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Debnath and De La Sen introduced the notion of set valued interpolative Hardy-Rogers type contraction mappings on b-metric
spaces and proved that on a complete b-metric space, whose all closed and bounded subsets are compact, the set valued
interpolative Hardy-Rogers type contraction mapping has a fixed point. This article presents generalizations of above results by

omitting the assumption that all closed and bounded subsets are compact.

1. Introduction

There are numerous studies on interpolation inequalities in
literature. In 1999, Chua [1] gave some weighted Sobolev
interpolation inequalities on product spaces. Badr and Russ
[2] proved some Littlewood-Paley inequalities and interpola-
tion results for Sobolev spaces. Interpolation is considered as
one of the central concepts in pure logic. Various interpola-
tion properties find their applications in computer science
and have many deep purely logical consequences (see [3,
4]). Gogatishvili and Koskela [5] presented variant interpola-
tion properties of Besov spaces defined on metric spaces.
Going in the same direction in the setting of metric spaces
via contraction mappings, Karapinar [6] presented the con-
cept of an interpolative Kannan contraction mapping and
proved that this mapping admits a fixed point on complete
metric spaces. Later on, this notation has been extended into
several directions (see [7-18]).

In [6], Karapinar presented the interpolative Kannan
contraction as follows: a mapping K : (W, d,) — (W,d)
is an interpolative Kannan contraction if

1-

dy (Kw“,waﬂ <d[dy (w', Kw®)]" [dw (wb,wa)}
(1)
for all w®, w® e W with w®# Kw®, where §€[0,1) and ¢,

€ (0,1). This inequality was further refined by Karapinar
et al. [7] by

o) . [ o )
(2)
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for all w”, w’ € W\ fix(K), where 8 € [0, 1), , € (0,1), and
fix(K) = {w® € W : Ku* =w?}.

Gaba and Karapinar [9] further modified the interpola-
tive Kannan contraction concept in the following way: a
mapping K : (W,d,,) = (W,dy,) is a (,1,,1,)-interpola-
tive Kannan contraction, if

dy (Kw“, wa)} <8[dy (w®, Kw")]" [dw (wb, wa)} :
3)

for all w?, w® € W \ fix(K), where § € [0, 1), 1, 1, € (0, 1) with
1, + 1, < 1. Karapinar et al. [10] gave the interpolative Hardy-
Rogers type contraction as follows: a mapping K : (W, d,,)
— (W,dy,) is called an interpolative Hardy-Rogers type
contraction if

dy (Kw“,wa>

k3

<90 “dw (w“> wb)} (", K] [dW (wb’ waﬂ

X L—lp (dw (w”, wa> +dy (Kw“, wb))} 7 123]
(4)

for each w® w’e W\ fix(K), where 8 €[0,1) and 1;,1,, 15
€(0,1) with 1 +1, +145 < 1.

Later on, Debnath and De La Sen [12] extended the above
definition to set valued interpolative Hardy-Rogers type con-
traction mappings on b-metric spaces and proved that on
complete b-metric spaces, whose all closed and bounded sub-
sets are compact, the set valued interpolative Hardy-Rogers
type contraction mapping has a fixed point.

On the other hand, Bakhtin [19] and Czerwik [20] intro-
duced the notion of b-metric spaces.

Definition 1 (see [19, 20]). Let W be a nonempty set and
dy : Wx W — [0,00) be a function so that for all 7, , € € X
and some p > 1,

di(inf) =0 i=},
dyy (i, j) = dy (j> 1) (5)
dy (i, j) < pldw (i, €) +dy ()]

Then, d,, is a b-metric on W, and (W, d, p) is called a
b-metric space with a coefficient p > 1.

For related works in this setting, see [21-23]. From now
on, (W,dy, p) is a b-metric space with a coefficient p > 1.

In the whole paper, p>1 is the coefficient of the b-metric
space.

Definition 2 (see [20]). We have the following:

(a) A sequence {7,} in W is said to be Cauchy if lim
dW(nn’ ’/Im) =0
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(b) A sequence {7, } in W is said to be convergent to 7 if
Jim dy (17,,7) =0

(c) (W,dy,p) is said to be complete if every Cauchy
sequence {#,} in W is convergent

Denote by CB(W) the set of nonempty closed bounded
subsets of W. For A, B € CB(X), consider

Ay (A, B)=sup {d(w,B);we A}, (6)

where dy,(w, B) =inf {d,(w, i),y € B}. The functional
H,, : CB(W) x CB(W) — [0,00) defined by

Hy (A B) = max {8y (A, B), Ay(B,A)}  (7)

is known as the Pompieu-Hausdorff b-metric on CB(W). We
state the following known lemma.

