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In this article, Lie and discrete symmetry transformation groups of linear and nonlinear Newell-Whitehead-Segel (NWS) equations
are obtained. By using these symmetry transformation groups, several group invariant solutions of considered NWS equations have
been constructed. Furthermore, some more group invariant solutions are generated by using discrete symmetry transformation
group. Graphical representations of some obtained solutions are also presented.

1. Introduction

Partial differential equations have numerous physical
applications in the fields of fluid mechanics, plasma
mechanics, biology, mathematical physics, financial mathe-
matics, applied mathematics, etc., and the Lie group method
has a powerful role to discover the solutions of partial differ-
ential equations [1, 2]. Lie groups of transformations can be
used in several ways to analyze the solutions of partial differ-
ential equation (see [3–6]). Lie symmetry generators corre-
sponding to Lie groups are also used to find the group-
invariant solutions. These group invariant solutions lead to
the exact solutions of partial differential equations. Many
researchers have applied this method to find the solutions
of different partial differential equations (e.g., [5, 7, 8]).
The Lie group method depends upon continuous point
transformations. The point transformations other than con-
tinuous transformations such as local, global, and discrete
point transformations also exist and have many applications.
Among other applications [9, 10], discrete symmetries are
also helpful to investigate the solutions of partial differential
equations [11]. But very rare research work on the discrete
symmetries is available up to now. Hydon developed a
method to find a complete list for the discrete symmetry
transformations of a partial differential equation [12, 13].

This method is based on the Lie algebra of the continuous
symmetry generators of differential equation.

The nonequilibrium systems have been usually shown in
various extended states, like uniform, pattern states, chaotic,
and oscillatory. Several stripe patterns, like stripes of seashells
and ripples in sand, occur in a diversity of spatially extended
systems which can be explained by a set of equation named
amplitude equations. The most important equation among
the amplitude equations is the NWS equation that describes
the occurrence of the stripe pattern in two-dimensional sys-
tems. Furthermore, this equation has been applied to various
systems, e.g., nonlinear optics, biological systems, Rayleigh-
Benard convection, and chemical reactions. In recent years,
several techniques have been developed to solve the NWS
equations, e.g., lattice Bolzmann scheme [14], Adomian
decomposition method [15], finite difference scheme [16],
differential transformation method [17], and reduced differ-
ential transformation [18].

But in the current research, several group invariant
solutions of the linear and nonlinear NWS equations via
the similarity variables, which have been obtained by using
continuous and discrete symmetry transformations, are
presented.

This paper is arranged into four sections as follows: in
Sections 2 and 3, Lie and discrete symmetry group of
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transformations of linear and nonlinear NWS equations are
presented. In Section 4, group invariant solutions of these
equations, considering the similarity variables via continuous
transformations, are calculated while in Section 5, group
invariant solutions of linear NWS equation via discrete trans-
formations are calculated. Finally, in Section 6, the summary
of the present work is discussed.

2. Lie Symmetries of Linear and Nonlinear
NWS Equations

The main purpose of this paper is to investigate the exact
solutions of the following linear and nonlinear NWS equa-
tions [18].

wt =wxx − 2w, ð1Þ

wt =wxx + 2w − 3w2, ð2Þ

by using their continuous and discrete symmetry
transformations.

2.1. Lie Symmetries of a Linear NWS Equation. The method
to obtain the Lie symmetries of partial differential equations
has been discussed in many books (e.g., see in [1, 3]). Let

X = ϕ1 x, t,wð Þ∂x + ϕ2 x, t,wð Þ∂t + η1 x, t,wð Þ∂w ð3Þ

be the vector field that generates the symmetry group of
equation (1). By applying the second order prolongation of
X to equation (1), the following determining equations are
obtained:

