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Debnath and De La Sen introduced the notion of set valued interpolative Hardy-Rogers type contraction mappings on b-metric
spaces and proved that on a complete b-metric space, whose all closed and bounded subsets are compact, the set valued
interpolative Hardy-Rogers type contraction mapping has a fixed point. This article presents generalizations of above results by
omitting the assumption that all closed and bounded subsets are compact.

1. Introduction

There are numerous studies on interpolation inequalities in
literature. In 1999, Chua [1] gave some weighted Sobolev
interpolation inequalities on product spaces. Badr and Russ
[2] proved some Littlewood-Paley inequalities and interpola-
tion results for Sobolev spaces. Interpolation is considered as
one of the central concepts in pure logic. Various interpola-
tion properties find their applications in computer science
and have many deep purely logical consequences (see [3,
4]). Gogatishvili and Koskela [5] presented variant interpola-
tion properties of Besov spaces defined on metric spaces.
Going in the same direction in the setting of metric spaces
via contraction mappings, Karapinar [6] presented the con-
cept of an interpolative Kannan contraction mapping and
proved that this mapping admits a fixed point on complete
metric spaces. Later on, this notation has been extended into
several directions (see [7–18]).

In [6], Karapinar presented the interpolative Kannan
contraction as follows: a mapping K : ðW, dWÞ→ ðW, dWÞ
is an interpolative Kannan contraction if

dW Kwa, Kwb
� �i

≤ δ dW wa, Kwað Þ½ �ι1 dW wb, Kwb
� �h i1−ι1

ð1Þ

for all wa,wb ∈W with wa ≠ Kwa, where δ ∈ ½0, 1Þ and ι1
∈ ð0, 1Þ. This inequality was further refined by Karapinar
et al. [7] by

dW Kwa, Kwb
� �i

≤ δ dW wa, Kwað Þ½ �ι1 dW wb, Kwb
� �h i1−ι1

ð2Þ
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for all wa,wb ∈W \ fixðKÞ, where δ ∈ ½0, 1Þ, ι1 ∈ ð0, 1Þ, and
fixðKÞ = fwa ∈W : Kwa =wag.

Gaba and Karapinar [9] further modified the interpola-
tive Kannan contraction concept in the following way: a
mapping K : ðW, dWÞ→ ðW, dWÞ is a ðδ, ι1, ι2Þ-interpola-
tive Kannan contraction, if

dW Kwa, Kwb
� �i

≤ δ dW wa, Kwað Þ½ �ι1 dW wb, Kwb
� �h iι2

ð3Þ

for all wa,wb ∈W \ fixðKÞ, where δ ∈ ½0, 1Þ, ι1, ι2 ∈ ð0, 1Þ with
ι1 + ι2 < 1. Karapinar et al. [10] gave the interpolative Hardy-
Rogers type contraction as follows: a mapping K : ðW, dWÞ
→ ðW, dWÞ is called an interpolative Hardy-Rogers type
contraction if

dW Kwa, Kwb
� �

≤ δ

"
dW wa,wb
� �h iι1

dW wa, Kwað Þ½ �ι2 dW wb, Kwb
� �h iι3

× 1
2ρ dW wa, Kwb

� �
+ dW Kwa,wb

� �� �� �1−ι1−ι2−ι3#

ð4Þ

for each wa,wb ∈W \ fixðKÞ, where δ ∈ ½0, 1Þ and ι1, ι2, ι3
∈ ð0, 1Þ with ι1 + ι2 + ι3 < 1.

Later on, Debnath and De La Sen [12] extended the above
definition to set valued interpolative Hardy-Rogers type con-
traction mappings on b-metric spaces and proved that on
complete b-metric spaces, whose all closed and bounded sub-
sets are compact, the set valued interpolative Hardy-Rogers
type contraction mapping has a fixed point.

On the other hand, Bakhtin [19] and Czerwik [20] intro-
duced the notion of b-metric spaces.

