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The understanding of inequalities in convexity is crucial for studying local fractional calculus efficiency in many applied sciences. In
the present work, we propose a new class of harmonically convex functions, namely, generalized harmonically ψ-s-convex
functions based on fractal set technique for establishing inequalities of Hermite-Hadamard type and certain related variants
with respect to the Raina’s function. With the aid of an auxiliary identity correlated with Raina’s function, by generalized Hölder
inequality and generalized power mean, generalized midpoint type, Ostrowski type, and trapezoid type inequalities via local
fractional integral for generalized harmonically ψ-s-convex functions are apprehended. The proposed technique provides the
results by giving some special values for the parameters or imposing restrictive assumptions and is completely feasible for
recapturing the existing results in the relative literature. To determine the computational efficiency of offered scheme, some
numerical applications are discussed. The results of the scheme show that the approach is straightforward to apply and
computationally very user-friendly and accurate.

1. Introduction

Fractional calculus is a developing arena in mathematics with
profound presentations in all connected areas such as wave
liquids, thermodynamics, image processing, virology, biolog-
ical population models, chaos, and signals processing, see [1–
5]. It has been employed to model physical phenomena that
are originated to be paramountly described by fractional dif-
ferential equations. Nowadays, the local fractional calculus is
trying to report the nondifferentiable problems, for example,
heat conduction problem involving local derivatives of frac-
tional order [6, 7], local fractional Tricomi equation [8],
and fractal vehicular traffic flow [9].

Also, several noted variants via local fractional integral
have been investigated by many researchers, for example,
Mo et al. [10] propounded Hermite-Hadamard inequalities
for generalized s-convex functions. Abdeljawad et al. [11]
introduced some local fractional variants for generalized ðs,
mÞ-convex functions in the fractal style with applications.

Also, Sun and Liu [12] reported new generalizations of
Hermite-Hadamard inequalities for generalized harmoni-
cally convex functions. For further investigations concerning
to local fractional integral inequalities, we recommend the
readers to [13–15] and the references therein.

It is well known that convexity theory has potential appli-
cations in many intriguing and captivating fields of research
and furthermore played a remarkable role in numerous areas,
such as coding theory, optimization, physics, information
theory, engineering, and inequality theory. Several new clas-
ses of classical convexity have been proposed in the literature
(see [16–26]). Many researchers endeavored, attempted, and
maintain their work on the concept of convex functions, gen-
eralize its variant forms in different ways using innovative
ideas and fruitful techniques [27–29]. In this regard, integral
inequalities have played an important role in describing real
world problems such as in elementary research conducted
by Niculescu and Persson [30]. In this context, Hermite-
Hadamard [31, 32] like type inequalities are very influential
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in convexity theory, which describes that if Q : I↦ℝ is con-
vex function, then the double inequality

Q
a1 + a2

2
� �

≤
1

a2 − a1

ða2
a1

Q zð Þdz ≤ Q a1ð Þ +Q a2ð Þ
2 , ð1Þ

holds for all a1, a2 ∈ I with a1 ≠ a2:
Numerous approaches have been done by several

researchers to inquire novel generalizations, speculations,
and modifications for the Hermite-Hadamard inequality
and its variant forms; we prescribe the related phenomena
[33–36] to interested readers.

Now, we evoke the concept of harmonically convex func-
tion [37] as follows.

Definition 1 ([37]). Let ℍ ⊂ℝ be an interval, and a real-
valued functionQ : ℍ↦ℝ is said to be harmonically convex
if the inequality

Q
a1a2

t1a1 + 1 − t1ð Þa2

� �
≤ 1 − t1ð ÞQ a1ð Þ + t1Q a2ð Þ, ð2Þ

holds for all a1, a2 ∈ℍ and t1 ∈ ½0, 1�:

In [37], _Iscan derived the Hermite-Hadamard inequality
for harmonically convex function.

Q
2a1a2
a1 + a2

� �
≤

a1a2
a2 − a1

ða2
a1

Q zð Þ
z2

dz ≤
Q a1ð Þ +Q a2ð Þ

2 , ð3Þ

holds for all a1, a2 ∈ℍ with a1 < a2 and Q ∈ L1½a1, a2� (the set
of Lebesgue integrable functions).

To make this collection more comprehensive, we intro-
duce the notion of generalized harmonically ψ-s-convex
functions in the sense of Raina’s function on fractal set. By
considering generalized harmonically ψ-s-convex functions,
certain refinements of Hermite-Hadamard type inequalities
are derived that can be used to characterize some useful con-
sequences of harmonically ψ-convex functions with the
appropriate assumption of bα , which are connected to Raina’s
function. Remarkable special cases are captured, and new
Ostrowski type results are proved for the aforesaid class of
functions. Additionally, our findings for the new schemes
are also constituted some better approaches in various direc-
tions for proposing variation in bα , accordingly Remark 12.
Application of the bα-type special mean and Mittag-Leffler
functions are presented by mingling the suggested methodol-
ogy and the theory of the special functions. We hope that the
idea and results obtained herein will be a catalyst for further
investigation.

2. Prelude

In what follows, we demonstrate a different notion of differ-
entiation that merges the idea of fractional differentiation
and fractal derivative; recently, one has established the
accompanying sets [6].

For the sake of brevity, we mention ℕ (the set of natural
numbers),ℤ (set of positive integers),ℚ (set of rational num-
ber), and ℝ (set of real numbers), respectively.

Also, whenever the bα-type set ℝbα of real line numbers
are included, the bα is supposed to be implicitly 0 < bα ≤ 1:
One has also characterized by two binary operations the
addition “+” and the multiplication “.” (which is convention-

ally omitted) on the bα-type set ℝbα of real line numbers as
follows.

For ebα1 , ebα2 ∈ℝbα , two binary operations the addition “+”

and the multiplication “.” are defined as ebα1 + ebα2 ≔ ðe1 + e2Þbα
and ebα1 :ebα2 ≔ ðe1:e2Þbα , for ebα1 , ebα2 ∈ℝbα :

Then, we have the following asserations to show

(1) ðℝbα , +Þ is an abelian group: for ebα1 , ebα2 , ebα3 ∈ℝbα
(i) ebα1 + ebα2 ∈ℝbα
(ii) ebα1 + ebα2 = ebα2 + ebα1
(iii) ebα1 + ðebα2 + ebα3 Þ = ðebα1 + ebα2 Þ + ebα3
(iv) 0bα + ebα1 = ebα1 + 0bα = ebα1 ; 0bα is the additive iden-

tity for ðℝbα , +Þ
(v) ebα1 + ð−ebα1 Þ = ð−ebα1 Þ + ebα1 = 0bα ; for any ebα ∈ℝbα ,

−ebα is the inverse element of ebα for ðℝbα , +Þ
(2) ðℝbα \ f0bαg, :Þ is an abelian group: for ebα1 , ebα2 , ebα3 ∈ℝbα

(vi) ebα1 :ebα2 ∈ℝbα
(vii) ebα1 :ebα2 = ebα2 :ebα1
(viii) ebα1 :ðebα2 :ebα3 Þ = ðebα1 :ebα2 Þ:ebα3
(ix) 1bα + ebα1 = ebα1 + 1bα = ebα1 ; 1bα is the multiplicative

identity for ðℝbα , :Þ
(x) ebα1 ð1/e1Þbα = ð1/e1Þbα ebα1 = 1bα ; for any ebα ∈ℝbα

\ f0bαg,ð1/eÞbα is the inverse element of ebα for

ðℝbα , :Þ
(3) Distributive law holds: ebα1 ðebα2 + ebα3 Þ = ebα1 ebα2 + ebα1 ebα3

Proposition 2. The following asserations holds true:

(i) ðℝbα , +, :Þ is a field

(ii) The additive identity 0bα and the multiplication iden-

tity 1bα are unique

(iii) The additive inverse element and the multiplicative
inverse element are unique
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(iv) For each ebα1 ∈ℝbα \ f0bαg, its inverse element ð1/e1Þbα
may be written as 1bα /ebα1 but not as 1/ebα1 ; for each

ebα1 ∈ℝbα , its inverse element ð−e1Þbα may be written

as −ebα1
(v) If the order < is defined on ðℝbα , +Þ as follows: ebα1 <

ebα2 ∈ℝbα if and only if e1 < e2 ∈ℝ, then ðℝbα , +, :, < Þ
is an ordered field like ðℝ, +, :, < Þ

In [6], Yang introduced the following notions for local
fractional continuity and differentiability as follows:

Definition 3 ([6]). A nondifferentiable mapping Q : ℝ→
ℝbα , t1 →QðεÞ is said to be local fractional continuous at ε∘,
if for any ε > 0, there exists m > 0, satisfying that

Q εð Þ −Q ε∘ð Þj j < εbα , ð4Þ

holds for ∣ε − ε∘ ∣ <m: If QðεÞ is local continuous on ða1, a2Þ,
then we symbolize it by QðεÞ ∈ℂbα ða1, a2Þ.
Definition 4 ([6]). The local fractional derivative of QðεÞ of
order bα at ε = ε∘ is defined by the expression

Q bα� � ε∘ð Þ = ε∘
Dbαε Q εð Þ = dbαQ εð Þ

dεbα
�����
ε=ε∘

= lim
ε→ε∘

Δbα Q εð Þ −Q ε∘ð Þð Þ
ε − ε∘ð Þbα ,

ð5Þ

where Δbα ðQðεÞ −Qðε∘ÞÞ = Γðbα + 1ÞðQðεÞ −Qðε∘ÞÞ: Let QðbαÞ
ðεÞ =Dbαε QðεÞ: If there exists Qðk+1Þbα ðεÞ = Dbαε ⋯Dbαε

zfflfflfflfflfflffl}|fflfflfflfflfflffl{ðk+1Þ times

QðεÞ
for any ε ∈Ω ⊆ℝ, then it is denoted by Q ∈Dðk+1Þbα ðI Þ,
where k = 0, 1, 2,⋯.