η1ð Þt,w + 2 ϕ2ð Þt +
1
4 ϕ2ð Þt,t = 0, η1ð Þw,w = 0, η1ð Þw,x +

1
2 ϕ1ð Þt = 0,

η1ð Þx,x − 2 ϕ2ð Þtw − η1ð Þt − 2η1 x, t,wð Þ + 2 η1ð Þww = 0,

ϕ1ð Þx −
1
2 ϕ2ð Þt = 0, ϕ1ð Þt,t = 0, ϕ2ð Þw = 0,

ϕ2ð Þx = 0, ϕ2ð Þt, t, t = 0:
ð4Þ

The infinitesimals obtained by solving the above sys-
tem are

η1 =
1
8 −x2 − 8t2 − 2t
� �

C6 −
1
2C4x − 2C5t + C3

� �
w,

ϕ1 =
1
2 C6x + 2C4ð Þt + 1

2 xC5 + C2, ϕ2 =
1
2C6t

2 + C5t + C1:

ð5Þ

Thus, linear NWS equation (1) is spanned by the fol-
lowing vector fields:

X1 = ∂t , X2 = ∂x, X3 =w∂w, X4 = 2t∂x −wx∂wX5
= x∂x + 2t∂t − 4wt∂w, X6
= 4tx∂x + 4t2∂t − x2 + 2t + 8t2

� �
w∂w,

ð6Þ

which forms a six-dimensional Lie algebra.

2.2. Lie Symmetries of Nonlinear NWS Equation. Similarly by
applying the second order prolongation of X to equation (2),
the following determining equations are obtained:

ϕ1ð Þt = 0, ϕ1ð Þw = 0, ϕ1ð Þx = 0, ϕ2ð Þt = 0,
ϕ2ð Þw = 0, ϕ2ð Þx = 0, η1 x, t,wð Þ = 0:

ð7Þ

The infinitesimals and vector fields for equation (2) are

η1 = 0, ϕ1 = C1, ϕ2 = C2, X1 = ∂x, X2 = ∂t : ð8Þ

3. Discrete Symmetries of Linear NWS Equation

The commutator relations of the Lie algebra, given in (6), are

X1, X4½ � = 2X2, X1, X5½ � = 2X1 + 4X3, X1, X6½ � = 4X5 − 2X3,
X2, X4½ � = −X3, X2, X5½ � = X2, X2, X6½ � = 2X4, X4, X5½ �

= −X4, X5, X6½ � = 2X6:

ð9Þ

The structure constants corresponding to above commu-
tator relations are

c512 = −1, c116 =
9
2 , c

2
24 = 1, c226 = −

3
2 ,

c334 = 1, c536 = 1, c545 = −1, c556 = 3:
ð10Þ

Following the method proposed by Hydon in [13], dis-
crete symmetries of equation (1) are obtained and these sym-
metries are

D1 : x, t,wð Þ↦ −x, t,−wð Þ,D2 : x, t,wð Þ↦ −x, t,wð Þ,
D3 : x, t,wð Þ↦ −x, t,w exp − x + tð Þð Þð Þ:

ð11Þ

3.1. Discrete Symmetries of Nonlinear NWS Equation. Again
by applying Hydon’s method [13] on two-dimensional Lie
algebra of equation (2) given in (8), it is found that (2) has
only one discrete symmetry transformation

D : x, t,wð Þ↦ −x, t,wð Þ: ð12Þ

4. Exact Solutions of Linear NWS Equation
Obtained by Considering Lie Symmetries

In this section, several group invariant solutions of the linear
NWS equation (1) by considering different linear combina-
tions of Lie symmetry generators, which have been obtained
in Section 3, are presented.
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(1) The similarity variables corresponding to