Definition 1 (see [19, 20]). Let W be a nonempty set and
dW : W ×W → ½0,∞Þ be a function so that for all i, j, ℓ ∈ X
and some ρ ≥ 1,

dW i, jð Þ = 0⇔ i = j,
dW i, jð Þ = dW j, ið Þ,
dW i, jð Þ ≤ ρ dW i, ℓð Þ + dW ℓ, jð Þ½ �:

ð5Þ

Then, dW is a b-metric on W, and ðW, dW , ρÞ is called a
b-metric space with a coefficient ρ ≥ 1.

For related works in this setting, see [21–23]. From now
on, ðW, dW , ρÞ is a b-metric space with a coefficient ρ ≥ 1.
In the whole paper, ρ ≥ 1 is the coefficient of the b-metric
space.

Definition 2 (see [20]). We have the following:

(a) A sequence fηng in W is said to be Cauchy if lim
n,m→∞

dWðηn, ηmÞ = 0

(b) A sequence fηng inW is said to be convergent to η if
lim

n,m→∞
dWðηn, ηÞ = 0

(c) ðW, dW , ρÞ is said to be complete if every Cauchy
sequence fηng in W is convergent

Denote by CBðWÞ the set of nonempty closed bounded
subsets of W. For A, B ∈ CBðXÞ, consider

ΔW A, Bð Þ = sup dW ω, Bð Þ ; ω ∈ Af g, ð6Þ

where dWðω, BÞ = inf fdWðω, μÞ, μ ∈ Bg. The functional
HW : CBðWÞ × CBðWÞ→ ½0,∞Þ defined by

HW A, Bð Þ =max ΔW A, Bð Þ, ΔW B, Að Þf g ð7Þ

is known as the Pompieu-Hausdorff b-metric on CBðWÞ. We
state the following known lemma.

Lemma 3 (see [24]). Let ðW, dW , ρÞ be a b-metric space ðρ
≥ 1Þ. Let A, B ∈ CBðWÞ and a ∈ A. We have the two following
statements:

(i) For each ε > 0, there is b ∈ B so that

dW a, bð Þ ≤HW A, Bð Þ + ε ð8Þ

(ii) For each h > 1, there is ν ∈ B so that

dW a, νð Þ ≤ hHW A, Bð Þ ð9Þ

This article presents two new generalizations of set val-
ued interpolative Hardy-Rogers type contraction mappings.
Namely, we ensure the existence of fixed points of such
maps on a complete b-metric space without considering
the assumption that all closed and bounded subsets must
be compact. Two examples are also presented.

2. Main Results

First, we define the notion of ξ-interpolative Hardy-Rogers
type contractions.

Definition 4. Consider a b-metric space ðW, dW , ρÞ. Also,
consider maps K : W → CBðWÞ and ξ : W ×W →ℝ \ f0g.
Such a map K is called an ξ-interpolative Hardy-Rogers type
contraction if

HW Kwa, Kwb
� �h iξ wa ,wbð Þ

≤ δ

"
dW wa,wb
� �h iι1

dW wa, Kwað Þ½ �ι2 dW wb, Kwb
� �h iι3

× 1
2ρ dW wa, Kwb

� �
+ dW Kwa,wb

� �� �� �1−ι1−ι2−ι3#

ð10Þ
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for each wa,wb ∈W with

min dW wa,wb
� �

, dW wa, Kwað Þ, dW wb, Kwb
� �n o

> 0,

ð11Þ
where δ ∈ ½0, 1/ρ2Þ and ι1, ι2, ι3 ∈ ð0, 1Þ with ι1 + ι2 + ι3 < 1.

The following result ensures the existence of a fixed point
of ξ-interpolative Hardy-Rogers type contractions.

Theorem 5. Consider a complete b-metric space ðW, dW , ρÞ
and consider an ξ-interpolative Hardy-Rogers type contrac-
tion map K . Also, consider the given assertions.

