� �
φ1

dq̂1μ + 1
2Eϑ1

ϕ2 − ϕ1ð Þ

�
ðϕ1+Eϑ1

ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 + Eϑ1

ϕ2 − ϕ1ð Þ
1 + q̂1

, ν
� �

ϕ1

dq̂2ν

≤
1

Eϑ1
φ2 − φ1ð ÞEϑ1

ϕ2 − ϕ1ð Þ
ðφ1+Eϑ1

φ2−φ1ð Þ

φ1

ðϕ1+Eϑ1
ϕ2−ϕ1ð Þ

ϕ1

G

� μ, νð Þϕ1dq̂2νφ1
dq̂1μ ≤

q̂2
2 1 + q̂2ð Þ

� 1
Eϑ1

ϕ2 − ϕ1ð Þ
ðφ1+Eϑ1

φ2−φ1ð Þ

φ1

G μ, ϕ1ð Þφ1
dq̂1μ

 !

+ q̂2
2 1 + q̂2ð Þ

1
Eϑ1

φ2 − φ1ð Þ
ðφ1+Eϑ1

φ2−φ1ð Þ

φ1

G μ, ϕ2ð Þφ1
dq̂1μ

 !

+ q̂1
2 1 + q̂1ð Þ

1
Eϑ1

ϕ2 − ϕ1ð Þ
ðϕ1+Eϑ1

ϕ2−ϕ1ð Þ

ϕ1

G φ1, νð Þϕ1dq̂2μ
 !

+ q̂1
2 1 + q̂1ð Þ

1
Eϑ1

ϕ2 − ϕ1ð Þ
ðϕ1+Eϑ1

ϕ2−ϕ1ð Þ

ϕ1

G φ2, νð Þϕ1dq̂2ν
 !

≤
q̂1q̂2G φ1, ϕ1ð Þ + q̂1G φ1, ϕ2ð Þ + q̂2G φ2, ϕ1ð Þ + G φ2, ϕ2ð Þ

1 + q̂1ð Þ 1 + q̂2ð Þ :

ð69Þ

Lemma 32. Let a twice partially q̂1q̂2 -differentiable mapping
G : S = ½φ1, φ1 +Fðϑ1 ; ϑ2 ; ϑ3, φ2 − φ1Þ� × ½ϕ1, ϕ1 +Fðϑ1 ; ϑ2
; ϑ3, ϕ2 − ϕ1Þ�↦ℝ defined on S∘(the interior of S). If the
second-order partial q̂1q̂2-derivatives are continuous and integra-
ble over S with 0 < q̂1, q̂2 < 1, then the following equality holds:

e~Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ

≔ G
q̂1 + 1ð Þφ1 + Eϑ1

φ2 − φ1ð Þ
1 + q̂1

,
q̂2 + 1ð Þϕ1 + Eϑ1

ϕ2−c1ð Þ
1 + q̂2

� �
−

1
Eϑ1

φ2 − φ1ð Þ
ðφ1+Eϑ1 φ2−φ1ð Þ

φ1

G μ,
q̂2 + 1ð Þϕ1 + Eϑ1

ϕ2 − ϕ1ð Þ
1 + q̂2

� �
φ1

� dq̂1μ −
1

Eϑ1
ϕ2 − ϕ1ð Þ

ðϕ1+Eϑ1 ϕ2−ϕ1ð Þ

ϕ1

G
q̂1 + 1ð Þφ1 + Eϑ1

φ2 − φ1ð Þ
1 + q̂1

, ν
� �

ϕ1

� dq̂2ν +
1

Eϑ1
φ2 − φ1ð ÞEϑ1

ϕ2 − ϕ1ð Þ
ðφ1+Eϑ1

φ2−φ1ð Þ

φ1

�
ðϕ1+Eϑ1 ϕ2−ϕ1ð Þ

ϕ1

G μ, νð Þϕ1dq̂2νφ1dq̂1μ,

ð70Þ

where

e~Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ

≔ q̂1q̂2 Eϑ1
φ2 − φ1ð ÞEϑ1

ϕ2 − ϕ1ð Þ� �
×
ð1
0

ð1
0
A ζ, θð Þ

� φ1 ,ϕ1∂
2
q̂1 ,q̂2G φ1 + ζEϑ1

φ2 − φ1ð Þ, ϕ1 + θEϑ1
ϕ2 − ϕ1ð Þ� �

φ1∂q̂1ζ ϕ1∂q̂2θ 0

� dq̂2θ0dq̂1ζ,
ð71Þ

and Aðζ, θÞ given in (38).

