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We give a Bézier variant of Baskakov-Durrmeyer-type hybrid operators in the present article. First, we obtain the rate of convergence
by using Ditzian-Totik modulus of smoothness and also for a class of Lipschitz function. Then, weighted modulus of continuity is
investigated too. We study the rate of point-wise convergence for the functions having a derivative of bounded variation.
Furthermore, we establish the quantitative Voronovskaja-type formula in terms of Ditzian-Totik modulus of smoothness at the end.

1. Introduction

To approximate continuous functions, many approximating
operators have been introduced under certain conditions
and with different parameters too. Many researchers have
later generalized and modified these introduced operators
and discussed various approximating properties of these
operators. In 1957, Baskakov [1] introduced and studied such
a class of positive linear operators, called Baskakov operators
defined on the positive semiaxis. For f ∈C ½0,∞Þ, the
sequence of Baskakov operators is given as

Bn f ; yð Þ = 〠
∞

k=0

n + k − 1
k

 !
yk 1 + yð Þ−n−k f k

n

� �
, ð1Þ

for y ∈ ½0,∞Þ and n ∈ℕ. Later on, many authors have
been considering the Baskakov operators; for instance,
Aral in [2] defines the parametric generalization of Baskakov
operators as

Bv
n f ; xð Þ = 〠

∞

k=0
P v

n,k xð Þf k
n

� �
, ð2Þ

where

P v
n,k xð Þ = xk−1

1 + xð Þn+k−1
vx
1 + x

n + k − 1

k

 !
− 1 − vð Þ 1 + xð Þ

"

�
n + k − 3

k − 2

 !
+ 1 − vð Þx

n + k − 1

k

 !#
,

ð3Þ

with
n + k − 1
k − 2

 !
= 0 if k = 0, 1:

Among interesting studies realized in this context, we cite
those based on the Baskakov-Kantorovitch-type operators in
the generalized form (the original operator given by Kantor-
ovich in [3]) defined as, for f ∈ L1ð½0, 1�Þ (the class of Lebes-
gue integrable functions on ½0, 1�),

BKn f ; xð Þ = 〠
∞

k=0

n + k − 1
k

 !
xk 1 + xð Þ−n−k

ð1
0
χn,k tð Þf tð Þdt,

ð4Þ
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where χn,k is the characteristic function of the interval
½k/n, k + 1/n�.

It is well known that Bézier curves are the mathematically
defined curves successively used in computer-aided geomet-
ric design (CAGD), image processing, and curve fitting.
The miscellaneous Bézier variant of operators is crucial
subject matter in approximation theory. In 1983, Chang [4]
pioneered the Bernstein-Bézier operators. Afterwards,
several researchers established the Bézier variant of various
operators (c.f. [5, 6]). For more details on the approximation
by Durrmeyer-type and Baskakov-Durrmeyer-type opera-
tors, one can refer to [7, 8], respectively. For more about
Bézier variant of operators, one can refer to [9, 10].

We will be mainly interested to the Bézier variant
operator type based on those of Baskakov-Durrmeyer
defined as follows:

Gv,θ
n,ρ f ; xð Þ = 〠

∞

k=1
Xv,θ

n,k xð Þ
ð∞
0
J

ρ
n,k tð Þf tð Þdt +Xv,θ

n,0 xð Þf 0ð Þ,

ð5Þ

where

Xv,θ
n,k xð Þ = ξvn,k xð Þ� �θ − ξvn,k+1 xð Þ� �θ, ξvn,k xð Þ = 〠

∞

j=k
P v

n,j xð Þ k = 0, 1, 2,⋯

J
ρ
n,k tð Þ = nρe−nρt

nρtð Þkρ−1
Γ kρð Þ :

ð6Þ

If we take θ = 1, then operator (5) reduces to the
following operator studied by [11].

Bv
n,ρ f ; xð Þ = 〠

∞

k=1
P v

n,k xð Þ
ð∞
0
J

ρ
n,k tð Þf tð Þdt +P v

n,0 xð Þf 0ð Þ:

ð7Þ

Let us briefly summarize the outline of the paper. Next
section is devoted to the computation of some auxiliary
results which we need to prove our theorems in coming sec-
tions. In Section 3, we will prove some approximations of
functions using Ditzian-Totik modulus and then we will deal
to functions lie in the Lipschitz spaces. We treat in Section 4
the rate of convergence in the context of suitable weighted
spaces and functions having a derivative of bounded varia-
tion. Finally, in Section 5, we state and prove the quantitative
Voronovskaja-type theorem.

2. Preliminary Results

Lemma 1. ξvn,kðxÞ satisfies the following important properties:

(1) ξvn,kðxÞ − ξvn,k+1ðxÞ =P v
n,kðxÞ k = 0, 1, 2,⋯

(2) ξvn,0ðxÞ > ξvn,1ðxÞ > :⋯ ξvn,kðxÞ > ξvn,k+1ðxÞ >⋯

(3) ½ξvn,kðxÞ�θ − ½ξvn,k+1ðxÞ�θ ≤
θP v

n,kðxÞ if θ ≥ 1

ðP v
n,kðxÞÞθ if θ ≤ 1

(

Proof. Since (1) and (2) are evident, we prove only the
assertion (3).