Lemma 3 (see [24]). Let (W, dy,, p) be a b-metric space (p
>1). Let A,Be CB(W) and a € A. We have the two following
statements:

(i) For each € > 0, there is b € B so that

dy(a,b)<H, (A, B)+e (8)
(ii) For each h > 1, there is v € B so that

dy (a,v) <hHy, (A, B) (9)

This article presents two new generalizations of set val-
ued interpolative Hardy-Rogers type contraction mappings.
Namely, we ensure the existence of fixed points of such
maps on a complete b-metric space without considering
the assumption that all closed and bounded subsets must
be compact. Two examples are also presented.

2. Main Results

First, we define the notion of &-interpolative Hardy-Rogers
type contractions.

Definition 4. Consider a b-metric space (W,d,,, p). Also,
consider maps K : W —» CB(W) and & : W x W — R\ {0}.
Such a map K is called an &-interpolative Hardy-Rogers type
contraction if

[HW (Kw“, wa)} Hone?)

5

<é {dw (w“, wb)} K [dy (w, Kw™)]" [dw (wb, waﬂ

X {Zip (dw (w“, wa) +dy (Kw“, wb) )] 1_11_12_’3]

(10)
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for each w?, w® € W with
min {dw (w“, wb), dy (W, Kw?), dyy (wb, wa) } >0,
(11)

where 8 € [0, 1/p?) and 1}, 15,1, € (0, 1) with 4, + 1, + 15 < 1.

The following result ensures the existence of a fixed point
of &-interpolative Hardy-Rogers type contractions.

Theorem 5. Consider a complete b-metric space (W, d, p)
and consider an &-interpolative Hardy-Rogers type contrac-
tion map K. Also, consider the given assertions.

(I) There must exist wj € W and w$ € Kw§ such that &
(w, wi) =1

(I) For each w®, w® € W with &(w®, w®) = 1, we have &
(w', w?) = IVu© € Ku?, w € Ku’

(III) For each {w4} in W with w} —w and &(w?,
wh . ) =1VmeN, we have E(wi,w) = IVm € N

m+1

Then, K must have a fixed point in W.

Proof. By assertion (I) there are wj € W and w{ € Kw{ with
Ewhwi)=1.1f

min {dyy (wg, wy), dy (g, Kwg), dyy (wy, Kwi)} =0, (12)
then K has a fixed point. Suppose that
min {dy () wf),dy (w, Kuwg), dyy(w, Kw)} 0. (13)
By (10), we obtain

Hyy, (Kwg, Kwy)
= [Hy (Kwf, Kw§)] o)

<4 [[dw(wﬁ, w)]" [dy (wh, Kwp)]? [dyy (wf, Kwi)]?

1 . . . . 1-—1,—13
X [ZP (dy (wp, Kwh) + dy (Kuwg, wl)):| ] :

(14)
This leads to

1
—=dy (W, Kui)

1
< —H,,(Kwi Kw’
\/S W( 0 1)

<Vo [[dw(wﬁ’ wy)]* e (wo, Kuwg)|* [dyy (w, Kwi)]"

1 . . . . 1—11—12—13
x [ﬁ (o (1, Kot + dw<1<wo,w1>>} ] -

(15)

3
Since 1/1/8 > 1, there is w4 € Kw? such that
1
dy(wf, ws) < —dy (Wi, Kwf). (16)
w(wy, w3) 75 w(wh, Kwy)

Thus, by (15),

dyy (wf, wh) < Vo [[dw(wg, w)]" [dy (W wi)]” [dyy (W], w5)]”

1 . . . . 1—!1—12—13
x Lp (doy (1 w5 +dw<w1,w1>>} ]

(17)
Note that dy, (w§, ws) < pldy (W, w}) + dy (wf, ws)] <
2p max {d, (wf, wf), dy, (w], ws)}. Hence, by (17), we get
(W 5) < V3 ey (W) oy () [y 0 )]
 [max {dy (w, w), dyy (w], wh)} 770

(18)

Now, we consider max {d, (wf, w}), dy, (w}, ws)} =dy,
(w§, w}). Then, by (18), we get

dyy (w, w3) < V8| [dy (wg, w])]" [dy (wh, )] [dy (w, wi)]"

X [dyy (wp, )] |

(19)
This implies

dyy (W, wh) < Vodyy (Wi, wh). (20)