Theorem 33. Let a mapping G : S = ½φ1, φ1 + Eϑ1
ðφ2 − φ1Þ�

× ½ϕ1, ϕ1 + Eϑ1
ðϕ2 − ϕ1Þ�↦ℝ be a twice partially q̂1q̂2 -differ-

entiable on S∘ such that continuous partial q̂1q̂2-derivatives

φ1 ,ϕ1∂
2
q̂1 ,q̂2G/ φ1

∂q̂1ζϕ1∂q̂2θ is integrable on S with 0 < q̂1, q̂2 <
1: If j φ1 ,ϕ1∂

2
q∧1 ,q∧2

G/ φ1
∂q∧1

ζϕ1∂q∧2
θjσ is a generalized Ψ -con-

vex on the coordinates on S for σ ≥ 1 where σ−1 + β−1 = 1:
Then, the following inequality holds:

e~Yq̂1 ,q̂2 φ1, φ2, ϕ1, ϕ2ð Þ Gð Þ
��� ���
≤ q̂1q̂2 Eϑ1

φ2 − φ1ð ÞEϑ1
ϕ2 − ϕ1ð Þ� �

B1 q∧1, q∧2ð Þð Þ1−1/σ

× B2 q∧1, q∧2ð Þ φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+B3 q∧1, q∧2ð Þ
"

� φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ1, ϕ2ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+B4 q∧1, q∧2ð Þ φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ2, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ

+ B5 q∧1, q∧2ð Þ φ1 ,ϕ1∂
2
q∧1 ,q∧2

G φ1, ϕ1ð Þ
φ1
∂q∧1

ζϕ1∂q∧2
θ

�����
�����
σ#1/σ

,

ð72Þ
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where B1ðq̂1, q̂2Þ, B2ðq̂1, q̂2Þ, B3ðq̂1, q̂2Þ, B4ðq̂1, q̂2Þ, and
B5ðq̂1, q̂2Þ are given in (53), (54), (55), (56), and (57),
respectively.

Theorem 34. Let a mapping G : S = ½φ1, φ1 + Eϑ1
ðφ2 − φ1Þ�

× ½ϕ1, ϕ1 + Eϑ1
ðϕ2 − ϕ1Þ�↦ℝ be a twice partially q̂1q̂2 -differ-

entiable on S∘ such that continuous partial q̂1q̂2 -derivatives

φ1 ,ϕ1∂
2
q̂1 ,q̂2G/ φ1

∂q̂1ζϕ1∂q̂2θ is integrable on S with 0 < q̂1, q̂2 <
1: If j φ1 ,ϕ1∂

2
q∧1 ,q∧2

G/ φ1
∂q∧1

ζϕ1∂q∧2
θjσ is a generalized Ψ -con-

vex on the coordinates on S for σ > 1 where σ−1 + β−1 = 1:
Then, the following inequality holds:

where Aðζ, θÞ is defined as in (38).

7. Conclusion

The main objective of this paper will be a motivation source
for future studies. An auxiliary result in q̂1q̂2-integrals has
been derived. We established some new generalizations for
the HH-type inequality pertaining to q̂1q̂2-differentiable
mappings for generalizedΨ-convex functions on coordinates
in the special Raina’s function sense that correlates with the
q̂1q̂2-identity. Some useful applications of our findings have
been illustrated with the association of the well-known spe-
cial functions (hypergeometric and Mittag-Leffler function).
Moreover, our findings are essentially applicable for obtain-
ing the solution of integral equations that interact withn
bodies subject to mixed boundary conditions (see [7, 8]).
For further potential investigation, we left the details for
futuristic research. Every aspect of the suggested scheme is
versatile and simple to execute. We apprehended noteworthy
special cases for varying the parametric values in the involve-
ment of special functions. This new study is explicit and via-
ble and can be effectively utilized in inequality theory, special
relativity theory, and quantum mechanics.

Data Availability

Not applicable.

Conflicts of Interest

The authors declare that they have no competing interests.

Authors’ Contributions

All authors contributed equally to the writing of this paper.
All authors read and approved the final manuscript.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China (Grant No. 61673169).

References

[1] F. H. Jackson, “On a q-definite integrals,” The Quarterly Jour-
nal of Pure and Applied Mathematics, vol. 4, pp. 193–203,
1910.

[2] J. Tariboon and S. K. Ntouyas, “Quantum integral inequalities
on finite intervals,” Journal of Inequalities and Applications,
vol. 2014, 2014.

[3] J. Tariboon and S. K. Ntouyas, “Quantum calculus on finite
intervals and applications to impulsive difference equations,”
Advances in Difference Equations, vol. 2013, 2013.

[4] T. Ernst, A Comprehensive Treatment of q-Calculus, Springer,
Basel, Switzerland, 2012.

[5] V. Kac and P. Cheung, Quantum Calculus, Springer, New
York, NY, USA, 2003.

[6] H. Gauchman, “Integral inequalities in q-calculus,” Computers
&Mathematcs with Applications, vol. 47, no. 2-3, pp. 281–300,
2004.

[7] L. A. Sosnovskiy and S. S. Sherbakov, “On the development of
mechanothermodynamics as a new branch of physics,”
Entropy, vol. 21, no. 12, p. 1188, 2019.

[8] L. A. Sosnovskiy and S. S. Sherbakov, “A model of mechan-
othermodynamic entropy in tribology,” Entropy, vol. 19,
no. 3, p. 115, 2017.

[9] U. S. Kirmaci, “Inequalities for differentiable mappings and
applications to special means of real numbers and to midpoint
formula,” Applied Mathematics and Computation, vol. 147,
no. 1, pp. 137–146, 2004.