If θ ≥ 1, it suffices to remark that by the mean value
theorem, we have

bθ − aθ ≤ θ b − að Þ for every 0 < a < b < 1: ð8Þ

If θ < 1, we shall prove that

bθ − aθ ≤ b − að Þθ for every 0 < a < b: ð9Þ

Dividing this inequality by aθ, it is equivalent to
prove that

f rð Þ = r − 1ð Þθ − rθ + 1 ≥ 0 for every r > 1: ð10Þ

We have f ′ðrÞ = ðθ/ðr − 1ÞÞeθ ln ðr−1Þ − ðθ/rÞeθ ln ðrÞ; then,

f ′ rð Þ > 0 if and only if ln r
r − 1
� �

> ln eθ ln rð Þ

eθ ln r−1ð Þ

� �
, ð11Þ

and this is true as θ < 1.
We proved then f is increasing, so f ðrÞ > f ðsÞ for all

r > s > 1, letting s to 1, and we deduce that f ðrÞ ≥ 0: ☐

Remark 2. The operators Gv,θ
n,ρð f ; xÞ have the integral

representation

Gv,θ
n,ρ f ; xð Þ =

ð∞
0
Kv,θ

n,k x, uð Þf uð Þdu, ð12Þ

where Kv,θ
n,kðx, uÞ is the kernal defined by

Kv,θ
n,k x, uð Þ = 〠

∞

k=1
Xv,θ

n,k xð ÞJ ρ
n,k uð Þ +Xv,θ

n,0 xð Þδ uð Þ: ð13Þ

δðuÞ is the Dirac-delta function.

Lemma 3. Let emðtÞ = tm and φðtÞ = 1/ð1 + tÞn+2. For the
operator Bv

n,ρð f ; xÞ, we have

(1) Bv
n,ρðe0 ; xÞ =∑∞

k=0P
v
n,kðxÞ =∑∞

k=0P
0
n,kðxÞ =∑∞

k=0
ð−1ÞkφðkÞðxÞ/k! = φð0Þ = 1

(2)Bv
n,ρðem ; xÞ =∑∞

k=1P
v
n,kðxÞ:ðkρ +m − 1Þ:ðkρ +m − 2Þ

⋯ ðkρÞ/ðnρÞm,m = 1, 2, 3,⋯

As an easy consequence of last lemma, we will prove the
following result.
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Lemma 4. We have the following moments:

(1) Bv
n,ρðt ; xÞ = x + 2xðv − 1Þ/n

(2) Bv
n,ρðt2 ; xÞ = x2 + x2ð4v − 3Þ/n + xð−2 + n + 2v + nρ

+ 4ρðv − 1ÞÞ/n2ρ
(3) Bv

n,ρðt − x ; xÞ = 2xðv − 1Þ/n

(4) Bv
n,ρððt − xÞ2 ; xÞ = x2/n + ðx/n2ρÞnð1 + ρÞ + 2ðv − 1Þ

ð1 + 2ρÞ
(5)n2Bv

n,ρððt − xÞ4 ; xÞ = ðx4/n3Þα1 + ð6x3/n3ρÞα2 + ðx2ð1
+ ρÞ/n3ρ2Þα3 + ðxð1 + ρÞ/n4ρ3Þα4

where

α1 = 3n + 16v − 10,
α2 = n + 6v − 4 + ρ n + 8v − 6ð Þ,
α3 = 3n 1 + ρð Þ + 4v 7 + 8ρð Þ − 25ρ − 17,

ð14Þ

α4 = n 1 + ρð Þ 3 + ρð Þ + 4 v − 1ð Þ 3 + 4ρ 2 + ρð Þð Þ: ð15Þ

Remark 5. We have

(1) limn⟶∞nBv
n,ρðt − x ; xÞ = 2xðv − 1Þ

(2) limn⟶∞nBv
n,ρððt − xÞ2 ; xÞ = xð1 + ρ + ρxÞ/ρ

(3) limn⟶∞n2Bv
n,ρððt − xÞ4 ; xÞ = 3ðxð1 + ρ + ρxÞÞ2/ρ2

Remark 6. For n large enough, we have the following
inequalities:

(1) jBv
n,ρððt − xÞ2 ; xÞj ≤ C1ðxð1 + ρ + ρxÞ/nρÞ

(2) jBv
n,ρððt − xÞ4 ; xÞj ≤ C2ððxð1 + ρ + ρxÞÞ2/ðnρÞ2Þ

Throughout this article, let CBðℝ+
0 Þ denote the space of

all functions f on ℝ+
0 which are bounded and continuous.

We endowed it by the norm ∥f ∥ = supx∈ℝ+
0
∣ f ðxÞ ∣ .