X1 + X2 + X3 = ∂t + ∂x +w∂w ð13Þ

are

ν = t − x, μ νð Þ =w exp −xð Þ, ð14Þ

which imply that the solution of (1) is in the form

w x, tð Þ = μ νð Þ exp xð Þ, ð15Þ

where μðνÞ satisfies the following ODE

μνν − 3μν − μ = 0, ð16Þ

with the solution

μ νð Þ = C1 exp
1
2 3 +

ffiffiffiffiffi
13

p� �
ν

� �
+ C2 exp −

1
2 −3 +

ffiffiffiffiffi
13

p� �
ν

� �
:

ð17Þ

Hence,

w x, tð Þ = exp xð Þ C1 exp
1
2 3 +

ffiffiffiffiffi
13

p� �
t − xð Þ

� ��

+ C2 exp −
1
2 −3 +

ffiffiffiffiffi
13

p� �
t − xð Þ

� �� ð18Þ

is the solution of (1)

(2) The similarity variables corresponding to X4 = 2t∂x
−wx∂w are

ν = t, μ νð Þ =w exp x2

4t

� �
, ð19Þ

which imply that the solution of (1) is in the form

w x, tð Þ = μ νð Þ exp −
x2

4t

� �
, ð20Þ

where μðνÞ satisfies the ODE

2νμν + 4νμ νð Þ + μ νð Þ = 0, ð21Þ

with the solution

μ νð Þ = C1
exp −2νð Þffiffiffi

ν
p : ð22Þ

Hence,

w x, tð Þ = C1 exp −8t2 − x2
� �

/4t
� �

ffiffi
t

p ð23Þ

is the solution of (1)

(3) The similarity variables corresponding to

X1 + X2 = ∂x + ∂t ð24Þ

are

ν = t − x, μ νð Þ =w, ð25Þ

which imply that the solution of (1) is in the form

w x, tð Þ = μ νð Þ, ð26Þ

where μðνÞ satisfies the ODE

μνν − μν − 2μ = 0, ð27Þ

with the solution

μ νð Þ = C1 exp 2νð Þ + C2 exp −νð Þ: ð28Þ

Hence,

w x, tð Þ = C1 exp 2t − 2xð Þ + C2 exp x − tð Þ ð29Þ

is the solution of (1)

(4) For

X1 + X4 = ∂t + 2t∂x −wx∂w, ð30Þ

the similarity variables are

ν = t2 − x, μ νð Þ =w exp −
2
3 t

3 + xt
� �

, ð31Þ

which imply that the solution of (1) is in the form

w x, tð Þ = μ νð Þ exp 2
3 t

3 − xt
� �

, ð32Þ

where μðνÞ satisfies the following ODE

μνν − νμ − 2μ = 0, ð33Þ

with the solution

μ νð Þ = C1Ai ν + 2ð Þ + C2Bi ν + 2ð Þ: ð34Þ
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Hence,

w x, tð Þ = exp 2
3 t

3 − xt
� �

C1Ai t
2 − x + 2

� �
+ C2Bi t

2 − x + 2
� �� �

ð35Þ

is a solution of (1), where Ai and Bi represent the airy
functions

(5) For

X2 + X3 = ∂x +w∂w, ð36Þ

the similarity variables are

ν = t, μ νð Þ =w exp −xð Þ, ð37Þ

which imply that

w x, tð Þ = exp xð Þμ νð Þ, ð38Þ

where μðνÞ satisfies the ODE

μν + μ = 0, ð39Þ

with the solution

μ νð Þ = C1 exp −νð Þ: ð40Þ

Hence,

w x, tð Þ = C1 exp x − tð Þ ð41Þ

is the solution of (1)

(6) For

X5 = x∂x + 2t∂t − 4wt∂w, ð42Þ

the corresponding similarity variables are

ν = t
x2

, μ νð Þ =w exp 2tð Þ, ð43Þ

which imply that the solution of (1) is in the form

w x, tð Þ = μ νð Þ exp −2tð Þ, ð44Þ

where μðνÞ satisfies the following ODE:

4ν2μνν + 6νμν − μν = 0: ð45Þ

The solution of above ODE is

μ νð Þ = C1 erf
1

2 ffiffiffi
ν

p
� �

+ C2: ð46Þ

Hence,

w x, tð Þ = exp −2tð Þ C1 erf
1

2
ffiffiffiffiffiffiffiffi
t/x2

p
� �

+ C2

� �
ð47Þ

is another solution of (1)

(7) Now for

X6 = 4tx∂x + 4t2∂t − x2 + 2t + 8t2
� �

w∂w, ð48Þ

the similarity variables are

ν = t
x
, μ νð Þ =w

ffiffiffi
x

p
exp 1

4
x2 + 8t2

t

� �
, ð49Þ

which imply that the solution of (1) is in the form

w x, tð Þ = μ νð Þ exp − 1/4ð Þ x2 + 8t2
� �

/4t
� �� �
ffiffiffi
x

p , ð50Þ

where μðνÞ satisfies the ODE

4ν2μνν + 12νμν + 3μ = 0, ð51Þ

with the solution

μ νð Þ = C1
ν3/2

+ C2
ν1/2

: ð52Þ

Hence,

w x, tð Þ = C1x + C2tð Þ exp − 1/4ð Þ x2 + 8t2
� �

/4t
� �� �

t
ffiffi
t

p ð53Þ

is a solution of (1)
Now, graphical representations for some solutions of (1),

obtained in equations (23), (41), and (47) for C1 = 1 and C2
= 0, are presented in Figures 1–3, respectively.

4.1. Exact Solutions of Nonlinear NWS Equation Obtained by
Considering Lie Symmetries

(1) The similarity variables corresponding to X1 = ∂x, are

ν = t, μ νð Þ =w, ð54Þ

which imply that the solution of (2) is in the form

w x, tð Þ = μ νð Þ, ð55Þ

where μðνÞ satisfies the equation

μν − 2μ νð Þ + 3μ νð Þ2 = 0, ð56Þ
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with the solution

μ νð Þ = 2
3 + 2C1 exp −2νð Þ : ð57Þ

Hence,

w x, tð Þ = 2
3 + 2C1 exp −2tð Þ ð58Þ

is a solution of (2).
The solution of (2) given in (58) for C1 = 1 is presented by

its graph in Figure 4

(2) Now, for X2 = ∂t , the similarity variables are

ν = x, μ νð Þ =w, ð59Þ

which imply that the solution of (2) is in the form

w x, tð Þ = μ νð Þ, ð60Þ

where μðνÞ satisfies the equation

μνν − 2μ νð Þ + 3μ νð Þ2 = 0: ð61Þ

The above ODE has a linear symmetry ∂/∂ν. By using
this linear symmetry and Maple software, ODE (61) is trans-
formed to a first order ODE

du zð Þ
dz

= z −2 + 3zð Þ
u zð Þ , ð62Þ

which has the solutions

u zð Þ = ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2z3 − 2z2 + C1

p
ð63Þ

5. Exact Solutions of Linear NWS Equation
Obtained by Considering Discrete
Symmetry Transformations

In this section, using the discrete symmetry transformation
D3, some further group invariant solutions of (1) have
been generated.
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(1) Since the similarity variables corresponding to X1 +
X2 + X3 are

ν = t − x, μ νð Þ =w exp −xð Þ, ð64Þ

by applying the discrete symmetry transformation

D3 : x, t,wð Þ↦ −x, t, exp − x + tð Þð Þwð Þ, ð65Þ

the similarity variables given in (64) will be transformed to

ν = t + x, μ νð Þ = exp − x + tð Þð Þw exp xð Þ: ð66Þ

The above similarity variables imply that the solution of
(1) is in the following form:

w x, tð Þ = exp tð Þμ νð Þ, ð67Þ

where μðνÞ satisfies the following ODE:

μνν − μν − 3μ = 0, ð68Þ

which has the solution

μ νð Þ = C1 exp
1
2 1 +

ffiffiffiffiffi
13

p� �
ν

� �
+ C2 exp −

1
2 −1 +

ffiffiffiffiffi
13

p� �
ν

� �
:

ð69Þ

Hence,

w x, tð Þ = exp tð Þ C1 exp
1
2 1 +

ffiffiffiffiffi
13

p� �
t + xð Þ

� ��

+ C2 exp −
1
2 −1 +

ffiffiffiffiffi
13

p� �
t + xð Þ

� �� ð70Þ

is a solution of (1)

(2) Since the similarity variables forX1 + X2are

ν = t − x, μ νð Þ =w, ð71Þ

by applying the discrete symmetry transformation D3, the
similarity variables given in (71) will be transformed to

ν = t + x, μ νð Þ =w exp − x + tð Þð Þ, ð72Þ

which imply that the solution of (1) is in the form

w x, tð Þ = exp x + tð Þμ νð Þ, ð73Þ

where μðνÞ satisfies the following ODE

μνν + μν − 2μ = 0, ð74Þ

with the solution

μ νð Þ = C1 exp νð Þ + C2 exp −2νð Þ: ð75Þ

Hence,

w x, tð Þ = C1 exp 2 x + tð Þð Þ + C2 exp − x + tð Þð Þ ð76Þ

is a solution of (1)

(3) Since the similarity variables corresponding
toX2 + X3are

ν = t, μ νð Þ =w exp −xð Þ, ð77Þ

again by applying the discrete symmetry transformation
D3, the above similarity variables will be transformed to

ν = t, μ νð Þ =w exp −tð Þ, ð78Þ

which imply that the solution of (1) is in the form

w x, tð Þ = exp tð Þμ νð Þ, ð79Þ

where μðνÞ satisfies the following ODE

μν + 3μ νð Þ = 0: ð80Þ
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Figure 4: Sol. of (2) given in (58).
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The solution of the above ODE is μðνÞ = C1 exp ð−3νÞ.
Thus,

w x, tð Þ = C1 exp −2tð Þ ð81Þ

is a solution of (1)
The solutions of (1) obtained by discrete symmetry trans-

formations, given in (76) and (81) for C1 = 1 and C2 = 1, are
presented by their graphs in Figures 5 and 6, respectively.

6. Summary and Conclusions

In this paper, the Lie and discrete symmetry groups of linear
and nonlinear NWS equations by using Lie’s and Hydon’s

approach have been presented, and these groups are used to
obtain the group invariant solutions of NWS equations. In
this research, it is explored that group invariant solutions of
partial differential equations by using the discrete symmetry
transformations can be also obtained that shows the signifi-
cance of the discrete symmetry groups. The graphical repre-
sentations of some solutions are also presented. In Section 2,
it was noticed that the linear NWS equation has three dis-
crete symmetry groups of transformations but only D3 con-
tributes to find the group invariant solutions because the
rest two groups are reflection groups, and during the calcula-
tions, it was observed that reflection groups do not contribute
to find the new group invariant solutions of partial differen-
tial equations.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

References

[1] N. Ibragimov, CRC Handbook of Lie Group Analysis of Differ-
ential Equations, III, CRC Press, Boca Raton, FL, USA, 1996.

[2] D. Arrigo, Symmetry Analysis of Differential Equations: An
Introduction, John Wiley and Sons, New Jersey, 2014.

[3] G. W. Bluman and S. Kumei, Symmetries and Differential
Equations, Springer, New York, 1989.

[4] N. Ibragimov, Elementary Lie Group Analysis and Ordinary
Differential Equations, John Wiley & Sons, Chichester, UK,
1999.

[5] P. Olver, Applications of Lie groups to differential equations,
Springer, New York, 1986.

[6] S. Meleshko, Methods for Constructing Exact Solutions of Par-
tial Differential Equations, Springer Science, New York, 2005.