(I) There must exist wa
0 ∈W and wa

1 ∈ Kw
a
0 such that ξ

ðwa
0,wa

1Þ = 1

(II) For each wa,wb ∈W with ξðwa,wbÞ = 1, we have ξ
ðwc,wdÞ = 1∀wc ∈ Kwa,wd ∈ Kwb

(III) For each fwa
mg in W with wa

m →w and ξðwa
m,

wa
m+1Þ = 1∀m ∈ℕ, we have ξðwa

m,wÞ = 1∀m ∈ℕ

Then, K must have a fixed point in W.

Proof. By assertion (I) there are wa
0 ∈W and wa

1 ∈ Kw
a
0 with

ξðwa
0,wa

1Þ = 1. If

min dW wa
0,wa

1ð Þ, dW wa
0, Kwa

0ð Þ, dW wa
1, Kwa

1ð Þf g = 0, ð12Þ

then K has a fixed point. Suppose that

min dW wa
0,wa

1ð Þ, dW wa
0, Kwa

0ð Þ, dW wa
1, Kwa

1ð Þf g > 0: ð13Þ

By (10), we obtain

HW Kwa
0, Kwa

1ð Þ
= HW Kwa

0, Kwa
1ð Þ½ �ξ wa

0,wa
1ð Þ

≤ δ

"
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0, Kwa
0ð Þ½ �ι2 dW wa

1, Kwa
1ð Þ½ �ι3

× 1
2ρ dW wa

0, Kwa
1ð Þ + dW Kwa

0,wa
1ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð14Þ
This leads to

1ffiffiffi
δ

p dW wa
1, Kwa

1ð Þ

≤
1ffiffiffi
δ

p HW Kwa
0, Kwa

1ð Þ

≤
ffiffiffi
δ

p "
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0, Kwa
0ð Þ½ �ι2 dW wa

1, Kwa
1ð Þ½ �ι3

× 1
2ρ dW wa

0, Kwa
1ð Þ + dW Kwa

0,wa
1ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð15Þ

Since 1/
ffiffiffi
δ

p
> 1, there is wa

2 ∈ Kw
a
1 such that

dW wa
1,wa

2ð Þ ≤ 1ffiffiffi
δ

p dW wa
1, Kwa

1ð Þ: ð16Þ

Thus, by (15),

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p "
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0,wa
1ð Þ½ �ι2 dW wa

1,wa
2ð Þ½ �ι3

× 1
2ρ dW wa

0,wa
2ð Þ + dW wa

1,wa
1ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð17Þ
Note that dWðwa

0,wa
2Þ ≤ ρ½dWðwa

0,wa
1Þ + dWðwa

1,wa
2Þ� ≤

2ρ max fdWðwa
0,wa

1Þ, dWðwa
1,wa

2Þg. Hence, by (17), we get

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p h
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0,wa
1ð Þ½ �ι2 dW wa

1,wa
2ð Þ½ �ι3

× max dW wa
0,wa

1ð Þ, dW wa
1,wa

2ð Þf g½ �1−ι1−ι2−ι3
i
:

ð18Þ
Now, we consider max fdWðwa

0,wa
1Þ, dWðwa

1,wa
2Þg = dW

ðwa
0,wa

1Þ. Then, by (18), we get

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p h
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0,wa
1ð Þ½ �ι2 dW wa

0,wa
1ð Þ½ �ι3

× dW wa
0,wa

1ð Þ½ �1−ι1−ι2−ι3
i
:

ð19Þ
This implies

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p
dW wa

0,wa
1ð Þ: ð20Þ

Note that when we take max fdWðwa
0,wa

1Þ, dWðwa
1,wa

2Þg
= dWðwa

1,wa
2Þ in (18), then we get dWðwa

1,wa
2Þ = 0, that is,

wa
1 ∈ Kw

a
1; hence, this choice is not possible. As ξðwa

0,wa
1Þ =

1 and wa
1 ∈ Kw

a
0 and wa

2 ∈ Kw
a
1, then by assertion (II), we

get ξðwa
1,wa

2Þ = 1. Again, we consider

min dW wa
1,wa

2ð Þ, dW wa
1, Kwa

1ð Þ, dW wa
2, Kwa

2ð Þf g > 0, ð21Þ

then by (10), we get

1ffiffiffi
δ

p dW wa
2, Kwa

2ð Þ

≤
1ffiffiffi
δ

p HW Kwa
1, Kwa

2ð Þ

= 1ffiffiffi
δ

p HW Kwa
1, Kwa

2ð Þ½ �ξ wa
1,wa

2ð Þ

≤
ffiffiffi
δ

p "
dW wa

1,wa
2ð Þ½ �ι1 dW wa

1, Kwa
1ð Þ½ �ι2 dW wa

2, Kwa
2ð Þ½ �ι3

× 1
2ρ dW wa

1, Kwa
2ð Þ + dW Kwa

1,wa
2ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð22Þ
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Since 1/
ffiffiffi
δ

p
> 1, there is wa

3 ∈ Kw
a
2 such that

dW wa
2,wa

3ð Þ ≤ 1ffiffiffi
δ

p dW wa
2, Kwa

2ð Þ: ð23Þ

Thus, by (22), we conclude

dW wa
2,wa

3ð Þ ≤
ffiffiffi
δ

p "
dW wa

1,wa
2ð Þ½ �ι1 dW wa

1,wa
2ð Þ½ �ι2 dW wa

2,wa
3ð Þ½ �ι3

× 1
2ρ dW wa

1,wa
3ð Þ + dW wa

2,wa
2ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð24Þ

Note that dWðwa
1,wa

3Þ ≤ ρ½dWðwa
1,wa

2Þ + dWðwa
2,wa

3Þ� ≤
2ρ max fdWðwa

1,wa
2Þ, dWðwa

2,wa
3Þg. Hence, by (24), we get

dW wa
2,wa

3ð Þ ≤
ffiffiffi
δ

p h
dW wa

1,wa
2ð Þ½ �ι1 dW wa

1,wa
2ð Þ½ �ι2 dW wa

2,wa
3ð Þ½ �ι3

× max dW wa
1,wa

2ð Þ, dW wa
2,wa

3ð Þf g½ �1−ι1−ι2−ι3
i
:

ð25Þ

Now, we consider max fdWðwa
1,wa

2Þ, dWðwa
2,wa

3Þg = dW
ðwa

1,wa
2Þ. Then, by (18), we get

dW wa
2,wa

3ð Þ ≤
ffiffiffi
δ

p h
dW wa

1,wa
2ð Þ½ �ι1 dW wa

1,wa
2ð Þ½ �ι2 dW wa

1,wa
2ð Þ½ �ι3

× dW wa
1,wa

2ð Þ½ �1−ι1−ι2−ι3
i
:

ð26Þ

This yields that

dW wa
2,wa

3ð Þ ≤
ffiffiffi
δ

p
dW wa

1,wa
2ð Þ: ð27Þ

Note that if we take max fdWðwa
1,wa

2Þ, dWðwa
2,wa

3Þg =
dWðwa

2,wa
3Þ in (25), then dWðwa

2,wa
3Þ = 0, that is, wa

2 ∈ Kw
a
2,

which is not possible. From (27) and (20), we get

dW wa
2,wa

3ð Þ ≤
ffiffiffi
δ

p� �2
dW wa

0,wa
1ð Þ: ð28Þ

Proceeding in this way, we can obtain a sequence fwa
mg

in W with wa
m+1 ∈ Kw

a
m, ξðwa

m,wa
m+1Þ = 1 for all m ∈W and

dW wa
m,wa

m+1ð Þ ≤
ffiffiffi
δ

p� �m
dW wa

0,wa
1ð Þ∀m ∈ℕ: ð29Þ

Also, by the construction of fwa
mg, we get

min dW wa
m,wa

m+1ð Þ, dW wa
m, Kwa

mð Þ, dW wa
m+1, Kwa

m+1ð Þf g
> 0∀m ∈ℕ:

ð30Þ

By a triangular inequality, we have for n >m,

dW wa
n,wa

mð Þ ≤ 〠
n−1

j=m
ρjdW wa

j ,wa
j+1

� �
≤ 〠

n−1

j=m
ρj

ffiffiffi
δ

p� �j
dW wa

0,wa
1ð Þ:

ð31Þ

Since the above series is convergent, fwa
mg is a Cauchy

sequence inW. Completeness of W gives wa
∗ in W such that

wa
m →wa

∗. By considering assertion (III), we get ξðwa
m,wa

∗Þ
= 1∀m ∈ℕ. Here, we claim wa

∗ ∈ Kw
a
∗. If the claim is wrong,

then min fdWðwa
m,wa

∗Þ, dWðwa
m, Kwa

mÞ, dWðwa
∗, Kwa

∗Þg > 0
for all m >m0, for some m0 ∈ℕ. From (10), we get

dW wa
m+1, Kwa

∗ð Þ
≤HW Kwa

m, Kwa
∗ð Þ

= HW Kwa
m, Kwa

∗ð Þ½ �ξ wa
m ,wa

∗ð Þ

≤ δ

"
dW wa

m,wa
∗ð Þ½ �ι1 dW wa

m, Kwa
mð Þ½ �ι2 dW wa

∗, Kwa
∗ð Þ½ �ι3

× 1
2ρ dW wa

m, Kwa
∗ð Þ + dW Kwa

m,wa
∗ð Þð Þ

� �1−ι1−ι2−ι3#

≤ δ

"
dW wa

m,wa
∗ð Þ½ �ι1 dW wa

m, Kwa
mð Þ½ �ι2 dW wa

∗, Kwa
∗ð Þ½ �ι3

× 1
2ρ dW wa

m, Kwa
∗ð Þ + dW wa

m+1,wa
∗ð Þð Þ

� �1−ι1−ι2−ι3#
∀m >m0:

ð32Þ

From the above, we get limm→∞dWðwa
m+1, Kwa

∗Þ = 0. By
the triangular inequality, we have

dW wa
∗, Kwa

∗ð Þ ≤ ρ dW wa
∗,wa

m+1ð Þ + dW wa
m+1, Kwa

∗ð Þ½ �∀m ∈ℕ:

ð33Þ

By taking the limit m→∞, we get dWðwa
∗, Kwa

∗Þ = 0,
that is, wa

∗ ∈ Kw
a
∗. Therefore, our claim is valid.

Example 1. Consider W =ℤ with dWðwn,wmÞ = ðwn −wmÞ2
for all wn,wm ∈W. Define K : W → CBðWÞ by

K wnð Þ =
0f g, wn ∈ 0, 1, 2, 3,⋯f g
− wn − 2ð Þ2� �

, wn ∈ −1,−2,−3,⋯f g

 
ð34Þ

and ξ : W ×W →ℝ \ f0g by

ξ wn,wmð Þ =
1, wn,wm ∈ 0, 1, 2, 3,⋯f g
− wnj j + wmj j + 4½ �, otherwise:

 

ð35Þ

Note that

Case 1. If wn,wm ≥ 0 with wn ≠wm, we get HW

ðKwn, KwmÞξðwn ,wmÞ = 0.
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Case 2. If wn,wm < 0 with wn ≠wm, we get

HW Kwn, Kwmð Þξ wn ,wmð Þ

= 1

− wn − 2ð Þ2 + wm − 2ð Þ2	 
2h i wnj j+ wmj j+4 :
ð36Þ

Case 3. If wn < 0 and wm ≥ 0, we get HWðKwn, KwmÞξðwn ,wmÞ

= 1/½ð−ðwn − 2Þ2Þ2�jwnj+jwmj+4
.