Lemma 7. Let f ∈CBðℝ+
0 Þ, and we have

(1) ∥Gv,θ
n,ρð f ; xÞ∥≤Gv,θ

n,ρðe0 ; xÞ∥f ∥ and Gv,θ
n,ρðe0 ; xÞ = 1

(2) Gv,θ
n,ρð f ; xÞ ≤ θBv

n,ρð f ; xÞ ≤ θ∥f ∥

Proof.

(1) On the one hand, we have

Gv,θ
n,ρ f ; xð Þ

��� ��� = 〠
∞

k=1
Xv,θ

n,k xð Þ
ð∞
0
J

ρ
n,k tð Þf tð Þdt +Xv,θ

n,0 xð Þf 0ð Þ
�����

�����
≤ 〠

∞

k=1
Xv,θ

n,k xð Þ
ð∞
0
J

ρ
n,k tð Þdt +Xv,θ

n,0 xð Þ
�����

�����:∥f ∥
≤Gv,θ

n,ρ e0 ; xð Þ∥f ∥:
ð16Þ

On the other hand,

Gv,θ
n,ρ e0 ; xð Þ = 〠

∞

k=0
Xv,θ

n,k xð Þ = ξvn,0 xð Þ	 
θ = 〠
∞

k=0
P v

n,k xð Þ
 !θ

= 1θ = 1:

ð17Þ

(2) We have

Gv,θ
n,ρ f ; xð Þ = 〠

∞

k=1
Xv,θ

n,k xð Þ
ð∞
0
J

ρ
n,k tð Þf tð Þdt +Xv,θ

n,0 xð Þf 0ð Þ

= 〠
∞

k=1
ξvn,k xð Þ� �θ − ξvn,k+1 xð Þ� �θ� �ð∞

0
J

ρ
n,k tð Þf tð Þdt

+ ξvn,0 xð Þ� �θ − ξvn,1 xð Þ� �θ� �
f 0ð Þ:

ð18Þ

Using Lemma 1, it is easy to see that

Gv,θ
n,ρ f ; xð Þ ≤ θ〠

∞

k=1
P v

n,k xð Þ
ð∞
0
J

ρ
n,k tð Þf tð Þdt + θP v

n,0 xð Þf 0ð Þ

≤ θBv
n,ρ f ; xð Þ:

ð19Þ

☐

3. Direct Approximation

Before we discuss the different approximations, we need
some definitions. First, we recall the definition of the well-
known Ditizian-Totik modulus of smoothness wφτð:, :Þ and
Peetre’s K-functional [12].

Definition 8. Let φðxÞ = ffiffiffi
x

p
and f ∈CBðℝ+

0 Þ. For 0 ≤ τ ≤ 1, we
define

wφτ f , δð Þ = sup
0≤h≤δ

sup
x±hφτ xð Þ/2∈ℝ+

0

f x + hφτ xð Þ
2

� �
− f x −

hφτ xð Þ
2

� �����
����,

ð20Þ

and the K-functional
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Kφτ f , δð Þ = inf
g∈Wτ

f − gk k + δ φτg′
�� ��n o

, ð21Þ

where

Wτ = g ∈ACloc : φτg′
�� ��<∞n o

, ð22Þ

with ACloc is the set of all absolutely continuous function on
every finite subinterval of ℝ+

0 .

Remark 9. wφτð f , δÞ and Kφτð f , δÞ are equivalent, that is,
there exists a constant C > 0 such that

C−1wφτ f , δð Þ ≤ Kφτ f , δð Þ ≤ Cwφτ f , δð Þ: ð23Þ

In the next definition, we cite Lipschitz-type functions:

Definition 10 [13]. For a ≥ 0, b > 0 to be fixed, the class of two
parametric Lipschitz-type functions is defined as

Lipa,bM βð Þ = g ∈CB ℝ+
0ð Þ: ∣ f yð Þ − f xð Þ∣≤M y − xj jβ

y + ax2 + bxð Þβ/2
, x, y > 0

( )
,

ð24Þ

where M is any positive constant and 0 < β ≤ 1:
The space Lip0,1M ðβÞ is the space Lip∗MðβÞ given by

Szász [14].
We now proceed with the approximation results.

Theorem 11. For f ∈CBðℝ+
0 Þ, we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ Cwφτ f , φ
2−τ 1 + xð Þffiffiffi

n
p

� �
, ð25Þ

where wφτ is given by (20) and C is a constant free from the
choice of n and x.

For the proof of this theorem, we use the following lemma
proved in [15].