Definition 5. Let QðεÞ ∈ℂbα ½a1, a2�, and let Δ = fρ0, ρ1,⋯,
ρNg, ðN ∈ℕÞ be a partition of ½a1, a2� which satisfies a1 =
ρ0 < ρ1 <⋯ < ρN = a2: Then, the local fractional integral of
Q on ½a1, a2� of order bα is defined as follows

a1
I
bα� �

a2 Q εð Þ = 1
Γ 1 + bαð Þ

ða2
a1

Q ρð Þ dρð Þbα
≔

1
Γ 1 + bαð Þ lim

δρ→0
〠
N−1

j=0
Q ρj

� �
Δρj

� �
,

ð6Þ

where δρ≔max fΔρ1, Δρ2,⋯, ΔρN−1g and Δρj ≔ ρj+1 − ρj,
j = 0,⋯,N − 1.

Here, it follows that a1
I ðbαÞ

a2
QðεÞ = 0 if a1 = a2 and a1

I ðbαÞ
a2

QðεÞ = −a2
I ðbαÞ

a1
QðεÞ if a1 < a2: For any ε ∈ ½a1, a2�, if

there exists a1
I ðbαÞ

a2
QðεÞ, then it is denoted by QðεÞ ∈

Ibαε ½a1, a2�:
Lemma 6 ([6]).

(1) Suppose that QðzÞ =QðbαÞðzÞ ∈ℂbα ½a1, a2�, then
a1
I
bα� �

a2 Q zð Þ =Q a2ð Þ −Q a1ð Þ: ð7Þ

(2) Suppose that QðzÞ,WðzÞ ∈Dbα ½a1, a2�, and QðbαÞðzÞ,
WðbαÞðzÞ ∈ℂbα ½a1, a2�, then

a1
I
bα� �

a2 Q zð ÞW bα� � zð Þ =Q uð ÞW zð Þ
����a2
a1

−a1
I
bα� �

a2 Q bα� � zð ÞW zð Þ:

ð8Þ

Lemma 7 ([6]).

dbα zkbα
dzbα = Γ 1 + kbαð Þ

Γ 1 + k − 1ð Þbαð Þ z
k−1ð Þbα , 1

Γ 1 + bαð Þ
ða2
a1

zkbα dzð Þbα
= Γ 1 + kbαð Þ
Γ 1 + k + 1ð Þbαð Þ a k+1ð Þbα

2 − a k+1ð Þbα
1

� �
, k > 0:

ð9Þ

An analog in the fractal set ℝbα of the classical Hölder’s
inequality has been established by [15], which is asserted by
the following lemma.

Lemma 8 ([15]. Generalized Hölder’s inequality). For ω1, ω2
> 1 with ω−1

1 + ω−1
2 = 1, and let Q,W ∈ℂbα ½a1, a2�, then

1
Γ 1 + bαð Þ

ða2
a1

∣Q zð ÞW zð Þ∣ dzð Þbα ≤ 1
Γ 1 + bαð Þ

ða2
a1

Q zð Þj jω1 dzð Þbα
 !1/ω1

� 1
Γ 1 + bαð Þ

ða2
a1

W zð Þj jω2 dzð Þbα
 !1/ω2

:

ð10Þ

In the work of Sun and Liu [13], we present the following
concept related with the notion of generalized harmonically
convexity.

Definition 9 ([13]). Letℍ ⊂ ð0,∞Þ be an interval and let then

Q : ℍ↦ℝbα ð0 < bα ≤ 1Þ is said to be generalized harmoni-
cally convex function if the inequality holds:

Q
a1a2

t1a1 + 1 − t1ð Þa2

� �
≤ tbα1 Q a1ð Þ + 1 − t1ð ÞbαQ a2ð Þ, ∀a1, a2 ∈ℍ, t1 ∈ 0, 1½ �ð Þ:

ð11Þ

Recently, several noted consequences and motivating
facts related to fractal theory have been appeared in the
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literature [5, 14, 15]. In [13], Sun explored the following ana-
log of the Hermite-Hadamard inequality (3) for generalized
harmonically convex functions.

1
Γ 1 + bαð ÞQ

2a1a2
a1 + a2

� �
≤

a1a2
a2 − a1

� �bα
a1

I
bα� �

a2
Q zð Þ
z2bα

≤
Γ 1 + bαð Þ
Γ 1 + 2bαð Þ Q a1ð Þ +Q a2ð Þ½ �:

ð12Þ

Firstly, let λ = fλðmÞg∞m=0 be a bounded sequence of real
numbers, and Fλ

ρ,σð:Þρ, σ > 0 denotes the Raina’s function.
In [38], Raina explored a new class of functions stated as:

Fλ
ρ,σ zð Þ =F

λ 0ð Þ,λ 1ð Þ,⋯
ρ,σ zð Þ = 〠

∞

m=0

λ mð Þ
Γ ρm + λð Þ z

m, ð13Þ

where ρ, σ > 0, ∣z ∣ <ℝ and

λ = λ 0ð Þ,⋯:,λ mð Þ,⋯ð Þ, ð14Þ

is bounded sequence of positive real numbers. Notice that if
we choose ρ = 1, σ = 0 in (13), then

λ mð Þ = δ1ð Þm δ2ð Þm
δ3ð Þm

form = 0, 1, 2,⋯, ð15Þ

where δ1, δ2, and δ3 are parameters which can choose arib-
trary real and complex values (provided that δ3 ≠ 0, −1, −2,
⋯,), and we have the notion ðbÞm by

bð Þm = Γ b +mð Þ
Γ bð Þ = b b + 1ð Þ⋯ b +m − 1ð Þ,m = 0, 1, 2,⋯,

ð16Þ

then the classical hypergeometric function stated as follows

Fλ
ρ,σ zð Þ = F δ1, δ2 ; δ3 ; zð Þ = 〠

∞

m=0

δ1ð Þm δ2ð Þm
m! δ3ð Þm

zm, ∣z∣ ≤ 1, z ∈ℂ:

ð17Þ

Also, if λ = ð1, 1,⋯Þ with ς = δ, ðRðδÞ > 0Þ, λ = 1 and
restricting its domain to z ∈ℂ in (13), then we have the clas-
sical Mittag-Leffler function:

Eδ1
zð Þ = 〠

∞

m=0

1
Γ 1 + δ1mð Þ z

m: ð18Þ

Next, we evoke a novel concept of harmonic set and map-
pings including Raina’s functions.

Definition 10. Let ρ, σ > 0 and λ = fλðmÞg∞m=0 be a bounded
sequence of real numbers. A nonempty set ℍF ⊂ ð0,∞Þ is
said to be generalized harmonically ψ -convex set, if

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

∈ℍF , ð19Þ

for all a1, a2 ∈ℍF , t1 ∈ ½0, 1�:

Next, we introduce the notion of generalized harmoni-
cally ψ-s-convex function as follows:

Definition 11. Let ρ, σ > 0 and λ = fλðmÞg∞m=0 be a bounded

sequence of real numbers. If a mapping Q : ℍF ↦ℝbα ð0 ≤bα < 1Þ satisfies the following inequality:

Q
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A ≤ tsbα1 Q a1ð Þ + 1 − t1ð ÞsbαQ a2ð Þ,

ð20Þ

holds for all a1, a2 ∈ℍF , t1 ∈ ½0, 1� and s ∈ ð0, 1�:

Remark 12. In view of Definition 11, we have that

(i) Choosing bα = 1, then we acquire harmonically ψ
-convex function as follows:

Q
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A ≤ ts1Q a1ð Þ + 1 − t1ð ÞsQ a2ð Þ,

� ∀a1, a2 ∈ℍF , t1 ∈ 0, 1½ �ð Þ, s ∈ 0, 1ð �Þ:
ð21Þ

(ii) If we take s = 1 and Fλ
ρ,σða2 − a1Þ = a2 − a1, then we

get Definition 3.1 in [13]

(iii) If we take Fλ
ρ,σða2 − a1Þ = a2 − a1 along with bα = s

= 1, then we get Definition in [37]

Recall the two special functions on Yang’s fractal sets.

(1) Generalized beta function

Bbα z1, z2ð Þ = 1
Γ 1 + bαð Þ

ð1
0
t
bα z1−1ð Þ
1 1 − t1ð Þbα z2−1ð Þ dt1ð Þbα , 

� z1, z2 > 0ð Þ:
ð22Þ
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(2) Generalized hypergeometric function

2�F
bα
1 z1 ; z2 ; z3, zð Þ = 1

Bbα z2, z3 − z2ð Þ
1

Γ 1 + bαð Þ
ð1
0
t
bα z1−1ð Þ
1

� 1 − t1ð Þbα z3−z2−1ð Þ 1 − zt1ð Þ−bαz1
� dt1ð Þbα , 0 < z2 < z3, ∣z∣ < 1:

ð23Þ

3. Hermite-Hadamard Type Inequality

In this section, we derive a novel version of Hermite-
Hadamard inequalities for generalized harmonically ψ-con-
vex functions, and this is the main motivation of this paper.