After calculating the values, it is easy to see that
For Case1: if wn,wm > 0 with wn ≠wm, we get

HW Kwn, Kwmð Þ½ �ξ wn ,wmð Þ

= 0 < 1
5 1 · 1 · 1 · 14

� �

≤
1
5

"
dW wn,wmð Þ½ �ι1 dW wn, Kwnð Þ½ �ι2 dW wm, Kwmð Þ½ �ι3

× 1
2ρ dW wn, Kwmð Þ + dW Kwn,wmð Þð Þ
� �1−ι1−ι2−ι3#

ð37Þ

for each ι1, ι2, ι3 ∈ ð0, 1Þ with ι1 + ι2 + ι3 < 1.
For Case2: if wn,wm < 0 with wn ≠wm, we get

HW Kwn, Kwmð Þ½ �ξ wn ,wmð Þ

= 1

− wn − 2ð Þ2 + wm − 2ð Þ2	 
2h i wnj j+ wmj j+4

≤
1
49ð Þ7 < 1

5 1 · 1 · 1 · 14

� �

≤
1
5

"
dW wn,wmð Þ½ �ι1 dW wn, Kwnð Þ½ �ι2 dW wm, Kwmð Þ½ �ι3

× 1
2ρ dW wn, Kwmð Þ + dW Kwn,wmð Þð Þ
� �1−ι1−ι2−ι3#

ð38Þ

for each ι1, ι2, ι3 ∈ ð0, 1Þ with ι1 + ι2 + ι3 < 1.
For Case3: if wn < 0 and wm > 0, we get

HW Kwn, Kwmð Þ½ �ξ wn ,wmð Þ

= 1

− wn − 2ð Þ2	 
2h i wnj j+ wmj j+4 ≤
1
81ð Þ6 < 1

5 1 · 1 · 1 · 14

� �

≤
1
5

"
dW wn,wmð Þ½ �ι1 dW wn, Kwnð Þ½ �ι2 dW wm, Kwmð Þ½ �ι3

× 1
2ρ dW wn, Kwmð Þ + dW Kwn,wmð Þð Þ
� �1−ι1−ι2−ι3#

ð39Þ

for each ι1, ι2, ι3 ∈ ð0, 1Þ with ι1 + ι2 + ι3 < 1. By keeping these
calculations in mind, one can check that all the hypotheses of
Theorem 5 are valid. Hence, K must have a fixed point.

The following definition presents a multiplicative ξ
-interpolative Hardy-Rogers type contraction.

Definition 6. Consider a b-metric space ðW, dW , ρÞ. Also,
consider the maps K : W → CBðWÞ and ξ : W ×W → ½0,
∞Þ. Such K is called a multiplicative ξ -interpolative
Hardy-Rogers type contraction if

ξ wa,wb
� �

HW Kwa, Kwb
� �

≤ δ

"
dW wa,wb
� �h iι1

dW wa, Kwað Þ½ �ι2 dW wb, Kwb
� �h iι3

× 1
2ρ dW wa, Kwb

� �
+ dW Kwa,wb

� �� �� �1−ι1−ι2−ι3#

ð40Þ

for each wa,wb ∈W with

min dW wa,wb
� �

, dW wa, Kwað Þ, dW wb, Kwb
� �n o

> 0,

ð41Þ

where δ ∈ ð0, 1/ρ2Þ and ι1, ι2, ι3 ∈ ð0, 1Þ with ι1 + ι2 + ι3 < 1.

The following result concerns the existence of fixed
points for the above-defined mapping.

Theorem 7. Consider a complete b-metric space ðW, dW , ρÞ
and consider a multiplicative ξ -interpolative Hardy-Rogers
type contraction map K . Also, consider the given assertions:

(i) There must exist wa
0 ∈W and wa

1 ∈ Kw
a
0 such that ξ

ðwa
0,wa

1Þ ≥ 1

(ii) For each wa,wb ∈W with ξðwa,wbÞ ≥ 1, we have
ξðwc,wdÞ ≥ 1∀wc ∈ Kwa,wd ∈ Kwb

(iii) For each fwa
mg in W with wa

m →w and ξðwa
m,wa

m+1Þ
≥ 1∀m ∈ℕ, we have ξðwa

m,wÞ ≥ 1∀m ∈ℕ

Then K possesses a fixed point in W.