Lemma 12. Let φðxÞ = ffiffiffi
x

p
and 0 ≤ τ ≤ 1; then, for f ∈Wτ and

x, y > 0, we have

ðy
x
f ′ uð Þdu

����
���� ≤ 2τx−τ/2 x − yk k φτ f ′

�� ��: ð26Þ

Proof (Theorem 11). Let g ∈Wτ . Using Lemma 7, we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� = Gv,θ
n,ρ f − g ; xð Þ

��� ��� + f xð Þ − g xð Þj j
+ Gv,θ

n,ρ g ; xð Þ − g xð Þ
��� ���

≤ 1 + θð Þ f xð Þ − g xð Þk k
+ Gv,θ

n,ρ g ; xð Þ − g xð Þ
��� ���:

ð27Þ

Since gðyÞ = gðxÞ + Ð yxg′ðuÞdu and Gv,θ
n,ρð1 ; xÞ = 1, we

conclude that

Gv,θ
n,ρ g ; xð Þ − g xð Þ

��� ��� = Gv,θ
n,ρ

ðy
x
g′ uð Þdu ; x

� �����
����: ð28Þ

Therefore, Lemma 12 implies

Gv,θ
n,ρ g ; xð Þ − g xð Þ

��� ��� ≤ 2τx−τ/2 φτg′
�� ��Gv,θ

n,ρ ∣x − y∣;xð Þ: ð29Þ

By Cauchy-Schwarz inequality and Remark 6, it is easy to
check that

Gv,θ
n,ρ ∣x − y∣;xð Þ =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gv,θ

n,ρ 1 ; xð Þ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Gv,θ
n,ρ x − yð Þ2 ; x	 
q

≤

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C1xθ 1 + ρ + ρxð Þ

nρ

s
:

ð30Þ

Combining (27)-(30), we get

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ 1 + θð Þ f xð Þ − g xð Þk k

+ C3 φτg′
�� ��φ2−τ 1 + xð Þffiffiffi

n
p :

ð31Þ

Let now taking the infimum over g ∈Wτ, and we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ C4Kφτ f , φ
2−τ 1 + xð Þffiffiffi

n
p

� �
: ð32Þ

We thank to (26).

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ Cwφτ f , φ
2−τ 1 + xð Þffiffiffi

n
p

� �
: ð33Þ

☐

Theorem 13. For f ∈ Lipa,bM ðβÞ, then for every n ∈ℕ, ρ > 0, θ
≥ 1 and x ∈ ð0,+∞Þ, we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤M
θBv

n,ρ y − xð Þ2 ; x	 

ax2 + bx

 !β/2

, ð34Þ

where Bv
n,ρððy − xÞ2 ; xÞ is given in Lemma 4.

Proof. Let f ∈ Lipa,bM ðβÞ and x ∈ ð0+∞Þ, and we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� = Gv,θ
n,ρ f yð Þ − f xð Þ ; xð Þ

��� ���
≤Gv,θ

n,ρ ∣f yð Þ − f xð Þ∣;xð Þ

≤Gv,θ
n,ρ M

y − xj jβ
y + ax2 + bxð Þβ/2

; x
 !

:

ð35Þ
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Let us consider the case β = 1. By the Cauchy-
Schwarz inequality and the fact Gv,θ

n,ρð1 ; xÞ = 1, we have
immediately that

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ax2 + bx

p Gv,θ
n,ρ y − xð Þ2 ; x	 
� �1/2

≤
Mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ax2 + bx
p θBv

n,ρ y − xð Þ2 ; x	 
� �1/2

≤M
θBv

n,ρ y − xð Þ2 ; x	 

ax2 + bx

 !1/2

:

ð36Þ

This proves the result for β = 1.
If 0 < β < 1, Holder’s inequality with exponents p = 1/β

and p′ = 1/1 − β, we get

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ M

ax2 + bxð Þβ/2
Gv,θ

n,ρ ∣y − x∣;xð Þ
� �β

:

ð37Þ

Using again the Cauchy-Schwarz inequality, we obtain

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ M

ax2 + bxð Þβ/2
Gv,θ

n,ρ y − xð Þ2 ; x	 
� �β/2
≤

M

ax2 + bxð Þβ/2
θBv

n,ρ y − xð Þ2 ; x	 
� �β/2

≤M
θBv,θ

n,ρ y − xð Þ2 ; x	 

ax2 + bx

 !β/2

,

ð38Þ

and this gives the result. ☐

4. Rate of Convergence in Weighted Spaces

In this section, we focus about the rate of convergence of
operators (5) in the context of suitable weighted function
spaces and functions having a derivative of bounded varia-
tion. We will use the following spaces:

B2 ℝ+
0ð Þ = f : f xð Þj j ≤Mf 1 + x2

	 

,Mf is a constant depend on f

 �
:

ð39Þ

Introduce also

C2 ℝ+
0ð Þ = f ∈B2 ℝ+

0ð Þ: f is continuousf g,

C∗
2 ℝ+

0ð Þ = f ∈C2 ℝ+
0ð Þ: ∃ lim

x⟶∞

∣f xð Þ ∣
1 + x2

<∞
� �

:
ð40Þ

These spaces are endowed with the norm

fk k2 = sup
x∈ℝ+

0

∣f xð Þ ∣
1 + x2

: ð41Þ

The weighted modulus of continuity is defined as
(see [16])

Ω f , δð Þ = sup
x≥0

sup
∣t∣<δ

∣f x + tð Þ − f xð Þ ∣
1 + x + tð Þ2 : ð42Þ

Theorem 14. Let f ∈C∗
2 ðℝ+

0 Þ. Then, for x ∈ℝ+
0 , ρ, δ > 0,

θ ≥ 1 and for large enough n, we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ��� ≤ 2 1 + x2
	 