Theorem 13. For s ∈ ð0, 1�, ρ, σ > 0, λ = fλðmÞg∞m=0 a

bounded sequence of real numbers and Q : IF = ½a1, a1 +
Fλ

ρ,σða2 − a1Þ� ⊂ℝ \ f0g↦ℝbα ð0 < bα ≤ 1Þ be generalized

harmonically ψ - s -convex function where a1, a1 +Fλ
ρ,σða2

− a1Þ ∈IF ,Fλ
ρ,σða2 − a1Þ > 0 such that Q ∈Dbα ½a1, a1 +Fλ

ρ,σ

ða2 − a1Þ� and QðbαÞ ∈ℂbα ½a1, a1 +Fλ
ρ,σða2 − a1Þ�: Then, the

following inequalities hold:

2 s−1ð Þbα
Γ 1 + bαð ÞQ

2a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
2a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
A

≤
abα1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �bα
Fλ

ρ,σ a2 − a1ð Þ
� �bα

a1

I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα

≤
Γ 1 + sbαð Þ

Γ 1 + s + 1ð Þbαð Þ Q a1ð Þ +Q a2ð Þ½ �:

ð24Þ

Proof. Since Q is generalized harmonically ψ-s-convex func-
tion with t1 = 1/2, then

Q
2x x +Fλ

ρ,σ y − xð Þ
� �
2x +Fλ

ρ,σ y − xð Þ
� �

0
@

1
A ≤

Q xð Þ +Q yð Þ
2sbα , ∀x, y ∈IF , t1 ∈ 0, 1½ �ð Þ:

ð25Þ
Let x = a1ða1 +Fλ

ρ,σða2 − a1ÞÞ/ða1 + ð1 − t1ÞFλ
ρ,σða2 −

a1ÞÞ and y = a1ða1 +Fλ
ρ,σða2 − a1ÞÞ/ða1 + t1F

λ
ρ,σða2 − a1ÞÞ

in (25). Then, by local fractional integration over ð0, 1Þ,we have
2sbα

Γ 1 + bαð Þ
ð1
0
Q

2a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
2a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
A dt1ð Þbα

≤
1

Γ 1 + bαð Þ
ð1
0

Q
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

a1 + 1 − t1ð ÞFλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
A

2
4

+Q
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �
0
@

1
A
3
5 dt1ð Þbα

=
2bαabα1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �bα
Fλ

ρ,σ a2 − a1ð Þ
� �bα 1

Γ 1 + bαð Þ
ða1+Fλ

ρ,σ a2−a1ð Þ

a1

Q zð Þ
z2bα dzð Þbα

=
2bαabα1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �bα
Fλ

ρ,σ a2 − a1ð Þ
� �bα

a1

I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα :

ð26Þ

Also, using the fact that

2sbα
Γ 1 + bαð Þ

ð1
0
Q

2a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
2a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
A dt1ð Þbα

= 2sbα
Γ 1 + bαð ÞQ

2a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
2a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
A,

ð27Þ

we have

2 s−1ð Þbα
Γ 1 + bαð ÞQ

2a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
2a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
A

≤
abα1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �bα
Fλ

ρ,σ a2 − a1ð Þ
� �bα

a1

I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα :

ð28Þ

For the proof of other inequality in (73), noting that Q is a
generalized harmonically ψ-s-convex mapping, for t1 ∈ ½0, 1�,
we have

Q
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

a1 + 1 − t1ð ÞFλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
A

+Q
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �
0
@

1
A

≤ tsbα1 + 1 − t1ð Þsbαh i
Q a1ð Þ +Q a2ð Þ½ �:

ð29Þ

Again, using local fractional integration for above inequality
with respect to t1 over ð0, 1Þ yields

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα
Fλ

ρ,σ a2 − a1ð Þ
� �bα

a1

I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα

≤
Γ 1 + sbαð Þ

Γ 1 + s + 1ð Þbαð Þ Q a1ð Þ +Q a2ð Þ½ �:

ð30Þ

Combining (28) and (30), we get the inequality (24). Hence,
the proof is completed.
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Certain noteworthy cases of Theorem 13 are established
as follows:

(i) Choosing bα = 1, then we attain a new consequence for
harmonically ψ-s-convex function

Corollary 14. For ρ, σ > 0, λ = fλðmÞg∞m=0 a bounded
sequence of real numbers and Q : IF = ½a1, a1 +Fλ

ρ,σða2 −
a1Þ� ⊂ℝ \ f0g↦ℝ be harmonically ψ - s-convex function
where a1, a1 +Fλ

ρ,σða2 − a1Þ ∈IF ,Fλ
ρ,σða2 − a1Þ > 0 such

that Q′ ∈ L1ð½a1, a1 +Fλ
ρ,σða2 − a1Þ�Þ: Then, the following

inequalities hold:

2s−1Q
2a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
2a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
A

≤
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

Fλ
ρ,σ a2 − a1ð Þ

� � ða1+Fλ
ρ,σ a2−a1ð Þ

a1

Q zð Þ
z2

dz

≤
Q a1ð Þ +Q a2ð Þ

s + 1
:

ð31Þ

Remark 15. In view of Theorem 13, we have that

(i) Letting s = 1 and Fλ
ρ,σða2 − a1Þ = a2 − a1, then we get

Theorem 4.1 of [13].

(ii) Letting bα = 1 andFλ
ρ,σða2 − a1Þ = a2 − a1, then we get

Theorem 3 of [39].

Lemma 16. For ρ, σ > 0, λ = fλðmÞg∞m=0 a bounded sequence

of real numbers and Q : I ∘
F = ½a1, a1 +Fλ

ρ,σða2 − a1Þ� ⊂ℝ \
f0g↦ℝbα ð0 < bα ≤ 1Þ (I ∘

F is the interior ofIF)be a general-
ized harmonically ψ -convex function, where a1, a1 +Fλ

ρ,σ
ða2 − a1Þ ∈I ∘

F ,Fλ
ρ,σða2 − a1Þ > 0 such that Q ∈Dbα ½a1, a1 +

Fλ
ρ,σða2 − a1Þ� and QðbαÞ ∈ℂbα ½a1, a1 +Fλ

ρ,σða2 − a1Þ�: Then,
the identity

ΩQ a1, a1 +Fλ
ρ,σ a2 − a1ð Þ ; ω, bα� �

≔
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα 1
Γ 1 + bαð Þ

ð1−ω
0

tbα1


�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2bα
Q bα� �

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A dt1ð Þbα

+ 1
Γ 1 + bαð Þ

ð1
1−ω

t1 − 1ð Þbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2bα
Q bα� �

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A dt1ð Þbα

3
5,

ð32Þ

where

ΩQ a1, a1 +Fλ
ρ,σ a2 − a1ð Þ ; ω, bα� �

≔ 1 − ωð ÞbαQ a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

+ ωbαQ a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

−
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

Fλ
ρ,σ a2 − a1ð Þ

0
@

1
A
bα

� Γ 1 + bαð Þa1I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα ,

ð33Þ

holds for ω ∈ ½0, 1� and bα ∈ ð0, 1�:

Proof. By local fractional integration by parts, we have

J 1 =
1

Γ 1 + bαð Þ
ð1−ω
0

tbα1 a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2bα
Q bα� �

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A dt1ð Þbα

= tbα1 Q a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A
������
1−ω

0

−
Γ 1 + bαð Þ
Γ 1 + bαð Þ

ð1−ω
0

Q

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A dt1ð Þbα

= 1 − ωð ÞbαQ a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A −

Γ 1 + bαð Þ
Γ 1 + bαð Þ

ð1−ω
0

Q

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A dt1ð Þbα :

ð34Þ
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Setting z = a1ða1 +Fλ
ρ,σða2 − a1ÞÞ/a1 + t1F

λ
ρ,σða2 − a1Þ,

then

J 1 = 1 − ωð ÞbαQ a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

−
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

Fλ
ρ,σ a2 − a1ð Þ

0
@

1
A
bα
Γ 1 + bαð Þ
Γ 1 + bαð Þ

�
ða1 a1+Fλ

ρ,σ a2−a1ð Þð Þ
a1+ωFλ

ρ,σ a2−a1ð Þ

a1

Q zð Þ
z2bα dzð Þbα

= 1 − ωð ÞbαQ a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

−
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

Fλ
ρ,σ a2 − a1ð Þ

0
@

1
A
bα
Γ

� 1 + bαð Þa1I
bα� �

a1 a1+Fλ
ρ,σ a2−a1ð Þð Þ/a1+ωFλ

ρ,σ a2−a1ð Þ
Q zð Þ
z2bα :

ð35Þ

Analogously, we have

J 2 =
1

Γ 1 + bαð Þ
ð1
1−ω

t1 − 1ð Þbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2bα

� Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A dt1ð Þbα

= ωbαQ a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

−
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

Fλ
ρ,σ a2 − a1ð Þ

0
@

1
A
bα
Γ

� 1 + bαð Þa1 a1+Fλ
ρ,σ a2−a1ð Þð Þ/a1+ωFλ

ρ,σ a2−a1ð ÞI
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα :

ð36Þ

Adding J 1 and J 2, we obtain the required result. This
completes the proof of Lemma 16.