Proof. Assertion (i) implies the existence of wa
0 ∈W and wa

1
∈ Kwa

0 with ξðwa
0,wa

1Þ ≥ 1. We consider

min dW wa
0,wa

1ð Þ, dW wa
0, Kwa

0ð Þ, dW wa
1, Kwa

1ð Þf g > 0: ð42Þ
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Otherwise, K has a fixed point. Then, by (40), we obtain

HW Kwa
0, Kwa

1ð Þ
≤ ξ wa

0,wa
1ð ÞHW Kwa

0, Kwa
1ð Þ

≤ δ

"
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0, Kwa
0ð Þ½ �ι2 dW wa

1, Kwa
1ð Þ½ �ι3

× 1
2ρ dW wa

0, Kwa
1ð Þ + dW Kwa

0,wa
1ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð43Þ

This yields that

1ffiffiffi
δ

p dW wa
1, Kwa

1ð Þ

≤
1ffiffiffi
δ

p HW Kwa
0, Kwa

1ð Þ

≤
ffiffiffi
δ

p "
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0, Kwa
0ð Þ½ �ι2 dW wa

1, Kwa
1ð Þ½ �ι3

× 1
2ρ dW wa

0, Kwa
1ð Þ + dW Kwa

0,wa
1ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð44Þ

Since 1/
ffiffiffi
δ

p
> 1, there is wa

2 ∈ Kw
a
1 satisfying

dW wa
1,wa

2ð Þ ≤ 1ffiffiffi
δ

p dW wa
1, Kwa

1ð Þ: ð45Þ

Thus, by (44), we get

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p "
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0,wa
1ð Þ½ �ι2 dW wa

1,wa
2ð Þ½ �ι3

× 1
2ρ dW wa

0,wa
2ð Þ + dW wa

1,wa
1ð Þð Þ

� �1−ι1−ι2−ι3#
:

ð46Þ

Since dWðwa
0,wa

2Þ ≤ ρ½dWðwa
0,wa

1Þ + dWðwa
1,wa

2Þ� ≤ 2ρ
max fdWðwa

0,wa
1Þ, dWðwa

1,wa
2Þg, we get using (46),

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p h
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0,wa
1ð Þ½ �ι2 dW wa

1,wa
2ð Þ½ �ι3

× max dW wa
0,wa

1ð Þ, dW wa
1,wa

2ð Þf g½ �1−ι1−ι2−ι3
i
:

ð47Þ

Consider max fdWðwa
0,wa

1Þ, dWðwa
1,wa

2Þg = dWðwa
0,wa

1Þ.
Then, by (47), we get

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p
dW wa

0,wa
1ð Þ½ �ι1 dW wa

0,wa
1ð Þ½ �ι2 dW wa

0,wa
1ð Þ½ �ι3

× dW wa
0,wa

1ð Þ½ �1−ι1−ι2−ι3 �:
ð48Þ

This implies that

dW wa
1,wa

2ð Þ ≤
ffiffiffi
δ

p
dW wa

0,wa
1ð Þ: ð49Þ

If we take max fdWðwa
0,wa

1Þ, dWðwa
1,wa

2Þg = dWðwa
1,wa

2Þ
in (47), then we get dWðwa

1,wa
2Þ = 0, that is, wa

1 ∈ Kw
a
1, which

is not possible. Since ξðwa
0,wa

1Þ ≥ 1,wa
1 ∈ Kw

a
0, and w

a
2 ∈ Kw

a
1,

by assertion (ii), we get ξðwa
1,wa

2Þ ≥ 1. Applying (40) and
again assertion (ii), we can obtain a sequence fwa

mg in W
with wa

m+1 ∈ Kw
a
m, ξðwa

m,wa
m+1Þ ≥ 1 for all m ∈W and

dW wa
m,wa

m+1ð Þ ≤
ffiffiffi
δ

p� �m
dW wa

0,wa
1ð Þ∀m ∈ℕ: ð50Þ

Also, by construction of fwa
mg, we know that

min dW wa
m,wa

m+1ð Þ, dW wa
m, Kwa

mð Þ, dW wa
m+1, Kwa

m+1ð Þf g
> 0∀m ∈ℕ:

ð51Þ

By a triangular inequality, we have for n >m,

dW wa
n,wa

mð Þ ≤ 〠
n−1

j=m
ρjdW wa

j ,wa
j+1

� �
≤ 〠

n−1

j=m
ρj

ffiffiffi
δ

p� �j
dW wa

0,wa
1ð Þ:

ð52Þ

This implies that fwa
mg is a Cauchy sequence in W.