Note that when we take max {d, (w, w{), dy, (w{, w5)}
=dy (wf, ws) in (18), then we get dy, (w], wj) =0, that is,
w{ € Kw{; hence, this choice is not possible. As &(wf, w]) =
1 and w{ € Kwj and wj € Kw{, then by assertion (II), we
get &(w], wy) = 1. Again, we consider

min {dy (W, w3), dyy (W, Kwy), dyy (w5, Kwy)} >0, (21)

then by (10), we get
1

Vo

dyy (w5, Kwy)

IN

Hy (Kwy, Kw3)

[y (Kuwf, Kuws)$“2)

S S-S

< [[dw(w‘f,w?)]"[dw(W‘f’Kw?)}'2[dw(wg>1<w3)]’3

1

1=t —1,—13
5 (e, )+ dy (K, wﬁ))} ] .

X

—

(22)



Since 1/1/8 > 1, there is wd € Kw4 such that

a a 1 a a
dy (W), W) < —=dyy (w5, Kuj). (23)

v

Thus, by (22), we conclude
dyy (w5, w§) < Vo [{dwwf, w)] [dyy (WS, wh)]” [dy (w$, )]

[ ot )+ st )| ] -
(24)

Note that dy, (wf, ws) < p[dy (w], ws) + dy, (ws, ws)] <
2p max {d, (wf, w3), dy, (w5, w$)}. Hence, by (24), we get

(15, 05) < V[ ey (1, )] e (1, )] e (w5, )]
x [max {dy (w], w3), dy (w3, wg)}}lfzr,f,}} .

(25)

Now, we consider max {dy, (wf, w5), dy (w5, w§)} =dy,
(w}, w5). Then, by (18), we get

() < V[ [d (1 w1 [y (1 ) [ (1, )P
x dy (wf, wi)] .
(26)
This yields that
dyy (w5 wS) < Vody (wf, w3). (27)
Note that if we take max {d, (w{, w3), dy, (w5, w$)} =

dy (w3, w) in (25), then dy, (w5, ws) =0, that is, wj € Kwj,
which is not possible. From (27) and (20), we get

(s w) < (VB) iy (w0 ) (28)

Proceeding in this way, we can obtain a sequence {w?,}
in W with w? ., €e Kw?, §(wl,w? ;) =1 for all m e W and

m+1
dy (w?, 0, ) < (Jé)mdw(wg, wVmeN.  (29)
Also, by the construction of {w?,}, we get

min {d, (W,
>0Vm e IN.

wzﬁl)’ dW(wfn’ wan)’ dw(w;w wan+l)}

(30)
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By a triangular inequality, we have for n > m,

n—1 n-1 .

B ; ; i
dy(wiwy) < Y pldy (whwiy) < Y o/ (Vo) dy(wh, wi).

j=m j=m

(31)
Since the above series is convergent, {w? } is a Cauchy
sequence in W. Completeness of W gives w? in W such that
w? — w4. By considering assertion (III), we get &(w$, w?)
= 1Vm € N. Here, we claim w? € Kw?. If the claim is wrong,

then min {dy, (w?,w?),dy (w?, Kw?),dy (w, Kw?)} >0
for all m > my,, for some m, € N. From (10), we get

dyy (Wyy 1, Kwl)
< Hy (Kwy, Kwf)
= [Hyy (Kwf,, Kw?)$n?)

<0 [[dw(wa W) [y (wy, Kuwf, )] dy (w), Kwi)]*

1=t =113
x [% (gl K) + dyy (K wft))} }
S‘S[[dw(wfwwi)]h g (1 K ) g (8, K]

1 1=ty
[ o Kt iy )| }me
P
(32)

From the above, we get lim,, ,  d (w?,,, Kw?)=0. By

the triangular inequality, we have

a
m+1°

dy (W, K ) < pldy (1wl ) + dy (wl,, KV € N.
(33)

By taking the limit m — oo, we get d, (w?, Kw?) =0,
that is, w? € Kw?. Therefore, our claim is valid.