Theorem 17. Assume that the hypothesis of Lemma 16

are satisfied. If jQðbαÞjq1 is a generalized harmonically ψ
- s -convex function on IF for p, q > 1, p−1 + q−1 = 1:
Then, the following inequality for local fractional integrals
holds

ΩQ a1, a1 +Fλ
ρ,σ a2 − a1ð Þ ; ω, bα� ���� ���

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ
� �1−1/q

×
"�

1 − ωð Þ2 1−1/qð Þbα
Λbα1 q, ω, a1, a2 ; sð Þ Q bα� � a1ð Þ
����

����q

+Λbα2 q, ω, a1, a2 ; sð Þ Q bα� � a2ð Þ
����

����q
�1/q

+
�

ωð Þ2 1−1/qð Þbα
Λbα3 q, ω, a1, a2 ; sð Þ Q bα� � a1ð Þ
����

����q

+Λbα4 q, ω, a1, a2 ; sð Þ Q bα� � a2ð Þ
����

����q
�1/q#

,

ð37Þ

where

Λbα1 q, ω, a1, a2 ; sð Þ

≔ 1 − ωð Þ s+2ð Þbα a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα
× Γ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1
� 2q, s + 2 ; s + 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
,

Λbα2 q, ω, a1, a2 ; sð Þ

≔ 1 − ωð Þ2bα a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ × 2

�Fbα1
� 2q, 2 ; 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
−Λbα1 q, ω, a1, a2 ; sð Þ,

Λbα3 q, ω, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα" Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ2

�Fbα1
� 2q, s + 1 ; s + 2 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !

−
Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1 2q, s + 2 ; s + 3 ;
ω − 1ð ÞFλ

ρ,σ a2 − a1ð Þ
a1

 !

− 1 − ωð Þ s+1ð Þbα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ × 2

�Fbα1
� 2q, s + 1ð Þ ; s + 2ð Þ ; ω − 1ð ÞFλ

ρ,σ a2 − a1ð Þ
a1

 !#

+Λbα1 q, ω, a1, a2 ; sð Þ,

Λbα4 q, ω, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα"Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1
� 2q, 1 ; s + 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !

7Journal of Function Spaces



− 1 − ωð ÞbαΓ 1 + bαð Þ2�F
bα
1 2q, 1 ; 2 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !

+ 1 − ωð Þ s+2ð ÞbαΓ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1
� 2q, s + 2 ; s + 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !#
: ð38Þ

Proof. By means of Lemma 16, the generalized power
mean inequality and the generalized harmonically ψ-s
-convexity of jQðbαÞjq, we have

∣ΩQ a1, a1 +Fλ
ρ,σ a2 − a1ð Þ ; ω, bα� �

∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα
"

1
Γ 1 + bαð Þ

ð1−ω
0

tbα1

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2bα

� Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

������
������ dt1ð Þbα

+ 1
Γ 1 + bαð Þ

ð1
1−ω

t1 − 1ð Þbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2bα

� ∣Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A ∣ dt1ð Þbα

#

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα
"

1
Γ 1 + bαð Þ

ð1−ω
0

tbα1 dt1ð Þbα� �1−1/q

×

 
1

Γ 1 + bαð Þ
ð1−ω
0

tbα1 a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα

� Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

������
������
q

dt1ð Þbα
!1/q

+ 1
Γ 1 + bαð Þ

ð1
1−ω

1 − t1ð Þbα dt1ð Þbα� �1−1/q

×

 
1

Γ 1 + bαð Þ
ð1
1−ω

1 − t1ð Þbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα

� Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

������
������
q

dt1ð Þbα
!1/q

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα
#"

1
Γ 1 + bαð Þ

ð1−ω
0

tbα1 dt1ð Þbα� �1−1/q

×

 
1

Γ 1 + bαð Þ
ð1−ω
0

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα

� t s+1ð Þbα
1 Q bα� � a1ð Þ

����
����q + tbα1 1 − t1ð Þsbα


� Q bα� � a2ð Þ
����

����q
�
dt1ð Þbα

!1/q

+ 1
Γ 1 + bαð Þ

ð1
1−ω

�

� 1 − t1ð Þbα dt1ð Þbα�1−1/q
×

 
1

Γ 1 + bαð Þ
ð1
1−ω

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα
1 − t1ð Þbα tsbα1 Q bα� � a1ð Þ

����
����q




+ 1 − t1ð Þ s+1ð Þbα Q bα� � a2ð Þ
����

����q
�
dt1ð Þbα

!1/q#
:

ð39Þ

Employing Lemma 7, we have that

1
Γ 1 + bαð Þ

ð1−ω
0

tbα1 dt1ð Þbα = Γ 1 + bαð Þ
Γ 1 + 2bαð Þ 1 − ωð Þ2bα ,

1
Γ 1 + bαð Þ

ð1
1−ω

1 − t1ð Þbα dt1ð Þbα = Γ 1 + bαð Þ
Γ 1 + 2bαð Þω

2bα :
ð40Þ

Setting t1 = ð1 − ωÞη, with the aid of Lemma 7 and
simple computations yield

Λbα1 q, ω, a1, a2 ; sð Þ

≔
1

Γ 1 + bαð Þ
ð1−ω
0

t s+1ð Þbα
1

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα
dt1ð Þbα

=
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �� �2qbα

Γ 1 + bαð Þ
ð1−ω
0

t s+1ð Þbα
1

� a1 + t1F
λ
ρ,σ a2 − a1ð Þ

� �−2qbα
dt1ð Þbα
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= 1 − ωð Þ s+2ð Þbα a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα
Γ 1 + bαð Þ

ð1
0
t s+1ð Þbα
1

� 1 − η
ω − 1ð ÞFλ

ρ,σ a2 − a1ð Þ
a1

 !−2qbα
dηð Þbα

= 1 − ωð Þ s+2ð Þbα a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbαΓ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1
� 2q, s + 2 ; s + 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
:

ð41Þ

In a similar way, we can find

Λbα2 q, ω, a1, a2 ; sð Þ

≔
1

Γ 1 + bαð Þ
ð1−ω
0

tbα1 1 − t1ð Þsbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα
dt1ð Þbα

=
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �� �2qbα

Γ 1 + bαð Þ
ð1−ω
0

"
tbα1 a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �−2qbα

− t s+1ð Þbα
1 a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �−2qbα#
dt1ð Þbα

= 1 − ωð Þ2bα a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ2

�Fbα1
� 2q, 2 ; 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
− 1 − ωð Þ s+2ð Þbα

� a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbαΓ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1
� 2q, s + 2 ; s + 3 ; 1 −

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !

= 1 − ωð Þ2bα a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ2

�Fbα1
� 2q, 2 ; 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
−Λbα1 q, ω, a1, a2 ; sð Þ,

ð42Þ

Λbα3 q, ω, a1, a2 ; sð Þ

≔
1

Γ 1 + bαð Þ
ð1
1−ω

tsbα1 1 − t1ð Þbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα
dt1ð Þbα

=
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �� �2qbα

Γ 1 + bαð Þ
ð1
0

"
tsbα1 a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �−2qbα

− t s+1ð Þbα
1 a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �−2qbα#
dt1ð Þbα

−
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �� �2qbα

Γ 1 + bαð Þ
ð1−ω
0

�
"
tsbα1 a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �−2qbα
− t s+1ð Þbα

1

� a1 + t1F
λ
ρ,σ a2 − a1ð Þ

� �−2qbα#
dt1ð Þbα

= a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα" Γ 1 + bαð Þ
Γ 1 + s + 1ð Þbαð Þ2

�Fbα1
� 2q, s + 1 ; s + 2 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !

−
Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1 2q, s + 2 ; s + 3 ;
ω − 1ð ÞFλ

ρ,σ a2 − a1ð Þ
a1

 !

− 1 − ωð Þ s+1ð Þbα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ × 2�F

bα
1

� 2q, s + 1ð Þ ; s + 2ð Þ ; ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !#

+Λbα1 q, ω, a1, a2 ; sð Þ,
ð43Þ

Λbα4 q, ω, a1, a2 ; sð Þ

≔
1

Γ 1 + bαð Þ
ð1
1−ω

1 − t1ð Þ s+1ð Þbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2qbα
dt1ð Þbα

=
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �� �2qbα

Γ 1 + bαð Þ
ð1
0
1 − t1ð Þ s+1ð Þbα

� a1 + t1F
λ
ρ,σ a2 − a1ð Þ

� �−2qbα
dt1ð Þbα

−
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �� �2qbα

Γ 1 + bαð Þ
ð1−ω
0

1 − t1ð Þ s+1ð Þbα
� a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �−2qbα
dt1ð Þbα

= a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα"Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1
� 2q, 1 ; s + 3 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
− 1 − ωð ÞbαΓ 1 + bαð Þ2�F

bα
1

� 2q, 1 ; 2 ;
ω − 1ð ÞFλ

ρ,σ a2 − a1ð Þ
a1

 !
+ 1 − ωð Þ s+2ð Þbα

� Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1 2q, s + 2 ; s + 3 ;
ω − 1ð ÞFλ

ρ,σ a2 − a1ð Þ
a1

 !#
:

ð44Þ

A combination of (41)–(44) with (39), we get the desired
inequality (37). This gives the proof of Theorem 17.

From Theorem 17, we get the following corollaries
immediately.
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Corollary 18. Let ω = 0: Then, Theorem 17 leads to the follow-
ing local fractional integral inequality of “Ostrowski type”

∣Q a2ð Þ − Fλ
ρ,σ a2 − a1ð Þ

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
AbαΓ 1 + bαð Þa1I

bα� �
a1+Fλ

ρ,σ a2−a1ð Þ
Q zð Þ
z2bα ∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ
� �1−1/q

×
("

Λbα1 q, 0, a1, a2 ; sð Þ Q bα� � a1ð Þ
����

����q +Λbα2 q, 0, a1, a2 ; sð Þ

� Q bα� � a2ð Þ
����

����q
#)1/q

,

ð45Þ

where

Λbα1 q, 0, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα
× Γ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1
� 2q, s + 2 ; s + 3 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !
,

Λbα2 q, 0, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ

× 2
�Fbα1 2q, 2 ; 3 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !

−Λbα1 q, 0, a1, a2 ; sð Þ:
ð46Þ

Corollary 19. Let ω = 1: Then, Theorem 17 leads to the follow-
ing local fractional integral inequality of “Ostrowski type”

∣Q a1ð Þ − Fλ
ρ,σ a2 − a1ð Þ

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
AbαΓ 1 + bαð Þa1I

bα� �
a1+Fλ

ρ,σ a2−a1ð Þ
Q zð Þ
z2bα ∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ
� �1−1/q

×
�


Λbα3 q, 1, a1, a2 ; sð Þ Q bα� � a1ð Þ
����

����q

+Λbα4 q, 1, a1, a2 ; sð Þ Q bα� � a2ð Þ
����

����q
�1/q

,

ð47Þ

where

Λbα3 q, 1, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα"Γ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1
� 2q, s + 1 ; s + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !

−
Γ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1 2q, s + 2 ; s + 3 ;
−Fλ

ρ,σ a2 − a1ð Þ
a1

 !#
,

Λbα4 q, 1, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbαΓ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1
� 2q, 1 ; s + 3 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !
:

ð48Þ

Corollary 20. By means of Corollary 18 and Corollary 19.
Then, Theorem 17 leads to the following local fractional inte-
gral inequality of “trapezoid type”

∣
Q a1ð Þ +Q a2ð Þ

2bα −
Fλ

ρ,σ a2 − a1ð Þ
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
AbαΓ

� 1 + bαð Þa1I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα ∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

2bαabα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ
� �1−1/q

×
"�


Λbα1 q, 0, a1, a2 ; sð Þ Q bα� � a1ð Þ
����

����q +Λbα2 q, 0, a1, a2 ; sð Þ

� Q bα� � a2ð Þ
����

����q
�1/q

+
�


Λbα3 q, 1, a1, a2 ; sð Þ Q bα� � a1ð Þ
����

����q

+Λbα4 q, 1, a1, a2 ; sð Þ Q bα� � a2ð Þ
����

����q
�1/q#

,

ð49Þ

where Λbα1 ðq, 0, a1, a2 ; sÞ,Λbα2 ðq, 0, a1, a2 ; sÞ,Λbα3 ðq, 1, a1, a2 ;
sÞ, and Λbα4 ðq, 1, a1, a2 ; sÞ are given in Corollary 18 and Cor-
ollary 19, respectively.

Corollary 21. Let ω = 1/2: Then, Theorem 17 leads to the fol-
lowing local fractional integral inequality of “midpoint type”

∣Q
2a1a2
a1 + a2

� �
−

Fλ
ρ,σ a2 − a1ð Þ

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
AbαΓ

� 1 + bαð Þa1I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα ∣
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≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + bαð Þ
4bαΓ 1 + 2bαð Þ

 !1−1/q

×
"�


Λbα1 q, 1
2
, a1, a2 ; s

� �
Q bα� � a1ð Þ
����

����q +Λbα2
� q, 1

2
, a1, a2 ; s

� �
Q bα� � a2ð Þ
����

����q
�1/q

+
�


Λbα3 q, 1
2
, a1, a2 ; s

� �
Q bα� � a1ð Þ
����

����q +Λbα4
� q, 1

2
, a1, a2 ; s

� �
Q bα� � a2ð Þ
����

����q
�1/q#

,

ð50Þ

where

Λbα1 q, 1
2
, a1, a2 ; s

� �

≔
1
2

� � s+2ð Þbα
a1 +Fλ

ρ,σ a2 − a1ð Þ
� �2qbα

× Γ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1
� 2q, s + 2 ; s + 3 ;

−Fλ
ρ,σ a2 − a1ð Þ
2a1

 !
,

Λbα2 q, 1
2
, a1, a2 ; s

� �

≔
1
2

� �2bα
a1 +Fλ

ρ,σ a2 − a1ð Þ
� �2qbα Γ 1 + bαð Þ

Γ 1 + 2bαð Þ × 2
�Fbα1

� 2q, 2 ; 3 ;
Fλ

ρ,σ a2 − a1ð Þ
2a1

 !
−Λbα1 q, 1

2
, a1, a2 ; s

� �
,

Λbα3 q, 1
2
, a1, a2 ; s

� �

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα" Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ2

�Fbα1
� 2q, s + 1 ; s + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ
2a1

 !

−
Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1 2q, s + 2 ; s + 3 ;
−Fλ

ρ,σ a2 − a1ð Þ
2a1

 !

−
1
2

� � s+1ð Þbα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ × 2

�Fbα1
� 2q, s + 1ð Þ ; s + 2ð Þ ; −F

λ
ρ,σ a2 − a1ð Þ
2a1

 !#

+Λbα1 q, 1
2
, a1, a2 ; s

� �
,

Λbα4 q, 1
2
, a1, a2 ; s

� �

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2qbα"Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1
� 2q, 1 ; s + 3 ;

−Fλ
ρ,σ a2 − a1ð Þ
2a1

 !
−

1
2

� �bα
Γ 1 + bαð Þ2�F

bα
1

� 2q, 1 ; 2 ;
−Fλ

ρ,σ a2 − a1ð Þ
2a1

 !
+ 1 − ωð Þ s+2ð Þbα

� Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1 2q, s + 2 ; s + 3 ;
−Fλ

ρ,σ a2 − a1ð Þ
2a1

 !#
:

ð51Þ

Theorem 22. Assume that the hypothesis of Lemma 16 are

satisfied. If jQðbαÞjq is a generalized harmonically ψ - s-con-
vex function on IF for p, q > 1, p−1 + q−1 = 1: Then, the fol-
lowing inequality for local fractional integrals holds

∣ΩQ a1, a1 +Fλ
ρ,σ a2 − a1ð Þ ; ω, bα� �

∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ
� �1/q

×
(

Λbα5 p, ω, a1, a2 ; sð Þ
� �1/p


1 − ωð Þ s+1ð Þbα Q bα� � a1ð Þ
����

����q

+ 1bα − ω s+1ð Þbαh i
Q bα� � a2ð Þ
����

����q
�1/q

+ Λbα6 p, ω, a1, a2 ; sð Þ
� �1/p

�


1bα − 1 − ωð Þ s+1ð Þbαh i

Q bα� � a1ð Þ
����

����q + ω s+1ð Þbα Q bα� � a2ð Þ
����

����q
�1/q)

,

ð52Þ
where

Λbα5 p, ω, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα
1 − ωð Þ p+1ð Þbα Γ 1 + pbαð Þ

Γ 1 + p + 1ð Þbαð Þ

× 2
�Fbα1 2p, p + 1 ; p + 2 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
,

Λbα6 p, ω, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα"Γ 1 + p + 2ð Þbαð Þ
Γ 1 + p + 3ð Þbαð Þ2

�Fbα1
� 2p, 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !
− Γ 1 + bαð Þ2�F

bα
1

� 2p, 1 ; 2 ;
−Fλ

ρ,σ a2 − a1ð Þ
a1

 !
+ 1 − ωð Þpbα Γ 1 + p + 1ð Þbαð Þ

Γ 1 + p + 2ð Þbαð Þ

× 2
�Fbα1 2p, p + 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !#
:

ð53Þ
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Proof. By means of Lemma 16 and utilizing the generalized
Hölder inequality, we have

∣ΩQ a1, a1 +Fλ
ρ,σ a2 − a1ð Þ ; ω, bα� �

∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα
" 

1
Γ 1 + bαð Þ

ð1−ω
0

tpbα1

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2pbα
dt1ð Þbα

1
CCA

1/p

× 1
Γ 1 + bαð Þ

ð1
1−ω

Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

������
������
q

dt1ð Þbα
0
@

1
A

1/q

+

 
1

Γ 1 + bαð Þ
ð1
1−ω

1 − t1ð Þpbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2pbα

� dt1ð Þbα
!1/p

×

 
1

Γ 1 + bαð Þ
ð1
1−ω

Q bα� �����

�
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
Aj
������
q

dt1ð Þbα
1
A

1/q375:
ð54Þ

Since jQðbαÞjq is generalized harmonically ψ-s-convex
function, then we have

1
Γ 1 + bαð Þ

ð1−ω
0

∣Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A∣ dt1ð Þbα

≤
1

Γ 1 + bαð Þ
ð1−ω
0

tsbα1 Q bα� � a1ð Þ
����

����q + 1 − t1ð Þsbα Q bα� � a2ð Þ
����

����q

 �

dt1ð Þbα
= Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ



1 − ωð Þ s+1ð Þbα Q bα� � a1ð Þ

����
����q

+ 1bα − ω s+1ð Þbαh i
Q bα� � a2ð Þ
����

����q
�
:

ð55Þ

Analogously, we have

1
Γ 1 + bαð Þ

ð1
1−ω

∣Q bα� � a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A∣ dt1ð Þbα

≤
Γ 1 + sbαð Þ

Γ 1 + s + 1ð Þbαð Þ


1bα − 1 − ωð Þ s+1ð Þbαh i

Q bα� � a1ð Þ
����

����q
+ ω s+1ð Þbα Q bα� � a2ð Þ

����
����q
�
:

ð56Þ

Setting t1 = ð1 − ωÞη, with the aid of Lemma 7 and simple
computations yield

Λbα5 p, ω, a1, a2 ; sð Þ

≔
1

Γ 1 + bαð Þ
ð1−ω
0

tpbα1 a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2pbα
dt1ð Þbα

= a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �� �2pbα 1
Γ 1 + bαð Þ

ð1−ω
0

tpbα1
� a1 + t1F

λ
ρ,σ a2 − a1ð Þ

� �−2pbα
dt1ð Þbα

= a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα
1 − ωð Þ p+1ð Þbα 1

Γ 1 + bαð Þ
ð1
0
ηpbα

� 1 −
ω − 1ð ÞFλ

ρ,σ a2 − a1ð Þ
a1

 !−2pbα
dt1ð Þbα

= a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα
1 − ωð Þ p+1ð Þbα Γ 1 + pbαð Þ

Γ 1 + p + 1ð Þbαð Þ

× 2�F
bα
1 2p, p + 1 ; p + 2 ;

ω − 1ð ÞFλ
ρ,σ a2 − a1ð Þ
a1

 !
:

ð57Þ

In a similar way, we have

Λbα6 p, ω, a1, a2 ; sð Þ

≔
1

Γ 1 + bαð Þ
ð1
1−ω

1 − t1ð Þpbα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
a1 + t1F

λ
ρ,σ a2 − a1ð Þ

0
@

1
A

2pbα
dt1ð Þbα

= a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα"Γ 1 + p + 2ð Þbαð Þ
Γ 1 + p + 3ð Þbαð Þ2

�Fbα1
� 2p, 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !
− Γ 1 + bαð Þ2�F

bα
1

� 2p, 1 ; 2 ;
−Fλ

ρ,σ a2 − a1ð Þ
a1

 !
+ 1 − ωð Þpbα Γ 1 + p + 1ð Þbαð Þ

Γ 1 + p + 2ð Þbαð Þ

× 2�F
bα
1 2p, p + 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !#
:

ð58Þ

A combination of (55)–(58) with (54), we get the desired
inequality (52). Hence, the proof is completed.

From Theorem 22, we get the following corollaries
immediately.

Corollary 23. Let ω = 0: Then, Theorem 17 leads to the follow-
ing local fractional integral inequality of “Ostrowski type”
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∣Q a2ð Þ − Fλ
ρ,σ a2 − a1ð Þ

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
AbαΓ 1 + bαð Þa1I

bα� �
a1+Fλ

ρ,σ a2−a1ð Þ
Q zð Þ
z2bα ∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ
� �1/q

× Λbα5 p, 0, a1, a2 ; sð Þ
� �1/p�

Q bα� � a1ð Þ
����

����q + Q bα� � a2ð Þ
����

����q

 �1/q

,

ð59Þ

where

Λbα5 p, 0, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα Γ 1 + rbαð Þ
Γ 1 + r + 1ð Þbαð Þ2

�Fbα1
� 2p, p + 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !
:

ð60Þ

Corollary 24. Let ω = 1: Then, Theorem 17 leads to the follow-
ing local fractional integral inequality of “Ostrowski type”

Q a1ð Þ − Fλ
ρ,σ a2 − a1ð Þ

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
AbαΓ 1 + bαð Þa1I

bα� �
a1+Fλ

ρ,σ a2−a1ð Þ
Q zð Þ
z2bα

�������
�������

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ
� �1/q

×
(

Λbα6 p, 1, a1, a2 ; sð Þ
� �1/p


Q bα� � a1ð Þ
����

����q

+ Q bα� � a2ð Þ
����

����q
�1/q)

,

ð61Þ

where

Λbα6 p, 1, a1, a2 ; sð Þ

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα"Γ 1 + p + 2ð Þbαð Þ
Γ 1 + p + 3ð Þbαð Þ2

�Fbα1
� 2p, 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !
− Γ 1 + bαð Þ2�F

bα
1

� 2p, 1 ; 2 ;
−Fλ

ρ,σ a2 − a1ð Þ
a1

 !#
:

ð62Þ

Corollary 25. By means of Corollary 23 and Corollary 24.
Then, Theorem 22 leads to the following local fractional inte-
gral inequality of “trapezoid type”

∣
Q a1ð Þ +Q a2ð Þ

2bα −
Fλ

ρ,σ a2 − a1ð Þ
a1 a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

0
@

1
AbαΓ

� 1 + bαð Þa1I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα ∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

2bαabα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ
� �1/q

×
(

Λbα5 p, 0, a1, a2 ; sð Þ +Λbα6 p, 1, a1, a2 ; sð Þ
h i

� Q bα� � a1ð Þ
����

����q + Q bα� � a2ð Þ
����

����q

 �1/q)

:

ð63Þ

Corollary 26. Let ω = 1/2: Then, Theorem 17 leads to the fol-
lowing local fractional integral inequality of “midpoint type”

∣Q
2a1a2
a1 + a2

� �
−

Fλ
ρ,σ a2 − a1ð Þ

a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
0
@

1
AbαΓ

� 1 + bαð Þa1I
bα� �

a1+Fλ
ρ,σ a2−a1ð Þ

Q zð Þ
z2bα ∣

≤
Fλ

ρ,σ a2 − a1ð Þ
� �bα

abα1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �bα Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ
� �1/q

×

(
Λbα5 p, 1

2
, a1, a2 ; s

� �� �1/p
"

1
2

� � s+1ð Þbα
Q bα� � a1ð Þ
����

����q

+ 2 s+1ð Þbα − 1bα
2 s+1ð Þbα

 !
Q bα� � a2ð Þ
����

����q
#1/q

+ Λbα6 p, 1
2
, a1, a2 ; s

� �� �1/p

� 2 s+1ð Þbα − 1bα
2 s+1ð Þbα

 !
Q bα� � a1ð Þ
����

����q + 1
2

� � s+1ð Þbα
Q bα� � a2ð Þ
����

����q
" #1/q)

,

ð64Þ

where

Λbα5 p, 1
2
, a1, a2 ; s

� �

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα 1
2

� � p+1ð Þbα Γ 1 + rbαð Þ
Γ 1 + r + 1ð Þbαð Þ

× 2
�Fbα1 2p, p + 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ
2a1

 !
,

Λbα6 p, 1
2
, a1, a2 ; s

� �

≔ a1 +Fλ
ρ,σ a2 − a1ð Þ

� �2pbα"Γ 1 + p + 2ð Þbαð Þ
Γ 1 + p + 3ð Þbαð Þ2

�Fbα1
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� 2p, 1 ; p + 2 ;
−Fλ

ρ,σ a2 − a1ð Þ
a1

 !
− Γ 1 + bαð Þ2�F

bα
1

� 2p, 1 ; 2 ;
−Fλ

ρ,σ a2 − a1ð Þ
a1

 !
+ 1

2

� �pbα Γ 1 + p + 1ð Þbαð Þ
Γ 1 + p + 2ð Þbαð Þ

× 2
�Fbα1 2p, p + 1 ; p + 2 ;

−Fλ
ρ,σ a2 − a1ð Þ

a1

 !#
:

ð65Þ

4. Applications to Special Means

In this section, we recall the following bα-type special means

for two positive real numbers abα1 and abα2 where a1 < a2:

(1) The arithmetic mean

Abα a1, a2ð Þ = abα1 + abα2
2bα : ð66Þ

(2) The geometric mean

Gbα a1, a2ð Þ =
ffiffiffiffiffiffiffiffiffiffiffi
abα1 abα2q

: ð67Þ

(3) The harmonic mean

ℍbα a1, a2ð Þ = 2a1a2ð Þbα
abα1 + abα2 : ð68Þ

(4) The r-logarithmic mean

L
rbα a1, a2ð Þ = Γ 1 + rbαð Þ

Γ 1 + r + 1ð Þbαð Þ
a r+1ð Þbα
2 − a r+1ð Þ

1 bα
a2 − a1ð Þbα

0
@

1
A

1
r

, r ∈ℝ \ −1, 0f g:

ð69Þ

These means have huge applications in pure and applied
analysis and different type of numerical approximations.
However, the following simple relationships are known in
the literature.

ℍbα a1, a2ð Þ ≤Gbα a1, a2ð Þ ≤Abα a1, a2ð Þ: ð70Þ

Assume the mapping W : ð0,∞Þ↦ℝbα ,WðzÞ = ðΓð1 +
ubαÞ/Γð1 + ðu + 1ÞbαÞÞzðs+1Þbα , z > 0, s ≥ 1 and r ≥ 1: Then,

jWðbαÞðzÞjr = zsrbα is generalized harmonically ψ-convex on
ð0,∞Þ: Therefore, we can obtain the following results for

QðzÞ = ðΓð1 + ubαÞ/Γð1 + ðu + 1ÞbαÞÞxðu+1Þbα :

Proposition 27. For 0 < a1 < a2, u, r > 1 and ω ∈ ½0, 1� withbα ∈ ð0, 1�, we have the following inequality

∣Abα au+11 , au+12

� �
− Γ 1 + bαð ÞG2bα a1, a1 +Fλ

ρ,σ a2 − a1ð Þ
� �

Lu−1
u−1ð Þbα

� a1, a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
∣

≤
Γ 1 + u + 1ð Þbαð Þ

Γ 1 + ubαð Þ
Fλ

ρ,σ a2 − a1ð Þ
� �bα

G2bα 2, a1, a1 +Fλ
ρ,σ a2 − a1ð Þ

� �� �
� Γ 1 + bαð Þ

Γ 1 + 2bαð Þ
� �1−1/q

×
"


Λbα1 q, 0, a1, a2 ; sð Þaqubα1

+Λbα2 q, 0, a1, a2 ; sð Þaqubα2

�1/q
+


Λbα3 q, 1, a1, a2 ; sð Þaqubα1

+Λbα4 q, 1, a1, a2 ; sð Þaqubα2

�1/q#
,

ð71Þ

where Λbα1 ðq, 0, a1, a2 ; sÞ,Λbα2 ðq, 0, a1, a2 ; sÞ,Λbα3 ðq, 1, a1, a2 ;
sÞ, and Λbα4 ðq, 1, a1, a2 ; sÞ are given in Corollary 18 and
Corollary 19, respectively.