Since W is complete, wa
m →wa

∗ ∈W. By assertion (iii), we
get ξðwa

m,wa
∗Þ ≥ 1 for all m ∈ℕ. Now, we claim that wa

∗ ∈
Kwa

∗. Assume the claim is wrong, then min fdWðwa
m,wa

∗Þ,
dWðwa

m, Kwa
mÞ, dWðwa

∗, Kwa
∗Þg > 0 for all m >m0 for some

m0 ∈ℕ. Then by (40), we get

dW wa
m+1, Kwa

∗ð Þ
≤HW Kwa

m, Kwa
∗ð Þ

= ξ wa
m,wa

∗ð ÞHW Kwa
m, Kwa

∗ð Þ

≤ δ

"
dW wa

m,wa
∗ð Þ½ �ι1 dW wa

m, Kwa
mð Þ½ �ι2 dW wa

∗, Kwa
∗ð Þ½ �ι3

× 1
2ρ dW wa

m, Kwa
∗ð Þ + dW Kwa

m,wa
∗ð Þð Þ

� �1−ι1−ι2−ι3#

≤ δ

"
dW wa

m,wa
∗ð Þ½ �ι1 dW wa

m, Kwa
mð Þ½ �ι2 dW wa

∗, Kwa
∗ð Þ½ �ι3

× 1
2ρ dW wa

m, Kwa
∗ð Þ + dW wa

m+1,wa
∗ð Þð Þ

� �1−ι1−ι2−ι3#
∀m >m0:

ð53Þ

From the above inequality, we get limm→∞dWðwa
m+1, K

wa
∗Þ = 0. By a triangular inequality, we have

dW wa
∗, Kwa

∗ð Þ ≤ ρ dW wa
∗,wa

m+1ð Þ + dW wa
m+1, Kwa

∗ð Þ½ �∀m ∈ℕ:

ð54Þ
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Hence, by taking the limit m⟶∞, we get dWðwa
∗, K

wa
∗Þ = 0, that is, wa

∗ ∈ Kw
a
∗.

Example 2. Consider W =ℤ with dWðwn,wmÞ = ∣wn −wm ∣
for all wn,wm ∈W. Define K : W ⟶ CBðWÞ by

K wnð Þ =
0f g, wn ∈ 0, 1, 2, 3,⋯f g
0, 2wnf g, wn ∈ −1,−2,−3,⋯f g

 
ð55Þ

and ξ : W ×W →ℝ − f0g by

ξ wn,wmð Þ =
1, wn,wm ∈ 0, 1, 2, 3,⋯f g
0, otherwise:

 
ð56Þ

One can see that all the hypotheses of Theorem 7 are
valid. Hence, K must have a fixed point.

Remark 8. Note that ([12], Theorem 2) is not applicable in
Example 2. It suffices to take x = −1 and y = −2, then Kx =
f0,−2g and Ky = f0,−4g. Thus, we have HðKx, KyÞ = 2, d
ðx, yÞ = 1, dðx, KxÞ = 1, dðy, KyÞ = 2, dðy, KxÞ = 0, and dðx,
KyÞ = 1. One then writes

H Kx, Kyð Þ = 2 > δ 1ι1ð Þ 1ι2ð Þ 2ι3ð Þ 1
2

� �1−ι1−ι2−ι3
 !" #

ð57Þ

for all δ, ι1, ι2, ι3 ∈ ð0, 1Þ. Thus, our main results generalize
and improve the result given in [12]. Moreover, when con-
sidering the single valued case in Theorem 5 and Theorem
7, that is, for a self-mapping K : W ⟶W, we get general-
izations of the main results in [9].
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