[7] C. Li and J. Zhang, “Lie symmetry analysis and exact solutions
of generalized fractional Zakharov-Kuznetsov equations,”
Symmetry, vol. 11, no. 5, p. 601, 2019.

–10
–5

–10

5.⨯1016

1.⨯1017

1.5⨯1017

w

t

x

2.⨯1017

–5 0
0 5

105

–1
–5

10
x

–5 0
0 5

Figure 5: Exact sol. of (1) given in (76).

–10
–5–4

0

5000

10000

15000

20000

–2 0

104
2

0 x

t

w

5

Figure 6: Exact sol. of (1) given in (81).

7Journal of Function Spaces



[8] H. Liu, J. Li, and Q. Zhang, “Lie symmetry analysis and exact
explicit solutions for general Burgers’ equation,” Journal of
Computational and Applied Mathematics, vol. 228, no. 1,
pp. 1–9, 2009.

[9] H. Yang, Y. Shi, B. Yin, and H. Dong, “Discrete symmetries
analysis and exact solutions of the inviscid Burgers equation,”
Discrete Dynamics in Nature and Society, vol. 2012, Article ID
908975, 15 pages, 2012.

[10] M. Golubitsky, I. Stewart, and D. G. Schaeffer, Singularities
and Groups in Bifurcation Theory, Springer, New York II,
1988.

[11] K. Bibi and T. Feroze, “Discrete symmetry group approach for
numerical solution of the heat equation,” Symmetry, vol. 12,
no. 3, p. 359, 2020.

[12] P. Hydon, Symmetry Methods for Differential Equations: A
Beginner's Guide, Cambridge University Press, Cambridge,
2000.

[13] P. E. Hydon, “How to construct the discrete symmetries of
partial differential equations,” Journal of Applied Mathematics,
vol. 11, no. 5, p. 527, 2000.

[14] Q. Li, Z. Zheng, S. Wang, and J. Liu, “Lattice Bolzmann model
for nonlinear heat equations,” Advances in Neural Networks,
vol. 7367, pp. 140–148, 2012.

[15] S. Manaa, “An approximate solution to the Newell-Whitehead
equation by Adomian decomposition method,” AL-Rafidain
Journal of Computer Sciences and Mathematics, vol. 8, no. 1,
pp. 171–180, 2011.

[16] J. E. Macías-Díaz and J. Ruiz-Ramírez, “A non-standard
symmetry-preserving method to compute bounded solutions
of a generalized Newell-Whitehead-Segel equation,” Applied
Numerical Mathematics, vol. 61, no. 4, pp. 630–640, 2011.

[17] A. Aasaraai, “Analytic solution for Newell-Whitehead-Segel
equation by differential transform method, Middle-East,”
Journal of Scientific Research, vol. 2, pp. 270–273, 2011.

[18] A. Saravanan and N. Magesh, “A comparison between the
reduced differential transform method and the Adomian
decomposition method for the Newell-Whitehead-Segel equa-
tion,” Journal of the Egyptian Mathematical Society, vol. 21,
no. 3, pp. 259–265, 2013.

8 Journal of Function Spaces


	Exact Solutions of Newell-Whitehead-Segel Equations Using Symmetry Transformations
	1. Introduction
	2. Lie Symmetries of Linear and Nonlinear NWS Equations
	2.1. Lie Symmetries of a Linear NWS Equation
	2.2. Lie Symmetries of Nonlinear NWS Equation

	3. Discrete Symmetries of Linear NWS Equation
	3.1. Discrete Symmetries of Nonlinear NWS Equation

	4. Exact Solutions of Linear NWS Equation Obtained by Considering Lie Symmetries
	4.1. Exact Solutions of Nonlinear NWS Equation Obtained by Considering Lie Symmetries

	5. Exact Solutions of Linear NWS Equation Obtained by Considering Discrete Symmetry Transformations
	6. Summary and Conclusions
	Conflicts of Interest