Proof. Taking QðzÞ = ðΓð1 + ubαÞ/Γð1 + ðu + 1ÞbαÞÞzðs+1Þbα , u
≥ 1 for z > 0 in Corollary 20, then we get the immediate
consequence.

Proposition 28. For 0 < a1 < a2, s, q1 > 1 and ω ∈ ½0, 1� withbα ∈ ð0, 1�, we have the following inequality

∣ℍs+1bα a1, a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
− Γ 1 + bαð ÞG2bα

� a1, a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
Ls−1

s−1ð Þbα a1, a1 +Fλ
ρ,σ a2 − a1ð Þ

� �
∣

≤
Γ 1 + u + 1ð Þbαð Þ

Γ 1 + ubαð Þ
Fλ

ρ,σ a2 − a1ð Þ
� �bα

G2bα a1 a1 +Fλ
ρ,σ a2 − a1ð Þ

� �� �

� Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ
� �1/q

×

(
Λbα5 p, 1

2
, a1, a2 ; s

� �� �1/p

� 1
2

� � s+1ð Þbα
aqubα1 + 2 s+1ð Þbα − 1bα

2 s+1ð Þbα
 !

aqubα2

" #1/q

+ Λbα6 p, 1
2
, a1, a2 ; s

� �� �1/p
"

2 s+1ð Þbα − 1bα
2 s+1ð Þbα

 !
aqubα1

+ 1
2

� � s+1ð Þbα
aqubα2

#1/q)
,

ð72Þ

where Λbα5 ðp, 1/2, a1, a2 ; sÞ and Λbα6 ðp, 1/2, a1, a2 ; sÞ are
defined in Corollary 26.
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Proof. Taking QðzÞ = ðΓð1 + ubαÞ/Γð1 + ðu + 1ÞbαÞÞzðu+1Þbα , u
≥ 1 for z > 0 in Corollary 26, then we get the immediate
consequence.

5. Applications to Mittag-Leffler Function

Taking λ = ð1, 1,⋯,Þ with ρ = δ1,Rðδ1Þ > 0 and σ = 1, then
from Theorems 13 to 22, the following results hold.

Theorem 29. Let Q : ΩF = ½a1, a1 + Eδ1
ða2 − a1Þ� ⊂ℝ \ f0g

↦ℝbα ð0 ≤ bα < 1Þ be a generalized harmonically ψ - s -convex
function where a1, a1 + Eδ1

ða2 − a1Þ ∈ΩF ,Eδ1
ða2 − a1Þ > 0

such that Q ∈Dbα ½a1, a1 + Eδ1
ða2 − a1Þ� and QðbαÞ ∈ℂbα ½a1, a1

+ Eδ1
ða2 − a1Þ�: Then, the following inequalities hold:

2 s−1ð Þbα
Γ 1 + bαð ÞQ

2a1 a1 + Eδ1
a2 − a1ð Þ� �

2a1 + Eδ1
a2 − a1ð Þ� � !

≤
abα1 a1 + Eδ1

a2 − a1ð Þ� �bα
Eδ1

a2 − a1ð Þ� �bα
a1

I
bα� �

a1+Eδ1
a2−a1ð Þ

Q zð Þ
z2bα

≤
Γ 1 + sbαð Þ

Γ 1 + s + 1ð Þbαð Þ Q a1ð Þ +Q a2ð Þ½ �:

ð73Þ

Theorem 30. For ρ, σ > 0, λ = fλðmÞg∞m=0 a bounded sequence

of real numbers and Q : I ∘
F = ½a1, a1 + Eδ1

ða2 − a1Þ� ⊂ℝ \ f0
g↦ℝbα ð0 < bα ≤ 1Þ (I ∘

F is the interior of IF), where a1, a1
+ Eδ1

ða2 − a1Þ ∈I ∘
F ,Eδ1

ða2 − a1Þ > 0 such that Q ∈Dbα ½a1,
a1 + Eδ1

ða2 − a1Þ� and QðbαÞ ∈ℂbα ½a1, a1 + Eδ1
ða2 − a1Þ�: If

jQðbαÞjq1 is a generalized harmonically ψ - s -convex function
on IF for p, q > 1, p−1 + q−1 = 1: Then, the following inequal-
ity for local fractional integrals holds

ΩQ a1, a1 + Eδ1
a2 − a1ð Þ ; ω, bα� ��� ��

≤
Eδ1

a2 − a1ð Þ� �bα
abα1 a1 + Eδ1

a2 − a1ð Þ� �bα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ
� �1−1/q

×

�

1 − ωð Þ2 1−1
qð Þbα
Λbα1 q, ω, a1, a2 ; sð Þ Q bα� � a1ð Þ

����
����q

+Λbα2 q, ω, a1, a2 ; sð Þ Q bα� � a2ð Þ
����

����q
�1/q

+
�

ωð Þ2 1−1
qð Þbα
Λbα3 q, ω, a1, a2 ; sð Þ Q bα� � a1ð Þ

����
����q

+Λbα4 q, ω, a1, a2 ; sð Þ Q bα� � a2ð Þ
����

����q
�1/q�

,

ð74Þ

where

Λbα1 q, ω, a1, a2 ; sð Þ
≔ 1 − ωð Þ s+2ð Þbα a1 + Eδ1

a2 − a1ð Þ� �2qbα
× Γ 1 + s + 1ð Þbαð Þ
Γ 1 + s + 2ð Þbαð Þ2

�Fbα1 �2q, s + 2 ; s

+ 3 ;
ω − 1ð ÞEδ1

a2 − a1ð Þ
a1

�
,

Λbα2 q, ω, a1, a2 ; sð Þ
≔ 1 − ωð Þ2bα a1 + Eδ1

a2 − a1ð Þ� �2qbα Γ 1 + bαð Þ
Γ 1 + 2bαð Þ

× 2
�Fbα1 2q, 2 ; 3 ;

ω − 1ð ÞEδ1
a2 − a1ð Þ

a1

� �
−Λbα1 q, ω, a1, a2 ; sð Þ,

Λbα3 q, ω, a1, a2 ; sð Þ
≔ a1 + Eδ1

a2 − a1ð Þ� �2qbα
 Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ2

�Fbα1
� 2q, s + 1 ; s + 2 ;

ω − 1ð ÞEδ1
a2 − a1ð Þ

a1

� �

−
Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1 �2q, s + 2 ; s

+ 3 ;
ω − 1ð ÞEδ1

a2 − a1ð Þ
a1

�
− 1 − ωð Þ s+1ð Þbα

� Γ 1 + sbαð Þ
Γ 1 + s + 1ð Þbαð Þ × 2

�Fbα1 �2q, s + 1ð Þ ;

s + 2ð Þ ; ω − 1ð ÞEδ1
a2 − a1ð Þ

a1

��
+Λbα1 q, ω, a1, a2 ; sð Þ,

Λbα4 q, ω, a1, a2 ; sð Þ
≔ a1 + Eδ1

a2 − a1ð Þ� �2qbα
Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1
� 2q, 1 ; s + 3 ;

ω − 1ð ÞEδ1
a2 − a1ð Þ

a1

� �

− 1 − ωð ÞbαΓ 1 + bαð Þ2�F
bα
1

�
2q, 1 ; 2 ;

� ω − 1ð ÞEδ1
a2 − a1ð Þ

a1

�
+ 1 − ωð Þ s+2ð Þbα

� Γ 1 + s + 2ð Þbαð Þ
Γ 1 + s + 3ð Þbαð Þ2

�Fbα1 �2q, s + 2 ; s

+ 3 ;
ω − 1ð ÞEδ1

a2 − a1ð Þ
a1

��
:

ð75Þ

6. Conclusion

On the development of this work, we have introduced the
notion of generalized harmonically ψ-convex functions in
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fractal domain. Adopting this novel approach, we derived a
new identity that has been correlated with some novel and
well-known midpoint type, Ostrowski type, and trapezoid
type inequalities in the relative literature have been intro-
duced. For generalized harmonically ψ-s-convex functions,
we investigated bounds for Hermite-Hadamard type inequal-
ities for local fractional differentiation in the frame of Raina’s
function, which direct to several noted estimates computed
by [40]. In addition to this, the findings and the techniques
in this work are entirely new. This study demonstrates
methods that can be utilized to examine the much to explore
in the area of local fractional calculus, geometric aided design
by proposing the variation in the fractal parameters. Hence,
the proposed methodology is a powerful tool for solving local
fractional linear equations of physical importance.

Data Availability

The data used to support the findings of this study are avail-
able from the corresponding author uponThe data used to
support the findings of this study are available from the cor-
responding author upon request.

Conflicts of Interest

The authors declare that they have no competing interests.

Authors’ Contributions

All authors contributed equally to the writing of this paper.
All authors read and approved the final manuscript.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China (Grant No. 61673169).

References

[1] S. Boccaletti, W. Ditto, G. Mindlin, and A. Atangana, “Model-
ing and forecasting of epidemic spreading: the case of Covid-
19 and beyond,” Chaos, Solitons and Fractals, vol. 135, article
109794, 2020.

[2] S. Kumar and A. Atangana, “A numerical study of the nonlin-
ear fractional mathematical model of tumor cells in presence
of chemotherapeutic treatment,” International Journal of Bio-
mathematics, vol. 13, no. 3, article 2050021, 2020.