Ω f , 1ffiffiffi
n

p
� �

× 1 + θC1
x 1 + ρ + xρð Þ

nρ
+

ffiffiffiffiffiffiffiffi
θC1

p x 1 + ρ + xρð Þ
ρ

� �1/2
"

× 1 +
ffiffiffiffiffiffiffiffi
θC2

p x 1 + ρ + xρð Þ
nρ

� �#
,

ð43Þ

where C1, C2 > 1 are constants independent of x and n:

Proof. Let u, x ∈ℝ+
0 , δ > 0. An immediate consequence of the

definition of weighted modulus of continuity is

f uð Þ − f xð Þj j ≤ 2 1 + x2
	 


1 + u − xð Þ2	 

1 + ∣u − x ∣

δ

� �
Ω f , δð Þ:

ð44Þ

Since Gv,θ
n,ρð f ; xÞ is linear and increasing, we have

from (44)

Gv,θ
n,ρ ∣f uð Þ − f xð Þ∣;xð Þ

��� ��� ≤ 2 1 + x2
	 


Ω f , δð Þ

� Gv,θ
n,ρ 1 + u − xð Þ2	 


; x
	 


+ Gv,θ
n,ρ

1 + u − xð Þ2	 

∣ u − x ∣

δ
; x

 !" #
:

ð45Þ

Cauchy-Schwarz inequality was applied in the last
term, and it gives us

Gv,θ
n,ρ ∣f uð Þ − f xð Þ∣;xð Þ

��� ��� ≤ 2 1 + x2
	 


Ω f , δð Þ

� 1 +Gv,θ
n,ρ u − xð Þ2 ; x	 
h 1

δ
Gv,θ

n,ρ u − xð Þ4 ; x	 
� �1/2
� Gv,θ

n,ρ u − xð Þ2 ; x	 
� �1/2
+ 1
δ

Gv,θ
n,ρ u − xð Þ2 ; x	 
� �1/2�

:

ð46Þ

Choosing δ = 1/ ffiffiffi
n

p
, we get the required result in

virtue of Remark 6. ☐
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5. Rate of Convergence for Functions of
Bounded Variation

LetDBVðℝ+
0 Þ be the space of functions onℝ+

0 having a deriv-
ative of bounded variation on every finite subinterval of ℝ+

0 .
Consider the space

DBV2 ℝ+
0ð Þ = f ∈DBV ℝ+

0ð Þ : f xð Þj j≤Mf 1 + x2
	 


for some constantMf > 0
 �

:

ð47Þ

It is known that every function f in DBV2ðℝ+
0 Þ has a

representation of the form

f xð Þ =
ðx
0
g uð Þdu + f 0ð Þ, ð48Þ

where g is a function of bounded variation on each finite
subinterval of ℝ+

0 .

Lemma 15. Let x ∈ℝ+
0 , and let Kv,θ

n,ρðx, uÞ be the kernel
defined by (13). Then, for C1 > 1 and for n large enough,
we have

(1) ξv,θn,ρðx ; yÞ =
Ð y
0K

v,θ
n,ρðx, uÞdu ≤ θC1ðxð1 + ρ + xρÞ/nρÞ

1/ðx − yÞ2, 0 ≤ y < x

(2) 1 − ξv,θn,ρðx ; zÞ =
Ð∞
z Kv,θ

n,ρðx, uÞdu ≤ θC1ðxð1 + ρ + xρÞ
/nρÞ1/ðz − xÞ2, x < z <∞

Proof. Using Remark 6, we get

ξv,θn,ρ x ; yð Þ =
ðy
0
Kv,θ

n,ρ x, uð Þdu ≤
ðy
0

u − y
x − y

� �2
Kv,θ

n,ρ x, uð Þdu

≤
1

x − yð Þ2 G
v,θ
n,ρ u − xð Þ2, x	 


≤ θC1
x 1 + ρ + xρð Þ

nρ
1

x − yð Þ2 :

ð49Þ

Similarly, we can show the second part; hence, the proof
is omitted. ☐

Theorem 16. Let f ∈DBV2ðℝ+
0 Þ, and for every x ∈ ð0,∞Þ,

consider the function f x′ defined by

f x′ uð Þ =
f ′ uð Þ − f ′ x−ð Þ, if 0 ≤ u < x,
0, if u = x,
f ′ uð Þ − f ′ x+ð Þ, if x < u <∞:

8>><
>>: ð50Þ

Let us denote by ∨d
c f x′ the total variation of f x′ on ½c, d� ⊂

ℝ+
0 . Then, for every x ∈ ð0,∞Þ and large n,

Gv,θ
n,ρ f ; xð Þ − f xð Þ

��� ���
≤

ffiffiffi
θ

p

1 + θ
f ′ x+ð Þ + θf ′ x−ð Þ�� �� C1x 1 + ρ + xρð Þ

nρ

� �1/2

+ θ3/2

1 + θ
f ′ x+ð Þ + θf ′ x−ð Þ�� �� C1x 1 + ρ + xρð Þ

nρ

� �1/2

+ θ
C1 1 + ρ + xρð Þ

nρ
〠

ffiffi
n

p½ �

k=1
∨
x−x

k

x
f x′

� �
+ xffiffiffi

n
p ∨

x− xffiffi
n

p

x
f x′

 !