[10] S. S. Dragomir and R. P. Agarwal, “Two inequalities for differ-
entiable mappings and applications to special means of real
numbers and to trapezoidal formula,” Applied Mathematics
Letters, vol. 11, no. 5, pp. 91–95, 1998.

[11] S. S. Dragomir, “Ostrowski's type inequalities for the complex
integral on paths,” Constructive Mathematical Analysis, vol. 3,
no. 4, pp. 125–138, 2020.

[12] G. A. Anastassiou, “General multivariate Iyengar type inequal-
ities,” Constructive Mathematical Analysis, vol. 2, no. 2,
pp. 64–80, 2019.

[13] S. S. Dragomir, “Inequalities for synchronous functions and
applications,” Constructive Mathematical Analysis, vol. 2,
no. 3, pp. 109–123, 2019.

[14] U. S. Kirmaci and M. E. Özdemir, “On some inequalities for
differentiable mappings and applications to special means of
real numbers and to midpoint formula,” Applied Mathematics
and Computation, vol. 153, no. 2, pp. 361–368, 2004.

[15] S. Rashid, T. Abdeljawad, F. Jarad, andM. A. Noor, “Some esti-
mates for generalized Riemann-Liouville fractional integrals of
exponentially convex functions and their applications,”Math-
ematics, vol. 7, no. 9, p. 807, 2019.

[16] S. Rashid, H. Kalsoom, Z. Hammouch, R. Ashraf, D. Baleanu,
and Y.-M. Chu, “New multi-parametrized estimates having
pth-order differentiability in fractional calculus for predomi-
nating h-convex functions in Hilbert space,” Symmetry,
vol. 12, no. 2, p. 222, 2020.

[17] S. Rashid, M. A. Noor, K. I. Noor, F. Safdar, and Y.-M. Chu,
“Hermite–Hadamard type inequalities for the class of convex
functions on time scale,” Mathematics, vol. 7, no. 10, p. 956,
2019.

[18] N. S. Barnett and S. S. Dragomir, “An Ostrowski-type inequal-
ity for double integrals and applications for cubature formu-
lae,” Soochow Journal of Mathematics, vol. 27, pp. 109–114,
2001.

[19] P. Cerone and S. S. Dragomir, “Ostrowski-type inequalities for
functions whose derivatives satisfy certain convexity assump-
tions,” Demonstratio Mathematica, vol. 37, no. 2, pp. 299–
308, 2004.

15Journal of Function Spaces



[20] S. S. Dragomir, “On the Hadamard's inequlality for convex
functions on the co-ordinates in a rectangle from the plane,”
Taiwanese Journal of Mathematics, vol. 5, no. 4, pp. 775–788,
2001.

[21] M. Kunt, M. A. Latif, İ. Işcan, and S. S. Dragomir, “Quantum
Hermite-Hadamard type inequality and some estimates of
quantum midpoint type inequalities for double integrals,”
Sigma Journal of Engineering and Natural Sciences, vol. 37,
no. 1, pp. 207–223, 2019.

[22] M. Matloka, “On some Hadamard-type inequalities for (h1,
h2)-preinvex functions on the co-ordinates,” Journal of
Inequalities and Applications, vol. 2013, no. 1, Article ID 227,
2013.

[23] M. E. Özdemir, A. O. Akdemir, and M. Tunç, “On some
Hadamard-type inequalities for co-ordinated convex func-
tions,” 2012, http://arxiv.org/abs/1203.4327.

[24] B. Y. Xi and F. Qi, “Some new integral inequalities of Hermite-
Hadamard type for (log, (a, m))-convex functions on co-ordi-
nates,” Studia Universitatis Babes-Bolyai Mathematica, vol. 60,
pp. 509–525, 2015.

[25] R. K. Raina, “On generalized Wright's hypergeometric func-
tions and fractional calculus operators,” East AsianMathemat-
ical Journal, vol. 21, pp. 191–203, 2005.

[26] H. Kalsoom, J.-D. Wu, S. Hussain, and M. A. Latif, “Simpson's
type inequalities for co-ordinated convex functions on quan-
tum calculus,” Symmetry, vol. 11, no. 6, p. 768, 2019.

[27] M. A. Latif and S. S. Dragomir, “On some new inequalities for
differentiable co-ordinated convex functions,” Journal of
Inequalities and Applications, vol. 2012, 28 pages, 2012.

16 Journal of Function Spaces

http://arxiv.org/abs/1203.4327

	Quantum Integral Inequalities with Respect to Raina’s Function via Coordinated Generalized Ψ-Convex Functions with Applications
	1. Introduction
	2. Prelude
	3. Quantum HH-Type Inequality for Generalized Ψ-Convex on the Coordinates
	4. Quantum Integral Identity for Coordinated Generalized Ψ-Convex Functions
	5. Certain New q&Hat;1q&Hat;2-Integral Estimates for Generalized Ψ-Convex Functions
	6. Applications
	6.1. Hypergeometric Function
	6.2. Mittag-Leffler Function

	7. Conclusion
	Data Availability
	Conflicts of Interest
	Authors’ Contributions
	Acknowledgments