[3] B. Ghanbari and A. Atangana, “A new application of fractional
Atangana-Baleanu derivatives: designing ABC- fractional
masks in image processing,” Physica A, vol. 542, article
123516, 2020.

[4] J. Danane, K. Allali, and Z. Hammouch, “Mathematical analy-
sis of a fractional differential model of HBV infection with
antibody immune response,” Chaos, Solitons and Fractals,
vol. 136, article 109787, 2020.

[5] W. Gao, P. Veeresha, D. G. Prakasha, and H. M. Baskonus,
“Novel dynamic structures of 2019-nCoV with nonlocal oper-
ator via powerful computational technique,” Biology, vol. 9,
no. 5, p. 107, 2020.

[6] X. J. Yang,Advanced Local Fractional Calculus and Its Applica-
tions, World Science, New York, NY, USA, 2012.

[7] A. M. Yang, Y. Z. Zhang, and Y. Long, “The Yang-Fourier
transforms to heat-conduction in a semi-infinite fractal bar,”
Thermal Science, vol. 17, no. 3, pp. 707–713, 2013.

[8] J. Singh, D. Kumar, and J. J. Nieto, “A reliable algorithm for a
local fractional tricomi equation arising in fractal transonic
flow,” Entropy, vol. 18, no. 6, article 206, 2016.

[9] D. Kumar, F. Tchier, J. Singh, and D. Baleanu, “An efficient
computational technique for fractal vehicular traffic flow,”
Entropy, vol. 20, no. 4, article 259, 2018.

[10] H. X. Mo and X. Sui, “Hermite–Hadamard-type inequalities
for generalized s-convex functions on real linear fractal set
ℝα ð0 < α < 1Þ,” The Mathematical Scientist, vol. 11, no. 3,
pp. 241–246, 2017.

[11] T. Abdeljawad, S. Rashid, Z. Hammouch, and Y.-M. Chu,
“Some new local fractional inequalities associated with gener-
alized (s,m)-convex functions and applications,” Advances in
Difference Equations, vol. 2020, no. 1, Article ID 406, p. 27,
2020.

[12] W. Sun and Q. Liu, “Hadamard type local fractional integral
inequalities for generalized harmonically convex functions
and applications,” Mathematical Methods in the Applied Sci-
ences, vol. 43, no. 9, pp. 5776–5787, 2020.

[13] W. Sun, “Generalized harmonically convex functions on frac-
tal sets and related Hermite-Hadamard type inequalities,” The
Journal of Nonlinear Sciences and Applications, vol. 10, no. 11,
pp. 5869–5880, 2017.

[14] T. Abdeljawad, S. Rashid, Z. Hammouch, İ. İşcan, and Y. M.
Chu, “Some new Simpson-type inequalities for generalized p-
convex function on fractal sets with applications,” Advances
in Difference Equations, vol. 2020, Article ID 496, 26 pages,
2020.

[15] G. Chen, H. M. Srivastava, P. Wang, and W. Wei, “Some fur-
ther generalizations of Hölder’s inequality and related results
on fractal space,” Abstract and Applied Analysis, vol. 2014,
Article ID 832802, 7 pages, 2014.

[16] W. Wang and J. Qi, “Some new estimates of Hermite-
Hadamard type inequalities for harmonically convex functions
with applications,” International Journal of Analysis and
Applications, vol. 13, no. 1, pp. 15–21, 2017.

[17] M. E. Özdemir, Ç. Yildiz, and A. O. Akdemir, “On some
inequalities for s-convex functions and applications,” Journal
of Inequalities and Applications, vol. 2013, no. 1, Article ID
333, 2013.

[18] S. Rashid, D. Baleanu, and Y.-M. Chu, “Some new extensions
for fractional integral operator having exponential in the ker-
nel and their applications in physical systems,” Open Physics,
vol. 18, no. 1, pp. 478–491, 2020.

[19] S. Rashid, T. Abdeljawad, F. Jarad, andM. A. Noor, “Some esti-
mates for generalized Riemann-Liouville fractional integrals of
exponentially convex functions and their applications,”Math-
ematics, vol. 7, no. 9, p. 807, 2019.

[20] S. Rashid, H. Kalsoom, Z. Hammouch, R. Ashraf, D. Baleanu,
and Y.-M. Chu, “New multi-parametrized estimates having
pth-order differentiability in fractional calculus for predomi-
nating ℏ-convex functions in Hilbert space,” Symmetry,
vol. 12, no. 2, p. 222, 2020.

[21] S. Varosanec, “On _h_ -convexity,” Journal of Mathematical
Analysis and Applications, vol. 326, no. 1, pp. 303–311,
2007.

[22] W. W. Breckner, “Stetigkeitsaussagen fur eine Klasse verallge-
meinerter konvexer funktionen in topologischen linearen

16 Journal of Function Spaces



Raumen,” Publications de l'Institut Mathématique, vol. 23,
pp. 13–20, 1978.

[23] P. O. Mohammed and T. Abdeljawad, “Integral inequalities for
a fractional operator of a function with respect to another
function with nonsingular kernel,” Advances in Difference
Equations, vol. 2020, no. 1, 2020.

[24] Y. Li, S. Rashid, Z. Hammouch, D. Baleanu, and Y.-M. Chu,
“New Newton’s type estimates pertaining to local fractional
integral via generalized p-convexity with applications,” Frac-
tals, p. 2140016, 2021.

[25] M. Al Qurashi, S. Rashid, A. Khalid, Y. Karaca, and Y.-M. Chu,
“New computations of Ostrowski type inequality pertaining to
fractal style with applications,” Fractals, 2021.

[26] Z. Khan, S. Rashid, R. Ashraf, D. Baleanu, and Y.-M. Chu,
“Generalized trapezium-type inequalities in the settings of
fractal sets for functions having generalized convexity prop-
erty,” Advances in Difference Equations, vol. 2020, 24 pages,
2020.

[27] P. O. Mohammed, T. Abdeljawad, and A. Kashuri, “Fractional
Hermite–Hadamard–Fejer inequalities for a convex function
with respect to an increasing function involving a positive
weighted symmetric function,” Symmetry, vol. 12, no. 9,
p. 1503, 2020.

[28] Y. M. Chu, M. A. Khan, T. Ali, and S. S. Dragomir, “Inequal-
ities for α^-fractional differentiable functions,” Journal of
Inequalities and Applications, vol. 2017, 12 pages, 2017.

[29] S. Rashid, İ. İşcan, D. Baleanu, and Y. M. Chu, “Generation of
new fractional inequalities via n-polynomials s-type convexity
with applications,” Advances in Difference Equations,
vol. 2020, 20 pages, 2020.

[30] C. P. Niculescu and L. E. Persson, Convex Functions and Their
Applications, Springer, New York, 2006.

[31] C. Hermite, “Sur deux limites d'une intégrale définie,” Mathe-
sis, vol. 3, no. 82, 1883.

[32] J. Hadamard, “Etude sur les proprietes des fonctions entieres et
en particulier d'une fonction considree par Riemann,” Journal
de mathématiques pures et appliquées, vol. 58, pp. 171–215,
1893.

[33] M. J. Vivas-Cortez, R. Liko, A. Kashuri, and J. E. Hernández
Hernández, “New quantum estimates of trapezium-type
inequalities for generalized ϕ-convex functions,”Mathematics,
vol. 7, no. 11, p. 1047, 2019.

[34] Y. Khurshid, M. Adil Khan, and Y.-M. Chu, “Conformable
fractional integral inequalities for <i>GG</i>- and <
i>GA</i>-convex functions,” AIMS Math, vol. 5, no. 5,
pp. 5012–5030, 2020.

[35] I. I. Scan, “Hermite-Hadamard type inequalities for harmoni-
cally convex functions,” Hacettepe Journal of Mathematics
and statistics, vol. 43, no. 6, pp. 935–942, 2014.

[36] F. Qi, P. O. Mohammed, J. C. Yao, and Y. H. Yao, “Generalized
fractional integral inequalities of Hermite-Hadamard type for
(α^,m)-convex functions,” Journal of Inequalities and Applica-
tions, vol. 2019, 7 pages, 2019.

[37] A. Atangana, “Modelling the spread of COVID-19 with new
fractal-fractional operators: can the lockdown save mankind
before vaccination?,” Chaos, Solitons and Fractals, vol. 136,
article 109860, 2020.

[38] R. K. Raina, “On generalized Wright’s hypergeometric func-
tions and fractional calculus operators,” East Asian mathemat-
ical journal, vol. 21, no. 2, pp. 191–203, 2005.

[39] I. I. Scan, “Ostrowski type inequalities for harmonically s-
convex functions,” 2013, https://arxiv.org/abs/1307.5201.

[40] S. S. Zhou, S. Rashid, S. Parveen, A. O. Akdemir, and
Z. Hammouch, “New computations for extended weighted
functionals within the Hilfer generalized proportional frac-
tional integral operators,” AIMS Mathematics, vol. 6, no. 5,
pp. 4507–4525, 2020.

17Journal of Function Spaces

https://arxiv.org/abs/1307.5201

	Some Inequalities for a New Class of Convex Functions with Applications via Local Fractional Integral
	1. Introduction
	2. Prelude
	3. Hermite-Hadamard Type Inequality
	4. Applications to Special Means
	5. Applications to Mittag-Leffler Function
	6. Conclusion
	Data Availability
	Conflicts of Interest
	Authors’ Contributions
	Acknowledgments