+ xffiffiffi
n

p ∨
x

x+ xffiffi
n

p

f x′
 !

+ θ
C1 1 + ρ + xρð Þ

nρ
〠

ffiffi
n

p½ �

0

∨
x

x+x
k
f x′

� �
:

ð51Þ

Proof. For any f ∈DBV2ðℝ+
0 Þ, from the definition of f x′ðuÞ,

we can write

f ′ uð Þ = 1
1 + θ

f ′ x+ð Þ + θf ′ x−ð Þ
� �

+ δx uð Þ

� f ′ xð Þ − 1
2 f ′ x+ð Þ + f ′ x−ð Þ
� �� �

+ f x′ uð Þ + 1
2 f ′ x+ð Þ − f ′ x−ð Þ
� �

sgn u − xð Þ + θ − 1
1 + θ

� �
,

ð52Þ

where

δx uð Þ =
1, if u = x,
0, if u ≠ x:

(
ð53Þ

By the fact that Gv,θ
n,ρð1 ; xÞ = 1, we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ =Gv,θ

n,ρ f uð Þ − f xð Þ ; xð Þ

=
ð∞
0
Kv,θ

n,ρ x, uð Þ f uð Þ − f xð Þð Þdu

=
ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x
f ′ vð Þdv

� �
du:

ð54Þ

From (52), we obtain

Gv,θ
n,ρ f ; xð Þ − f xð Þ =

ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x

1
1 + θ

f ′ x+ð Þ + θf ′ x−ð Þ
� �� �

dv
� �

du

+
ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x

1
2 f ′ x+ð Þ − f ′ x−ð Þ
� �

× sgn v − xð Þ + θ − 1
1 + θ

� �� �
dv

� �
du

+
ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x
δx vð Þ f ′ xð Þ − 1

2 f ′ x+ð Þ + f ′ x−ð Þ
� �� �

dv
� �

du

+
ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x
f x′ vð Þdv

� �
du:

ð55Þ
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From the definition of δxðvÞ, it is clear that
ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x
δx vð Þ f ′ xð Þ − 1

2 f ′ x+ð Þ + f ′ x−ð Þ
� �� �

dv
� �

du = 0:

ð56Þ

The first integral on the right hand side of (55) can be
estimated as follows:

ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x

1
1 + θ

f ′ xð Þ++θf ′ x−ð Þ
� �� �

dv
� �

du
����

����
≤

1
1 + θ

f ′ x+ð Þ + θf ′ x−ð Þ�� ��ð∞
0
Kv,θ

n,ρ x, uð Þ u − xj jdu:

ð57Þ

Applying the Cauchy-Schwarz inequality and Remark 2,
we have, for n large enough,

ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x

1
1 + θ

f ′ x+ð Þ + θf ′ x−ð Þ
� �� �

dv
� �

du
����

����
≤

1
1 + θ

f ′ x+ð Þ + θf ′ x−ð Þ�� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gv,θ

n,ρ u − xð Þ2 ; x	 
q

≤
1

1 + θ
f ′ x+ð Þ + θf ′ x−ð Þ�� �� C1θx 1 + ρ + xρð Þ

nρ

� �1/2

≤
ffiffiffi
θ

p

1 + θ
f ′ x+ð Þ + θf ′ x−ð Þ�� �� C1x 1 + ρ + xρð Þ

nρ

� �1/2
:

ð58Þ

Similarly, it is easy to find

ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x

1
2 f ′ x+ð Þ − f ′ x−ð Þ
� �

sgn v − xð Þ + θ − 1
1 + θ

� �� �
dv

� �
du

����
����

≤
θ3/2

1 + θ
f ′ x+ð Þ + θf ′ x−ð Þ�� �� C1x 1 + ρ + xρð Þ

nρ

� �1/2
:

ð59Þ

Write the last term of (55) as

ð∞
0
Kv,θ

n,ρ x, uð Þ
ðu
x
f x′ vð Þdv

� �
du =A v,θ

n,ρ f x′ ; x
� �

+Bv,θ
n,ρ f x′ ; x
� �

,

ð60Þ

where

Av,θ
n,ρ f x′ ; x
� �

=
ðx
0
Kv,θ

n,ρ x, uð Þ
ðu
x
f x′ vð Þdv

� �
du,

Bv,θ
n,ρ f x′ ; x
� �

=
ð∞
x
Kv,θ

n,ρ x, uð Þ
ðu
x
f x′ vð Þdv

� �
du:

ð61Þ

Now, we estimate the terms Av,θ
n,ρð f x′ ; xÞ andBv,θ

n,ρð f x′ ; xÞ.