Example 1. Consider W = Z with dy, (w,, w,,) = (w, - w,,)*
for all w,, w,, € W. Define K : W — CB(W) by

K(w,) = <{0}’ w, €{0,1,2,3,--}

2 (34)
{-(w,-2)*}, w,e{-1,-2,-3,-}

and & : Wx W — R\ {0} by

1,
f(wn’ wm) = <

_[|wn| + |wm‘ +4]’

w,, w,, €{0,1,2,3,---}
otherwise.
(35)

Note that

Case 1. If w,w,>0 with w,+w,, we get H,
(Kw,, me)'f(w"’w”"> =0.
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Case 2. If w,, w,, < 0 with w,, # w,,, we get

HW (Kwn’ me)f(wn,wm)
_ 1 (36)

a 27 [walHw,|+4 7

(-, =2 + (, - 2)°)’]

Case 3. f w, <0 and w,, > 0, we get H,,(Kw,, me)f(wn,wm)

= 1[(~(uw, -2

After calculatlng the Values, it is easy to see that
For Casel: if w,, w,, > 0 with w, # w,,, we get

[Hy (Kw,, Kw,)|" )

g
=0< -[1-1-1-2
5 4

<

i —

[[dW(wn’ wm)]ll [dW(wn’ Kwn)]lz [dW(wm’ me)}%

1 1—t1—1—13
X [ﬁ(dw(wn»me) +dw(Kwn,wm))} 1

(37)

for each 11, 15,15 € (0,1) with i + 1, + 153 < 1.
For Case2: if w,, w,, <0 with w, # w,,,, we get

[Hyy (Kw,, Kuw,, )] )
1

27 [wal+w,[+4

[(—(wn -2+ (w,,-2)’)’]
Hl 1-1- i]

9
l [dW(wn’Kwn)]lz [dW(wm’I<wm)y3

IN

zi (w,, Kw )+dW(Kw,,,wm))} o ]
(38)

for each 11,145,145 € (0,1) with 1) + 1, + 15 < 1.
For Case3: if w,, <0 and w,, > 0, we get

[Hy (Kw,, Kw,,)] )

1 1 1 1
= +w|+4S 6<_|:1.1.1'_:|
(—(‘LU _2)2)21| [w,|+|w,, (81) 5 4

[[dW(wn’ wm)][1 [dW(wn’ Kwn)]lz [dW(wnv me)y3

1
< —
5

1—t—1,—13
x [i (Ao (1, K, +dW<Kwn,wm>>] ]

(39)

for each 1), 1,,15 € (0, 1) with 1, + 1, + 15 < 1. By keeping these
calculations in mind, one can check that all the hypotheses of
Theorem 5 are valid. Hence, K must have a fixed point.

The following definition presents a multiplicative &
-interpolative Hardy-Rogers type contraction.

Definition 6. Consider a b-metric space (W,d,,, p). Also,
consider the maps K: W — CB(W) and &: Wx W — [0,
00). Such K is called a multiplicative & -interpolative
Hardy-Rogers type contraction if

(w’, Kw")]? [dw (wb, wa)} :

$<dw<w Kw>+d T

(40)

for each w®, w? € W with

min {dw (w“, wb> s dy (W, Kw?), dyy (wb, wa> } >0,
(41)

where 8 € (0, 1/p%) and 1}, 1,,1; € (0, 1) with 4, + 1, + 15 < 1.

The following result concerns the existence of fixed
points for the above-defined mapping.

Theorem 7. Consider a complete b-metric space (W, d,,, p)
and consider a multiplicative & -interpolative Hardy-Rogers
type contraction map K. Also, consider the given assertions:

(i) There must exist w} € W and wf € Kwj§ such that §
(wh, wy) =1

(ii) For each w®,w’e W with &(w® w)>1, we have
E(wf, w?) > IVuf € Kw, w? € Kw®

(iii) For each {w$,} in W with w}, - w and §(w,, w
> 1Vm € N, we have §(wi, w) > 1Vm e N

am+1)

Then K possesses a fixed point in W.

Proof. Assertion (i) implies the existence of wj € W and w{
€ Kw§ with &(wf, w}) = 1. We consider

min {dy, (wg, w), dy (wg, Kwy), dy (w], Kwi)} > 0. (42)



Otherwise, K has a fixed point. Then, by (40), we obtain

Hyy (Kwg, Kwy)

< E(wf, wh)Hyy (Kuf) Ku)

<0 l[dw(WS) w)]" [dy (w, Kwp)]* dyy (wf, Kwi)]?

1 . . . . 1=t —t—13
| oy Kty () ] .
(43)

This yields that

1
—=dy (W, Kuwy)

Vo
1
< = Hy (K, Ku)

Ve

<V [[dw(WS’ w)] [dy (wh, Kwp)]? [dyy (wf, Kwi)]?