Using the definition of ξv,θn,ρð:;:Þ given in Lemma 15 and
integrating by parts, we can write

A v,θ
n,ρ f x′ ; x
� �

=
ðx
0

ðu
x
f x′ vð Þdv

� � ∂ξv,θn,ρ x ; uð Þ
∂u

du

=
ðx
0
f x′ uð Þξv,θn,ρ x ; uð Þdu:

ð62Þ

Thus,

A v,θ
n,ρ f x′ ; x
� ���� ��� ≤ ðx−x/

ffiffi
n

p

0
f x′ uð Þ�� ��ξv,θn,ρ x ; uð Þdu

+
ðx
x−x/ ffiffinp f x′ uð Þ�� ��ξv,θn,ρ x ; uð Þdu:

ð63Þ

Since f x′ðxÞ = 0 and ξv,θn,ρðx ; uÞ ≤ 1, we get

ðx
x−x/ ffiffinp f x′ uð Þ�� ��ξv,θn,ρ x ; uð Þdu

=
ðx
x−x/ ffiffinp f x′ uð Þ − f x′ xð Þ�� ��ξv,θn,ρ x ; uð Þdu

≤
ðx
x−x/ ffiffinp f x′ uð Þ − f x′ xð Þ�� ��du ≤ ðx

x−x/ ffiffinp ∨
u

x
f x′

� �
du

≤
xffiffiffi
n

p ∨
x− xffiffi

n
p

x
f x′

 !
:

ð64Þ

Concerning the first integral on the right hand side of
(63), using Lemma 15, we have

ðx−x/ ffiffinp

0
f x′ uð Þ�� ��ξv,θn,ρ x ; uð Þdu

≤ θ
C1x 1 + ρ + xρð Þ

nρ

ðx−x/ ffiffinp

0

f x′ uð Þ�� ��
x − yð Þ2 du

= θ
C1x 1 + ρ + xρð Þ

nρ

ðx−x/ ffiffinp

0

f x′ uð Þ − f x′ xð Þ�� ��
x − yð Þ2 du

= θ
C1x 1 + ρ + xρð Þ

nρ

ðx−x/ ffiffinp

0
∨
u

x
f x′

� � du

x − yð Þ2 :

ð65Þ

By changing of variable u = x − x/v, we deduce that

ðx−x/ ffiffinp

0
f x′ uð Þ�� ��ξv,θn,ρ x ; uð Þdu ≤ θ

C1 1 + ρ + xρð Þ
nρ

ð ffiffinp

1
∨
x−x

v

x
f x′

� �
dv

≤ θ
C1 1 + ρ + xρð Þ

nρ
〠

ffiffi
n

p½ �

k=1
∨
x−x

k

x
f x′

� �
:

ð66Þ
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Therefore,

A v,θ
n,ρ f x′ ; x
� ���� ��� ≤ θ

C1 1 + ρ + xρð Þ
nρ

〠

ffiffi
n

p½ �

k=1
∨
x−x

k

x
f x′

� �
+ xffiffiffi

n
p ∨

x− xffiffi
n

p

x
f x′

 !
:

ð67Þ

What concerns the second term of the right hand side of
(60), integrating by parts and Lemma 15 with z = x + x/ ffiffiffi

n
p

,
we can write

Bv,θ
n,ρ f x′ ; x
� ���� ��� ≤ ðz

x
f x′ uð Þ 1 − ξv,θn,ρ x ; uð Þ

� �
du

����
����

+
ð∞
z
f x′ uð Þ 1 − ξv,θn,ρ x ; uð Þ

� �
du

����
����

≤
ðz
x
∨
x

u
f x′du + θ

C1x 1 + ρ + xρð Þ
nρ

ð∞
z
∨
x

u
f x′

1
u − xð Þ2 du

≤
xffiffiffi
n

p ∨
x

x+ xffiffi
n

p

f x′
 !

+ θ
C1x 1 + ρ + xρð Þ

nρ

�
ð∞
x+x/ ffiffinp ∨

x

u
f x′ u − xð Þ−2du:

ð68Þ

Putting u = x + x/v, we get

θ
C1x 1 + ρ + xρð Þ

nρ

ð∞
x+x/ ffiffinp ∨

x

u
f x′ u − xð Þ−2du

≤ θ
C1 1 + ρ + xρð Þ

nρ

ð ffiffinp

0
∨
x

x+x
v
f x′dv

≤ θ
C1 1 + ρ + xρð Þ

nρ
〠

ffiffi
n

p½ �

0
∨
x

x+x
k
f x′

� �
:

ð69Þ

Combining (68) and (69), we have

Bv,θ
n,ρ f x′ ; x
� ���� ��� ≤ xffiffiffi

n
p ∨

x

x+ xffiffi
n

p

f x′
 !

+ θ
C1 1 + ρ + xρð Þ

nρ
〠

ffiffi
n

p½ �

0
∨
x

x+x
k
f x′

� �
:

ð70Þ

Finally, by combining (52)-(70), we get (51). ☐

6. Quantitative Voronovskaja-Type
Asymptotic Formula

In this last section, we deal with the Voronovskaja-type
asymptotic theorem for Gv,θ

n,ρ. More precisely we will prove
the following result:

Theorem 17. For f ∈CBðℝ+
0 Þ such that f ′, f ′′ ∈CBðℝ+

0 Þ.
Then,

n Gv,θ
n,ρ f ; xð Þ − f xð Þ − f ′ xð ÞGv,θ

n,ρ u − x ; xð Þ
n���

−
1
2
f ′′ xð ÞGv,θ

n,ρ u − xð Þ2 ; x	 
o���
≤ Cθ

x 1 + ρ + xρð Þ
ρ

wφτ f , φ
2−τ 1 + xð Þffiffiffi

n
p

� �
,

ð71Þ

where C is independent of n and x.

Proof. By Taylor’s formula, we write

f uð Þ = f xð Þ + u − xð Þf ′ xð Þ +
ðu
x
u − vð Þf ′′ vð Þdv: ð72Þ

It is clear that

f uð Þ − f xð Þ − u − xð Þf ′ xð Þ − 1
2 u − xð Þ2 f ′′ xð Þ

=
ðu
x
u − vð Þ f ′′ vð Þ − f ′′ xð Þ

� �
dv:

ð73Þ

On the one hand, we apply Gv,θ
n,ρð:;xÞ to both sides of the

above equality, and we get

Gv,θ
n,ρ f ; xð Þ − f xð Þ − f ′ xð ÞGv,θ

n,ρ u − x ; xð Þ
���

−
1
2 f

′′ xð ÞGv,θ
n,ρ u − xð Þ2 ; x	 
���

= Gv,θ
n,ρ

ðu
x
u − vð Þ f ′′ vð Þ − f ′′ xð Þ

� �
dv ; x

� �����
����

≤Gv,θ
n,ρ

ðu
x
u − vð Þ f ′′ vð Þ − f ′′ xð Þ

� �
dv

����
���� ; x

� �
:

ð74Þ

On the other hand, for g ∈Wτ, we have

ðu
x
u − vð Þ f ′′ vð Þ − f ′′ xð Þ

� �
dv

����
����

≤ f ′′ − g
�� �� u − xð Þ2 + 2τφ−τ φτg′

�� �� u − xj j3,
ð75Þ

which implies, by (74),

Gv,θ
n,ρ f ; xð Þ − f xð Þ − f ′ xð ÞGv,θ

n,ρ u − x ; xð Þ
���

−
1
2 f

′′ xð ÞGv,θ
n,ρ u − xð Þ2 ; x	 
���

≤ f ′′ − g
�� ��Gv,θ

n,ρ u − xð Þ2 ; x	 

+ 2τφ−τ φτg′

�� ��Gv,θ
n,ρ u − xj j3 ; x	 


:

ð76Þ

After using the Cauchy-Schwarz inequality in the last
term, we obtain
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Gv,θ
n,ρ f ; xð Þ − f xð Þ − f ′ xð ÞGv,θ

n,ρ u − x ; xð Þ − 1
2 f

′′ xð ÞGv,θ
n,ρ u − xð Þ2 ; x	 
����

����
≤ 2τφ−τ φτg′

�� �� Gv,θ
n,ρ u − xð Þ4 ; x	 
� �1/2

Gv,θ
n,ρ u − xð Þ2 ; x	 
� �1/2

+ f ′′ − g
�� ��Gv,θ

n,ρ u − xð Þ2 ; x	 

:

ð77Þ

In view of Remark 6, we have

Gv,θ
n,ρ f ; xð Þ − f xð Þ − f ′ xð ÞGv,θ

n,ρ u − x ; xð Þ − 1
2 f

′′ xð ÞGv,θ
n,ρ u − xð Þ2 ; x	 
����

����
≤ 2τφ−τ φτg′

�� �� C1θ
x 1 + ρ + xρð Þ

nρ

� �1/2
C2θ

x 1 + ρ + xρð Þ
nρ

� �2
 !1/2

+ f ′′ − g
�� ��C1θ

x 1 + ρ + xρð Þ
nρ

≤ C1θ
x 1 + ρ + xρð Þ

nρ
f ′′ − g
�� �� +M∗ φ

2−τ 1 + xð Þffiffiffi
n

p φτg′
�� ��� �

:

ð78Þ

Taking the infimum on the right-hand side of the above
inequality over g ∈Wτ, we get

n Gv,θ
n,ρ f ; xð Þ − f xð Þ − f ′ xð ÞGv,θ

n,ρ u − x ; xð Þ
n���

−
1
2 f

′′ xð ÞGv,θ
n,ρ u − xð Þ2 ; x	 
o���

≤ Cθ
x 1 + ρ + xρð Þ

ρ
Kφτ f ,M∗ φ

2−τ 1 + xð Þffiffiffi
n

p
� �

:

ð79Þ

Recalling (23), the theorem is proved. ☐
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