1 . . . . 1-—1—13
5 oy Kot iy () ] -

2p
(44)
Since 1/1/8 > 1, there is w$ € Kw? satisfying
dyy (w], wj) < ! dy (w], Kwf) (45)
Wit 82) = 75wt BEL-

Thus, by (44), we get
dyy (wf, w5) < V5 [[dw(w& wi)]" [dw (wg, wi)]* [dyy (wi, w5)]?

5 )+, w)| ] .
(46)

Since dy (why w8) < ply (1w ) + dy (0, w)] < 2p
max {dy, (w§, w}), dy, (Wi, ws)}, we get using (46),
(s w8) < VB [y (sl )] [y (10 )1 [y ()

x [max {dyy (wg, w}), dy (wi, wh)}] 77" |

(47)
Consider max {d, (wf, wy), dy (w], w3)} = dy, (w§, wi).
Then, by (47), we get
dy (w, w3) < V8[dy (wh, w)]" [dyy (wh, wi)]* [dy (wh, wi))*
X [dy (wf, wi)] .

(48)
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This implies that
dyy (Wl wd) < V8dyy, (wh, wh). (49)

If we take max {d,, (w§, wY), dy, (w, w3)} = dyy, (wf, w5)
in (47), then we get d\, (wf, w5) = 0, that is, w{ € Kw{, which
is not possible. Since &(w§, wi) = 1, w§ € Kw§, and wj € Kwy,
by assertion (ii), we get &(w{,w$) > 1. Applying (40) and
again assertion (ii), we can obtain a sequence {w?} in W

with w?,,, € Kw?, &(w?, w?,,) =1 for all m e W and

m+1

m
dy (wh, wh ) < (\/S> dy (wg, w)Vm € N. (50)
Also, by construction of {w? }, we know that

Ku*

m+1)}

min {dy, (W, Wy,,,)> dy (Wy,, Kwy,), dy (w
>0Vm € N.

a
m+1>

(51)
By a triangular inequality, we have for n > m,

n—1 n—1

du(utwh) < Y pldy (whwt)) < 3 pI(VB) dyy (i uf).

j=m j=m

(52)

This implies that {w? } is a Cauchy sequence in W.
Since W is complete, w? — w$ € W. By assertion (iii), we
get &(wh,w}) =1 for all m e N. Now, we claim that w? €
Kw?. Assume the claim is wrong, then min {d, (w?, w?),
dy (w?, Kw?), dy (w?, Kw?)} >0 for all m>m, for some
m, € N. Then by (40), we get

dyg (w1, Kuf)
< Hy, (Kwy,, Kw?)
= &(wy, wi)Hyy (Kwj, Kwl)

<6 {[dw(wfw wi)I" [dy (W), Kuwp,)]* [dyy (w], Kwi)]?

1

1=t =1—15
| o K)oy (R ) ]
p

<8 {[dw(wfm W) [y (wh,, Kwy ) [dyy (w), Kw?)]”

1 1=1—1,—13
[ o ) + ()| }meo-
P
(53)

From the above inequality, we get lim,,_,
w?) =0. By a triangular inequality, we have

dy(w? ,K

m+1°

iy (1 Kw') < pldy (W' ) + dy (1w, Kt Vim € N,

(54)

a
m+1>
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Hence, by taking the limit m — oo, we get d, (w?, K
w?) =0, that is, w? € Ku?.

Example 2. Consider W =Z with d, (w,,, w,,) = |lw, —w,, |
for all w,, w,, € W. Define K : W — CB(W) by

K(w,)= <{0}’ w, €{0,1,2,3,--} -

{0,2w,}, w,€{-1,-2,-3,--}

and & : Wx W - R-{0} by

(56)

I, w,w,€{0,1,23,}
—_—

0, otherwise.

One can see that all the hypotheses of Theorem 7 are
valid. Hence, K must have a fixed point.

Remark 8. Note that ([12], Theorem 2) is not applicable in
Example 2. It suffices to take x = -1 and y = -2, then Kx =
{0,~2} and Ky={0,-4}. Thus, we have H(Kx,Ky)=2, d
(x,y)=1,d(x,Kx)=1, d(y,Ky) =2, d(y, Kx) =0, and d(x,
Ky) = 1. One then writes

H(Kx Ky)=2>8 [(1’1 )1%)(2) (@ )] (57)

for all 6,1,4,1; € (0,1). Thus, our main results generalize
and improve the result given in [12]. Moreover, when con-
sidering the single valued case in Theorem 5 and Theorem
7, that is, for a self-mapping K : W — W, we get general-
izations of the main results in [9].
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